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Õ2Öz×�ØeÙ�ÚxÛ&Ü�ÝfÞ¸Û,ß[Özàoà¬Ö�á�Ùo×¸âJÚxÛ&ãa×¸Ù¬ÝWÙoÖz×aØ�ÖzßMÛCà¬Û_ä�ÝWÜfÖxÚxå}×aæcç-Ù�ä&æzà#èEéaæz×EÝWÙ¬ÝWÙoÛCØCê

r

FQ

X =
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ë Ùoâzé¸ÜfÛ Î ê
X
ÙoØ�ÚxÛ/ãa×aÛCÚjæzØhÝfÞ¸Û�ß[ÖzÜ�ä/Û<ß[Û&à¬Ý�ì}åJÝWÞaÛ�é¸×¸Ù¬Ý�ÝWÛCØeÝ�ä�ÞaæzÜWâ{Û

X (r) í Öxä&æcÝWÛªæ.ÝfÛCØeÝ�ä�Þ�æcÜfâzÛ Q æ�Ý�î�Ö{Ù¬×EÝ
r
æc×�Ú!ç-ÛCæ{Øeé¸ÜfÛ4ÝfÞ¸Ûªß[ÖzÜ�ä/Û

F
ß[ÛCà�Ý�ì}åÝWÞaÛ4ä�ÞaæcÜfâzÛ{ï

X (r) = F

Q ð ë Ùoâ Î_ñ ï
Y (r) í Öxä&æcÝWÛ)Ý]áhÖòä&Öz×EÝfæ{ä�ÝWÙo×¸âóç-Û&Ýfæcà,î¸à�æ�ÝfÛCØ²ÖcßvæcÜfÛCæ A æ�Ý�î�Ö{Ù¬×EÝ

r
ïõô}Û&î�æ�öÜ�æ�ÝWÛ<ÝWÞaÛ&ç�æz×aÚ.ç-Û_æzØWé¸ÜWÛ<ÝWÞaÛ�Ù¬×x÷�é¸Û&×aä&Û�ä�ÞaæcÜfâzÛ

Q
Öz×�Öz×aÛ<Özß�ÝWÞaÛ�î¸àoæcÝWÛ_Ø&ï

Y (r) = Q
A

ï	ø�Þ¸ÛhÚxÙoÜWÛ_ä�ÝWÙoÖz×"Öcß
Y(r)

ÙoØ%ÚxÛ&ÝWÛCÜWç-Ùo×¸ÛCÚvìEå,ÝfÞ¸Û2×aÖzÜfç-æzà{ù{ÛCä/ÝWÖzÜÖcßMÝWÞ¸Û�îaàoæcÝWÛCØCúxá�Þ¸ÛC×²ÝfÞ¸Û4ä�ÞaæzÜWâ{Û,ØWÛ&îaæzÜfæcÝWÙoÖz×²ÙoØ�çJæ�ûxÙoçJæcà ð ë Ùoâ�ü ñ ï
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ë Ùoâzé¸ÜfÛ4üxê
Y
Ù�Ø�ÚxÛ&ãa×¸ÛCÚ�ì}å�ç-Û_æc×aØ�Özß�ÝWÞaÛ�Ù¬×x÷�é¸Û&×aä&Û4ä�ÞaæcÜfâzÛ�ÚxÙoù}ÙoÚxÛ_Ú�ìEå.ÝWÞ¸Û4ØWé¸ÜWß|æzä/Û

ý Ý4Ù�Ø4æ�á2ÛCà¬à�þ}×¸Ö�á�×6Û&ç-î¸ÙoÜfÙoäCæcà%ß|æzä/Ý�ÝWÞaæcÝ�ÝWÞ¸Û_ØeÛ.èEéaæz×EÝWÙ¬ÝWÙoÛCØ�æcÜfÛ-×¸ÖcÝ4Ùo×aÚxÛCî�ÛC×aÚxÛC×{Ý4ÖzßÛCæ{ä�Þ²ÖzÝWÞ¸ÛCÜCï ë ÖzÜ�ÝWÞaÛ4ØWæzþzÛ,Öcß�ØeÙoç-î¸à¬Ù�ä/Ù¬Ý]åzú¸æ{ØWØWé¸ç-Û,ÝWÞ¸Û4ØWÙoçªîaà¬Û_Ø]Ý?çJæ�ÝfÛ&ÜfÙoæzà�ÛCèEéaæcÝWÙoÖz×
Y = εX ð Î_ñá�Þ¸ÛCÜWÛ

ε
ú¸ä&æzà¬àoÛCÚjÚxÙoÛ&àoÛCä/ÝWÜfÙoä�ä/Ö{×aØeÝfæc×EÝ_úxÙoØ�æ-Øfä&æcà�æcÜhãaÛCàoÚjä�ÞaæzÜfæ{ä�ÝfÛ&ÜfÙoØWÙ¬×aâ4ÝWÞaÛ�çªÛ_ÚxÙoé¸çjïøMÜfæ{ÚxÙ�ÝfÙ¬Ö{×aæcàoàoåzúaÙo×ÿîaÞ¸Û&×¸Ö{ç-Û&×¸Ö{à¬Ö{âzÙ�ä&æcàMÛ&àoÛCä/ÝWÜfÖ}Ú¸åE×�æcç-ÙoäCØ&úAî¸Þ}åxØeÙ�ä&æzàMèEéaæz×{ÝfÙ�Ý]å

X
ÙoØä&æzà¬àoÛCÚ�� Û&àoÛCä�ÝfÜWÙ�ä"ãaÛ&à�ÚÃØ]ÝfÜWÛC×¸âcÝfÞ��»æc×�Ú ÚxÛC×¸ÖcÝfÛCÚ ì}å

E
ú�æc×aÚ

Y
Ù�Ø4ä&æzà¬àoÛCÚ�� Û&àoÛCä�ÝfÜWÙ�ä-ÚxÙ�Ø]öî¸à�æzä&Û&ç-Û&×EÝ��¸æz×aÚ�ÚxÛ&×¸ÖzÝWÛ_Ú²ì}å

D
ï��<é¸Û�ÝWÖªÝWÞaÛ�ç-æcÝWÛCÜWÙ�æcà#ÛCèEéaæcÝWÙoÖz× ð Î�ñ Ö{×¸Û�ä&æz×²ÛCà¬Ùoç-Ù�ö×aæcÝWÛ�Öz×¸Û�Özß�ÝfÞ¸Û�ãaÛ&à�Ú�ù�æcÜfÙoæzì¸à¬Û_Ø&ïý çJæcâ{Ù¬×¸Û,æ4ÝfÛ/û}Ý�ì�Ö}Ö{þ ð ý ØWÞaæzà¬à#ÜfÛ/ß[Û&Ü2ÝWÖ-Ù¬Ý?æzØLÝWÞ¸Û��eÖzà�Ú
	<Öz×aÛ ñ ú}á�Þ¸Ù�ä�Þ�Öz×¸àoå-éaØeÛ_Ø E

ïø�Þ¸Û�Û_è{é�æ�ÝWÙoÖz×�Ø2Özß	ÛCà¬Û_ä�ÝfÜWÖEØ]Ý�æ�ÝWÙ�ä&Ø�æzÜWÛ�á�ÜfÙ�ÝWÝWÛ&×jæzØhß[Ö{à¬àoÖ�á?ØCê
ÚxÙoù

εE = ρ ð ü ñÜfÖcÝ
E = 0 ð �{ñ
ü



ë Ö{Ü�Û/û¸æcç-î¸àoÛzú}ÝfÞ¸Û�ìAÖEÖ{þ�ä/Ö{×EÝfæcÙo×aØhÝfÞ¸Û�ß[Özàoà¬Ö�á�Ùo×¸âªÛ/ûxÛ&Ü�ä/Ù�ØWÛ�æz×aÚ�ØeÖ{à¬éxÝfÙ¬Ö{×»ê
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��������� Õ2Öz×aØWÙ�ÚxÛ&ÜLÝWÞ¸Û�Ø]Ý�æ�ÝfÙoä�Û&àoÛCä�ÝfÜWÙ�ä�ãaÛCàoÚ²æcÜfÖzé¸×�ÚJæ�î�Ö{Ù¬×EÝ�ä�ÞaæcÜfâzÛ

qà¬Öxä&æcÝWÛ_Ú�æcÝ?ÝWÞaÛvìAÖzÜ�ÚxÛ&Ü?Özß%Ý]á2Ö.çJæcÝWÛ&ÜfÙ�æcà�Ø�ÖcßLÚxÙoÛ&àoÛCä/ÝWÜfÙoä�ä&Öz×aØeÝfæz×{Ý
ε1
æc×aÚ

ε2
ï ý Ø�ÝWÞ¸Û�ÛCà¬Û_ä�ÝfÜWÙ�ä<ãaÛ&à�ÚjØ]ÝfÜWÛC×¸âcÝfÞ�ØWî¸Þ¸ÛCÜWÙ�ä&æzà¬àoå.Øeå}ç-ç-Û/ÝfÜWÙ�äcúxÖ{Ü�×¸ÖcÝ��

������� � � �"! ð ØWÛ&Û ë Ùoâ �{ñ
E1 =

1

2π (ε1 + ε2)

q

r3
r ð # ñ

E2 =
1

2π (ε1 + ε2)

q

r3
r ð $zñ

Õ2Öz×aØWÛCèEé¸ÛC×{Ýfà¬å{ú
ø�ÞaÛ,ÛCà¬Û_ä�ÝfÜWÙ�ä<ãaÛ&à�ÚjØ]ÝfÜWÛC×¸âcÝfÞ²Ù�Ø?ØWî¸Þ¸Û&ÜfÙ�ä&æcàoàoå.Øeå}ç-ç-Û/ÝWÜfÙ�äcï ð %{ñ

& Ö�á�ú�ÙoçJæcâzÙo×¸Û
æ�×¸Û&á Û&àoÛCä/ÝWÜfÖxÚxå}×aæcç-Ù�ä&Ø²ÝWÛ&ûEÝ!ìAÖ}Özþ á�ÞaÙoä�ÞÑÙ�Øj×¸Öz×xö�ÝWÜ�æzÚ¸Ù�ÝfÙ¬Ö{×aæcà�Ùo×ÝWÞaÛ-ß[Özàoà¬Ö�á�Ùo×¸â)ØeÛC×aØWÛzê�Ù¬Ý4éaØeÛ_Ø�Öz×aà¬å)ã�Û&à�ÚÃù�æzÜWÙ�æcìaà¬Û
Y ð ÝWÜ�æzÚxÙ¬ÝWÙoÖz×�æcàoà¬åÿäCæcàoà¬Û_Ú'� ÛCà¬Û_ä�ÝWÜfÙ�äÚxÙ�Øeîaàoæ{ä/Û&ç-ÛC×{Ý(�Mæz×aÚ
ÚxÛ&×aÖcÝWÛ_ÚÃì}å

D
ñ ú%ì¸éxÝªÙ�Ý-ØeåxØeÝWÛCç-æcÝWÙ�ä&æzà¬àoå äCæcàoàoØ

Y
� Û&àoÛCä/ÝWÜfÙoä-ã�Û&à�ÚØeÝWÜfÛ&×¸âzÝWÞ��#æc×aÚÿÚxÛ&×¸ÖzÝWÛ_Ø�Ù¬Ý,ì}å

E
ï*)�äCä/ÖzÜ�ÚxÙo×¸âzàoåzúaÝWÞ¸ÛªÛCèEéaæcÝWÙoÖz×aØ�Öcß�ÛCà¬Û_ä�ÝWÜfÖ{ØeÝfæcÝWÙ�ä&Ø<æcÜfÛá�ÜfÙ�ÝWÝWÛ&×)æ{Øhß[Özàoà¬Ö�á?ØCê
ÚxÙoù

E = ρ ð + ñÜfÖcÝ E

ε
= 0 ð ,{ñø�Þ¸Ù�Ø�×¸ÛCá(ìAÖ}Özþ-æcà�ØeÖ�ä&Öz×EÝfæzÙ¬×aØ�ÝWÞ¸Û�æzì�Ö�ù{Û�Û/ûxÛ&Ü�ä/Ù�ØeÛ{úzì¸é¸ÝLá�Ù�ÝfÞ-ÝWÞ¸Û?ß[Özàoà¬Ö�á�Ùo×¸â4ØWÖzàoéxÝWÙoÖz×»ê

������� � � �"! ð ØWÛ&Û ë Ùoâ # ñ

E1 =
ε1

2π (ε1 + ε2)

q

r3
r ð -{ñ

E2 =
ε2

2π (ε1 + ε2)

q

r3
r ð Î(.{ñ

ε2

ε1

q

ë Ù¬â{é¸ÜfÛ � ê�ø�Þ¸Û/� Û&àoÛCä�ÝfÜWÙ�ä�ãaÛCàoÚ)ØeÝWÜfÛ&×aâcÝWÞ0�¸Öcß%ÝWÞaÛ"ØeÝfæ�ÝfÙoä4Û&àoÛCä�ÝfÜWÙ�ä,ãaÛCàoÚ!æzÜWÖ{é¸×aÚjæ-îAÖzÙo×{Ýä�ÞaæzÜWâ{Û
q
à¬ÖxäCæ�ÝWÛ_Ú.æ�Ý2ÝWÞ¸Û,ìAÖzÜ�ÚxÛ&Ü2Öcß�Ý]áhÖ4çJæ�ÝWÛCÜWÙ�æcà�Ø2Öcß�ÚxÙoÛ&àoÛCä/ÝWÜfÙoä<ä/Öz×�Ø]Ý�æc×EÝfØ

