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Quantum observables can be identified with vector fields on the sphere of normalized states.
The resulting vector representation is used in the paper to undertake a simultaneous treatment
of macroscopic and microscopic bodies in quantum mechanics. Components of the velocity and
acceleration of state under Schrédinger evolution are given a clear physical interpretation. Solutions
to Schrodinger and Newton equations are shown to be related beyond the Ehrenfest results on the
motion of averages. A formula relating the normal probability distribution and the Born rule is

found.
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NEWTONIAN DYNAMICS IN HILBERT SPACES

Everyday experience shows that macroscopic bodies
have well-defined position in space at any time. In the
simplest case of a classical particle (material point) po-
sition at a given time is provided by vector a in the Eu-
clidean space R3. Accordingly, the space R? itself can
be thought of as the space of all possible positions of
a classical particle. In quantum mechanics the state of
a spinless particle with a known position a € R? is de-
scribed by the Dirac delta function §2(x) = §%(x — a).
In particular, the state of a classical particle at any time
is such a function. The map w : a — 03 provides a
one-to-one correspondence between points a € R? and
“state” functions §3. The set R® can be then identified
with the set M3 of all delta functions in the space of state
functions of the particle.

The delta functions are, of course, not in the usual
Ly(R?) Hilbert space on the measure d®z. We study here
a way to deal with functions of this type systematically
and consistently, and in so doing, establish an interest-
ing connection between the quantum theory and classical
mechanics.

The inner product on the usual Hilbert space Ly (R?)
of state functions of a particle can be formally written
for ¢,1 € Ly(R?) in the following way:

(0, 9)10 = / 5(x — )T dPxdly. (1)

In particular, the fact that delta functions are not in
Ly (R3) is related to the singularity of delta functions.
Let us replace this kernel by the Gaussian function
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One can check Ref.[1] that this is indeed an inner product
on Ly(R3). Some physical applications of this inner prod-
uct were studied in Refs.[2]-[4]. The separable Hilbert

space H obtained by completing the space Lo(R?) in this
inner product contains delta functions §3(x—a) and their
derivatives. Moreover, by choosing L sufficiently large (or
by choosing appropriate units), one can make the norm
of any given square-integrable function in this metric as
close as desired to its Ly(R?)-norm.

By dropping the coefficient (1/+v/27)3 and using L =
% for an appropriate o we obtain the product

(o, )er = / e pB) Pxdly.  (3)

Formally,

/ e N P (x —a)id(y —a)dPxdly =1,  (4)

so that the norm of the delta function §%(x—a) in H with
the metric (3) is 1. The set M3 of all delta functions 63 (x)
with a € R3 is therefore a subset of the unit sphere in
the Hilbert space H.

The map p, : H — L2(R3) that relates Lo and H-
representations is given by the Gaussian kernel
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In terms of p,, the kernel G(x,y) of the metric on H is
given by

(x=y)?

G(x,y) = (pop0)(x,y) =€ 87, (6)

which is consistent with (3). The map p, transforms
delta functions 63 to Gaussian functions 63 = p,(63),
centered at a, providing an alternative, more common
way of dealing with singularity of delta functions. The
image Mg of M3 under p, is a subset of the unit sphere in
Lo(R3) made of the functions 63. Both realizations will
prove useful in the discussion of motion of macroscopic
bodies in quantum mechanics.

To know position a of a classical particle in R? is to
know the corresponding point 63 in M3. Consider a path
r = a(t) with values in R? and the corresponding path




With the use of the chain rule the
velocity vector dp/dt can be written as
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. “Integration by parts” in the
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where ;1. is the Kronecker delta symbol. Assuming now
that the distance in R? is measured in the units of 20
(equivalently, taking 20 = 1) one obtains the equality of
the speeds

From this equality of norms it follows that the set M3
as a metric subspace of H is identical to the Euclidean
space R3. That is, the one-to-one map w : R — H is
an isometric embedding Ref.[1]. Notice however that M;
is not a vector subspace of H. Rather, as follows from
(4), the metric space M3 is a submanifold of the unit
sphere S™ in H. Since delta functions 63 with different
ay, k = 1,...,n are linearly independent, the manifold
M3 “spirals” through dimensions of the sphere, forming
a complete subset of H. This means that no function in
H is orthogonal to the submanifold M3 Ref.[1].

