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Abstract

In a recent paper (Bacciagaluppi 2015), I have analysed and crit-
icised Leggett and Garg’s argument to the effect that macroscopic
realism contradicts quantum mechanics, by contrasting their assump-
tions to the example of Bell’s stochastic pilot-wave theories, and have
applied Dzhafarov and Kujala’s analysis of contextuality in the pres-
ence of signalling to the case of the Leggett—Garg inequalities. In this
chapter, I discuss more in general the motivations for macroscopic re-
alism, taking a cue from Einstein’s criticism of the Bohm theory, then
go on to summarise my previous results, with a few additional com-
ments on other recent work on Leggett and Garg. [To appear in: E.
Dzhafarov (ed.), Conteztuality from Quantum Physics to Psychology
(Singapore: World Scientific).]

1 Introduction

Consider the following set of assumptions, which we shall collectively call
‘macroscopic realism’ (or ‘macrorealism’ for short):
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(a) macroscopic quantities have definite values at all times;
(b) they obey a well-defined (possibly stochastic) dynamics;

(c) at least under appropriate circumstances, measuring such a quantity
reveals its value immediately prior to measurement (call this ‘faithful
measurability’);

(d) at least under appropriate circumstances, measuring such a quantity
does not change its value or its subsequent dynamics (call this ‘non-
disturbing measurability’).

Leggett and Garg (1985, henceforth LG) take it that these conditions cap-
ture a common intuitionﬂ and aim to provide an experimental test that may
decide for or against it, specifically (as with Bell providing an experimental
test for or against ‘local realism’), by deriving inequalities from (a)-(d) that
are violated by quantum mechanics. The test case they have in mind is the
macroscopic flux in a SQUID tunnelling between two symmetric potential
wells. Of course, the term ‘macroscopic’ is vague, but one could take condi-
tions (a)—(d) as defining a specific theoretical sense in which a quantity would
be ‘macroscopic’, and then test against it our pre-theoretical intuitions about
what is or is not macroscopic (‘Is the Moon there if we are not looking?’).

Recent conceptual work on LG inequalities includes the papers by Kofler and
Brukner (2013), Maroney and Timpson (2014), and Bacciagaluppi (2015)f]
All of these authors are critical of the significance of violations of the LG
inequalities, and (independently) point out both that there are simpler nec-
essary criteria for macrorealism than the satisfaction of the LG inequalities,
and that pilot-wave theories seem to provide natural counterexamples to
LG’s assumptions (despite being ‘realist’ and even ‘macrorealist’ in suitable
senses)ﬁ In particular, Kofler and Brukner point out that ‘signalling in time’,
i.e. a (non-selective) measurement of some observable disturbing the statis-
tics of subsequent measurements, already by itself rules out macrorealism. A

!Note that their formulation of the conditions is slightly different. In particular, their
original condition of ‘non-invasive measurability’ appears to be an amalgam of conditions
(c) and (d). Later on, Leggett (2002) distinguishes explicitly between these two compo-
nents. In my earlier paper (Bacciagaluppi 2015), I call (d) ‘non-invasive measurability’,
following Leggett and Garg, but a distinct terminology is preferable.

2For earlier literature, see e.g. the references in Maroney and Timpson (2014).

3Cf. footnote 10 below.



further point made by Maroney and Timpson is that ‘non-invasive measur-
ability’ (to use LG’s terminology) is not operationally well-defined (unlike
the corresponding locality condition in Bell’s case), and that if it is made
properly operational, one sees that violations of the LG inequalities in fact
rule out much less than expected. Finally, Bacciagaluppi follows Dzhafarov
and Kujala’s (henceforth DK) analysis of contextuality in the case of non-
existence of pairwise joint distributions (e.g. Dzhafarov and Kujala 2014a,b),
and shows that violation of the LG inequality is not always sufficient for con-
textuality in DK’s sense (only when the initial state is sufficiently mixed).