ε1
æc×aÚ

ε2
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Õ2Öz×aØWÛCèEé¸ÛC×{Ýfà¬å{ú
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& Ö�á�ú#ÚxÖ}ÛCØ,ØWÛ&×EÝWÛC×aä/Û ð ÎzÎ�ñ Özß�ÝWÞ¸Ûª×¸Û&á ìAÖ}Özþ)ä/Ö{×EÝWÜ�æzÚxÙ�ä�Ý?ÝfÖ²ØWÛ&×EÝWÛC×aä/Û ð %Eñ Özß�ÝWÞ¸ÛªÖzà�ÚìAÖEÖ{þ1� ý Ø<Ù¬Ý<ÝfÜWé¸ÛvÝWÞaæcÝ<ÝfÞ¸Û4ÝfÞ¸Û&Ö{ÜWå)ÚxÛ_ØWä&ÜWÙoìAÛCÚ)Ùo×!ÝfÞ¸Ûv×¸ÛCá ìAÖEÖ{þjÙoØ,æ32547698;:<4>=@?�A²ÖzßÛ&àoÛCä/ÝWÜfÖzçJæcâ{×¸Û/ÝfÙoØWçB�9C�ß�ä/ÖzéaÜfØWÛzú�×¸ÖzÝCï-ô}Û&ÛCçªÙo×¸â{à¬å)ÝfÞ¸ÛªÝ]á2ÖjØWÛ&×EÝWÛC×aä/Û_Ø,ä&Öz×EÝWÜ�æzÚ¸Ùoä/Ý�ÝWÖÛCæ{ä�ÞvÖzÝWÞ¸ÛCÜCú�Ö{×4ÝWÞaÛ2àoÛ&ù{Û&à}Öcß�ÝWÞ¸Ûhá2Ö{ÜfÚaØ&ïED?Ö�áhÛ&ùzÛCÜCú_Ùo×"Ö{ÜfÚxÛCÜ�ÝfÖ,ä&àoæzÜWÙ¬ß[å�ÝWÞaÛhç-Û_æc×¸Ùo×¸â�ÖzßØWÛ&×EÝWÛC×aä/Û ð ÎzÎ�ñ æc×aÚ ð %{ñ ú{Ö{×¸Û�ÞaæzØ�ÝWÖ4â{Ö�ìaæzä�þvÝWÖ�ÝfÞ¸Û?ã�ÜfØeÝLîaæzâzÛCØ�Öcß#ÝWÞ¸Û<ä/ÖzÜfÜfÛCØWî�Ö{×aÚxÙo×¸âìAÖEÖ{þ æc×aÚ ä/à�æcÜfÙ�ß[åÂÝfÞ¸Û6Ú¸Û/ãa×¸Ù¬ÝWÙoÖz× Öcß4ÝfÞ¸ÛÃî¸Þ}åxØeÙ�ä&æzà,èEéaæz×{ÝfÙ�Ý]å äCæcàoà¬Û_ÚF� Û&àoÛCä�ÝfÜWÙ�ä)ã�Û&à�ÚØeÝWÜfÛ&×¸âzÝWÞ��oïG)�×aÚÂÙ¬Ý�á�Ù¬àoà�ìAÛÿä&à¬Û_æcÜ-ÝWÞ�æ�Ý.ÝfÞ¸Û)ÝWÛCÜWçH� Û&àoÛCä�ÝfÜWÙ�ä�ãaÛCàoÚ ØeÝWÜfÛ&×¸âzÝWÞ��2Ø]Ý�æc×aÚ¸Øß[ÖzÜ�Ý]á2ÖóÚ¸ÙJI#Û&ÜfÛ&×EÝ²îaÞEåxØWÙoäCæcà�èEéaæz×EÝWÙ¬ÝWÙoÛCØ.Ùo×ÂÝWÞaÛ!Ý]áhÖóì�Ö}Ö{þ}ØCïFK)ÖzÜfÛ&Ö�ù{Û&Ü_úLìAÖcÝfÞ ÝWÛ&ûEÝìAÖEÖ{þxØ2îaÜWÖ�ù}Ù�ÚxÛ<ä&Özç-î¸àoÛ/ÝWÛ�ÚxÛ_ØWä&ÜWÙoîxÝWÙoÖz×�ØLÖzß�Û&àoÛCä/ÝWÜfÖzçJæcâ{×¸Û/ÝfÙoä�î¸Þ¸Û&×aÖzç-Û&×aæaï�ø�Þ¸Û&ÜfÛ/ß[Ö{ÜWÛ{úæcà¬ÝWÞaÖzé¸â{ÞòÝfÞ¸ÛjÝWÞ¸ÛCÖzÜfåóÙo×(ÝfÞ¸Û)Özà�Ú�ì�Ö}Ö{þòÚxÖ}ÛCØ-×¸ÖzÝ.éaØWÛjÝWÞ¸ÛjãaÛCàoÚ�ù�æcÜfÙ�æcì¸àoÛ
Y
ú�Ù¬Ý.ÙoØä&æzîaæcìaà¬Û"ÝWÖ!æ{ä&ä/Ö{é¸×EÝ<ß[Ö{Ü�ÝWÞ¸Û-î¸Þ}åxØWÙoäCæcà�î¸Þ¸ÛC×¸Özç-ÛC×aæ�ì}å!á�ÞaÙoä�ÞÃî¸Þ}åxØeÙ�ä&æzà�è{é�æc×EÝWÙ¬Ý]å

YÙ�Ø4Û&ç-î¸ÙoÜfÙoäCæcàoà¬åÃÚxÛ/ã�×¸ÛCÚ�ï ý Ý"ÙoØªä&æzîaæcì¸àoÛ-ÝWÖ ÚxÛ/ÝfÛ&ÜfçªÙo×¸ÛJÝfÞ¸Û�Ùo×x÷aéaÛ&×aä&Û²ä�ÞaæzÜWâ{ÛªÖ{×ÃÝWÞ¸ÛØWÛ&îaæzÜfæcÝWÛCÚ,î¸à�æ�ÝfÛCØ ð ì}å�ä&æzàoä&é¸àoæcÝWÙo×¸â εEA ñ ï ý ×4ÖzÝWÞ¸ÛCÜMáhÖzÜ�Ú¸ØCúCÙ¬ÝMÙ�Ø	ä&æcî�æcì¸àoÛ�ÝWÖ<ÚxÛ/ÝfÛ&ÜfçªÙo×¸ÛÝWÞaÛ!ù�æcàoé¸Û!Öcß
Y
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ÝWÞ¸Û!ß[ÜfæzçªÛ
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Ù�Ø
xK′

(A) :=
xK(A)− vtK(A)

úaá�Þ¸Û&ÜfÛ
v = vK(K ′)
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vK =
∆xK

∆tK

ṽK =
∆x̃K

∆t̃K

vK′

=
∆xK′

∆tK′

ṽK′

=
∆x̃K′

∆t̃K′

� Ù¬ÝWÞ²ÝWÞ¸Û_ØeÛ,Û&ç-î¸ÙoÜWÙ�ä&æzàAÚ¸Û/ãa×¸Ù¬ÝWÙoÖz×�Ø&ú}Ùo×²ÛCùzÛ&ÜfåªÙ¬×¸ÛCÜeÝfÙoæzàAß[ÜfæzçªÛ<á2Û�ÚxÛ&ãa×¸Û<ß[Özé¸Ü�ÚxÙOIAÛCÜWÛC×{ÝèEéaæc×EÝfÙ�ÝfÙ¬Û_Øhß[ÖzÜ�ÛCæ{ä�Þ²ÛCùzÛC×{Ý_ú¸Øeé�ä�Þ�ÝfÞaæ�Ý_ê
xK(A) ≡ x̃K(A) ð Î ü ñ
tK(A) ≡ t̃K(A) ð Î��{ñ
xK′

(A) 6≡ x̃K′

(A) ð Î # ñ
tK

′

(A) 6≡ t̃K
′

(A) ð Î($zñá�Þ¸ÛCÜWÛ
≡
Ú¸Û&×¸ÖzÝWÛCØhÝfÞ¸Û�Ù�ÚxÛ&×EÝWÙ�ä&æzà»ÖzîAÛ&Ü�æ�ÝfÙ¬Ö{×aæcà�ÚxÛ&ãa×¸Ù¬ÝWÙoÖz×»ïý ×²ØWî¸Ù¬ÝWÛ,Öcß»ÝfÞ¸Û�ÚxÙJI#Û&ÜfÛ&×EÝ�ÖzîAÛ&Ü�æ�ÝfÙ¬Ö{×aæcàAÚxÛ/ãa×aÙ�ÝfÙ¬Ö{×aØ&ú}Ù¬Ý?ä/ÖzéaàoÚJìAÛ�æW�c=�2"8��;2y��4�2<8�ß|æzä�ÝÖcßh×aæ�Ýfé¸ÜfÛ"ÝfÞaæ�Ý

xK′

(A) = x̃K′

(A)
æz×aÚLK�ÖzÜ

tK
′

(A) = t̃K
′

(A)
ß[Ö{Ü�Û&ùzÛCÜWå)ÛCùzÛC×{Ý

A
ï M

ÿhéxÝLæ,à¬Ù¬ÝeÝfà¬Û�ÜfÛ/÷�ÛCä�ÝfÙ¬Ö{×"ÜfÛ&ù{ÛCæzàoØ�ÝWÞaæcÝ�ÝWÞ¸Ù�Ø�Ù�Ø%×¸ÖcÝ�ÝfÞ¸Û�ä&æ{ØeÛ{ï ý Ý�ß[Ö{à¬àoÖ�á?ØMß[ÜWÖ{ç³ØeîAÛCä&ÙoæzàxÜWÛCà�öæ�ÝfÙ¬ù}Ù¬Ý]å-ÝWÞaæcÝ
x̃K(A), t̃K(A)

æcÜfÛ<ÜfÛ&à�æ�ÝfÛCÚ�á�Ù�ÝfÞ
x̃K′

(A), t̃K
′

(A)
ÝWÞ¸ÜfÖzé¸â{Þ.ÝfÞ¸Û í ÖzÜfÛ&×EÝ>tÝWÜ�æc×�Ø]ß[Ö{ÜWçJæ�ÝfÙ¬Ö{×»ú&á�ÞaÙ¬àoÛ

xK(A), tK(A)
æcÜfÛ�ÜWÛCàoæcÝWÛ_Ú<á�Ù¬ÝWÞ

xK′

(A), tK
′

(A)
ÝWÞ¸ÜfÖzé¸â{Þ,ÝWÞ¸Ûä/Ö{ÜWÜfÛCØWîAÖz×aÚxÙo×¸âN��æzà¬Ùoà¬Û_æc×-ÝfÜfæz×aØ]ß[Ö{ÜWçJæcÝWÙoÖz×»ú�ÝfÞ¸Û&ÜfÛ/ß[Ö{ÜWÛ{úzÝ�æcþ}Ùo×¸â4Ùo×{ÝfÖvæzäCä/Ö{é¸×EÝLÙoÚ¸Û&×EÝWÙ¬ÝWÙoÛCØ

ð Î ü ñ x ð Î(�{ñ ú xK′

(A) 6= x̃K′

(A)
æz×aÚ

tK
′

(A) 6= t̃K
′

(A)
úaÙ¬ß

v 6= 0
ïø�Þ}éaØCú�Özé¸Ü�ãaÜfØeÝ²î�æcÜWÝWÙ�æcà�ä&Öz×aä&à¬éaØWÙoÖz× Ù�Ø.ÝfÞaæ�ÝÙ¥�� ¦�4�?�4�2<8N�1:�A��c���c�@�PO��<��2"8��;8���47�¡��?�4

�c���;�O4c¥Ù£;���<���c4�¤w8����@�N��2�¥L���;�T�;�O�@?���A��Ð¥@� ¦�4�?�472"8M�<:yA������c���QO��<��2"8��;8���47�/�@?�4z�c���;��4>¥Ù£�8��;�/4�¤
8���� �;2G���14c�������Ð?�4��O��8��;���;8�Aí��25¥��;2í���O���c�����c���Ê�<:yA���������ï R ý × Ö{ÜfÚxÛCÜ.ÝfÖ(æ�ùzÖ{ÙoÚ ß[é¸ÜeÝfÞ¸Û&Üä/Ö{×xß[éaØWÙ¬Ö{×»ú#ß[ÜfÖzç5×¸Ö�á Ö{× ØWîaæzä&Û"æz×aÚ)ÝfÙ¬ç-ÛªÝfæzâ{Ø,á�Ù¬àoà%ç-ÛCæc× ÝWÞaÛ"î¸Þ}åxØWÙoäCæcà�èEéaæc×EÝWÙ¬ÝWÙoÛCØÚxÛ&ãa×¸ÛCÚ-Ùo× ð � Î_ñ ú ð �,ü ñ æc×�Ú ð � ${ñ ý æzäCä/ÖzÜ�ÚxÙo×¸â,ÝWÖ�ÝfÞ¸Û?éaØfæcâ{Û�Öcß#ÝWÞ¸Û?ÝWÛ&ÜfçJØ�Ùo×.ä/à�æzØfØeÙ�ä&æzàî¸Þ}åxØeÙ�ä&Øeý ú�æz×aÚN�WØWîaæzä&Û�	Læc×aÚ*�TÝfÙ¬ç-Û7	LÙ¬×"ÝWÞ¸Û�ØWÛ&×aØWÛLÖzß¸ÝWÞ¸ÛhÜfÛ&à�æ�ÝWÙoù}ÙoØeÝWÙ�äLÚ¸Û/ãa×¸Ù¬ÝWÙoÖz×�Ø ð � �Eñ úð � # ñ ú ð � %{ñ æz×aÚ ð � + ñ á�Ùoà¬à�ì�Û4äCæcàoà¬Û_Ú ˜ØWîaæzä&Û�æc×aÚ ˜ÝWÙoç-Ûzïô}îAÛCä&Ùoæzà�ÜWÛCàoæcÝWÙoùEÙ¬Ý]å-ÝWÞaÛ&ÖzÜfåJçJæcþ{ÛCØ©¥�� ¦�4�?�4�2<8�æzØfØeÛCÜeÝfÙ¬Ö{×aØhæcìAÖzéxÝ?ØWÖzç-Û/ÝfÞ¸Ù¬×aâ{Øhá�Þ¸Ù�ä�ÞæcÜfÛL¥�� ¦�4�?�4�2<8<ß[ÜWÖ{ç*Øeî�æzä/ÛJæz×aÚ)ÝfÙ¬ç-Ûzï ý ×ÃÖzéaÜ�ØWå}çvìAÖzàoÙoäª×¸ÖzÝfæcÝWÙoÖz×»ú»ä&àoæ{ØWØWÙoäCæcà%î¸Þ}åxØeÙ�ä&Ø
ä/à�æcÙoçJØ

G1 (M)
æcìAÖzéxÝ

M
æc×aÚvÜWÛCàoæcÝWÙoù}Ù�Ý]å,ÝWÞaÛ&ÖzÜfå�ä/à�æcÙoçJØ

G2

(
M̃

) æcìAÖzéxÝ�ØeÖ{ç-ÛLÖcÝfÞ¸Û&Ü
ß[ÛCæcÝWé¸ÜfÛCØ²Öcß4ÜfÛCæzà¬Ù¬Ý]å

M̃
ï ø�ÞaÛ èEé¸ÛCØeÝWÙoÖz× ÙoØ�á�ÞaæcÝ�ØWî�Û_ä/Ù�æcà,ÜWÛCàoæcÝWÙoùEÙ¬Ý]å æc×aÚ ä/à�æzØfØeÙ�ä&æzàî¸Þ}åxØeÙ�ä&Ø�Øfæ�åJá�Þ¸ÛC×²ÝfÞ¸Û&å�æcÜfÛ<çJæzþEÙo×¸âJæzØfØWÛ&ÜWÝWÙoÖz×aØ�æcìAÖzé¸ÝhÝfÞ¸Û4Øfæcç-Û,ÝWÞ¸Ùo×¸â{ØCï

S>¶y¯�° ³�¯E¿�¾�¾�­�®�°�²�¼>°�¯M°�±(¿�®�×0¿ °�±Ð¼c¸N¯eÍ(¼c³�Â�¾�¯�Ú���±�¯M¿�¸�¯e²�°�¿�¼c¾y³�¼c®�®
mi