Nevertheless, a vector structure on M3 exists. For in-
stance, define the operations of addition & and multipli-
cation by a scalar A® via w(a) ® w(b) = w(a + b) and
AGw(a) = w(Aa), where the map w is the same as before.
The resulting operations are continuous in the topology
of M3 C H. That is, the metric space M3 with this vec-
tor structure is isomorphic to the vector space R? with
the Euclidean metric.

(11)
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together with (4), (11), and the orthogonality of the first
and second derivatives of §3(x), it follows that projection
of velocity and acceleration of the state 62 » onto M3
yields correct Newtonian velocity and acceleration of the

classical particle. That is:
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Furthermore, Newtonian dynamics of the classical par-
ticle follows from the principle of least action for the ac-
tion functional S on paths in H, defined by

/ k(x,y) [m dip(x) dpy ()
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(16)
where m is the mass of the particle, V' is the potential
and k(x,y) = e’%(x*y)z, as before. Suppose that ¢; is
constrained to take values on the submanifold M3 C H,
ie., pi(x) = 63(x — a(t)). Using (7) and integrating by
parts as in (9), we immediately obtain

=[5 (E) e

i.e., the usual action functional for a material point in
classical mechanics. In these terms, a classical particle is
a constrained dynamical system in H. The same applies
to Lo(R3)-representation and paths constrained to take
values in M§ = p,(Mj3) in La(R3).

Classical particle mechanics, therefore, has an equiv-
alent realization in terms of the new dynamical vari-
ables: the state ¢ of the particle and the velocity ‘Z—f
of the state. A similar realization exists for mechanical
systems consisting of any number of classical particles.
For example, the map w ® w : R? x R® — H ® H,
w®w(a,b) =3 ® 5 identifies the configuration space
R3 x R? of a two particle system with the embedded
submanifold Mg = w ® w(R3 x R3) of the Hilbert space
H ® H. Consider a path (a(t),b(t)) in R? x R? and the
corresponding path 52(75) ® 5%@) with values in Mg. For

dt, (17)

any t, the vectors %53@) ® 65‘(” and 53(:&) ® dtéb(t) are
tangent to Mg at the point 5 ) ® 5b 0 and orthogonal
in H® H. The space Mg Wlth the induced metric is
isometric to the direct product R? x R? with the natural
Euclidean metric. Projection of velocity and acceleration
of the state ¢(t) = 6a(t) ® 5b(f) onto the basis vectors

( 827 5a(t) ® (5b(t) and (5a(t ( 82k6 b(t) ) yields the
velocity and acceleration of the particles by means of the
formulas similar to (14) and (15).

We now turn the attention to quantum theory and ex-
plore a useful realization of quantum mechanics in terms
of vector fields in the space of states.



OBSERVABLES AS VECTOR FIELDS

Quantum observables can be identified with vector
fields on the space of states Ref.[5]. Namely, given a
self-adjoint operator A on a Hilbert space Ly of square-
integrable functions (it could in particular be the tensor
product space of a many body problem) one can intro-
duce the associated linear vector field A, on Lo by

A, = —idp. (18)

This field is defined on a dense subset D in Ly on which
the operator A itself is defined. Clearly, to know the vec-
tor field A, is the same as to know the operator A itself.
Moreover, the commutator of observables and the com-
mutator (Lie bracket) of the corresponding vector fields
are related in a simple way:

[Ag, By = [A, Bl (19)

The field A, associated with an observable, being re-
stricted to the sphere S%2 of unit normalized states, is
tangent to the sphere. Indeed, the equation for the inte-
gral curves of A, has the form

d<p7' n
= —iAp,. 20
dr LAY ( )
The solution to (20) through initial point ¢y is given by
oy = e_ZATgpo Here e—“A7 denotes the one- parameter

group of unitary transformations generated by —iﬁ, as
described by Stone’s theorem. It follows that the integral
curve through ¢y € S¥2 will stay on the sphere. One
concludes that, modulo the domain issues, the restriction
of the vector field A, to the sphere SL2 is a vector field
on the sphere.

