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Abstract

This note provides a summary of the meaning of the term ‘Superselection
Rule’ in Quantum Mechanics and Quantum-Field Theory. It is aslightly
extended version of a contribution to theCompendium of Quantum Physics:
Concepts, Experiments, History and Philosophy, edited by Friedel Weinert,
Klaus Hentschel, Daniel Greenberger, and Brigitte Falkenburg.

General Notion

The notion ofsuperselection rule (henceforth abbreviated SSR) was introduced
in 1952 by Wick (1909-1992), Wightman, and Wigner (1902-1995) [13] in con-
nection with the problem of consistently assigning intrinsic parity to elementary
particles. They understood an SSR as generally expressing “restrictions on the
nature and scope of possible measurements”.

The concept of SSR should be contrasted with that of an ordinary selection
rule (SR). The latter refers to a dynamical inhibition of some transition, usually
due to the existence of a conserved quantity. Well known SRs in Quantum Me-
chanics concern radiative transitions of atoms. For example, in case of electric
dipole radiation they take the form∆J = 0,±1 (exceptJ = 0 → J = 0) and
∆MJ = 0,±1. It says that the quantum numbersJ,MJ associated with the atom’s
total angular momentum may at most change by one unit. But this is only true for
electric dipole transitions, which, if allowed, representthe leading-order contribu-
tion in an approximation for wavelengths much larger than the size of the atom.
The next-to-leading-order contributions are given by magnetic dipole and electric
quadrupole transitions, and for the latter∆J = ±2 is possible. This is a typical
situation as regards SRs: They are valid for the leading-order modes of transition,
but not necessarily for higher order ones. In contrast, a SSRis usually thought of
as making a more rigorous statement. It not only forbids certain transitions through
particular modes, but altogether as a matter of some deeper lying principle; hence
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the “Super”. In other words, transitions are not only inhibited for the particular
dynamical evolution at hand, generated by the given Hamiltonian operator, but for
all conceivable dynamical evolutions.

More precisely, two statesψ1 andψ2 are separated by a SR if〈ψ1 | H | ψ〉 = 0

for the given HamiltonianH. In case of the SR mentioned above,H only contains
the leading-order interaction between the radiation field and the atom, which is the
electric dipole interaction. In contrast, the states are said to be separated by a SSR
if 〈ψ1 | A | ψ2〉 = 0 for all (physically realisable) observablesA. This means
that the relative phase betweenψ1 andψ2 is not measurable and that coherent
superpositions ofψ1 andψ2 cannot be verified or prepared. It should be noted that
such a statement implies that the set of (physically realisable) observables is strictly
smaller than the set of all self-adjoint operators on Hilbert space. For example,
A =| ψ1〉〈ψ2 | + | ψ2〉〈ψ1 | is clearly self-adjoint and satisfies〈ψ1 | A | ψ2〉 6= 0.
Hence the statement of a SSR always implies a restriction of the set of observables
as compared to the set of all (bounded) self-adjoint operators on Hilbert space. In
some sense, the existence of SSRs can be formulated in terms of observables alone
(see below).

Since all theories work with idealisations, the issue may beraised as to whether
the distinction between SR and SSR is really well founded, orwhether it could,
after all, be understood as a matter of degree only. For example, dynamical de-
coherence is known to provide a very efficient mechanism for generating apparent
SSRs, without assuming their existence on a fundamental level [15][10].

Elementary Theory

In the most simple case of only twosuperselection sectors, a SSR can be char-
acterised by saying that the Hilbert spaceH decomposes as a direct sum of two
orthogonal subspaces,H = H1 ⊕ H2, such that under the action of each observ-
able vectors inH1,2 are transformed into vectors inH1,2 respectively. In other
words, the action of observables in Hilbert space is reducible, which implies that
〈ψ1 | A | ψ2〉 = 0 for eachψ1,2 ∈ H1,2 and all observablesA. This constitutes an
inhibition to the superposition principle in the followingsense: Letψ1,2 be normed
vectors andψ+ = (ψ1 +ψ2)/