¼c¸�ÆNÎ�²�¼eÉ(¿ °�¼>°�¿�·�¸�¼c¾�³�¼c®�®
mg¼c²�¯�°;×v·P<�­�¼c¸7°�¿ °�¿�¯e®g±�¼eÉ(¿�¸�Î©Æ(¿ T�¯e²�¯e¸�°Ê¯eÍ�Â@¯e²�¿�³�¯e¸7°�¼c¾vÆ�¯�À�¸(¿ °�¿�·�¸�®¨ÚNU5­(°¨Ã"¿ °^¿�®^¼*½e·�¸�°�¿�¸�Î�¯e¸�°ÊÁ]¼c½�°^·cÁ

¸�¼>°�­�²�¯*Ó�¯�Í�Â@¯¨²�¿�³�¯e¸�°�¼c¾�¾ º©Â�²�·�É7¯eÆaË�ºWVLXc°�ÉFX�®Ì¼c²�·�­�¸(ÆBÜ¨Ý�Þ�Þ7Ö °�±�¼>°¨Ã�ÁO·�²M¼c¸7ºÐ·�Ë�Ò�¯e½�°�Ã�°�±(¯^°;×v·�³�¼c®�®�¯e®
¼c²�¯Ì¯	<�­�¼c¾]Ã

mi = mg

ÚY �0±(¿�®�×�¼c®�À�²�®�°5²�¯e½e·�Î�¸�¿�®�¯eÆ�Ë�ºZU5²�¿�Æ�Î�¯e³�¼c¸ÐÓ�Ü¨ÝA[FE�Ã�Â
ÚvÜ([7Ö�Ã(¼c¾ °�±�·�­(Î�±N±�¯0Æ�¿�Æ�¸�·c°5¿�¸�É7¯e®�°�¿�Î7¼>°�¯E°�±(¯
ÁO­�²�°�±�¯e²0½¨·�¸(®�¯	<�­(¯¨¸(½¨¯e®�·cÁ1°�±�¿�®vÁ]¼c½�°¨Ú

,



\ ]�÷¡ë X Z7ï Ó²Ð ë Ó ïÐS ZA^/ZcS#_ U�Ò ë�òiR Ò SiSEë Ó/ÓzV ò9ïaR`_�S êYZ7R Ô RYëba
ï9c ÒwV Sèò�÷ªï X ë ïwR U SEZ�ìîë

Õ2à�æzØfØeÙ�ä&æzàvî¸Þ}åxØeÙ�ä&Ø æc×aÚ ÜWÛCàoæcÝWÙoùEÙ¬Ý]å ÝWÞ¸ÛCÖzÜfå áhÖzé¸à�Ú ìAÛ(ÚxÙOI#Û&ÜfÛ&×EÝÿÝfÞ¸Û&Ö{ÜWÙoÛCØÿÖcß�ØWîaæzä&Ûæc×�Ú ÝWÙoç-ÛÂÙ�ß²ÝWÞ¸ÛCå æzä&ä&Özé¸×EÝfÛCÚ ß[Ö{ÜÃî¸Þ}å}ØWÙ�ä&æcà-èEéaæc×EÝfÙ�ÝfÙ¬Û_Ø
x
æz×aÚ

t
ÚxÙJI#Û&ÜfÛ&×EÝfà¬å{ï ý ßÝWÞaÛ&ÜfÛ²áhÛ&ÜfÛ²æz×Eå
ÛCùzÛC×{Ý

A
æc×aÚ(æc×}å
Ù¬×aÛ&ÜWÝWÙ�æcàhß[Üfæzç-Û²Özß�ÜWÛ&ß[Û&ÜfÛ&×aä&Û

K?
Ùo×�á�Þ¸Ùoä�ÞòÝWÞ¸ÛØWîaæzä&Û,Ö{ÜhÝWÙoçªÛ�Ý�æcâJæzØfØWÙ¬â{×¸ÛCÚ.ÝWÖ-ÝWÞaÛ,ÛCùzÛC×{Ý�ì}å�ØWî�Û_ä/Ù�æcà»ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]åzú [

xK?

(A)
]
relativity

ú
[
tK

?

(A)
]
relativity

ú4áhÛ&ÜfÛóÚxÙJI#Û&ÜfÛ&×EÝ!ß[ÜfÖzç ÝWÞaÛ(ØWÙ¬ç-ÙoàoæzÜ)Ýfæzâ{Ø!æ{ØWØWÙ¬â{×¸ÛCÚ ì}åÑä/à�æzØfØeÙ�ä&æzà
î¸Þ}åxØeÙ�ä&ØCú [

xK?

(A)
]
classical

ú [
tK

?

(A)
]
classical

ï ý ß]ú�ß[ÖzÜ�Û/û¸æcç-î¸àoÛzú�ÝfÞ¸Û&ÜfÛ!áhÛ&ÜfÛÿæc×}åÝ]áhÖ)Û&ùzÛC×EÝfØ4ØWÙ¬ç"é¸à¬Ýfæc×aÛ&Özé�Ø4Ùo×
ÜWÛCàoæcÝWÙoùEÙ¬Ý]å!ÝfÞ¸Û&Ö{ÜWå á�Þ¸Ù�ä�Þ
á2ÛCÜWÛJ×¸ÖzÝ"ØWÙ¬ç"é¸à�Ý�æc×¸ÛCÖzéaØvæzä�öä/Ö{ÜfÚ¸Ù¬×¸â6ÝfÖóä/à�æzØfØeÙ�ä&æzàhîaÞEåxØWÙoäCØ&úhÖzÜJù}Ù�ä/Û)ù{Û&Ü�ØWæ�ý�ÝfÖÿÝfÖzéaä�ÞÂÖz× æÃØWÖzÜfÛ�îAÖzÙo×EÝCïiÿhéxÝ�æàoÙ�ÝWÝWàoÛ,ÜfÛ/÷�ÛCä�ÝfÙ¬Ö{×�ØWÞ¸Ö�á?Ø�ÝfÞaæ�Ý�ÝfÞ¸ÙoØhÙ�Øh×¸ÖcÝhÝWÞ¸Û�äCæzØWÛzï�øMæzþ}Ù¬×¸â"Ù¬×EÝfÖªæ{ä&ä/Ö{é¸×EÝ2Ö{î�ÛCÜfæcÝWÙoÖz×aæzàÙ�ÚxÛ&×EÝWÙ¬ÝWÙoÛCØ ð Î ü ñ x ð Î��Eñ úEÖz×¸Û�ä&æz×²ä&æzàoä&é¸à�æ�ÝWÛ�ÝWÞ¸Û�ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å"ÝfÞ¸Û&Ö{ÜWÛ&ÝWÙ�ä�îaÜWÛ_ÚxÙoä/ÝWÙoÖz×�ß[ÖzÜhÝWÞ¸ÛÖzé¸Ýfä/Ö{ç-Û�Öcß%ÖzîAÛ&Ü�æ�ÝWÙoÖz×�Ø�ÚxÛCØfä/ÜfÙ¬ìAÛCÚjÙo× ð � Î_ñ ú ð �,ü ñ æc×aÚ ð � ${ñ ú¸ÝfÞaæ�Ý<ÙoØCú¸ÝfÞ¸Û�ÜWÛCàoæcÝWÙoù}Ù�Ý]åÝWÞaÛ&ÖzÜfÛ/ÝfÙoä,î¸ÜfÛCÚ¸Ùoä/ÝWÙoÖz×²ß[ÖzÜ
xK′

(A)
ê

[
xK′

(A)
]

relativity
= x̃K(A) − ṽK(K ′)t̃K(A) ð Î�%{ñÝWÞaÛ�ù�æzà¬éaÛ,Özß	á�ÞaÙoä�Þ�ÙoØ?ÛCèEéaæcà#ÝfÖ

xK(A) − vK(K ′)tK(A) =
[
xK′

(A)
]

classical
ð Î + ñô}Ùoç-Ù¬à�æcÜfà¬å{ú

[
tK

′

(A)
]

relativity
= t̃K(A) = tK(A) =

[
tK

′

(A)
]

classical
ð Î�,Eñø�Þ¸Ù�Ø?ä/Ö{ç-î¸à¬Û&ÝWÛ_ØhÝWÞ¸Û�î¸ÜfÖ}Öcß	Öcß	ø�ÞaÛCØWÙoØ Î ï

d e Ò�Ð ë�RTS5f S êYë Ò�Ð _ ïwR U ò0÷¡ë X Z7ï Ó(Ð ë Ó ïÐS ZA^/ZcS#_ ï Ð ë XhÒ ì ø
÷ Ó ëÊS ë Ó _ Z U ë�RTS Z X ï Ó S êWë Ò4Ð Z7ë�ò

ô}Ùo×aä/Û í ÖzÜfÛ&×EÝ>t�ÝWÞ¸ÛCÖzÜfåªæ{ÚxÖzîxÝ�Ø%ÝWÞaÛ<ä/à�æzØfØWÙoäCæcà}ÝWÞaÛ&ÖzÜfåªÖcß»Øeî�æzä/Û&öGÝfÙ¬ç-Û{úzÙ¬Ý2ÚxÖ}ÛCØL×¸ÖcÝ2Ú¸ÙJI#Û&Üß[ÜfÖzç ØWî�Û_ä/Ù�æcà#ÜWÛCàoæcÝWÙoù}Ù�Ý]å-Ùo×²Ù¬ÝfØ�æ{ØWØWÛ&ÜWÝWÙoÖz×aØ2æcìAÖzéxÝ�ØWîaæzä&Û,æz×aÚJÝfÙ¬ç-Ûzï�D�Ö�á2ÛCùzÛCÜCúEì�ÛCåzÖ{×aÚá�ÞaæcÝ2ØeîAÛCä&Ùoæzà�ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å"ä&àoæzÙ¬çJØLæzì�Ö{éxÝ2ØWîaæzä&Û�æc×�ÚªÝWÙoçªÛ{ú}Ù�Ý�æcà�ØeÖ�Þaæ{ØLæz×¸ÖcÝfÞ¸Û&Ühä/à�æcÙoçaý
G2

(
M̃

)ý æcìAÖzéxÝ ˜ØWîaæzä&Û,æz×aÚ ˜ÝWÙoçªÛEï ý ×�ÖzÜ�ÚxÛ&ÜhÝWÖ-î¸ÜfÖ�ùzÛ,á�ÞaæcÝ�ø�ÞaÛCØWÙoØ?üªæzØfØWÛ&ÜWÝfØCú{ÝfÞaæ�ÝÙ�Ø�ÝWÖ!Øfæ�å!ÝfÞ¸Û�ä&Özç-î¸àoÛ/ÝWÛ�ÙoÚxÛC×EÝWÙ¬Ý]å Özß í ÖzÜfÛ&×EÝ�tªÝfÞ¸Û&Ö{ÜWå6æc×aÚÃÖzß�ØWîAÛCä/Ù�æcàLÜWÛCàoæcÝWÙoùEÙ¬Ý]åzú	áhÛæcà�ØWÖvÞaæ�ù{Û?ÝWÖ-ØWÞ¸Ö�áÂÝWÞaæcÝ2ÝfÞ¸Û<Ý]á2ÖvÝWÞ¸ÛCÖzÜfÙ¬Û_ØLÞaæ�ù{Û�Ù�ÚxÛ&×EÝfÙoäCæcà�æzØfØeÛCÜeÝfÙ¬Ö{×aØLæzì�Ö{éxÝ
x̃
æz×aÚ

t̃
úÝWÞ�æ�Ý?Ù�Ø&ú

[
x̃K′

(A)
]

relativity
=

[
x̃K′

(A)
]

LT[
t̃K

′

(A)
]

relativity
=

[
t̃K

′

(A)
]

LT

)�ä&ä&ÖzÜ�ÚxÙo×¸â6ÝWÖÃÜWÛCàoæcÝWÙoù}Ù�Ý]å
ÝfÞ¸Û&Ö{ÜWå{úLÝfÞ¸Û ˜ØWîaæzä&Û)æc×aÚ ˜ÝWÙoç-Û)Ýfæzâ{Ø-Ùo× K ′
æc×�Ú(Ùo×

K
æcÜfÛÜfÛ&à�æ�ÝWÛ_Ú.ÝfÞ¸ÜfÖzé¸â{Þ�ÝfÞ¸Û í Ö{ÜWÛC×{Ý>t�ÝfÜfæz×aØeß[ÖzÜfç-æcÝWÙoÖz×aØCï ë ÜfÖzç ð Î ü ñ x ð Î��{ñ Öz×aÛ�äCæc×)ÚxÛ_Úxéaä/Û{ê

[
t̃K

′

(A)
]

relativity
=

tK(A) − v xK(A)
c2√

1 − v2

c2

ð Î�-Eñ

-



[
x̃K′

(A)
]

relativity
=

xK(A) − v tK(A)√
1 − v2

c2

ð ü .Eñ
C<×JÝfÞ¸Û<ÖzÝWÞ¸ÛCÜ2Þ�æc×aÚ�úEÝ�æcþ}Ù¬×aâvÝfÞ¸Û,æ{ØWØWé¸ç-îxÝfÙ¬Ö{×aØLÖzß í Ö{ÜWÛC×{Ý>t?ÝfÞ¸Û&Ö{ÜWåªÝWÞ�æ�ÝhÝWÞ¸Û�Ø]Ý�æc×xöÚ¸æzÜfÚJä&à¬Öxä�þ-ØeàoÖ�á?Ø�ÚxÖ�á�×Jì}å"ß|æzä�ÝfÖzÜ √

1 − v2

c2

æz×aÚ-ÝWÞ�æ�Ýhæ4ÜWÙoâzÙ�Ú-ÜWÖxÚJØWé�I#Û&Ü�ØLæ4ä&Öz×EÝWÜ�æzä/ö
ÝWÙoÖz×Jì}å"ß|æzä/ÝWÖzÜ √

1 − v2

c2

á�Þ¸ÛC×-ÝWÞ¸ÛCåªæzÜWÛ�â{Û&×EÝWàoå"æ{ä&ä&Û&àoÛ&Ü�æ�ÝWÛ_Ú"ß[ÜWÖ{ç
K
ÝfÖ
K ′
ú{Ö{×¸Û�ä&æz×

ÚxÙoÜWÛ_ä�Ýfà¬åjä&æzàoä&é¸àoæcÝWÛ�ÝfÞ¸Û ˜ØWîaæ{ä/Û�Ý�æcâ x̃K′

(A)
æc×�Ú�ÝWÞ¸Û ˜ÝWÙoç-Û4Ýfæzâ t̃K′

(A)
úAß[Ö{à¬àoÖ�á�Ù¬×aâ-ÝWÞ¸ÛÚxÛ_ØWä&ÜWÙoîxÝWÙoÖz×�Ø�ÖcßMÖ{î�ÛCÜfæcÝWÙoÖz×aØhÙo× ð � %{ñ æc×�Ú ð � + ñ ïë Ù¬Ü�ØeÝCúEà¬Û&Ý2éaØ2ä&æcà�ä/éaàoæcÝWÛ�ÝfÞ¸Û<ÜfÛCæ{ÚxÙo×¸â�Öcß�ÝfÞ¸Û<ä&à¬Öxä�þ-ØeàoÖ�á�à¬åvÝWÜ�æc×aØWîAÖzÜWÝWÛCÚ-Ùo×