In the following we shall discuss the motivation for macrorealism, taking the
cue from Einstein’s criticism of the Bohm theory (Section [2). We shall then
briefly summarise LG’s original argument (following the analysis in our ear-
lier paper) and the simpler necessary criteria for macrorealism pointed out
by the above authors (Section [3)). We then discuss contextuality in the LG
inequalities, summarising our analysis based on DK’s work, and concluding

with some additional remarks about analysing violations of the LG inequal-
ities (Section [4).

2 Is macrorealism plausible?

In 1953 Max Born retired from the Tait Chair in Natural Philosophy at
the University of Edinburgh, and among many others who contributed to
the Festschrift that marked the event, Einstein wrote a short and beautiful
paper on the interpretation of quantum mechanics (Einstein 1953). In it,
Einstein argued for a statistical interpretation of quantum mechanics using
a macroscopic example of a ball Imm in diameter bouncing between two
perfectly smooth walls.

The classical (‘macrorealist’) description of the ball is an individual descrip-
tion: the ball is somewhere between the walls, and it moves either to the
left or to the right. The corresponding statistical description is that at any
one time the ball has uniform probability for being anywhere in the box and
equal probabilities for moving to the left or to the right.

The quantum mechanical description of the ball inside the box, according



to Einstein, is instead given by the superposition of two plane waves with
opposite momenta, 1) = \%Wl + 1)). In this way quantum mechanics gets
the statistical predictions right, but it lacks the individual description of
the ball. Therefore — so Einstein — the correct interpretation of quantum
mechanics is one that takes the quantum state as a statistical, not a complete
description of a system.

At this point, Einstein’s contribution also includes a criticism of Bohm’s
theory. Recall that just the year before, Bohm (1952) had rediscovered and
extended de Broglie’s (1928) pilot-wave theory, in which point particles move
in configuration space according to the guidance equation

77l,LXZ = VZ‘S(Xl, ce 7Xn> s (1)

where S is the phase of the quantum mechanical wave functionﬁ De Broglie’s
theory (under the assumption that the position distribution of particles is
given by [¢|?) gives a straightforward explanation for the results of diffrac-
tion and interference experiments. Indeed, it is while developing these ideas
that de Broglie made the prediction of electron diffraction, soon quantita-
tively confirmed by Davisson and Germer.ﬂ Bohm extended the theory to
include also measurements of observables that do not commute with position.
Indeed, imagine that during the measurement some narrow wave packets de-
scribing pointer positions are coupled with the eigenstates of the measured
observable: when the different components separate in the total configuration
space, the system and pointer are ‘trapped’ inside one of the components,
which (barring reinterference) is henceforth solely responsible for guiding the
evolution of the total system. Assuming a Born distribution for the initial
configurations, the theory predicts the appearance of collapse with the usual
quantum probabilities.

At first one might think Bohm’s theory is providing precisely the kind of
individual description Einstein is arguing for. Indeed, in Bohm’s theory
the ball does have a well-defined position, which in an ensemble defined by
the above wave function is distributed uniformly between the walls. But
if one considers the momentum of the ball, then while Bohm’s theory gets

4To be precise, in Bohm’s papers the guidance equation is written in second-order form,
while de Broglie generally writes it as the above first-order equation.

SFor the development of de Broglie’s ideas, see e.g. Bacciagaluppi and Valentini (2009,
Chapter 2).



the same statistical predictions as quantum mechanics also for momentum
measurements, the value of the ball’s momentum before the measurement is
zero, because the wave function is a standing wave, and so VS = 0.

Einstein’s objection to the Bohm theory is thus that the theory does not
adequately describe the macroscopic world, specifically in the sense that,
even for a macroscopic object, measuring its momentum in general does
not yield its pre-existing value. In terms of the definition of macrorealism
above, in the Bohm theory the ball always has well-defined position and
momentum (condition (a)), which follow a well-defined dynamics (condition
(b)), but faithful measurability for momentum is violated (condition (c)).
One may imagine that Einstein would have endorsed also the condition of
non-disturbing measurability (condition (d)), which the Bohm theory also
violates: measuring the position of the stationary ball reveals its pre-existing
position, but the ball starts moving, so its position and subsequent dynamics
are disturbed.