√
2, then

〈ψ+ | A | ψ+〉 = 1
2

(

〈ψ1 | A | ψ1〉 + 〈ψ2 | A | ψ2〉
)

= Tr(ρA) , (1)

where
ρ = 1

2

(

| ψ1〉〈ψ1 | + | ψ2〉〈ψ2 |
)

. (2)

Hence, considered as state (expectation-value functional) on the given set of ob-
servables, the density matrixρ corresponding toψ+ can be written as non-trivial
convex combination of the (pure) density matrices forψ1 andψ2 and therefore
defines a mixed state rather than a pure state. Relative to thegiven observables,
coherent superpositions of states inH1 with states inH2 do not exist.
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In direct generalisation, a characterisation ofdiscrete SSRs can be given as
follows: There exists a finite or countably infinite family{Pi | i ∈ I} of mutually
orthogonal (PiPj = 0 for i 6= j) and exhaustive (

∑
i∈IPi = 1) projection operators

(P†i = Pi, P2
i = Pi) on Hilbert spaceH, such that each observable commutes with

all Pi. Equivalently, one may also say that states on the given set of observables
(here represented by density matrices) commute with allPi, which is equivalent to
the identity

ρ =
∑

i

PiρPi . (3)

We defineλi := Tr(ρPi) and letI ′ ⊂ I be the subset of indicesi for whichλi 6= 0.
If we further setρi := PiρPi/λi for i ∈ I ′, then (3) is equivalent to

ρ =
∑

i∈I′

λiρi , (4)

showing thatρ is a non-trivial convex combination ifI ′ contains more than one
element. The only pure states are the projectors onto rays within a singleHi. In
other words, only vectors (or rays) in the union (not the linear span)

⋃

i∈IHi can
correspond to pure states. If, conversely,anynon-zero vector in this union defines
a pure state, with different rays corresponding to different states, one speaks of
an abelian superselection rule. TheHi are then calledsuperselection sectors
or coherent subspaces on which the observables act irreducibly. The subsetZ

of observables commuting with all observables is then givenby Z :=
{∑

iaiPi |

ai ∈ R
}

. They are calledsuperselection- or classical observables.
In the general case ofcontinuous SSRs H splits as direct integral of an un-

countable set of Hilbert spacesH(λ), whereλ is an element of some measure
spaceΛ, so that

H =

∫

Λ

dµ(λ)H(λ) , (5)

with some measuredµ onΛ. Observables are functionsλ 7→ O(λ), withO(λ) act-
ing onH(λ). Closed subspaces ofH left invariant by the observables are precisely
given by

H(∆) =

∫

∆

dµ(λ)H(λ) , (6)

where∆ ⊂ Λ is any measurable subset of non-zero measure. In general, a single
H(λ) will not be a subspace (unless the measure has discrete support atλ).

In the literature, SSRs are discussed in connection with a variety of
superselection-observables, most notably univalence, overall mass (in non-
relativistic QM), electric charge, baryonic and leptonic charge, and also time.

Algebraic Theory

In Algebraic Quantum Mechanics, a system is characterised by a C∗–algebraC.
Depending on contextual physical conditions, one chooses afaithful representation
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π : C → B(H) in the (von Neumann) algebra of bounded operators on Hilbert
spaceH. After completing the image ofπ in the weak operator-topology onB(H)

(a procedure sometimes calleddressing of C [5]) one obtains a von Neumann sub-
algebraN ⊂ B(H), called thealgebra of (bounded) observables. The physical
observables proper correspond to the self-adjoint elements ofN.