Under the embedding, the inner product on the Hilbert
space Lo gives rise to a Riemannian metric (i.e., point-
dependent real-valued inner product) on the sphere S'2.
For this one considers the realization Log of the Hilbert
space Ls, i.e., the real vector space of pairs X =
(Rey, Imap) with ¢ in Ly. If £ n are vector fields on
STz one can define a Riemannian metric Gy : TRSOSL2 X
TryS™? — R on the sphere by

Go(X,Y) = Re(E,n). (21)

Here the tangent space Tlr,,z%,SL2 to St2 at a point
@ is identified with an affine subspace in Lop, X =
(Re&, Imé), Y = (Ren,Imn) and (£,n) denotes the Lo-
inner product of £,7. Note that the obtained Rieman-
nian metric G, is strong in the sense that it yields an
isomorphism G TrySt2 — (TR@SLz)* of dual spaces.

The Riemannian metric on S yields a (strong) Rie-
mannian metric on the projective space CPL2. For this,
one defines the metric on C' P2 so that the bundle projec-
tion 7 : S¥2 — CPL2 would be a Riemannian submer-
sion. The resulting metric on C' P2 is called the Fubini-
Study metric. To put it simply, an arbitrary tangent

vector X € Tg,S L2 can be decomposed into two compo-
nents: tangent and orthogonal to the fibre {¢} through
¢ (i.e., to the plane C! containing the circle St = {¢}).
The differential dm maps the tangent component to the
zero-vector. The orthogonal component of X can be then
identified with dm(X). If two vectors X,Y are orthogo-
nal to the fibre {¢}, the inner product of dr(X) and
dm(Y) in the Fubini-Study metric is equal to the inner
product of X and Y in the metric G,. Note that the
obtained Riemannian metrics on S¥2 and CP? are in-
variant under the induced action of the group of unitary
transformations on L.

An arbitrary vector in the Hilbert space at a point ¢
can be decomposed onto the radial component (parallel
to the radius vector from the origin to the point ¢, i.e.,
parallel to ¢ itself), and tangential component. The ra-
dial component of a vector field A, associated with an
observable vanishes. Accordingly, A, can be decomposed
into components tangent and orthogonal to the fibre {¢}.
These components have a simple physical meaning. In
fact, the equality

A= (¢, Ap) = (—ip, —idyp), (22)

signifies that the expected value of an observable Ain
the state ¢ is the projection of the vector szgo € T,St
on the unit vector —ip = —ilp € T,5%2, tangent to the
fibre {}. Because

(0, A29) = (Ap, Ap) =

the term (i, A%p) is just the norm of the vector —iAp

squared The expected value (cp,A 1) of the operator
Al =A—Al' in the state ¢ is zero. Therefore, the vector
—ZAJ_QD = —zAgo (—iAg), which is the component of
—iAyp orthogonal to —i¢ is orthogonal to the fibre {¢}.
Accordingly, the variance
AA? = (p, (A= AD)*p) = (iAo, —iA @)
(24)
is the norm squared of the component —iA 1p. As dis-
cussed, the image of this vector under dr can be identified
with the vector itself. It follows that the norm of —iA ¢
in the Fubini-Study metric coincides with its norm in
the Riemannian metric on SL2 (and in the original Lo-
metric).
Integral curves of the vector field A, = fi/Tgo are so-
lutions to the equation