At the time, the theory of decoherence had not been explicitly developed
yet, but nowadays it provides a straightforward reply a Bohm theorist can
make to Einstein. They will concede that the ball is ‘macroscopic’ by certain
pre-theoretic criteria, but reply that it ought to behave in accordance with
conditions (a)—(d) only in the appropriate ‘macroscopic’ (or classical) regime.
And this regime is crucially characterised by the presence of decoherence.
If one models Einstein’s ball in a box to include decoherence interactions
with the environment, then already prior to measurement (and in analogy
to Bohm’s own discussion of measurement) the ball and the particles in the
environment will be trapped inside a component of the total wave function
that projects down to a narrow wave packet bouncing between the walls of
the box. Appropriately gentle measurements will both reveal and leave this
motion unaffected, thus satisfying also conditions (c) and (d)f]

The bone of contention is not whether or not macrorealism as set out in (a)—
(d) is a reasonable constraint on a theory: it is whether it should be applied
at a fundamental or an emergent level. Einstein (or at any rate an Einstein
oblivious to decoherence) takes it as a fundamental constraint, while Bohm
(or at any rate a Bohm appreciative of decoherence) takes it as a constraint

SFor the role of decoherence in quantum mechanics, including the case of the Bohm
theory, see in particular Bacciagaluppi (2012) and references therein.



on an appropriately emergent description of the macroscopic world.

This now reveals an essential difference between the case of local realism and
that of macroscopic realism: while locality is the kind of notion that can
indeed enter into a fundamental principle of nature, macroscopicity seems
to be a notion that is intrinsically vague and limited in scope. Cell biology
breaks down at 400K. Macrorealism may also break down under the wrong
conditions. A cheetah in a zoo cut off from its natural environment will not
run 70 mph[’] A ball in a box cut off from its environment may well not be
moving at all until measured. When Aspect performed his celebrated Bell
experiments, we discovered that nature is fundamentally nonlocal. Should
we perform a Leggett-Garg experiment on a SQUID and find a violation of
the LG inequalities, we would not show that we were somehow mistaken in
thinking that the Moon is there also when we are not looking. We would
obtain a significant confirmation of quantum mechanics in a regime that we
had not tested before, but as regards macroscopic realism we would simply
confirm that decoherence furnishes a more reliable criterion for classical or
indeed ‘macrorealist’ behaviour than mere particle number

3 The Leggett—Garg inequalities

Here is a simple derivation of an LG inequality. Take some two-valued quan-
tity @ deemed to be macroscopic (e.g. the flux in a SQUID being in the
left or right potential well, the Moon waxing or waning). From (a), we con-
clude that ) = +1 at all times, e.g. t1,1s,t3, which gives us eight possible
sequences of values +£1,+1,+1. By inspection, this yields the following in-
equality (notation: @); is the random variable representing the value of @ at
time ¢; when no measurements are performed):

—1<Q1Q2 + Q2Q3 +Q1Q3 < 3. (2)

"The example is taken from Tolan (1996).

81 claim no novelty for this conclusion, which has been pointed out in various other
ways before, ranging from e.g. Benatti, Ghirardi and Grassi (1994) through to Maroney
and Timpson (2014).