Thecommutant S ′ of any subsetS ⊆ B(H) is defined by

S ′ := {A ∈ B(H) | AB = BA ,∀B ∈ S} , (7)

which is automatically a von Neumann algebra. One callsS ′′ := (S ′) ′ the von
Neumann algebra generated byS. It is the smallest von Neumann sub-algebra
of B(H) containingS, so that ifS was already a von Neumann algebra one has
S ′′ = S; in particular,

(

π(C)
) ′′

= N

SSRs are now said to exists iff1 the commutantN ′ is not trivial, that is, iffN ′

is different from multiples of the unit operator. Projectors in N ′ then define the
sectors.Abelian SSRs are characterised byN ′ being abelian. The significance of
this will be explained below.N ′ is often referred to asgauge algebra. Sometimes
the algebra of physical observables isdefinedas the commutant of a given gauge
algebra. That the gauge algebra is abelian is equivalent toN ′ ⊆ N ′′ = N so that
N ′ = N ∩ N ′ =: Nc, the centre ofN. An abelianN ′ is equivalent toDirac’s
requirement, that there should exist a complete set of commuting observables [9]
(cf. Chap. 6 of [10]).

In finite-dimensional Hilbert spaces Dirac’s requirement is equivalent to the hy-
pothesis that there be sufficiently many pairwise commutingself-adjoint elements
of N so that the simultaneous eigenspaces are one-dimensional.In other words,
each array of eigenvalues (‘quantum numbers’), one for eachself-adjoint element,
uniquely determines a pure quantum state (a ray inH). This implies the existence
of a self-adjointA ∈ N with a simple spectrum (pairwise distinct eigenvalues). It
then follows that any other self-adjointB ∈ N commuting withA must then be a
polynomial function (of degreen − 1 if n = dim(H)) of A and that there exists a
vectorψ ∈ H so that any otherφ ∈ H is obtained by applying a polynomial (of
degreen − 1) in A to ψ. The vectorψ is called a cyclic vector forN and may
be chosen to be any vector with non-vanishing components in each simultaneous
eigenspace for the complete set of commuting observables; see Chap. 6 of [10] for
details.

The algebraic theory allows to translate these statements to the general situa-
tion. Here, the existence of a ‘complete’ set of commuting observables is inter-
preted as existence of a ‘maximal’ abelian subalgebraA ⊂ N. Here it is crucial
that ‘maximal’ is properly understood, namely as ‘maximal in B(H)’ and not just
maximal inN, which would be a rather trivial requirement (given Zorn’s lemma,
a maximal abelian subalgebra inN always exists). Now, it is easy to see thatA is
maximal abelian (inB(H)) iff it is equal to its commutant (inB(H)):

A max. abelian⇔ A = A ′ . (8)
1Throughout we use ‘iff’ as abbreviation for ‘if and only if’.
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This is true sinceA ⊆ A ′ certainly holds due toA being abelian. On the other
hand,A ⊇ A ′ also holds since it just expresses the maximality requirement thatA
already contains all elements ofB(H) commuting with each element ofA.

Moreover, it can be shown that the existence of a maximal abelian subalgebra
A in N is equivalent toN ′ being abelian:

A max. abelian⇔ N ′ ⊆ N ′′ = N . (9)

The proof of this important statement is easy enough to be reproduced here: Sup-
pose first thatA = A ′, thenN ⊇ A = A ′ ⊇ N ′ and henceN ′ ⊆ N = N ′′,
implying thatN ′ is abelian. Conversely, supposeN ′ is abelian:

N ′ ⊆ N (N ′ is abelian). (10)

Choose an abelian subalgebraA ⊆ N which is maximal inN:

A = A ′ ∩ N (A max. abelian inN) . (11)

As already noted above, Zorn’s lemma guarantees the existence of A satisfy-
ing (11). We show thatA, albeit only required to be maximal inN, is in fact
maximal inB(H) due toN ′ being abelian. Indeed, sinceA ⊆ N trivially implies
N ′ ⊆ A ′, we have

N ′ (10)
= N ∩ N ′ ⊆ N ∩ A ′ (11)

= A . (12)

SinceN ′ ⊆ A trivially implies A ′ ⊆ N, equation (11) immediately leads toA =

A ′. This shows that Dirac’s requirement is equivalent to the hypothesis of abelian
SSRs.