(0, A2 ) =

dp

i —iAp (25)

for the state ¢ with the initial condition ¢[,_, = ¢o.
Decomposition of —iAp onto the components parallel
and orthogonal to the fibre yields the equation
dp

= = —idp+ (—ZAgp + zAgo) = —idp —iALp. (26)



By projecting both sides of this equation by dmw one ob-
tains

% = —iA, . (27)

The left hand side of (27) is the velocity of evolution
of the projection {¢} = 7(p) in CP~L2. By the above,
the norm of the right hand side is the uncertainty of A
in the state ¢:

| —idL ol = AA. (28)

In particular, if A is the Hamiltonian lAz, then equa-
tion (25) is the Scrodinger equation and the following
result is obtained: The wvelocity of evolution of state in
the projective space is equal to the uncertainty of energy.
This result was obtained first in Ref.[6] by using different
methods.

Now let’s decompose the acceleration vector o _

dt?
4 <7iﬁ<p) = —h2p. Notice first of all that

Re(—up,/lygp) = Oa (29)

so that the parallel tangential component of acceleration
of Shrodinger evolution vanishes. This simply means
that the phase component of the velocity (i.e., the ex-
pected value of energy, see above) does not change. In
particular, the tangential component is purely orthogo-
nal. The radial component is given by —(¢,h%p)p =
—(—iﬁap, —iﬁap)go. Since —iﬁ(p is the velocity of evolution,
we recognize in this term the centropidical acceleration
(f‘;—zr with r = 1).
The tangential component is therefore equal to

~h%p+ (g, B2p)p = —h2 . (30)

Therefore, the following result is obtained: Acceleration
of the Schroddinger evolution of state in the projective
space is equal to the uncertainty of the square of energy.

COMPONENTS OF VELOCITY OF STATE

Classical and quantum mechanics of a particle are now
formulated within the same Hilbert space framework.
Recall that the space R? is now identified via the map
w with the submanifold M3 in H with the induced Eu-
clidean metric. Alternatively, the map w, = p,w identi-
fies R? with the submanifold M in Ly(R?). This later
equivalent realization will be used in this section. Note
that because all normalized Gaussian functions of a given
width o are obtained from a single one by translations
in x, the field p, = —ipy for ¢ € Mg is tangent to M.
The goal here is to use the embedding w, of R? into the
space of states together with the vector representation
of observables to study the relation of the Schrédinger
evolution with the classical Newtonian motion.

One standard way to describe this relation is via the
Ehrenfest theorem (the expected value of the Heisenberg
equation of motion):

Here A does not depend on t. For example, for the mo-
mentum operator of a free particle we obtain

o _

e =0, (32)

Recall that p is the phase projection of the vector field
p,. The equation (32) simply says that this projection is
time-independent. Note that the orthogonal projection,
i.e. the uncertainty Ap is also preserved in this case and
this is not captured in (31).

Compare (31) to another equation that follows from
the Schrédinger dynamics:

2 (Cflf, —iﬁ@> = (@, {Eﬁ}w) - (w, [gﬁ]w) - (33)

The Ehrenfest theorem (31) for a time-independent ob-
servable amounts to using the imaginary part of (33),
i.e., the part with the commutator [A4,A]. The left hand
side of (33) is twice the projection of the velocity of state
onto the vector field associated with the observable A.
The real part of this projection (the term with the anti-
commutator {A\ﬁ}) is twice the projection in the sense
of Riemannian metric (21). This Riemannian projection
will be used here.