From (b), there is a well-defined joint probability distribution for the various
Q;, thus we have also

—1 < (Q1Q2) + (Q20Q3) + (Q1Q3) < 3. (3)

Now consider making measurements at times ¢;,¢;, %, ... Write QU*- for the
random variable representing the value of () at time ¢,, if measurements of ()
take place at ¢;,t;,t5, ... From (c) and (d) together we get

p(Q7,Q7) = p(Qi, Q) , (4)
thus o
(Q?Q% = (QiQ;) for all 4, j, (5)
and
— 1 <(Q1°Q5%) + (@7 Q%) +(Q°Q5°) < 3. (6)

This inequality now refers only to measured expectation values, and as such
can be tested [l

Furthermore, it can be violated in quantum mechanics. Indeed, LG consider
the example of the macroscopic flux in a SQUID, which in an appropriate
regime simply tunnels between two symmetric potential wells, as discussed
by Chakravarty and Leggett (1984):

(1) = cos (32t — to) ) lm) — isin (8E¢ —t0) Jl) . (7
Taking @ := |[¢r)(¢Yr| — [¢1)(¥L], one has
(QPQY) = cos (3E(t; — 1)) (8)

(AFE being the split between the symmetric and antisymmetric states). If
one chooses

A_hE‘<t3_t2):A_hE‘(t2_tl>:2?ﬂ— ,A_hE(tfi_tl):%r ) (9>

9We shall focus on the lower bound, but note that the upper bound can be made
tighter. As in Suppes and Zanotti (1981), one has in fact

~ 1< (QIQF) + (@10 + (@Y < 1+ 2min{(Q1QL). (QF'Q}). (@1'QIY)



all three cosine terms equal —3, and one obtains a maximal violation of the
lower bound of @

There are, however, simpler ways of experimentally contradicting (a)—(d).
One example is discussed by Maroney and Timpson (2014), who point out
that (a)—(d) imply not only

p(Q7. Q) =p(Q:1,Q)) . (10)

but also

p( 1237 %237 123) (Q17Q27Q3)' (11>

Since the p(Q;, Q;) are marginals of p(Q1, @2, Q3), if a p(QEj, Q;«j) fails to be
)

a marginal of p(Q1%, Q1?* Qi*), that already refutes (a)-(d). This is the

case e.g. if one observes interference such that

p(Q13, Q%) # p(Q1%, Q1B =+1,Q13) + p(Q'B, Q1B =—1,Q1%). (12)

Maroney and Timpson note the analogy between and the double-slit
experiment, where interference rules out a (naive!) ‘microrealistic’ picture of
the particle always going through the upper or lower slitm

Even more simply, Kofler and Brukner (2013) point out that (a)—(d) imply
p(Q)) = p(@7) , (13)

which they call ‘no-signalling in time’. Since the dynamics is non-trivial,
the LG inequality in fact contains distributions for results of successive mea-
surements of pairs of incompatible observables. Thus we know that is
generally going to be violated, and this already refutes (a)—(d)[]

10 A non-naive trajectory-based picture is given by the Bohm theory, which violates (d):
if the particle is measured as having gone through one of the slits, the wave that guides
its further motion has effectively collapsed. Incidentally, this refutes LG’s plausibility
argument to the effect that (a)—(b) already imply ‘non-invasive measurability’. Further-
more, as pointed out in my previous paper, the violation of (d) is generic for theories
satisfying (a)—(c). Indeed, take any theory satisfying these three conditions with respect
to some observable Q. It follows that p(Q!) = p(Q;). If we add the requirement that
the measured probabilities p(Q?) equal the quantum mechanical probabilities, then Bell
(1986) has shown how to construct the most general Markovian dynamics for a (discrete)
quantity @ in such a theory (a ‘beable’ in his terminology). The resulting theory is a
stochastic version of pilot-wave theory, which will indeed generically violate (d), except in
the appropriate decoherence regime.

HSee also footnote 15 in Bacciagaluppi (2015). Extending these results, Clemente and

8



4 LG inequalities and contextuality

Take a Bell inequality, e.g. a CHSH inequality for bipartite correlations. Its
violation can be interpreted as showing that quantum mechanical correlations
are non-local (in the sense of violating Bell’s factorisation condition), or
equally as showing that the quantum mechanical probabilities are contextual,
i.e. that there is no joint probability distribution for the mutually compatible
pairs of observables[']

Since the LG inequalities are formally Bell inequalities (in the context of a
single system), one might be tempted to interpret also their violation in terms
of contextuality. But the non-existence of a joint probability distribution
follows trivially from the non-existence of pairwise joint distributions, so
again it seems that the violation of an LG inequality tells us nothing over
and above the existence of simple signalling in time.

