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Abstract: Exact solutions for the partition function of the two-dimensional classical statistical mechanics Ising model may be classified using a scheme of analogy having three moments--analysis, algebra, and arithmetic--developed by Dedekind and Weber in 1882 for providing an algebraic understanding of Riemann’s work. In effect, we have two analogies, a physical one and a mathematical one, coming from very different problems. What is it about the mathematical realm that allows for this threefold analogy, and what is it about the Ising model that allows for such varied modes of solution, and why are the analogies analogous to each other?

Main Text

It is well known that there are many quite different exact solutions (derivations of the partition function) to the two-dimensional Ising model.[footnoteRef:1] (One paper is entitled, “399th solution….[[endnoteRef:1]]) Fortunately, they all come to the same final result. And sometimes authors try to show how solution A is reflected in their solution, B. But this vertiginous collection begs for a more comprehensive organization and explanation. Such is provided by notions developed by Dedekind and Weber in 1882 to understand Riemann’s work, using algebraic rather than geometric methods, modeling the algebraic methods from those developed for arithmetic or number theory. (A more recent exposition of the triplet is provided by Andre Weil.[[endnoteRef:2]]) [1:  A proviso:  Just about all these observations are known and some are well known. Their interconnection is perhaps insufficiently appreciated. It is the purpose of this letter to make the various communities aware of a challenge.]  [1: [] R. J. Baxter and I. Enting, “399th Solution of the Ising Model,” J. of Phys. A 11, 2463 (1978).]  [2: [] A. Weil, “A 1940 Letter of André Weil on Analogy in Mathematics, Notices of the Amer. Math. Soc. 52, 334 (2005)] 


Dedekind’s triplet of Riemann, function theory, and arithmetic, and Robert Langlands’ connections of number theory, representation theory and harmonic analysis (in part mirrored in Dedekind’s triplet), is now applied in mathematical physics.[[endnoteRef:3]]  Moreover, the 2-d Ising model (x,y) is often used as a model field theory of fermions, and its connection to one-dimensional (x,t) quantum mechanical models is well developed. [3: [] For a popularization by one of the participants, see E. Frenkel, Love and Math (New York: Basic Books, 2013).] 


We might classify the various solutions of the Ising model into those that are combinatorial and arithmetic, those that are algebraic and function theoretic, and those that are topological/geometric. 

The combinatorial methods lead to a matrix, the transfer matrix, whose trace gives the partition function of interest (a generating function), and it would seem that that matrix is a group representation, the trace being its group character. (Or perhaps one might find an operator whose eigenvalues are the combinatorial numbers of interest.) The algebraic and function-theoretic methods notice certain symmetries of the problem, both geometric and physical. Onsager’s original solution depended on developing a Lie algebra to diagonalize a pseudo-Hamiltonian, effectively a sum of a kinetic energy (high temperature) and potential energy (low temperature). Physically, there is a relationship of high temperature partition function to a corresponding low temperature partition function (“duality,” what the mathematicians would call “automorphy”), and the relationship of a partition function for a triangular lattice and a hexagonal one (“star-triangle”). These have become embodied in the Yang-Baxter relationship, effectively a braid group. Finally, smoothness or analyticity considerations have been used (notably by Baxter) to solve the model once various symmetries are invoked.[[endnoteRef:4]] Maillard has said, “the theory of the 2-D Ising model is nothing but the theory of elliptic curves,” and has backed it up with extensive analysis.[[endnoteRef:5]] [4: [] R. J. Baxter, Exactly Solved Models in Statistical Mechanics (London: Academic Press, 1982). B. M. McCoy, Advanced Statistical Mechanics (New York: Oxford University Press, 2010.  M. H. Krieger, Constitutions of Matter (Chicago: University of Chicago Press, 1996) and Doing Mathematics (Singapore: World Scientific, 2003, 2015) provide most of the references in the physics and mathematics literature needed for this letter. ]  [5: [] J.-Ch. Anglès d'Auriac, S. Boukraa , and J.-M. Maillard, “Functional Relations in Lattice Statistical Mechanics, Enumerative Combinatorics, and Discrete Dynamical Systems,” Ann. of Combin. 3, 131(1999).] 


It may be useful to remind ourselves that the diffusion of a gas is explained either as a partial differential equation, as the sum of Gaussian random distributions, which sum is also a Gaussian, and as a random walk, again our threefold analogy

We have three sorts of solutions, and matrices that would appear to be group representations. The automorphic forms are as well automorphic group representations.