Suppose that at t = 0 a microscopic particle is pre-
pared in the state

3/4
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where o is the same as in (5) and py = mvg with vy
being the initial group-velocity of the packet. The set of
all initial states g given by (34) form a 6-dimensional

embedded submanifold Mg 3 in Ly(R?). The map € :
R? x R? — Mg,

3/4
]_ (x—a)2 .p(x—a
) @)
o

o(ap) — (

is a diffeomorphism from the classical phase space of the

particle onto the manifold Mg 5. For any path ¢ = ¢ in

Ly(R3), ¢ = re?, the terms of the derivative
de dr ao .,

e +i—ret

dr  dr dr (36)

are orthogonal in the Riemannian metric:

dr e 49 e\ _
Re <d7_e yimre >—0. (37)



In particular, the vectors 88 e and (s 7‘619 tangent to

the manifold Mg 5 at a point ¢ are ortﬁogonal and form
a basis in the tangent space at that point. For any path
7 with values in My 5 the norm of velocity vector ‘;—f is

given by

1
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That is, under a proper choice of units, the map Q is
an isometry, which identifies the Euclidean phase space
R3 x R3 of the particle with the embedded submanifold
Mg, C Ly(R®) furnished with the induced Riemannian
metric. The map 2 is an extension to the phase space
of the isometric embedding w, = py o w of the space R3
considered in the first section.

Suppose that the state (34) evolves according to the
Schrodinger equation with the Hamiltonian h= ——A+
V(x). At any point ¢g € M7 5, the velocity vector E is
tangent to the unit sphere of states SZ2 in Ly(R?) and
can be decomposed into a sum of components of physical
interest. First of all, by (26)

de _

. .
dt ﬁh = Rpbv- hhl“p (39)

So once again, the component of 2 along the vector iy is

* L and the norm of the orthogonal component H ffh ﬂPH
is Ahh
To decompose the orthogonal component —ih 1 of
the Veloc1ty 7 » hotice that the orthogonal vectors ar e?
and zwrew tangent to Mg 5 are also orthogonal to vec-
tor it
) or o
Re <zg0, —%e’ ) =0 for all ¢ (40)
and
00
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Calculation of the projection of the velocity d“” onto the

unit vector — 662
xT

of ‘fi—f) for any Hamiltonian h= 7% A + V(x) yields

e (i.e., the classical space component

dy or 0 _[dr or g
e <dt_8x ) - (m‘m) "~ 2
t=0 t=0
(42)

Calculation of the projection of velocity ‘fi—f onto the unit
vector ¢4 a 9 o (momentum space component) gives

dy 00
Re (dt,’tapa(p>

:mw O" (43)

t=0

where

. V)
mue = - 20 (44)

X=X

and o is assumed to be small enough for the linear
approximation for V(x) to be valid within intervals of
length o.

The velocity ‘fi—f also contains component which is due
to the change in o (spreading). The inner product

(2)-) o

vanishes at t = 0, so the vector i% is also tangent to the
sphere S*2 and orthogonal to the phase circle. It is also
orthogonal to the phase space Mg 3. The component of

the velocity Cfl—f along this vector is given by
dp do V2h
Re | —,i— =—. 46
e(dt7lda>’t_0 8a2m (46)

. ) d A~
Finally, calculation of the norm of %% = ;hy at t = 0
gives
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which is exactly the sum of squares of the found compo-
nents. This, therefore, completes a decomposition of the
velocity of state at any point g € Mg 5.

Note that for a closed system the norm of ‘Z—‘f = %ﬁg@ is
preserved in time. For a system in a stationary state, this
amounts to conservation of energy. In fact, in this case
or(x) = w(x)e_%, which is a motion along the phase

circle, and
dg 2
dt

As discussed in the previous section, for any initial state
the norm of the phase component (expected energy) and
orthogonal component (energy uncertainty) of the veloc-
ity i—f are both preserved.

(48)

The presence of i‘;—ﬁ component of the the velocity in
(47) hints that the classical phase space My, may be
usefully extended to include all positive values of o. The
induced metric on the resulting manifold Mg 4 x Ry is
then given by the following extension of (38):

dy 2
dt
With appropriate units, this gives an isometric embed-

ding of the extended phase space R? x R? x R, with
Euclidean metric into Ly(R?).