The following example, however, shows that there are special cases in which
violation of an LG inequality tells us more. Take a standard CHSH inequality,
and say we measure the Spin—% variables A! or A% on the left, B? or B* on
the right (superscripts shall be explained):

—2 < (A'B*) + (A'B?) — (A’B?) + (A’B%) < 2. (14)

Let the state of the particle pair be the singlet, and take the spin directions
A% and B? to be antiparallel (i.e. perfectly correlated). We then have

—2<(A'B* +(A'B?) — 1+ (A°B*) < 2, (15)
- 1< (A'BY) + (A'BY + (A’BY <3 (16)

The CHSH inequality is not sensitive to the timing of the measurements, so
we may assume that the superscripts refer to the order of the measurements
(tl <ty < tg).

Kofler (2015) have recently given combinations of no-interference and no-signalling condi-
tions that are equivalent to the LG inequalities, and combinations that are equivalent to
the existence of p(Q1%3, Q1%3, Q1%3).

12The necessity and sufficiency of the CHSH inequalities for the existence of a joint
probability distribution was first shown by Fine (1982).



Now note that a measurement of A' on the left is an indirect measurement
of the antiparallel B' on the right, and a measurement of A? on the left is
an indirect measurement of B? on the right. Then (16| turns into

—1<(B'B* + (B'B?) + (B*B*) <3 . (17)

And if we wish, we can arrange things such that B!, B2, B3 can be measured
by measuring the same observable ) at t1, s, t3 with suitable local unitaries
in-between.

We see that in this case we have equivalence of an LG inequality with a CHSH
inequality. Indeed, the maximal violation of the LG inequality corresponds
to the well-known case of measuring spins such that the angle between A'
and A? is 120 degrees, the angle between B? and B? is 120 degrees, and A2
and B? are antiparallel.

This is not a typical case of LG violation, however, because the initial state
is the maximally mixed state, and in that state the three observables are
compatible (measuring any one will not disturb the statistics of any other).

Let us now return to the general case. The generic presence of signalling
in time (or ‘violation of marginal selectivity’) has motivated the search for
a more general definition of contextuality, applying also to the case where
measuring one observable does affect the statistics of another. Such a gener-
alisation has been provided by Dzhafarov and Kujala (e.g. 2014a,b).

According to DK, in the presence of temporal signalling one should not expect
the LG inequality to be satisfied, at most a different inequality, to wit

— 1200 < (Q"Q5%) +(QF°Q5°) +(Q°Q5%) <3424, (18)

where
B = (@8 — (@3] + Q) — (©F)]) (19)

is the measure of temporal signalling (given by a certain minimisation con-
dition). To be precise, DK give the tighter Suppes—Zanotti form:

— 1200 < (Q1°Qy%) +(Q7°Q5°) +(Q1°Q5°) <
< 1+ 240+ 2min{(Q1*Qy%), (Q3°Q5%), (Q1°Q5°)} . (20)

10



We shall call such inequalities DK inequalities.

As pointed out in my previous paper, whatever the choice of #; in , and
choosing t3 — to and ¢, — t; to maximally violate the LG inequality, we get

Do = 3(1 = $cos(n) = cos(n + )| + | = Scos(n) + Jeos(n + Z)|) , (21)
where we have set 1 := £Z(t; — ¢). The range of is
SN <3 (22)

so that the tightest lower bound of the DK inequality or becomes
—1.75, and the inequality is satisfied for all choices of 7, e.g. for all choices
of the initial time ¢,

That is, for all choices of the initial pure state in , there is no contextuality
in the sense of DK, despite the violation of the LG inequality. This contrasts
starkly with the case of the maximally mixed state, where Ay = O.H In this
case the lower bound is again —1, the LG inequality coincides with the DK
inequality, and its violation is a sign of contextuality also in the sense of DK.
More generally, the DK inequality will be violated whenever the initial state
is sufficiently close to being maximally mixed.