As for the mathematicians, there are three columns: arithmetic, algebraic, and analytic, exemplified most simply by the sine function. Arithmetically, the sine function is a generating function for the odd factorials. Algebraically, sin(x + y) is is expressed in terms of sin x and sin y, and similarly for sin Nx in terms of sin x, what is called automorphy (a change in the independent variable leads to a function of the same sort, see below). Analytically, the zeros of the sine function define it. More profoundly, the elliptic functions exemplify this three-fold character.[[endnoteRef:6]]  As for the Riemann zeta function, an arithmetic generating function for the primes, Riemann connected it to the theta function (an elliptic function), so that the analytic and  algebraic features of theta allow one to better understand zeta and so the primes.  [6: [] As the title here indicates: H. P. McKean and V. Moll, Elliptic Curves: Function Theory, Geometry, Arithmetic (New York: Cambridge University Press, 1997).] 


The various solutions to the Ising model fit naturally under the Dedekind triplet. The problem, Why there are so many solutions to Ising?, becomes a more general mathematical problem, What is behind the Dedekind triplet?, or a physical problem, What are the symmetries of the Ising lattice that allow for the various modes of solution? The appearance of elliptic curves in Ising is notable: elliptic curves play a deep role in number theory (as in the proof of Fermat’s Last Theorem) and in cryptography.

Robert Langlands program of connecting number theory to harmonic analysis (eventually to be employed in Wiles’ proof of the Fermat theorem) is echoed in the Ising model as well.[[endnoteRef:7]]  The motivation is seen in the zeta function: again, what you can know about zeta depends on theta, that is, a connection of an arithmetic object with a function theoretic and analytic object, an object that has lovely automorphic properties (namely f(Tx) is nicely connected to f(x), where T is a linear transformation). But we also note that the coefficients of the fourier transform of r are combinatorial numbers—the number of ways of forming a number from a sum of squares. More accurately, Langlands connects an arithmetic object, the number of solutions to a polynomial Diophantine equation in a particular number system, to that polynomial’s Galois group and its traces or character to the fourier coefficients of an automorphic object. (It is quite nontrivial to figure out just what should be the automorphic object for a particular equation.) [7: [] R. Langlands, “Representation Theory: Its Rise and Role in Number Theory,” in D.G. Caldi and G.D. Mostow, eds., Proceedings of The Gibbs Symposium (Providence: American Mathematical Society, 1990), pp. 181–210.] 


More generally, Langlands work is an extension of earlier work on quadratic reciprocity, a way of determining whether a number is prime, and more generally of factoring polynomials. We might think of the prime numbers and the elementary particles as playing similar roles in their respective disciplines.

The Langlands correspondence, what he calls functoriality, connect the Galois group of the arithmetic problem with automorphic objects and their group representations.   

What I have written above is well known, in part, albeit different parts to different communities. The systematic relationship of these threefold analogies to each other (an analogy of analogies, what is called a syzygy) is presents a challenge. Those who work in mathematical physics and string theory have some sophisticated speculation and understanding, but the Ising model and how matrix representations play a role in Ising (a comparatively well worked apparent instance of their concern) is not mentioned. As far as I can tell, the mathematicians have not much ventured to so concrete a case as the Ising model, with one exception. Langlands has been concerned with the renormalization group and how its fixed points might be mathematically characterized, for percolation and for lattice models, the renormalization group being one way of solving the Ising model.[[endnoteRef:8]] [8: [] R. P. Langlands, M.-A. Lewis, and Y. Saint-Aubin, “Universality and Conformal Invariance for the Ising Model in Domains with Boundary,” J. of Stat. Phys. 98, (2000): 131–244.
] 


The physicists and the mathematicians have a shared problem, one that might be called the Dedekind-Onsager-Langlands Hypothesis, in part in honor of Lars Onsager’s path-breaking solution of 1944. (Anagrammatically, it might be the BOLDLY Hypothesis: Baxter, Onsager, Langlands, Dedekind, Lieb, Yang.) They might want to find what lies behind the various appearances of an object, whether it be the Ising model and its partition function or a function that packages number theoretic properties of an equation. The philosophers would say that they are seeking “an identity in a manifold presentation of profiles.”
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