2 2

g

h2

d£2
dt

dj 2
dt R3

- 1
2_402

1
gs 202

dp

- . (49)




The ”spreading” component of the velocity admits an
interesting interpretation. Suppose that the Width of the
initial state g is given by the Compton length , which
is a natural limit on the width of state in quantum me-
chanics. From this and (46) and (47) it follows that com-
ponent of velocity of state due to spreading is propor-
tional to the mass m of the particle. So the mass can be
thought of as the speed of motion of state in the direction
of spreading, orthogonal to the phase space Mg ;. The
sum of the last three terms in (47) is equal to the square
of the uncertainty Ah. If vo and w vanish, then

Ah = mass term = speed of spreading. (50)

In the linear potential approximation, the first term in
(47) is the square of the term

LN (51)
h 8mo? )’
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where U = V(x,) and K = "¢ are potential and kinetic
energy of the packet considered as a particle with position
Xg = Xg + Vot + thz and velocity vy = vo +wt. The last
term in parentheses in (51) accounts for the difference
in energy of the packets with the same U and K, but
different values of o. Up to a constant factor this term
equals the component of velocity due to spreading given
by (46). With the unit of length 20 given by Compton
length and the choice of units that make the metric (49)
for a particle of a given mass Euclidean, this term is equal
to the rest energy mc? of the particle.

Calculations show that for ¢ > 0 the spaatial compo-

nent (42) of velocity of state is given by ;T“’t while the
component (46) due to spreading does not change. Here
vy = Vo + wt is the group velocity and o, given by

B2t
ol=o0 (1 + 4m204> (52)

is the width of the packet at time ¢, and it is assumed
that oy is sufficiently small for the linear approximation
of V(x) to be valid. The relationship

d (dr_or
dt \ dt’ Oz~

together with (42) and (43) proves that at any point
®o € Mé’ 3, the spatial and momentum space components

> (53)

t=0

of d“’ are related in the same way as their classical coun-

terparts in the phase space. Furthermore, the derived

relationships (42), (43), (46), (47) and (53) remain true

at t = 0 even when the potential V' depends on time. In

fact, the only expression that contains time derivatives

of V is the derivative 4% in (53).
i dV

sponding terms +5- <7 cancel out because of the reality

However, the corre-

d’r
of 7.

The immediate consequence of these results and the
linear nature of the Schrodinger equation is that un-
der the Schrédinger evolution with the Hamiltonian h=

ﬁA + V(x,t), the state constrained to Mg moves
like a point in the phase space representing a particle
in Newtonian dynamics. That is, if at each ¢ € Mg 5,

the components of —%/i\upo that are orthogonal to My,
are made to vanish while the tangent components are
preserved, then the state ¢ will move according to clas-
sical physics. So, Newtonian dynamics of a particle is
the dynamics of one-particle quantum system with state
constrained to Mg 5.

On the other hand, there is a unique unitary evolution
(one parameter group of unitary operators) on Lo(R3),
which, being restricted to Mg 3, under projections (42),
(43) yields the Newtonian values of velocity and acceler-
ation. In fact, equations (42), (43) for the states ¢ given
by (34) imply the Ehrenfest theorem

dp .\ _ p
2Re < o ,fw> = (sa, mw) (54)

e (5F.5¢) = (0 -TVE0D).  (65)

and

But the set Mg 3 of such vectors ¢ is complete in Ly(R?)
and on a complete set the Ehrenfest theorem (54) and
(55) together with the condition of unitarity of evolution
is known to imply the Schrédinger equation. So formulas
(42), (43) on Mg 5 imply the Schrodinger dynamics of the
state of the particle on the space of states.