This disappearance of temporal signalling for appropriately mixed states can
be intuitively understood as follows. What effect a measurement has on the
distribution of results of a later measurement depends on whether the initial
state is, say, |¢)g) or |¢r). If the state is always either one or the other, but we
only know each has probability %, our choice of performing the measurement
will still have an effect, but we do not know which. Accordingly, our ability to
signal in time is only given by the average effect (which in this case we know
to be zero). This is analogous to lack of signalling on average in Bohm’s
theory: if Alice knew the values of her hidden variables, she could signal
across EPR pairs, but if she only knows they are distributed according to
the Born rule, the effect washes out ]

13We can see this directly, or by noting the case is equivalent to the CHSH case, where
we know there is no-signalling.

14See e.g. Valentini (2002), who extends this result to arbitrary deterministic hidden
variables theories.

11



One can pursue the analogy with hidden variables theories further. In their
paper, Maroney and Timpson use Spekkens’ (2005) framework of ontic mod-
els, and succeed in providing a deep and detailed analysis of the violations
of the LG inequality. In the rest of this section, I shall elaborate on the
remark by Kofler and Brukner that macrorealism suggests an analogue of
Bell’s factorisation condition, namely

Poa(@Q7,Q7) = poa(QDppn (@) (23)

where p is the quantum state and A\ is some suitable specification of the
‘hidden’ values of the macroscopic quantities of the system.

Consider the analogues of Shimony’s (1986) conditions of outcome indepen-
dence,

pp,A(Qﬁj; Q;j) = pp,)\(Q;j)pp,A(Q;‘j) ) (24)
and parameter independence,
pp,)\(QZ:j) = pp,)x(Q;:) and pp,A(Q;j) = pp,)x(Q?) ; (25>

which jointly imply E Are these conditions motivated by macrorealism?

The intuitions we can invoke are that the values of the macroscopic quantities
at each time t; fully determine the probabilities for the results of measure-
ments at that time (indeed, these probabilities are 0 or 1 in the case of
faithful measurements), and that measurements do not affect the evolution
of the macroscopic quantities.

Now suppose we take A to be simply the initial value g of Q). If measure-
ments do not affect the evolution of @) (condition (d)), then we may assume
. However, unless the evolution of () is deterministic, there is no reason
for the value of (Qy to screen off correlations between the values of (); and
(); and therefore correlations between the measured values at those times.
Thus, even assuming (c), is unmotivated.

Alternatively, we can interpret A\ as specifying the values of () at all times.
In this case, will be justified (indeed it will follow trivially from (c)),

15Shimony’s conditions are expressed in terms of macroscopic apparatus settings, aver-
aging over any ‘apparatus hidden variables’. The analogous conditions taking into account
also the microscopic apparatus states are discussed by Jarrett (1984).

12



and so will (25). But the latter is now no longer related to (d). The role of
(d) will be to ensure that the distribution of A is independent of the chosen
measurement settings, which in this case no longer follows by assuming the
independence of the settings from the initial state.

Finally, we can make the simplifying assumption that the evolution of the
complete state (p, A) is deterministic, other than when measurements are
performed (this is for instance the case when the complete state is just the
quantum state p). In this case, the probabilities for measurement outcomes
may be expected to depend only on the initial state and the settings and
outcomes of previous measurements. If the state is indeed maximally mixed
and arising from entanglement (‘Schrodinger’s SQUID’), parameter indepen-
dence corresponds to no temporal signalling, and the violation of the DK
inequality is due entirely to the violation of outcome independence.
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