K ′
ß[ÜfÖzçÝWÞaÛÿÖzÜfÙoâzÙo×(ÝfÖ
ÝWÞaÛÿàoÖ}ä&éaØ.Özß4æc× Û&ù{Û&×EÝ

A
ï ø�Þ¸Û ä&à¬Öxä�þòÙ�Ø²çªÖ�ù}Ùo×¸â
á�Ù¬ÝWÞ æ
ù�æzÜWå}Ùo×¸âùzÛCà¬Öxä&Ù�Ý]å�g

vK
C (tK) = v + wK(tK)á�Þ¸ÛCÜWÛ

wK(tK)
Ù�Ø�ÝfÞ¸Û�ù{Û&àoÖ}ä&Ù�Ý]å Öcß�ÝWÞaÛ²ä/àoÖxä�þ ÜfÛ&à�æ�ÝfÙ¬ù{Û-ÝWÖ

K ′
ú	ÝfÞaæ�ÝªÙoØCú

wK(0) = 0á�Þ¸ÛC×�Ù¬Ý<ØeÝfæzÜeÝ�Ø�æ�Ý
xK

C (0) = 0 ð æzØ?á2Û4æ{ØWØWé¸ç-ÛCÚ�ú tK = 0
æc×�Ú�ÝfÞ¸Û�ÝWÜ�æc×�ØeîAÖzÜWÝWÛ_Ú²ä&à¬Öxä�þØWÞ¸Ö�á?Ø

0
á�ÞaÛ&×"ÝWÞ¸Û�ÖzÜfÙoâzÙo×aØ	Öcß

K
æc×�Ú

K ′
ä/Ö{Ù¬×aä&ÙoÚ¸Û ñ æc×aÚ

wK(tK1 ) = 0
á�ÞaÛ&×ªÝWÞ¸Û�ä&à¬Öxä�þæcÜfÜfÙ¬ù{ÛCØhæ�Ý�ÝWÞaÛ�î¸àoæ{ä/Û�Öcß

A
ïLø�ÞaÛ,ÜfÛCæ{ÚxÙo×¸â-Öcß�ÝfÞ¸Û4ä/àoÖxä�þ�æ�Ý�ÝfÞ¸Û�ÝWÙoç-Û

tK1
á�Ùoà¬à»ìAÛ

T =

∫ tK

1

0

√

1 −
(v + wK(t))

2

c2
dt ð ü Î_ñ

ô}Ùo×aä/Û
wK

Ù�ØLØWçJæcàoà¸áhÛ?çJæ�å"ÚxÛCùzÛ&àoÖzîªÙo×Jî�Ö�áhÛ&Ü�Ø�Öcß
wK

ú}æc×aÚªáhÛ�ãa×aÚ-ß[ÜfÖzç ð ü Î_ñ á�Þ¸ÛC××¸ÛCâzàoÛCä�ÝfÙ¬×aâ"ÝfÛ&ÜfçJØ�Öcß�ØeÛ_ä/Öz×�Ú²æz×aÚ�ÞaÙ¬â{Þ¸Û&Ü�Ö{ÜfÚxÛCÜ

T =
tK1 −

(
tK

1
v+

∫
t
K

1

0

wK(t) dt

)
v

c2√
1 − v2

c2

=
tK(A) − xK(A)v

c2√
1 − v2

c2

ð üzü ñ

ð á�ÞaÛ&ÜfÛzúzá�Ù¬ÝWÞaÖzéxÝhà¬ÖEØWØ�Özß�âzÛ&×aÛ&Ü�æcàoÙ�Ý]å{úcá2Û?Ýfæcþ{Û tK1 = tK(A)
ñ ï�ø�Þ}éaØCú{æzäCä/Ö{ÜfÚxÙo×¸â,ÝWÖ4ÝWÞ¸ÛÚxÛ&ãa×¸Ù¬ÝWÙoÖz×jÖcß

t̃
ú¸á2Û�Þaæ�ù{Û

[
t̃K

′

(A)
]

LT
=
tK(A) − v xK(A)

c2√
1 − v2

c2

á�Þ¸Ù�ä�Þ²Ù�Ø�Û_è{é�æcà#ÝWÖ [
t̃K

′

(A)
]

relativity

Ùo× ð Î�-{ñ ï& Ö�á�ú%Ý�æcþ}Ùo×¸âÿÙo×EÝWÖÃæzä&ä&Özé¸×EÝ"ÝWÞaæcÝ"ÝfÞ¸Û²àoÛ&×aâcÝWÞ(Öcß�ÝfÞ¸Û)ä/Öcönç-Ö�ù}Ù¬×¸â)ç-Û&ÝWÛ&ÜJØeÝWÙ�ä�þÃÙoØ
Öz×aà¬å √

1 − v2

c2

úxÝfÞ¸Û�ÚxÙ�Ø]Ý�æc×aä&Û�ÖcßMÛCùzÛC×{Ý
A
ß[ÜfÖzçõÝfÞ¸Û�ÖzÜfÙoâzÙo×²Özß

K
ÙoØ�ÝfÞ¸Û�ß[ÖzàoàoÖ�á�Ù¬×¸â�ê

xK(A) = tK(A)v + x̃K′

(A)

√
1 −

v2

c2æc×�Ú.ÝfÞEé�Ø
[
x̃K′

(A)
]

LT
=
xK(A) − v tK(A)√

1 − v2

c2

=
[
x̃K′

(A)
]

relativity

h Ä�·�²0°�±�¯M®�¼cÕ�¯�·cÁ1®�¿�³�Â�¾�¿�½e¿ °;ºg×v¯M½e·�¸�°�¿�¸�­�¯Ì°�·g²�¯e®�°�²�¿�½�°�·�­(²0½¨¼c¾�½e­�¾�¼>°�¿�·�¸*°�·g·�¸�¯�®�Â�¼c½e¯�Æ�¿�³�¯e¸�®�¿�·�¸
Ú
Ä�·�²�°�±�¯�Î�¯e¸�¯e²�¼c¾
½¨¼c¾�½e­�¾�¼>°�¿�·�¸�·cÁ�°�±�¯EÂ�±�¼c®�¯ ®�±�¿ ÁJ°5®�­%T�¯e²�¯eÆ�Ë�º�³�·¨É(¿�¸(ÎÌ½e¾�·�½�Õ�®�Ã�®�¯e¯$iFjc¸�·�®�®�ºÐÜ¨ÝFE�Ü�Ã�Â�Â
Ú
ÜeßF[�Ñ@ÜeßkE�Ú

Î(.



ø�Þ¸Ù�Ø%ä/Özç-î¸àoÛ/ÝfÛCØMÝWÞaÛhîaÜWÖ}Öcß]ï	ø�Þ¸ÛhÝ]á2Ö�ÝWÞ¸ÛCÖzÜfÙ¬Û_Ø	ç-æzþzÛhä/Özç-î¸àoÛ/ÝfÛ&àoå�ÙoÚ¸Û&×EÝWÙ�ä&æzà}æ{ØWØWÛ&ÜWÝWÙoÖz×�Ø×¸ÖzÝ�Öz×¸àoå²æzì�Ö{éxÝ?ÝfÞ¸Û"ØWîaæzä&Û4æc×aÚ�ÝfÙ¬ç-Û�Ý�æcâEØ
x, t

ìaéxÝ,æzàoØWÖ.æcìAÖzéxÝ�ÝWÞ¸Û ˜ØWîaæ{ä/Û4æc×�Ú ˜ÝWÙoçªÛÝfæzâ{Ø
x̃, t̃

ïÕ2Öz×�ØeÛ_è{éaÛ&×EÝWàoåzú_ÝWÞaÛ&ÜfÛ2Ù�ØMß[é¸à¬à¸æzâzÜfÛ&ÛCçªÛC×EÝMìAÛ/Ý]áhÛ&Û&×vÝWÞ¸Û í Ö{ÜWÛC×EÝ�t�ÝfÞ¸Û&Ö{ÜWå4æz×aÚvØWîAÛCä/Ù�æcàÜfÛ&à�æ�ÝWÙoù}Ù�Ý]å.ÝWÞ¸ÛCÖzÜfåJÙ¬×�ÝWÞaÛ�ß[Özàoà¬Ö�á�Ùo×¸âJØ]Ý�æ�ÝfÛ&ç-Û&×EÝfØCê
ð æ ñ ˜J ÛCà¬Öxä&Ù�Ý]å�ý á�Þ¸Ùoä�Þ�Ù�Ø�äCæcàoà¬Û_Ú��]ù{Û&àoÖxä/Ù¬Ý]å�	�ì}å<ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å?ÝfÞ¸Û&Ö{ÜWå�ý ÙoØ�×aÖcÝ	æz×4æzÚ¸Ú¸Ù�ÝfÙ¬ù{ÛèEéaæz×EÝWÙ¬Ý]åzú

ṽK′

(K ′′′) =
ṽK′

(K ′′) + ṽK′′

(K ′′′)

1 + ṽK′ (K′′ )̃vK′′ (K′′′)
c2á�ÞaÙ¬àoÛ�ùzÛCà¬Öxä&Ù�Ý]å�ýÂÝWÞaæcÝ»ÙoØCúCá�Þ�æ�Ý�áhÛ%ÝWÜ�æzÚxÙ¬ÝWÙoÖz×�æcàoà¬å�äCæcàoà(�eùzÛCà¬Öxä/Ù¬Ý]å�	�ý Ù�ØAæz×4æzÚ¸Ú¸Ù�ÝfÙ¬ù{ÛèEéaæz×EÝWÙ¬Ý]åzú

vK′

(K ′′′) = vK′

(K ′′) + vK′′

(K ′′′)á�ÞaÛ&ÜfÛ
K ′,K ′′,K ′′′

æcÜfÛ�æcÜfì¸Ù¬ÝWÜ�æcÜfå"ÝfÞ¸ÜfÛ&Û�ß[Ü�æcç-ÛCØCï ë ÖzÜ�Û&û¸æcç-î¸àoÛzú
vK′

(light signal) = vK′

(K ′′) + vK′′

(light signal)

ð ì ñ ø�ÞaÛ (
x̃1, x̃2, x̃3, t̃

) önçJæcî4ÖzßxÝWÞ¸ÛháhÖzÜfàoÚ4äCæc×4ìAÛ�ä/Öz×}ù{Û&×¸ÙoÛ&×EÝWàoå�ÚxÛCØfä/ÜfÙ¬ìAÛCÚ�ÝWÞ¸ÜfÖzé¸â{ÞæãK)Ùo×¸þzÖ�á?ØWþ}ÙLâ{Û&Özç-Û&ÝWÜfåzú�ØWéaä�Þ
ÝWÞ�æ�ÝªÝWÞ¸ÛB�
t̃
önØWÙoçvé¸à¬Ýfæz×¸Û&Ù¬Ý]å�	²ä&æc×òì�Û)ÚxÛ_ØWä&ÜWÙoì�Û_ÚÝfÞ¸ÜfÖzé¸â{Þ²ÝfÞ¸ÛvÖ{ÜeÝfÞ¸Özâ{Öz×aæzà¬Ù¬Ý]åJá�Ù¬ÝWÞ!ÜfÛCØWî�Û_ä�Ý?ÝfÖJÝWÞaÛ # önç-Û/ÝWÜfÙ�ä�Öcß%ÝWÞ¸Û�K)Ùo×¸þzÖ�á?ØWþ}ÙØWîaæ{ä/ÛzúxÛ&Ýfäzï

ð ä ñ ø�ÞaÛ
(x1, x2, x3, t)

ö�çJæzî,Özß}ÝWÞ¸Û2á2Ö{ÜWà�Ú�úCäCæc×�ìAÛ2ä&Öz×}ùzÛC×¸Ù¬ÛC×EÝWàoå�ÚxÛCØfä/ÜfÙoì�Û_Ú,ÝWÞ¸ÜfÖzé¸â{Þæ"ÝfÜfæ{ÚxÙ�ÝfÙ¬Ö{×aæcà»ØWîaæ{ä/Û/ö�ÝWÙoç-Û�âzÛ&Ö{ç-Û/ÝWÜfåJàoÙ¬þ{Û
E3 ×E1

ï
ð Ú ñ ø�ÞaÛ�ùzÛ&àoÖxä/Ù¬Ý]åJÖcß%à¬ÙoâzÞEÝ�Ù�Ø�×¸ÖcÝ�ÝfÞ¸Û4ØWæzç-Û,Ùo×)æcàoà�Ù¬×aÛ&ÜWÝWÙ�æcà#ß[Ü�æcç-ÛCØ�Özß	ÜfÛ/ß[ÛCÜWÛC×aä/Û{ï
ð Û ñ ø�ÞaÛ ˜ùzÛ&àoÖxä/Ù¬Ý]åJÖcß%à¬ÙoâzÞEÝ�Ù�Ø�ÝWÞ¸Û4Øfæcç-Û�Ùo×jæzà¬à�Ùo×¸ÛCÜeÝfÙoæzà#ß[ÜfæzçªÛ_Ø�Öcß	ÜWÛ&ß[Û&ÜfÛ&×aä&Ûzï
ð ß ñ ø�Ùoç-Û!æc×aÚÂÚxÙ�ØeÝfæc×�ä/Û)æcÜfÛjÙ¬×}ù�æcÜfÙoæz×EÝCú�ÝfÞ¸Û)ÜfÛ/ß[Û&ÜfÛ&×�ä/Û²ß[ÜfæzçªÛ)Ùo×aÚxÛCî�ÛC×aÚxÛC×{Ý�ä&Öz×xöä&Û&îxÝ�Ø&ú ˜ÝWÙoçªÛ4æz×aÚ ˜ÚxÙoØeÝfæz×aä/Û�æzÜWÛ�×¸ÖzÝCï
ð â ñ t

öTØWÙ¬ç"é¸à�Ý�æc×¸ÛCÙ�Ý]å Ù�Ø æz× Ùo×Eù�æzÜWÙ�æc×EÝCúÂß[Ü�æcç-Û&ö�Ùo×aÚxÛCî�ÛC×aÚxÛ&×EÝõä/Ö{×aä/ÛCîxÝCú á�ÞaÙ¬àoÛ
t̃
öØWÙoçvé¸à¬Ýfæz×¸Û&Ù¬Ý]å.Ù�Ø�×¸ÖcÝ_ï