The analogous results can be derived for systems of n-
classical particles. For instance, consider a system of two
distinguishable particles, described by the usual Hamil-
tonian

2 2

2?711 Al — ;‘EAQ + V(Xl, Xz)7 (56)
where the indices 1 and 2 refer to the corresponding par-
ticles. The set of states p; ® @2, where 1 and o for
each particle are of the form (34) is a 12-dimensional em-
bedded submanifold Mg 4 of the Hilbert space La(R?) @
Ly (R?) with induced Riemannian metric, isometric to the
classical phase space Rg X Rg of the two-particle system.
Vectors

( orq ezPuxl a1>) ® s,

00,
3 27@1 ® @2 (57)
171
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and

00,
1O —=2 (58)

67"2 jP2(x2—az)
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k
oxs

are tangent to the phase spaces Mg 5 ® 2 and @1 ® MS 4
of individual particles. These vectors are orthogonal for



all values of k,j = 1,2,3 and form a basis in the space
tangent to Mg .

Suppose now that a two particle quantum system has
initial state in Mg g and evolves by the Hamiltonian (56).
Because each operator Ay acts on just one function in the
tensor product ¢1 ® s and because the inner product
in La(R3) ® Lo(R3) is the product of inner products for
individual particles, it follows that the components of the
velocity vector 4 (1 ® @2) in the basis (57), (58) are
given for each particle by their Newtonian values. For
instance,

dpr

(e
where vi = p1/my, etc. It follows that:
Newtonian dynamics is the dynamics of a n-particle
quantum system whose state is constrained to the phase-
space submanifold MS, 5, of the space LiRH® .. ®
Ly (R3) of tensor product states p1 @ ... ® p, with @y of
the form (34).

Ory ;pilxi—ap) U]f
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QUANTUM PROBABILITY AND THE
CLASSICAL NORMAL DISTRIBUTION

If a classical experiment for measuring the position of
a macroscopic particle is performed, the result is gener-
ically a normal probability distribution of the position
variable. Now the classical space R3 is identified with
the submanifold Mg in the Hilbert space Lo of states
(equivalently, with the submanifold M3 in the space H).
A macroscopic particle is identified with a quantum sys-
tem constrained to the phase space Mg ;. Measuring po-
sition of a macroscopic particle can be then described
in terms of states in S2. Because of this, the normal
distribution of position of a macroscopic particle and the
probability of transition between quantum states of a mi-
croscopic particle become related. It will be shown that,
under measurements, macroscopic and microscopic par-
ticles obey the same law. Namely:

The Born rule for a position measurement of a micro-
scopic particle implies the normal probability distribution
of position of a macroscopic particle.

Conversely, suppose that measurements of position of a
macroscopic particle are distributed normally. Suppose
further that the probability P(p, ) for a microscopic par-
ticle in an arbitrary state @ € Lo to be found under a
measurement in a state v depends only on the distance
p(m(p),n(¢)) between the states, in the Fubini-Study
metric on the projective space CP*2. Then P(p,1)) =
cos? p((), 7(1)):

To summarize:

The normal probability distribution of a position ran-
dom variable for a particle in the classical space implies

the Born rule for transitions between arbitrary quantum
states of the particle and vice versa.

To prove this, note that a macroscopic particle is de-
scribed in the classical phase space R? x R? = Mg 5, and
so its state at a given time is given by the function (see

(34)):
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1 (x—a)2 . p(x—a)
2 2> T (60)
o

eal) = (

Let 03(x) be the modulus |@a| and let 63 denote the usual

delta-function. By the Born rule, the probability density

f(b) to find the particle at a point b is equal to

1 )3/2 _(a=b)?
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F0) = lea®) = G = (s

(61)
which is the normal distribution function. It follows that
on the elements of My, the Born rule s the rule of normal
distribution.