Another requirement equivalent to Dirac’s is that there should exist acyclic
vector ψ ∈ H for N. This means that the smallest closed subspace ofH containing
Nψ := {Aψ | A ∈ N} is H itself.

In Quantum Logic a quantum system is characterised by the lattice of propo-
sitions (corresponding to the closed subspaces, or the associated projectors, in
Hilbert-space language). The subset of all propositions which are compatible with
all other propositions is called thecentre of the lattice. It forms a Boolean sub-
lattice. A lattice is calledirreducible iff its centre is trivial (i.e. just consists of
0, the smallest lattice element). The presence of SSRs is now characterised by a
non-trivial centre. Propositions in the centre are sometimes calledclassical.

SSRs and Conserved Additive Quantities

LetQ be the operator of some charge-like quantity that behaves additively under
composition of systems and also shares the property that thecharge of one subsys-
tem is independent of the state of the complementary subsystem (here we restrict
attention to two subsystems). This implies that ifH = H1 ⊗ H is the Hilbert
space of the total system andH1,2 those of the subsystems,Qmust be of the form
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Q = Q1⊗ 1+ 1⊗Q2, whereQ1,2 are the charge operators of the subsystems. We
also assumeQ to be conserved, i.e. to commute with the total Hamiltonian that
generates time evolution onH. It is then easy to show that a SSR forQ persists
under the operations of composition, decomposition, and time evolution: If the
density matricesρ1,2 commute withQ1,2 respectively, then, trivially,ρ = ρ1 ⊗ ρ2

commutes withQ. Likewise, ifρ (not necessarily of the formρ1 ⊗ ρ2) commutes
with Q, then the reduced density matricesρ1,2 := Tr2,1(ρ) (where Tri stands for
tracing overHi) commute withQ1,2 respectively. This shows that if states violat-
ing the SSR cannot be prepared initially (for whatever reason, not yet explained),
they cannot be created though subsystem interactions [14].This has a direct rele-
vance for measurement theory, since it is well known that an exact von Neumann
measurement of an observableP1 in system 1 by system 2 is possible only ifP1

commutes withQ1, and that an approximate measurement is possible only insofar
as system 2 can be prepared in a superposition ofQ2 eigenstates [2].

Let us see how to prove the second to last statement for the case of discrete
spectra. LetS be the system to be measured,A the measuring apparatus andH =

HS⊗HA the Hilbert space of the system plus apparatus. The charge-like quantity
is represented by the operatorQ = QS ⊗ 1 + 1 ⊗ QA, the observable ofS by
P ∈ B(HS). Let {|sn〉} ⊂ HS be a set of normalised eigenstates forP so that
P|sn〉 = pn|sn〉. Let U ∈ B(H) be the unitary evolution operator for the von
Neumann measurement and{|an〉} ⊂ HA a set of normalised ‘pointer states’ with
neutral pointer-positiona0, so that

U
(

|sn〉|a0〉
)

= |sn〉|an〉 (13)

We assume the totalQ to be conserved during the measurement, i.e.[U,Q] = 0.
Clearly〈an | am〉 6= 1 if n 6= m, for, otherwise, this process is not a measurement
at all, since〈an | am〉 = 1 iff |an〉 = |an〉. Let nown 6= m, then the following
lines prove the claim:

(pn − pm)〈sn|QS|sm〉 = (pn − pm)〈sn|〈a0|Q |sm〉|a0〉
= (pn − pm)〈sn|〈a0| U

†QU |sm〉|a0〉
= (pn − pm)〈sn|〈an| QS ⊗ 1+ 1⊗QA |sm〉|am〉
= 〈an|am〉 (pn − pm)〈sn|QS|sm〉 . (14)

The first and fourth equality follow from〈sn|sm〉 = 0, the second from[U,Q] = 0

and unitarity ofU, and the third from (13). Equality of the left-hand side withthe
last expression on the right-hand side, taking into account〈an|am〉 6= 1, is possible
iff pn 6= pm implies〈sn|QS|sm〉 = 0, which means thatQs is reduced by (i.e. acts
within) each eigenspace ofP, which in turn implies thatQs commutes withP, as
was to be shown.