ð Þ ñ ë ÖzÜ æcÜfì¸Ù¬ÝWÜ�æcÜfå
K ′

æz×aÚ
K ′′

ú
xK′

(A), tK
′

(A)
ä&æz× ì�Û Û/ûxî¸ÜfÛCØfØWÛCÚ ì}å

xK′′

(A), tK
′′

(A)
ÝfÞ¸ÜWÖ{é¸âzÞjæ-ØeéaÙ�Ý�æcì¸àoÛN��æcàoÙ¬àoÛCæz×�ÝfÜfæz×aØeß[ÖzÜfç-æcÝWÙoÖz×

ð Ù ñ ë ÖzÜ æcÜfì¸Ù¬ÝWÜ�æcÜfå
K ′

æz×aÚ
K ′′

ú
x̃K′

(A), t̃K
′

(A)
ä&æz× ì�Û Û/ûxî¸ÜfÛCØfØWÛCÚ ì}å

x̃K′′

(A), t̃K
′′

(A)
ÝfÞ¸ÜWÖ{é¸âzÞjæ-ØeéaÙ�Ý�æcì¸àoÛ í Ö{ÜWÛC×{Ý>t�ÝfÜfæz×aØeß[ÖzÜfç-æcÝWÙoÖz×»ïïïï

K)Ö{ÜWÛCÖ�ùzÛ&Ü_ú{ÝWÞ¸ÛCå²æcâ{ÜWÛCÛ<Ùo×²ÝWÞ¸Û�ß[Ö{à¬àoÖ�á�Ù¬×aâªÖ{ìaØWÛ&Üfù�æcÝWÙoÖz× ð�l ÛCàoæcÝWÙoùEÙ¬Ý]å þ ÜfÙo×aä/Ùoî¸àoÛ ñ ê
ð ü ñ ø�ÞaÛhìAÛ&Þ�æ�ùEÙoÖzéaÜMÖzßAØWÙ¬ç-ÙoàoæzÜ%ØWåxØ]ÝfÛ&çJØ%ä/Özö�ç-Ö�ù}Ù¬×aâ<æzØ%æ<á�Þ¸ÖzàoÛhá�Ù�ÝfÞªÚxÙOI#Û&ÜfÛ&×EÝ�Ù¬×¸ÛCÜeöÝfÙoæzà�ß[Ü�æcç-ÛCØCúxÛ/ûxî¸ÜfÛCØfØeÛ_Ú�Ùo×�ÝWÛCÜWçJØ�Öcß	ÝWÞaÛ�ÜWÛ_Øeé¸à¬ÝfØ?Öcß%çªÛ_æzØWé¸ÜfÛ&ç-Û&×EÝfØhÖ{ìxÝfæzÙ¬×aæzì¸àoÛì}å
ç-ÛCæz×aØ"Öcß<ä&ÖcönçªÖ�ù}Ùo×¸â!ç-ÛCæ{ØeéaÜWÙo×¸âcönÜfÖ}ÚaØ4æc×aÚ(ä/àoÖxä�þ}Ø ð ÝfÞaæ�ÝJÙ�Ø&úLÙ¬×òÝWÛ&ÜfçJØvÖzßèEéaæz×EÝWÙ¬ÝWÙoÛCØ

x̃
æc×�Ú

t̃
ñ Ù�ØhÝWÞaÛ4ØWæzçªÛ�Ùo×jÛ&ùzÛCÜWåJÙo×¸ÛCÜeÝfÙoæzà#ß[ÜfæzçªÛ�Özß	ÜfÛ/ß[ÛCÜWÛC×aä/Û{ï

Õ2Özç"ì¸Ùo×¸Ù¬×aâ"ÝfÞ¸Ù�Ø�á�Ù�ÝfÞ ð Ù ñ ú
Î{Î



ð þ ñ ø�ÞaÛ2à�æ�á?Ø�Özßaî¸Þ}åxØeÙ�ä&ØCú�Û/ûxî¸ÜfÛCØfØWÛCÚ�Ùo×4ÝfÛ&Üfç-Ø	Özß
x̃
æc×aÚ

t̃
ú�çvéaØeÝ	ìAÛ�âzÙoùzÛC×4ì}å�çªÛ_æc×aØÖzß í ÖzÜfÛ&×EÝ�t�ä/Ö�ù�æzÜWÙ�æc×EÝ�ÛCèEéaæ�ÝfÙ¬Ö{×aØCï

ë Ù¬×�æcàoà¬å{úxÝWÞ¸ÛCå�æcâ{ÜWÛCÛ�ÝfÞaæ�Ý
ð à ñ )�à¬à�ß|æzä�Ý�Ø�æcìAÖzéxÝ

x̃
æc×�Ú

t̃ ð æc×�Ú�ú�ä/Ö{×aØWÛCèEé¸Û&×EÝfà¬å{ú»æcàoà%ß|æzä�Ý�Ø�æcìAÖzéxÝ x æc×�Ú t ñ ä&æz×ìAÛ4ÚxÛCÜWÙoùzÛ_Úã�c���nm@6Ì��?�¥²ß[ÜfÖzç ð Û ñ æz×aÚ ð ü ñ ïøMÖ�Øeéaç�é¸î!ØWå}çvìAÖzàoÙoäCæcàoà¬å{ú í Ö{ÜWÛC×EÝ�t�ÝWÞaÛ&ÖzÜfå²æz×aÚ)æc×�Ú)ØeîAÛCä&Ùoæzà»ÜWÛCàoæcÝWÙoù}Ù�Ý]å�ÝWÞ¸ÛCÖzÜfå²Þaæ�ù{ÛÙ�ÚxÛ&×EÝWÙ�ä&æzà.æzØfØeÛCÜeÝfÙ¬Ö{×aØÃæcìAÖzéxÝóìAÖcÝfÞ
M

æc×�Ú
M̃
ê ÝfÞ¸Û&å é¸×aæz×¸Ù¬ç-Ö{éaØeàoå³ä&àoæzÙ¬ç ÝfÞaæ�Ý

G1 (M)&G2

(
M̃

) ï
ë Ù¬×�æcàoà¬å{ú	×aÖcÝWÛ�ÝWÞaæcÝvÙo×òæc×òæzÜWìaÙ�ÝfÜfæzÜWå!Ùo×¸ÛCÜeÝfÙoæzàLß[Ü�æcç-Û

K ′
ß[ÖzÜ"Û&ù{Û&Üfå ÛCùzÛ&×EÝ

A
ÝWÞ¸ÛÝfæzâ{Ø

xK′

1 (A)
ú
xK′

2 (A), xK′

3 (A)
ú
tK

′

(A)
äCæc× ìAÛÿÛ&û}îaÜWÛ_ØWØWÛCÚÂÙo×ÂÝWÛCÜWçJØ²Öcß

x̃K′

1 (A)
ú

x̃K′

2 (A), x̃K′

3 (A)
ú
t̃K

′

(A)
æc×aÚ²ù}Ùoä&Û�ùzÛCÜfØfæ¸ïLÕ2Öz×�ØeÛ_è{éaÛ&×EÝWàoåzúxáhÛ�ä&æc×jÛ&û}îaÜWÛ_ØWØ2ÝWÞaÛ�àoæ�á?ØÖcßAî¸Þ}åxØeÙ�ä&Øeý æ{Ø�Ù�Ø%ÚxÖz×aÛ2Ùo×ªØWîAÛCä/Ù�æcà}ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å�ý ÛCèEéaæzà¬àoå�á2ÛCà¬à}Ùo×vÝfÛ&ÜfçJØMÖzßaÝfÞ¸Û�ù�æzÜWÙ�æcìaà¬Û_Ø

x̃1, x̃2, x̃3, t̃
Ù¬×aØeÝWÛ_æzÚjÖzßMÝfÞ¸ÛvØWîaæzä&Û4æc×aÚ�ÝfÙ¬ç-Û�Ý�æcâ{Ø

x1, x2, x3, t
ï�C<×�ÝWÞ¸ÛvÖcÝWÞaÛ&Ü?Þaæz×aÚ�úáhÛ²ØWÞ¸Özé¸à�Ú
ÛCçªîaÞaæzØWÙoØWÛ.ÝfÞaæ�Ý"ÝWÞ¸Û�Öz×aÛ/ö�ÝWÖcönÖz×aÛ�ä/Ö{ÜWÜfÛCØWî�Ö{×aÚxÛC×aä/ÛJìAÛ/Ý]áhÛ&ÛC×

x̃1, x̃2, x̃3, t̃æc×�Ú
x1, x2, x3, t

æcà�ØeÖvÛ&×EÝfæzÙ¬à�Ø�ÝfÞaæ�Ý2ÝWÞ¸Û,à�æ�á?Ø�Öcß»îaÞEåxØWÙoäCØ ð ØeÖªä&æcàoàoÛCÚa�eÜWÛCàoæcÝWÙoù}ÙoØeÝWÙ�äc	�àoæ�á?ØÙo×aä/àoéaÚxÛ_Ú ñ ä&æz×jì�Û4Û_èEéaæcàoà¬å²á2ÛCà¬àMÛ/ûxî¸ÜfÛCØfØeÛ_Ú�Ùo×jÝWÛCÜWçJØ�Özß%ÝWÞ¸Û ð ÝWÜ�æzÚxÙ¬ÝWÙoÖz×�æcà ñ Øeîaæ{ä/Û4æz×aÚÝWÙoç-Û?Ý�æcâ{Ø
x1, x2, x3, t

Ùo×aØeÝWÛ_æzÚ-Öcß#ÝfÞ¸Û?ù�æcÜfÙoæzì¸àoÛCØ
x̃1, x̃2, x̃3, t̃

ï ý ×.ì¸ÜfÙ¬Û&ß]ú@�<:yA������7�Ð�c=����O¥
�/��2�����4*4nO7�<�@�;��A©6Ì4��;�16M�;8;:/8;:<4����O���c�����c��� ���@���;�O4c=����;2"���@?�����2"8M�c=@2��c4��58���=@21��=e�Ê���<���c4*��2�¥
8��;��4&ï
o p Ò ì ìîë�RaSEò

qbr(s tvu�wxu�wzy({5|�}	~Z}���|�}��v��w��n��u���{�|�}	������u�w�{�y���������}(��{�y�����{��?��wz���
K!æz×Eå
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K ′ ð state2 ñ ê

lK (state1) > lK (state2)
ä/Ö{×EÝWÜ�æzä�ÝfÙ¬Ö{×�Ùo×

K ð ü �Eñ
lK

′

(state1) > lK
′

(state2)
ä&Öz×EÝWÜ�æzä/ÝWÙoÖz×²Ù¬×

K ′ ð ü # ñ
l̃K (state1) > l̃K (state2) ˜ä/Ö{×EÝWÜ�æzä�ÝfÙ¬Ö{×�Ùo×

K ð ü ${ñ
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′

(state1) < l̃K
′

(state2) ˜Ú¸Ù¬à�æ�Ý�æ�ÝWÙoÖz×�Ùo×
K ′ ð ü %Eñ
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ÝfÖvÝfÞ¸Û�Ø]Ý�æ�ÝWÛ�Özß�ÜWÛ_Ø]Ý�ÜfÛ&à�æ�ÝWÙoùzÛ<ÝWÖ
K ′′

úxÙoØhÙo×}ì¸é¸Ùoà�Ý�Ùo×{ÝfÖvÝfÞ¸Û�ÜWÛCàoæcÝWÙoÖz×aØWÞ¸ÙoîìAÛ/Ý]áhÛ&Û&× ÝWÞaÛ"Ý�æcâEØ
x̃K′

(A), t̃K
′

(A)
æc×aÚ

x̃K′′

(A), t̃K
′′

(A)
ï ë Ö{Ü�ÝWÞ¸Û_ØeÛ-ÜfÛ&à�æ�ÝfÙ¬Ö{×aØ<æzÜWÛÚxÛ&ÝWÛ&Üfç-Ù¬×aÛCÚjì}å.ÝfÞ¸Û4î¸Þ}åxØeÙ�ä&æzà»ìAÛ&Þaæ�ù}ÙoÖzé¸Ü�Özß%ç-Û_æzØWé¸ÜWÙo×¸â-ÜfÖ}ÚaØ?æc×aÚjä&à¬Öxä�þxØ?Úxé¸ÜfÙo×¸â-ÝWÞ¸ÛæzäCä/ÛCà¬ÛCÜfæcÝWÙoÖz× æz×aÚ ÜWÛCàoæcûxæcÝWÙoÖz× î¸ÜWÖxä&ÛCØfØ&ï�)�Ø©sLÙ¬×aØeÝWÛCÙ¬×Ãá�æcÜf×aØ,éaØCú»ÝWÞaÛ í ÖzÜfÛ&×EÝ>tvÝfÜfæz×aØ]öß[ÖzÜfçJæ�ÝfÙ¬Ö{×aØ&ú�ÜWÛCàoæcÝWÙo×¸â�ÝWÞ¸Û ˜ØWîaæzä&ÛJæc×aÚ ˜ÝWÙoç-ÛJÝfæzâ{Ø,Ù¬×
ÚxÙOI#Û&ÜfÛ&×EÝ4ÜWÛ&ß[Û&ÜfÛ&×aä&Ûªß[ÜfæzçªÛ_Ø&úMæcÜfÛ×¸ÖzÝWÞ¸Ùo×¸â!ì¸é¸Ývî¸Þ}åxØeÙ�ä&æzà�àoæ�á?Ø4âzÖ�ùzÛCÜW×aÙ¬×¸â²ÝWÞaÛ��1:�A��c���c�@���c4c:1�@����=@��?�Özß�ÝWÞ¸Û.ç-Û_æzØWé¸ÜWÙo×¸âzöÜfÖ}ÚaØ�æc×aÚ�ä/àoÖxä�þ}ØCê