Conversely, assume the normal probability distribution
of position measurements for macroscopic particles. Here
it will be sufficient to deal with particles at rest. A macro-
scopic particle at rest is represented by the state §3(x)
(zero phase) in the classical space R® = Mg, which is a
submanifold of My ;. It was shown that the Born rule and
the normal distribution law are the same for the states in
Mg 3, in particular, for the states 63(x). Therefore, the
normal distribution rule can be also written in the form
of the Born rule

P(83,83) = (83, 53) 2, (62)

where P(33, 61,3) is the probability of transition from the
state Sg to the state Sg under a measurement of an ap-
propriate observable. Note that (61) is the probability
density while (62) is the probability of transition. How-
ever, assuming gﬁ is sufficiently sharp, the formulas mean
the same thing. In fact, in this case 63 in (61) can be re-

placed with gg For this recall that (5]?; is unit-normalized
in L2 (R?’)Z

/ 133 () [2dPx = 1. (63)
Let h be the height gg(b) of gf’) and let Az be defined by
W @af = [RePdx=1 (61

Then h = L5 and

(Azx)3/2

2

! . (65)

53(b) / dex

where integration is over the cube of side Ax centered at
b. As a result,

(33, 68) > ~

@32~ )] (a2)? = f)(a2), (66)




which relates the probability in (62) to the normal prob-
ability density in (61) and identifies P(83,83) with the
probability of finding the macroscopic particle near the
point b.
The Born rule (62) can be also written as
P(83,63) = cos? p(63, ). (67)
where p(63,03) is the distance between the states 03,53
in the Fubini-Study metric on the projective space 7 :
Stz — CPL2. Here 7(83) is identified with 63, which is
possible because the state is real-valued. }
The Fubini-Study distance between the states 5:3;, 6%
takes on all values from 0 to /2, which is the largest
possible distance between points in CP%2. By assump-
tion, the probability P(p,1) of transition between any
states ¢ and 1 depends only on the Fubini-Study dis-
tance p(m(p), (1)) between the states. Given arbitrary
states ¢, 1 € SL2, let then (5~§, 83 be two states in M3,
such that

p(r (), (1)) = p(63,63).

From the assumed normal probability distribution for the
states §3 and the assumption that probability of transi-
tion depends only on the Fubini-Study distance between
the states, it then follows that

(68)

P, 1) = P(63,68) = cos? p(82, 58) = cos? p(m(p), m(1)),

(69)
which yields the Born rule for arbitrary states. This
proves the claim.

This beautiful result is based on a highly non-trivial
way in which the classical space is embedded into the
Hilbert space of states. Namely, because of the special
properties of the embedding, the ”classical law” (normal
distribution of observation results) becomes a part of the
quantum law, which simply extends the classical law to
superpositions. The extension is unique if the assumption
is made that the probability of transition must only de-
pend on the distance between states in the Fubini-Study
metric.

In more detail, denote the distance between two points
a,b in R? by ||a — bl[zs. Under the embedding of the
classical space into the space of states, the variable a is
represented by the state 6. The set of states 03 form a

submanifold Mg in the Hilbert spaces of states La(R?).
The manifold MY is " twisted” in L2 (R?), it belongs to the
sphere ST2 and spans all dimensions of Ly(R3). Distance
between the states 62, 63 in Lo(R?) or in the projective
space C'P2 is not equal to [|a — bl|gs. In fact, the for-
mer distance measures length of a geodesic between the
states while the latter is obtained using the same metric
on the space of states, but applied along a geodesic in
the twisted manifold M. In precise terms the relation
between the two distances is given by

_ (a—b)?
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= cos® p(gf;, SE’,), (70)
where the left hand side is a result of integration in (62).
This equation is what accounts for the relation between
the normal probability distribution and the Born rule.

SUMMARY

The classical space and classical phase space are now
embedded into the space of states of the correspond-
ing quantum system and form a complete set (overcom-
plete basis) in that space. The dynamics of a classi-
cal m-particle mechanical system is identified with the
Schrodinger dynamics constrained to the classical phase
space. Conversely, there is a unique unitary time evo-
lution on the space of states of a quantum system that
yields Newtonian dynamics when constrained to the clas-
sical phase space. The normal distribution law is derived
from the Born rule. Conversely, the Born rule is the only
probability law on the the projective space of states that
is isotropic and yields the normal distribution on a clas-
sical configuration submanifold. These results suggest
that other areas of tension between classical and quan-
tum physics can be now fruitfully explored.
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