As already indicated, the reasoning above does not explain the actual existence
of SSRs in the presence of conserved additive quantities, for it does not imply any-
thing about theinitial nonexistence of SSR violating states. In fact, there are many
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additive conserved quantities, like momentum and angular momentum, for which
certainly no SSRs is at work. The crucial observation here isthat the latter quanti-
ties are physically always understood asrelative to a system of reference that, by
its very definition, must have certain localisation properties which exclude the total
system to be in eigenstate ofrelative (linear and angular) momenta. Similarly it
was argued that one may have superpositions of relatively charged states [1]. A
more complete account of this conceptually important point, including a compre-
hensive list of references, is given in Chap. 6 of [10].

SSRs and Symmetries

Symmetries in Quantum Mechanics are often implemented viaunitary ray-
representations rather than proper unitary representations (here we discard anti-
unitary ray-representations for simplicity). A unitary ray-representation is a map
U from the symmetry groupG into the group of unitary operators on Hilbert space
H such that the usual condition of homomorphy,U(g1)U(g2) = U(g1g2), is gen-
eralised to

U(g1)U(g2) = ω(g1, g2)U(g1g2) , (15)

whereω : G × G → U(1) := {z ∈ C | |z| = 1} is the so-calledmultiplier that
satisfies

ω(g1, g2)ω(g1g2, g3) = ω(g1, g2g3)ω(g2, g3) , (16)

for all g1, g2, g3 in G, so as to ensures associativity:U(g1)
(

U(g2)U(g3)
)

=
(

U(g1)U(g2)
)

U(g3). Any functionα : G → U(1) allows to redefineU 7→ U ′

via U ′(g) := α(g)U(g), which amounts to a redefinitionω 7→ ω ′ of multipliers
given by

ω ′(g1, g2) =
α(g1)α(g2)

α(g1g2)
ω(g1, g2) . (17)

Two multipliersω andω ′ are calledsimilar iff (17) holds for some functionα.
A multiplier is called trivial iff it is similar to ω ≡ 1, in which case the ray-
representation is, in fact, a proper representation in disguise.

The following result is now easy to show: Given unitary ray-representations
U1,2 of G on H1,2, respectively, with non-similar multipliersω1,2, then no ray-
representation ofG on H = H1 ⊕ H2 exists which restricts toU1,2 on H1,2 re-
spectively. From this a SSR follows from the requirement that the Hilbert space
of pure states should carry a ray-representation ofG, since such a space cannot
contain invariant linear subspaces that carry ray-representations with non-similar
multipliers.

An example is given by the SSR of univalence, that is, betweenstates of integer
and half-integer spin. HereG is the groupSO(3) of proper spatial rotations. For
integer spin it is represented by proper unitary representations, for half integer spin
with non-trivial multipliers. Another often quoted example is the Galilei group,
which is implemented in non-relativistic quantum mechanics by non-trivial unitary
ray-representations whose multipliers depend on the totalmass of the system and
are not similar for different masses.
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Such derivations have sometimes been criticised (e.g. in [12]) for depending
crucially on ones prejudice of what the symmetry groupG should be. The relevant
observation here is the following: Any ray-representationof G can be made into a
proper representation of a larger group̄G, which is acentral extensionof G. But
no superselection rules follow if̄G rather thanG were required to be the acting
symmetry group on the set of pure states. For example, in caseof the rotation
group,G = SO(3), it is sufficient to takeḠ = SU(2), its double (and universal)
cover. ForG the 10-parameter inhomogeneous Galilei group it is sufficient to take
for Ḡ an extension by the additive groupR, which may even be motivated on
classical grounds [7].