) þ ÜWÙoÖzÜfÙ�Ù¬Ý4ÙoØvè{éaÙ�ÝfÛ�ä/àoÛCæzÜ�ÝWÞaæcÝ4á2ÛJç"éaØ]Ý4ìAÛ�æzì¸à¬Û-ÝfÖ)à¬Û_æcÜf×6ØWÖzç-Û&ÝWÞ¸Ùo×¸âæcìAÖzéxÝ�ÝfÞ¸Û�îaÞEåxØWÙoäCæcà�ì�ÛCÞaæ�ù}Ù¬Ö{é¸ÜLÖzß#ç-Û_æzØWé¸ÜWÙo×¸âzö�ÜfÖxÚ¸Ø�æc×�ÚJä/àoÖ}ä�þxØ�ß[ÜWÖ{ç³ÝfÞ¸ÛÛCèEéaæ�ÝfÙ¬Ö{×aØ%ÖcßAÝWÜ�æc×�Ø]ß[Ö{ÜWçJæ�ÝfÙ¬Ö{×»ú�ß[ÖzÜ%ÝfÞ¸Û�çJæcâ{×¸Ù�ÝféaÚxÛ_Ø
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æcÜfÛ�×¸ÖcÝfÞ¸Ùo×¸âçªÖ{ÜWÛ�×¸Ö{Ü�àoÛCØfØ%ÝWÞaæz×-ÝWÞ¸Û�ÜWÛ_Øeé¸à¬ÝfØ�Öcß#çªÛ_æzØWé¸ÜfÛ&ç-Û&×EÝfØ%Ö{ìxÝfæzÙ¬×�æcì¸àoÛ�ì}åvç-ÛCæz×aØÖcßMç-Û_æzØWé¸ÜWÙo×¸âzö�ÜfÖxÚ¸Ø2æz×aÚjä/àoÖxä�þ}ØCï ð s�Ùo×aØeÝWÛ&Ùo× Î�- ü . úEî�ï ��$zñ
qbr,¶ ����w·��������}(��{�y¸y({1¹º�º���5~�w�u���}(���»|��?w·u�wzy({5|�}	~Z}���|�}��¼��wz�"��u���{z²

|�}	�����
ë Ù�Ý>t%�,ÛCÜfæzàoÚ�ú í Ö{ÜWÛC×{Ý>t�½!æz×aÚ þ Ö{Ù¬×aäCæcÜ"¾ÿÚxÛCÜWÙoùzÛ_ÚÂÝWÞ¸Û_ØeÛ àoæ�á?Ø�ß[ÜfÖzç ÝWÞ¸Û6ÜfÛCèEé¸ÙoÜWÛCçªÛC×EÝÝWÞ�æ�Ý�ÝfÞ¸Û Ú¸Û/ß[ÖzÜfçJæ�ÝfÙ¬Ö{×aØJçvé�Ø]Ý�Û/ûxî¸à�æcÙo×ÂÝWÞ¸Û ×Eéaà¬à,ÜWÛ_Øeéaà�Ý�Özß�ÝWÞ¸ÛãK)Ù�ä�Þ¸Û&à�ØeÖ{×yxyK!ÖzÜfà¬ÛCåÛ/ûxîAÛ&ÜfÙ¬ç-ÛC×{Ý_ï ë Ùo×aæcàoàoå(ÝfÞ¸Û&å æzÜWÜfÙ¬ù{ÛCÚ�ÝfÖóÝWÞaÛ ä/Ö{×aä/àoéaØWÙ¬Ö{× ÝWÞ�æ�Ý�ÝfÞ¸ÛÃØ]Ý�æc×aÚ¸æzÜfÚ ä&à¬Öxä�þ
ØWà¬Ö�á?Ø-ÚxÖ�á�×Âì}å
ß|æzä/ÝWÖ{Ü √

1 − v2

c2

æc×aÚ(ÝfÞaæ�Ý�æ6ÜfÙ¬â{ÙoÚ(ÜWÖxÚ�Øeé1IAÛCÜfØJæ
ä&Öz×EÝWÜ�æzä/ÝWÙoÖz×òì}å
ß|æzä/ÝWÖ{Ü √

1 − v2

c2

á�ÞaÛ&×ÃÝWÞaÛ&åÃæcÜfÛJâzÛ&×EÝfà¬å6æzä&ä&Û&àoÛ&Ü�æ�ÝfÛCÚ ß[ÜWÖ{ç
K
ÝfÖ
K ′
ïL)�Ø4áhÛ.Þaæ�ù{Û

ØWÞ¸Ö�á�×
Ù¬×óØWÛCä/ÝWÙoÖz× # úMÝfÞ¸Ù�Øvä/à�æcÙoç ÙoØ"ÛCèEé¸Ùoù�æcàoÛ&×EÝvá�Ù¬ÝWÞÃÝWÞaÛ²æzØfØWÛ&ÜWÝWÙoÖz×6ÝWÞaæcÝ4ÝWÞaÛ ˜ØWîaæzä&Ûæc×�Ú ˜ÝWÙoç-Û�Ýfæzâ{Ø x̃K′′

(A), t̃K
′′

(A)
ç-Û_æzØWé¸ÜWÛ_Ú�ì}å�ÝWÞaÛ�ä&Öcönç-Ö�ùEÙo×¸â�Ú¸ÙoØeÝWÖ{ÜeÝfÛCÚ4Û_èEé¸Ù¬îaçªÛC×EÝfØä&æz×òìAÛ)Û/ûxî¸ÜfÛCØfØeÛ_ÚÃß[ÜfÖzç ÝWÞaÛ!ØeÙoç-Ù¬à�æcÜ"Ýfæzâ{Ø

x̃K′

(A), t̃K
′

(A)
ì}åòæ6ØeéaÙ�Ý�æcì¸àoÛ í ÖzÜfÛ&×EÝ>tÝWÜ�æc×�Ø]ß[Ö{ÜWçJæ�ÝfÙ¬Ö{×»ï
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s�Ùo×aØeÝWÛ&Ùo×²Ú¸Û&ÜfÙ¬ù{ÛCÚ-ÝfÞ¸Û,Øfæcç-Û�ÝWÜ�æc×aØeß[ÖzÜfçJæ�ÝWÙoÖz×-à�æ�áÂß[ÜWÖ{ç ÝWÞ¸Û�æzØfØeéaçªî¸ÝWÙoÖz×JÝfÞaæ�Ý�ÜWÛCà�öæ�ÝfÙ¬ù}Ù¬Ý]å²îaÜWÙo×aä/Ùoî¸àoÛ4âzÛC×¸Û&Ü�æcàoàoå�Þ¸Ö{àoÚ¸Ø�u	À"æc×�Ú ð ÖzÜ,ä/Ö{×aØeÛ_èEé¸Û&×EÝWàoå ñ ÝWÞaÛ ˜ùzÛCà¬Öxä&Ù�Ý]å²ÖcßLæJàoÙ¬â{ÞEÝØWÙ¬â{×aæcà�Ù�ØhÝWÞ¸Û4Øfæcç-Û�Ùo×jæzà¬à�Ùo×¸ÛCÜeÝfÙoæzà�ÜWÛ&ß[Û&ÜfÛ&×aä&Û<ß[Ü�æcç-Û_Ø&ïø�Þ¸Û_ØeÛ-Þ¸Ù�Ø]ÝfÖzÜfÙoä-ÚxÙOI#Û&ÜfÛ&×aä&ÛCØ4æzÜWÛ-×¸ÖzÝ4Ù¬ç-îAÖzÜWÝfæc×EÝ�ß[ÜfÖzç ÝfÞ¸ÛJîAÖzÙo×{Ý"Öcß2ù}ÙoÛ&á Öcß�Özé¸ÜçJæcÙo× ä&Öz×aä&Û&Üf×»ï�� Þ�æ�Ý�ÙoØ,ÙoçªîAÖzÜWÝfæz×EÝ<Ù�Ø?ÝfÞaæ�Ý�Ù¬× ì�ÖzÝWÞ áhæ�åxØ<Öz×¸Ûªä&æc× ÚxÛ&ÜfÙ¬ù{ÛvÛ&ûxæ{ä�Ýfà¬åÝWÞaÛvØWæzç-Û�àoæ�á?Ø�Özß�ÚxÛ/ß[Ö{ÜWçJæ�ÝfÙ¬Ö{×aØCú¸Û/û¸æzä/ÝWàoå.ÝfÞ¸ÛvØfæcç-Û�ÜWéaà¬Û_Ø�ß[ÖzÜ
x
æc×aÚ

t
úAæc×aÚjÛ&ûxæ{ä�Ýfà¬åÝWÞaÛ4ØWæzçªÛ�Üfé¸àoÛCØhß[ÖzÜ

x̃
æz×aÚ

t̃
ï

qbr�q ����w�������~�wz��|�}	���?{�y(}(��|Á{$�?��u���{����
)�ä&ä&ÖzÜ�ÚxÙo×¸â�ÝWÖ�ÝWÞ¸Ûhä/Öz×}ù{Û&×EÝWÙoÖz×aæzà¬Ù�ØeÝ�ÝWÞ¸Û_ØeÙ�Ø&ú�u>u í ÖzÜfÛ&×EÝ�t�� Ø»ÝWÞ¸ÛCÖzÜfå,æz×aÚÐs�Ùo×aØ]ÝfÛ&Ùo×�� Ø	ØWîAÛCä/Ù�æcàÜfÛ&à�æ�ÝWÙoù}Ù�Ý]åjæcÜfÛ�Ý]áhÖ²æzà�ÝfÛ&Üf×aæ�ÝfÙ¬ù{ÛvØWä&Ù¬ÛC×EÝWÙ¬ã�ä�ÝfÞ¸Û&Ö{ÜWÙoÛCØ�á�Þ¸Ùoä�Þ æcÜfÛ4ÛCèEé¸Ùoù�æcàoÛ&×EÝ<Ö{×!Û&ç-î¸ÙoÜeöÙ�ä&æcà�àoÛ&ù{Û&à�ï ��é¸ÛjÝfÖ6ÝWÞ¸Û)ÛCçªîaÙ¬ÜfÙoäCæcà�é¸×�ÚxÛ&Ü�ÚxÛ/ÝfÛ&Üfç-Ù¬×aæ{ä/å{ú�ÝWÞaÛjä�ÞaÖzÙ�ä/Ûjì�Û&Ý]á2ÛCÛ&×(ÝWÞ¸Û_ØeÛæcà¬ÝWÛCÜW×�æ�ÝWÙoùzÛ?ÝWÞ¸ÛCÖzÜfÙ¬Û_ØLÙ�ØLì�æzØWÛCÚ.Ö{×.Û/û}ÝfÛ&Üf×aæcà#æzØWî�Û_ä�Ý�Ø&ï�u	� ë Ö{à¬àoÖ�á�Ùo×¸â þ ÖzÙo×aä&æzÜ�¾�� Ø2ØeÙoç-Ù¬à�æcÜæcÜfâzéaçªÛC×EÝ-æzì�Ö{éxÝ-ÝWÞ¸ÛjÜfÛ&à�æ�ÝWÙoÖz×�ØeÞ¸ÙoîòìAÛ/Ý]áhÛ&ÛC×òâ{Û&Özç-Û&ÝWÜfåzú�î¸Þ}åxØWÙoäCØ&úhæc×aÚòÝWÞ¸ÛjÛCçªîaÙ¬ÜfÙ�öä&æzà�ß|æ{ä�ÝfØCú%ÝWÞaÛ²ä/Ö{×}ùzÛ&×EÝfÙ¬Ö{×aæcàoÙoØeÝ�ÝWÞ¸Û_ØeÙ�ØªæzØfØeÛCÜeÝ�Ø�ÝWÞ¸Û�ß[Özàoà¬Ö�á�Ùo×¸â!ÜfÛ&à�æ�ÝfÙ¬Ö{×aØWÞ¸Ù¬îÃìAÛ/Ý]áhÛ&ÛC×
í Ö{ÜWÛC×EÝ�t<ÝWÞ¸ÛCÖzÜfå�æc×aÚjØWî�Û_ä/Ù�æcà�ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]åAê




ä/à�æzØfØWÙoäCæcà
E3 ×E1 öGÝfÞ¸Û&Ö{ÜWåÖcß	ØWîaæ{ä/Û/ö�ÝWÙoç-Û


 +

[ î¸Þ}åxØeÙ�ä&æzà»ä/Ö{×{ÝfÛ&×EÝÖcß í ÖzÜfÛ&×EÝ�t,ÝfÞ¸Û&Ö{ÜWå
]

=

[ Û&ç-î¸ÙoÜfÙoäCæcàß|æ{ä�Ý�Ø ]




ÜfÛ&à�æ�ÝWÙoù}ÙoØeÝWÙ�ä
M4

öGÝfÞ¸Û&Ö{ÜWåÖcß	ØWîaæ{ä/Û/ö�ÝWÙoç-Û

 +

[ ØeîAÛCä&Ùoæzà�ÜWÛCàoæcÝWÙoùEÙ�ØeÝWÙ�äî¸Þ}åxØeÙ�ä&Ø ]
=

[ Û&ç-î¸ÙoÜfÙoäCæcàß|æ{ä�Ý�Ø ] ð ü ,Eñ

Õ2Öz×EÝfÙ¬×}é¸Ùo×¸â4ÝfÞ¸Û<ØWå}çvìAÖzàoÙoä�×¸ÖcÝ�æ�ÝfÙ¬Ö{×aØLáhÛ?éaØWÛCÚ�Ù¬×.ÝWÞ¸Û ý ×EÝWÜfÖ}Ú¸éaä�ÝfÙ¬Ö{×»úEÚ¸Û&×¸ÖzÝWÛ
Z
ÝWÞaÖ{ØWÛÖzì1ü]ÛCä�ÝfÙ¬ù{Û�ß[ÛCæcÝWé¸ÜfÛCØ2Öcß»îaÞEåxØWÙoäCæcàAÜWÛ_æcàoÙ�Ý]å"ÝWÞ�æ�ÝhæzÜWÛ,ÚxÛCØfä/ÜfÙoì�Û_ÚJì}å"ÝfÞ¸Û<æzà�ÝfÛ&Üf×aæ�ÝfÙ¬ù{Û?î¸Þ}åxØ]öÙ�ä&æcà%ÝfÞ¸Û&Ö{ÜWÙoÛCØ

P1
æc×aÚ

P2
Ù¬×ÃèEé¸ÛCØeÝWÙoÖz×�ï�� Ù¬ÝWÞ6ÝfÞ¸ÛCØWÛJ×¸ÖcÝ�æ�ÝfÙ¬Ö{×aØ&ú»ÝWÞ¸Û-àoÖzâzÙ�ä&æzà�ØWä�Þ¸ÛCçJæÖcß%ÝfÞ¸Ûvä/Ö{×}ùzÛ&×EÝfÙ¬Ö{×aæcàoÙoØeÝ�ÝWÞ¸Û_ØeÙ�Ø�äCæc×jìAÛ"ÚxÛ_ØWä&ÜWÙoì�Û_Ú�Ù¬×jÝfÞ¸Û4ß[Ö{à¬àoÖ�á�Ù¬×aâªá�æ�å#ê��6Ûvä&æz×¸×¸ÖzÝÚxÙ�Ø]ÝfÙ¬×aâzé¸Ù�ØeÞ ì}å!ç-ÛCæc×�Ø<Özß�ÝWÞaÛ-æ�ù�æzÙ¬à�æcì¸àoÛvÛ&ûxî�ÛCÜWÙoç-Û&×EÝfØ,á�Þ¸Û&ÝWÞ¸ÛCÜ

G1 (M) &P1 (Z)
Ù�ØÝWÜfé¸Û,æcìAÖzéxÝ2ÝWÞ¸Û,Özì�ü]Û_ä�ÝfÙ¬ù{Û�ß[ÛCæcÝWé¸ÜfÛCØLÖcß»î¸Þ}åxØeÙ�ä&æzà�ÜfÛCæzà¬Ù¬Ý]å