SSRs in Local Quantum Field Theories

In Quantum Field Theory SSRs can arise from the restriction to (quasi) local ob-
servables. Charges which can be measured by fluxes through closed surfaces at
arbitrarily large spatial distances must then commute withall observables. A typi-
cal example is given by the total electric charge, which is given by the integral over
space of the local charge densityρ. According to Maxwell’s equations, the latter
equals the divergence of the electric field~E, so that Gauß’ theorem allows to write

Q = lim
R7→∞

∫

‖~x‖=R

(~n · ~E)dσ , (18)

where~n is the normal to the sphere‖~x‖ = R anddσ its surface measure. IfA is
a local observable its support is in thecausal complementof the spheres‖~x‖ = R

for sufficiently largeR. Hence, in the quantum theory,A commutes withQ. It is
possible, though technically far from trivial, that this formal reasoning can indeed
be justified in Local Quantum Field Theory [11]. For example,one difficulty is
that Gauß’ law does not hold as an operator identity.

In modern Local Quantum-Field Theory [8], representationsof the quasi-local
algebra of observables are constructed through the choice of a preferred state on
that algebra (GNS-construction), like the Poincaré invariant vacuum state, giving
rise to thevacuum sector. The superselection structure is restricted by putting
certain selection conditions on such states, like e.g. the Doplicher-Haag-Roberts
(DHR) selection criterion for theories with mass gap (thereare various generali-
sations [8]), according to which any representation shouldbe unitarily equivalent
to the vacuum representation when restricted to observables whose support lies in
the causal complement of a sufficiently large (causally complete) bounded region
in spacetime. Interestingly this can be closely related to the existence of gauge
groups whose equivalence classes of irreducible unitary representations faithfully
label the superselection sectors. Recently, a systematic study of SSRs in ‘Locally
Covariant Quantum Field Theory’ was started in [6]. Finallywe mention that SSRs
may also arise as a consequence of non-trivial spacetime topology [3].
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Environmentally Induced SSRs

The ubiquitous mechanism of decoherence effectively restricts thelocal verifica-
tion of coherences [10]. For example, scattering of light ona particle undergo-
ing a two-slit experimentdelocalisesthe relative-phase information for the two
beams along with the escaping light. Hence effective SSRs emerge locally in a
practically irreversible manner, albeit the correlationsare actually never destroyed
but merely delocalised. The emergence of effective SSRs through the dynamical
process of decoherence has also been calledeinselection [15]. For example, this
idea has been applied to the problem of why certain moleculesnaturally occur in
eigenstates of chirality rather than energy and parity, i.e. why sectors of different
chirality seem to be superselected so that chirality becomes a classical observable.
This is just a special case of the general question of how classical behaviour can
emerge in Quantum Theory. It may be asked whetherall SSRs are eventually of
this dynamically emergent nature, or whether strictly fundamental SSRs persist on
a kinematical level [10]. The complementary situation in theoretic modelling may
be characterised as follows: Derivations of SSRs from axiomatic formalisms lead
to exact results on models of only approximate validity, whereas the dynamical
approach leads to approximate results on more realistic models.

SSRs in Quantum Information

In the theory of Quantum Information a somewhat softer variant of SSRs is defined
to be a restriction on the allowed local operations (completely positive and trace-
preserving maps on density matrices) on a system [4]. In general, it therefore leads
to constraints on (bipartite) entanglement. Here the restrictions considered are usu-
ally not thought of as being of any fundamental nature, but rather for mere practical
reasons. For example, without an external reference systemfor the definition of an
overall spatial orientation, only ‘rotationally covariant’ operationsO : ρ 7→ O(ρ)

are allowed, which means thatO must satisfy

O
[

U(g)ρU†(g)
]

= U(g)O(ρ)U†(g) ∀g ∈ SO(3) , (19)

whereU is the unitary representation of the groupSO(3) of spatial rotations in
Hilbert space. Insofar as the local situation is concerned,this may be rephrased
in terms of the original setting of SSRs, e.g. by regardingSO(3) as gauge group,
restricting local observables and states to those commuting with SO(3). On the
other hand, one also wishes to consider situations in which,for example, a local
bipartite system (Alice and Bob) is given a state that has been prepared by a third
party that isnot subject to the SSR.
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