M∪Z
ú{ÖzÜ

G2 (M) &P2 (Z)Ù�ØhÝWÜfé¸Û4æcìAÖzéxÝ�ÝfÞ¸Û������/44Ö{ì�ü]ÛCä/ÝWÙoùzÛ<ß[ÛCæ�Ýfé¸ÜfÛCØ
M∪Z

ïLôxä�Þ¸Û&çJæcÝWÙ�ä&æcàoàoåzú
[G1 (M)] + [P1 (Z)] =

[ ÛCçªîaÙ¬ÜfÙoäCæcàß|æzä�Ý�Ø ]

[G2 (M)] + [P2 (Z)] =

[ ÛCçªîaÙ¬ÜfÙoäCæcàß|æzä�Ý�Ø ]

D?Ö�áhÛ&ù{Û&Ü_ú�Ù�Ý4Ù�Ø4ä&à¬Û_æcÜ�ß[ÜfÖzç ÝfÞ¸ÛJî¸ÜfÛ&ù}ÙoÖzéaØ�ØWÛCä/ÝWÙoÖz×aØ,ÝfÞaæ�Ý�ÝfÞ¸Û-ÝWÛCÜWçJØ��WØeî�æzä/Û7	-æz×aÚ
�]ÝWÙoçªÛ7	óÞaæ�ùzÛóÚxÙOI#Û&ÜfÛ&×EÝÿç-ÛCæz×¸Ù¬×aâ{Ø!Ùo×ÑÝWÞaÛóÝ]áhÖÂÝWÞ¸ÛCÖzÜfÙ¬Û_Ø&ï í Ö{ÜWÛC×EÝ�tÃÝWÞaÛ&ÖzÜfåÑä/à�æcÙoç-Ø
G1 (M)

æcìAÖzéxÝ
M

æc×aÚjÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å�ÝfÞ¸Û&Ö{ÜWå�ä/à�æcÙoç-Ø
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(
M̃

) æcìAÖzé¸Ý<ØeÖ{ç-Û4ÖcÝfÞ¸Û&Ü�ß[ÛCæ�ö
ÝWéaÜWÛ_Ø�ÖcßMÜfÛCæzà¬Ù¬Ý]å

M̃
ï^C�ß	ä&Özé¸Ü�ØeÛ{úEÝWÞ¸Ù�ØhÝWÛCÜWç-Ùo×¸ÖzàoÖzâ{ÙoäCæcà#ä/Öz×¸ß[éaØeÙoÖz×jæcà�ØWÖªæzî¸î�Û_æcÜ�ØhÙ¬×²ÝWÞ¸Ûî¸Þ}åxØeÙ�ä&æzàMæ{ØWØWÛ&ÜWÝWÙoÖz×aØCï í Û/Ý,éaØ�ØWå}çvìAÖzàoÙoØWÛ4á�Ù¬ÝWÞ Z

ÝWÞ¸Û"Özì�ü]Û_ä�ÝWÙoùzÛ4ß[ÛCæ�Ýfé¸ÜfÛCØ?Özß�î¸Þ}å}ØWÙ�ä&æcàÜfÛCæcàoÙ¬Ý]åzúaØWéaä�Þ!æzØ�ÝWÞ¸Û4àoÛ&×aâcÝWÞ)Özß%æ.ÜWÖxÚ�ú¸Û&Ýfäzï¬ú#ÚxÛCØfä/ÜfÙoì�Û_Ú²ì}å�î¸Þ}åxØeÙ�ä&æzà�ÝWÞ¸ÛCÖzÜfå
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àoÛ/Ý
Z̃
Ú¸Û&×¸ÖzÝWÛ�ØeÖ{çªÛ ð î�æcÜWÝWàoå ñ ÚxÙOIAÛCÜWÛC×EÝhß[Û_æ�Ýfé¸ÜWÛ_ØhÖcß�ÜfÛCæzà¬Ù¬Ý]åJÚxÛCØfä/ÜfÙ¬ìAÛCÚ²ì}å P2

ú¸Øeé�ä�Þ²æzØÝWÞaÛ ˜à¬ÛC×¸âcÝfÞ-Öcß�æ<ÜfÖxÚ�úzÛ&Ýfäzï & Ö�á�úzæzØ�á2Û�Þaæ�ù{Û�ØWÛ&ÛC×»úzìAÖcÝfÞ-ÝWÞ¸ÛCÖzÜfÙ¬Û_Ø�æzä/ÝWéaæzà¬àoåvä/à�æcÙoç ÝfÞaæ�Ý
G1 (M)&G2

(
M̃
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qbr�Ó ����wÏ{$w1|���w�u
K!æz×EåÿÖcßLÝfÞ¸Ö{ØWÛ-á�Þ¸Ö)æzÚxç-Ù¬Ý�ÝWÞ¸Ûa�eÛ&ç-î¸ÙoÜfÙoäCæcà%ÛCèEé¸Ùoù�æcàoÛ&×aä&Û�	ªÖzß í ÖzÜfÛ&×EÝ�t�� Ø<ÝWÞaÛ&ÖzÜfåÿæz×aÚØWî�Û_ä/Ù�æcà	ÜWÛCàoæcÝWÙoùEÙ¬Ý]å)æcÜfâzé¸ÛvÝWÞaæcÝ<ÝfÞ¸ÛªàoæcÝeÝWÛCÜ<Ù�Ø��]Ùo×aä&Özç-îaæcÜ�æcìaà¬å�ç-ÖzÜfÛ"Øfæ�ÝWÙ�Øeß|æzä�ÝfÖzÜfå�	�ìAÛ/ö
« I Û ½�°�­�¼c¾�¾ º7Ã�°�±�¯ ®�¿ °�­�¼>°�¿�·�¸�¿�®"³Ê­�½�±�³�·�²�¯0½¨·�³�Â(¾�¯eÍ�Ú�!W±�¯�°�±�¯e²�·�²�¸(·c°5°�±(¯E®�·�¾�­�°�¿�·�¸�°�±�­�®v·�Ë�°�¼c¿�¸�¯eÆ¿�®�½e·�²�²�¯e½�°�Æ�¯eÂ@¯e¸�Æ�®v·�¸g°�±�¯ Æ(¯e°�¼c¿�¾�®5·cÁ�°�±�¯0²�¯¨¾�¼>Í(¼>°�¿�·�¸�Â(²�·�½e¯¨®�®�¼>ÁO°�¯e²�°�±�¯E¼c½e½e¯e¾�¯e²�¼>°�¿�·�¸N·cÁ�°�±(¯ ®�º(®�°�¯e³ÐÚ

ÓÔ��¯e¯Q��¹�¼cËÄÃ�[�Þ�Þcß�Ö
ü Î



ä&æzéaØWÛ�Ù¬ÝªÞaæ{Øv×aÖÿÜfÛ/ß[Û&ÜfÛ&×�ä/ÛJÝfÖÿÝfÞ¸Û�æzÛ/ÝfÞ¸Û&Ü ð 4( ��� �s�Ùo×aØ]ÝfÛ&Ùo× Î(- ü . ú%î»ï $@.{ñ ïã)<ØªÙ�ÝªÙoØÖzì}ù}ÙoÖzéaØ%ß[ÜfÖzç ÝWÞaÛ?î¸ÜfÛ&ù}Ù¬Ö{éaØ�ØWÛCä/ÝWÙoÖz×aØCúzáhÛ�ÚxÙ�ÚJ×¸ÖzÝLçJæcþzÛ?æz×}åvÜfÛ/ß[Û&ÜfÛ&×�ä/Û�ÝfÖ�ÝWÞ¸Û<æcÛ/ÝfÞ¸Û&ÜÙo×ÃÝWÞ¸Û.àoÖzâ{ÙoäCæcà�ÜfÛCä&Öz×aØeÝWÜféaä/ÝWÙoÖz×6Öcß í Ö{ÜWÛC×{Ý>t�� Ø�ÝWÞaÛ&ÖzÜfåzï ý ÝvÙ�Ø4Þ¸Ö�áhÛ&ù{Û&Ü4æjÞ¸Ù�ØeÝWÖzÜfÙ�äªß|æzä�ÝÝWÞ�æ�Ý í Ö{ÜWÛC×{Ý>t,Ú¸ÙoÚ�ï ý ×�ÝfÞ¸ÙoØ�ØWÛCä/ÝWÙoÖz×»ú ý áhæz×EÝ2ÝfÖ-ä&àoæzÜWÙ¬ß[åJÝfÞaæ�Ý�ÝWÞaÛ�ä&Öz×aä&Û&îxÝ�Özß	æcÛ&ÝWÞ¸ÛCÜ�ÙoØç-Û&ÜfÛ&àoå)æ�ù{Û&Üfìaæcà	ÚxÛCä&ÖzÜ�æ�ÝWÙoÖz×)Ùo× í ÖzÜfÛ&×EÝ�tvÝWÞ¸ÛCÖzÜfåzú#á�Þ¸Ù�ä�Þÿä&æz×ÿìAÛ"Ùo×EÝWÛCÜWÛ_Ø]ÝfÙ¬×¸â�ß[ÖzÜ<ÝWÞ¸ÛÞ¸Ù�Ø]ÝfÖzÜfÙoæz×aØCú_ìaéxÝ	×aÛ&âzàoÙoâzÙoì¸à¬ÛLß[ÜWÖ{çÑÝWÞ¸ÛhîAÖzÙo×{Ý%Öcß¸ù}ÙoÛ&áóÖzßaÜfÛCä/ÛC×EÝMàoÖzâzÙ�ä&æzàzÜfÛCä&Öz×aØeÝWÜféaä�ÝfÙ¬Ö{×aØCï
C<×¸ÛóäCæc× ãa×aÚ ù�æzÜWÙoÖzéaØjù{Û&Üfìaæcà4ß[ÖzÜfçvé¸à�æ�ÝfÙ¬Ö{×aØjÖcß-ÝWÞaÛóÜWÛCàoæcÝWÙoù}Ù�Ý]å î¸ÜWÙo×aä&Ù¬î¸àoÛòæz×aÚ

í Ö{ÜWÛC×EÝ�t/öTä/Ö�ù�æzÜWÙ�æc×aä&Ûzï ý ×óÖ{ÜfÚ¸Û&Ü"ÝWÖ ä&Özç-îaæzÜWÛJÝfÞ¸ÛCØWÛ.ß[Ö{ÜWç"é¸à�æ�ÝWÙoÖz×�Ø&ú�àoÛ/ÝªéaØªÙ¬×EÝWÜfÖxÚxéaä&ÛÝWÞaÛ�ß[Özàoà¬Ö�á�Ùo×¸âª×¸ÖcÝ�æ�ÝWÙoÖz×�Ø&ê
A (K ′,K ′′) :=

ø�Þ¸Û�à�æ�á?Ø2Özß	îaÞEåxØWÙoäCØhÙ¬×jÙo×¸Û&ÜWÝWÙ�æcà#ß[Ü�æcç-Û
K ′

æzÜWÛ�ØWéaä�Þ�ÝfÞaæ�Ý�ÝfÞ¸Û�àoæ�á?ØÚxÛ_ØWä&ÜWÙoì¸Ùo×¸âJæªî¸Þ}å}ØWÙ�ä&æcà»ØWåxØ]ÝfÛ&ç ä/Öcönç-Ö�ù}Ù¬×¸âªá�Ù¬ÝWÞjß[Ü�æcç-Û
K ′′

æcÜfÛ�ÖzìxöÝ�æcÙo×aæcì¸àoÛ,ìEå.ØWÖzàoù}Ù¬×aâ4ÝWÞaÛ,îaÜWÖ{ì¸à¬ÛCç ß[ÖzÜhÝWÞaÛ�ØWÙoçªÙoà�æcÜ�î¸Þ}åxØeÙ�ä&æzà#ØWåxØ]ÝfÛ&çæcÝ�ÜfÛCØeÝ�ÜWÛCàoæcÝWÙoùzÛ,ÝWÖ
K ′

æc×aÚ�îAÛ&ÜWß[ÖzÜfçõÝWÞ¸Û�ß[Ö{à¬àoÖ�á�Ùo×¸âªØWé¸ìaØeÝWÙ¬ÝWé¸ÝWÙoÖz×aØCê
x̃K′

1 7→ α1 = x̃K′

1

x̃K′

2 7→ α2 = x̃K′

2

x̃K′

3 7→ α3 =
x̃K′

3 − ṽt̃K
′

√
1 − ṽ2

c2

ð �¸Î�ñ

t̃K
′

7→ τ =
t̃K

′

− ṽ
c2 x̃

K′

3√
1 − ṽ2

c2

B (K ′,K ′′) :=
ø�Þ¸ÛÑà�æ�á?ØÂÖcßÃî¸Þ}å}ØWÙ�ä&ØÂÙo×

K ′
æcÜfÛ Øeé�ä�Þ�ÝfÞaæ�Ý ÝfÞ¸Û çJæ�ÝfÞ¸Û&çJæ�ÝfÙ�öäCæcàoà¬å Ùo×EÝWÜfÖxÚxéaä/Û_Ú ù�æzÜWÙ�æcìaà¬Û_Ø

α1, α2, α3, τ
Ù¬× ð �¸Î_ñ æzÜWÛÂÛ_è{é�æcà-ÝWÖ

x̃K′′

1 , x̃K′′

2 , x̃K′′

3 , t̃K
′′ ú�ÝWÞaæcÝ�Ù�ØCú?ÝWÞaÛY�WØeîaæ{ä/Û7	!æz×aÚ��]ÝWÙoç-Û�	ÿÝ�æcâ{Ø�ÖzìxöÝ�æcÙo×¸ÛCÚ6ì}åÿç-ÛCæz×aØ�Özß�ç-Û_æzØWé¸ÜWÛCç-Û&×EÝfØ�Ùo×

K ′′
úMîAÛ&ÜWß[ÖzÜfç-ÛCÚ6á�Ù�ÝfÞÃÝWÞ¸ÛØfæcç-Û�ç-ÛCæ{Øeé¸ÜfÙo×¸âcönÜWÖxÚ¸Ø�æz×aÚ)ä/àoÖxä�þxØ�á2ÛvéaØeÛ_ÚjÙ¬×
K ′

æcßYÝWÛ&Ü�ÝWÞaæcÝ?ÝWÞaÛ&åáhÛ&ÜfÛ�ÝWÜ�æc×aØeß[Û&ÜfÛCÚòß[ÜWÖ{ç
K ′

Ù¬×EÝfÖ
K ′′

ú�Ùoâz×aÖzÜfÙ¬×¸â ÝWÞaÛ)ß|æzä/ÝJÝWÞaæcÝ.ÝWÞ¸ÛÛ_è{éaÙ¬î¸ç-ÛC×{Ý�Ø�é¸×aÚxÛCÜWâ{ÖJÚxÛ/ß[Ö{ÜWçJæ�ÝfÙ¬Ö{×aØ�Úxé¸ÜfÙ¬×aâ"ÝfÞ¸Û�ÝWÜ�æc×�Øeç-Ù�ØWØWÙ¬Ö{×»ï
C (K ′,K ′′) :=

ø�Þ¸Û!à�æ�á?Ø-Öcß�î¸Þ}åxØWÙoäCØJÙ¬×
K ′

æzÜWÛ!ØWéaä�Þ�ÝWÞ�æ�Ý.ÝfÞ¸Û!à�æ�á?ØJÖcß�î¸Þ}åxØeÙ�ä&ØÛCçªîaÙ¬ÜfÙoäCæcàoà¬å(æzØfä/Û&ÜWÝfæzÙ¬×aÛCÚóì}å�æc×�ÖzìaØWÛ&ÜfùzÛCÜªÙo×
K ′′

úhÚxÛ_ØWä&ÜWÙoì¸Ùo×¸â6ÝWÞ¸ÛìAÛ&Þaæ�ù}ÙoÖzé¸Ü�ÖzßMî¸Þ}åxØeÙ�ä&æzà�Özì�ü]Û_ä�Ý�Ø�ä/Öcönç-Ö�ù}Ù¬×¸â"á�Ù�ÝfÞ
K ′′

úaÛ/ûxî¸ÜfÛCØfØeÛ_Ú.Ùo×ù�æcÜfÙ�æcì¸àoÛCØ
x̃K′′

1 , x̃K′′

2 , x̃K′′

3 , t̃K
′′ ú}Þaæ�ù{Û?ÝWÞaÛ�Øfæcç-Û<ß[ÖzÜfçJØ2æ{ØLÝfÞ¸Û�ØeÙoç-Ù�öà�æcÜ<Û&ç-î¸ÙoÜWÙ�ä&æzà¬àoå²æ{ØWä&Û&ÜWÝfæcÙo×¸Û_Újàoæ�á?Ø�Öcß�î¸Þ}åxØeÙ�ä&Ø�Ù¬×!Ùo×

K ′
ú#ÚxÛCØfä/ÜfÙoì¸Ù¬×aâÝfÞ¸Û!ØeÙoç-Ù¬à�æcÜ-î¸Þ}åxØWÙoäCæcà�Özì1ü]ÛCä�Ý�ØJä/Özö�ç-Ö�ù}Ù¬×aâ á�Ù¬ÝWÞ

K ′
ú�Û/ûxî¸ÜfÛCØfØeÛ_ÚóÙo×ù�æcÜfÙ�æcì¸àoÛCØ

x̃K′

1 , x̃K′

2 , x̃K′

3 , t̃K
′ ú¸Ù¬ßMÝfÞ¸Û4Özì�ØeÛCÜWù{Û&ÜhÙ¬×

K ′′
îAÛ&ÜWß[ÖzÜfçJØhÝWÞ¸ÛØfæcç-ÛJç-ÛCæ{Øeé¸ÜfÛ&ç-ÛC×{Ý4Ö{î�ÛCÜfæcÝWÙoÖz×aØvæzØ�ÝfÞ¸Û.Ö{ìaØeÛCÜWù{Û&Ü�Ùo×
K ′

á�Ù�ÝfÞ
ÝWÞ¸ÛØfæcç-ÛhçªÛ_æzØWé¸ÜfÙ¬×¸â<ÛCèEé¸Ùoî¸ç-Û&×EÝfØ	ÝfÜfæz×aØeß[Û&ÜfÛCÚ�ß[ÜfÖzç
K ′

ÝWÖ
K ′′

úcÙ¬â{×¸ÖzÜfÙo×¸âÝfÞ¸Û4ß|æ{ä�Ý�ÝfÞaæ�Ý<ÝWÞ¸Û"ÛCèEé¸Ùoî¸ç-Û&×EÝfØ<é¸×aÚ¸Û&ÜfâzÖ.ÚxÛ&ß[ÖzÜfç-æcÝWÙoÖz×aØ<Úxé¸ÜfÙ¬×aâJÝWÞ¸ÛÝfÜfæz×aØeç-Ù�ØWØWÙoÖz×»ï
ý Ý?Ù�Ø�Özì}ù}Ù¬Ö{éaØhÝWÞaæcÝ

A (K ′,K ′′) &B (K ′,K ′′) ⇒ C (K ′,K ′′)

ô}Ö�úxà¬Û&Ý?éaØ�ÜfÛCØeÝWÜfÙoä/Ý�Ö{é¸Ü�ä/Ö{×aØeÙ�ÚxÛCÜfæcÝWÙoÖz×aØhÖz×²ÝWÞaÛ�çªÖ{ÜWÛ,ß[é¸×�Ú¸æcç-Û&×EÝ�æcà
A (K ′,K ′′) &B (K ′,K ′′)

ü{ü



ø	æcþ}Ù¬×aâ"ÝfÞ¸Ù�Ø?Ø]Ý�æ�ÝfÛ&ç-Û&×EÝCú¸ÝWÞ¸Û4é�Øeéaæzàvs�Ùo×aØ]ÝfÛ&Ùo×¸Ù�æc×jß[ÖzÜfçvéaàoæcÝWÙoÖz×�Öcß	ÝWÞ¸Û�ÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å.î¸ÜfÙ¬×xöä/Ùoî¸àoÛ�ÙoØhÝfÞ¸Û�ß[ÖzàoàoÖ�á�Ù¬×¸â�ê
s�Ù¬×�Ø]ÝfÛ&Ùo×�� Ø l Û&à�æ�ÝfÙ¬ù}Ù¬Ý]å þ ÜfÙ¬×aä&Ù¬îaà¬Û = (∀K ′) (∀K ′′) [A (K ′,K ′′) &B (K ′,K ′′)]

K!æz×EåjìAÛ&àoÙ¬ÛCùzÛ"ÝWÞaæcÝ<ÝfÞ¸Ù�Ø<ù{Û&Ü�ØeÙoÖz×ÿÖcßLÜfÛ&à�æ�ÝfÙ¬ù}Ù¬Ý]å�îaÜWÙo×aä/Ùoî¸àoÛ"Ù�Ø<ÛCØfØeÛC×{ÝfÙoæzà¬àoå)ÚxÙOIAÛCÜWÛC×{Ýß[ÜfÖzç ÝWÞ¸Û�ØeÙoç-Ù¬à�æcÜ"î¸ÜWÙo×aä&Ù¬î¸àoÛ.Özß í ÖzÜfÛ&×EÝ>tzú%ØeÙo×aä/Û í ÖzÜfÛ&×EÝ>t�� Ø�î¸ÜfÙ¬×aä&Ù¬îaà¬Û²ç-æzþzÛ_Ø�Û/ûxî¸àoÙoä&Ù�ÝÜfÛ/ß[Û&ÜfÛ&×�ä/Û)ÝfÖóÝWÞaÛ ç-ÖcÝfÙ¬Ö{× ÜfÛ&à�æ�ÝWÙoùzÛ!ÝWÖóÝfÞ¸ÛÃæcÛ/ÝfÞ¸Û&Ü_ïÖÕ<ØeÙo×¸âòÝWÞ¸ÛÃæcìAÖ�ùzÛ!Ùo×EÝWÜfÖxÚxéaä/Û_Ú×¸ÖzÝfæ�ÝfÙ¬Ö{×aØCúxÙ�Ý�Øfæ�åxØLÝfÞ¸Û�ß[ÖzàoàoÖ�á�Ù¬×¸â�ê
í ÖzÜfÛ&×EÝ�t�� Ø þ ÜfÙo×aä/Ùoî¸àoÛ = (∀K ′′) [A (

æcÛ&ÝWÞ¸ÛCÜ
,K ′′) &B (

æcÛ&ÝWÞ¸ÛCÜ
,K ′′)]

ý Ý4çvé�Ø]ÝvìAÛ.ä/àoÛCæzÜWàoåÿØWÛ&ÛC×»ú�Þ¸Ö�áhÛ&ù{Û&Ü_ú#ÝWÞaæcÝ í Ö{ÜWÛC×{Ý>t�� Ø�æcÛ&ÝWÞ¸ÛCÜ�ÞEå}îAÖcÝfÞ¸ÛCØWÙoØ4ÙoØ�àoÖzâ{ÙoäCæcàoà¬åÙo×aÚxÛ&îAÛ&×�ÚxÛ&×EÝªß[ÜWÖ{ç ÝfÞ¸Û²æ{ä�Ýféaæcà2î¸Þ}å}ØWÙ�ä&æcà�ä/Ö{×EÝWÛ&×EÝvÖzß?Þ¸Ù�Ø4ÝfÞ¸Û&Ö{ÜWå{ï ý ×
ß|æ{ä�ÝCú�æ{Ø"æ!à¬Ù¬ÝeöÝWàoÛJÜfÛ/÷aÛ_ä�ÝWÙoÖz×6ÜfÛ&ùzÛ_æcà�Ø&ú0â =�?�4�2<8�äL× ���5?��;2���� ���O4ª�@2�¥³Øg�;21��8�4��;21× ��?>47�O�@8��;�(�;8�A���?��;25�7� �5�O4ª��?�4
�O=>�@���c�@�;��AY4nO����;���@�O472"8^8�=z4c���>: =�8�:14�?�  ý Ý?Ù�Ø�ÝWÜfÙoùEÙ�æcàoàoåJÝWÜfé¸Û,ÝWÞaæcÝ
s�Ù¬×�Ø]ÝfÛ&Ùo×�� Ø l Û&à�æ�ÝfÙ¬ù}Ù¬Ý]å þ ÜfÙ¬×aä&Ù¬îaà¬Û = (∀K ′) (∀K ′′) [A (K ′,K ′′) &B (K ′,K ′′)]

⇒ (∀K ′′) [A (
æzÛ/ÝWÞaÛ&Ü

,K ′′) &B (
æcÛ&ÝWÞ¸ÛCÜ

,K ′′)]

= í ÖzÜfÛ&×EÝ�t�� Ø þ ÜfÙo×aä/Ùoî¸àoÛ
ý Ý�ß[ÖzàoàoÖ�á?ØLß[ÜfÖzç ÝWÞ¸Û�ç-Û_æc×¸Ùo×¸â-Öcß

A (K ′,K ′′)
æz×aÚ

B (K ′,K ′′)
ÝfÞaæ�Ý

(∃K ′) (∀K ′′) [A (K ′,K ′′) &B (K ′,K ′′)]

⇒ (∀K ′) (∀K ′′) [A (K ′,K ′′) &B (K ′,K ′′)]

Õ2Öz×�ØeÛ_è{éaÛ&×EÝWàoåzú
í ÖzÜfÛ&×EÝ�t�� Ø þ ÜfÙ¬×�ä/Ùoî¸à¬Û = (∀K ′′) [A (

æzÛ/ÝfÞ¸Û&Ü
,K ′′) &B (

æzÛ/ÝWÞaÛ&Ü
,K ′′)]

⇒ (∃K ′) (∀K ′′) [A (K ′,K ′′) &B (K ′,K ′′)]

⇒ (∀K ′) (∀K ′′) [A (K ′,K ′′) &B (K ′,K ′′)]

=
s�Ùo×aØ]ÝfÛ&Ùo×�� Ø l Û&à�æ�ÝfÙ¬ù}Ù¬Ý]å þ ÜfÙ¬×�ä/Ùoî¸à¬Ûø�Þ}éaØCú�Ù¬ÝjÙ�Ø í Ö{ÜWÛC×{Ý>t�� Ø�îaÜWÙo×aä/Ùoî¸àoÛ Ù¬ÝfØWÛ&à¬ß]ýÂÝWÞ¸Û6ùzÛCÜWìaæzà�ß[Ö{ÜWç"é¸à�æ�ÝWÙoÖz× Öcßvá�Þ¸Ù�ä�Þ ÜfÛ/ß[ÛCÜfØÝWÖÿÝWÞ¸ÛjæcÛ&ÝWÞ¸ÛCÜeýÂÝWÞ�æ�Ý"ÜfÛ&×�ÚxÛ&Ü�Øvæz×Eå
ä&àoæzÙ¬ç æcìAÖzé¸ÝvÝWÞaÛ�æzÛ/ÝWÞaÛ&Ü-æ!àoÖzâzÙ�ä&æzà¬àoåÃØeÛCîaæcÜ�æ�ÝfÛCÚÞ}å}î�ÖzÝWÞ¸Û_ØeÙ�Ø�Özé¸ÝfØWÙoÚxÛ�ÖcßhÝWÞ¸Û�Øfä/Ö{î�Û�ÖcßhÝWÞ¸ÛJß|æ{ä�Ýféaæcàhä/Öz×EÝfÛ&×EÝ4Öcß�ìAÖcÝWÞ í ÖzÜfÛ&×EÝ�tªÝfÞ¸Û&Ö{ÜWåæc×�Ú)ØeîAÛCä&Ùoæzà»ÜWÛCàoæcÝWÙoù}Ù�Ý]å{ï2ø�Þ¸Û4ÜfÖzàoÛ�Öcß%ÝfÞ¸ÛvæcÛ&ÝWÞ¸ÛCÜ�ä/Ö{é¸à�Ú²ìAÛ4î¸à�æ�åzÛ_Ú�ìEåjæc×}åEÝWÞaÙ¬×¸âJÛCàoØWÛzï

)�ØLì�ÖzÝWÞªÝWÞaÛ&ÖzÜfÙoÛCØ�ä&àoæzÙ¬çjúzÙ¬Ý�ß[Ö{à¬àoÖ�á?Ø	ß[ÜWÖ{ç ÝfÞ¸Û?Û&ç-î¸ÙoÜfÙoäCæcàoà¬åªä/Öz×¸ãaÜWç-Û_Úvà�æ�á?Ø�Öcß#î¸Þ}åxØeÙ�ä&ØÝWÞ�æ�ÝLî¸Þ}åxØWÙoäCæcà¸ØWå}ØeÝWÛCçJØ�é¸×aÚxÛCÜWâ{Ö�ÚxÛ/ß[Ö{ÜWçJæ�ÝfÙ¬Ö{×aØ%á�Þ¸ÛC×"ÝfÞ¸Û&å-æcÜfÛhÝWÜ�æc×aØeß[Û&ÜfÜfÛCÚvß[ÜWÖ{ç³Öz×aÛÙo×¸Û&ÜWÝWÙ�æcà�ß[ÜfæzçªÛ
K ′

ÝfÖ�æc×aÖcÝWÞaÛ&Ü�ß[Ü�æcç-Û
K ′′

ïNC<×¸Û4ä&Özé¸à�Ú)ØWæ�å{ú¸ÝfÞ¸ÛCØWÛvÚxÛ&ß[ÖzÜfç-æcÝWÙoÖz×aØ�æcÜfÛä&æzéaØWÛCÚ)ì}å�ÝWÞ¸Û"ÝWÜ�æc×�Øeç-Ù�ØWØWÙ¬Ö{×)Öcß�ÝfÞ¸ÛªØWåxØ]ÝfÛ&ç ß[ÜfÖzç
K ′

ÝWÖ
K ′′
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