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Abstract
The purpose of this paper is to review, clarify, and critically analyse
modern mathematical cosmology. The emphasis is upon the mathematical structures involved, rather than numerical computations. The opening
section reviews and clarifies the Friedmann-Robertson-Walker models of
General Relativistic Cosmology, while Section 2 deals with the spatially
homogeneous models. Particular attention is paid to the topological and
geometrical aspects of these models. Section 3 explains how the mathematical formalism can be linked with astronomical observation. Sections
4 and 5 provide a critical analysis of Inflationary Cosmology and Quantum Cosmology, with particular attention to the claims made that these
theories can explain the creation of the universe.
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The Friedmann-Robertson-Walker models

Let us review and clarify the topological and geometrical aspects of the
Friedmann-Robertson-Walker (FRW) models of General Relativistic Cosmology. Geometrically, a FRW model is a 4-dimensional Lorentzian manifold M
which can be expressed as a warped product, (O’Neill [1], Chapter 12; Heller
[2], Chapter 6):
I ×R Σ
I as an open interval of the pseudo-Euclidean manifold R11 , and Σ is a complete and connected 3-dimensional Riemannian manifold. The warping function
R is a smooth, real-valued, non-negative function upon the open interval I. It
will otherwise be known as the scale factor.
If we deonote by t the natural coordinate function upon I, and if we denote
the metric tensor on Σ as γ, then the Lorentzian metric g on M can be written
as
g = −dt ⊗ dt + R(t)2 γ
One can consider the open interval I to be the time axis of the warped product cosmology. The 3-dimensional manifold Σ represents the spatial universe,
and the scale factor R(t) determines the time evolution of the spatial geometry.
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In a conventional FRW model, the 3-dimensional manifold Σ is an isotropic
and homogeneous Riemannian manifold. More precisely, Σ is globally isotropic.
To explain the significance of this, we shall review the notions of homogeneity
and isotropy.
A Riemannian manifold (Σ, γ) is defined to be homogeneous if the isometry
group I(Σ) acts transitively upon Σ. For any pair of points p, q ∈ Σ from a
homogeneous manifold, there will be an isometry φ such that φ(p) = q. If there
is a unique isometry φ such that φ(p) = q for each pair of points p, q ∈ Σ, then
the isometry group action is said to be simply transitive. If there is sometimes,
or always, more than one such isometry, then the isometry group action is said
to be multiply transitive.
In colloquial terms, one can say that the geometrical characteristics at one
point of a homogeneous Riemannian manifold, match those at any other point.
To define isotropy, it is necessary to introduce the ‘isotropy subgroup’. At
each point p ∈ Σ of a Riemannian manifold, there is a subgroup Hp ⊂ I(Σ) of
the isometry group. Referred to as the isotropy subgroup at p, Hp is the set of
isometries under which p remains fixed. Thus, ψ ∈ Hp is such that ψ(p) = p.
The differential map ψ∗ of each ψ ∈ Hp , bijectively maps the tangent space at
p onto itself. By restricting the differential map ψ∗ of each ψ ∈ Hp to Tp Σ, the
tangent space at p, one obtains a linear representation of the isotropy subgroup
Hp :
j : Hp → GL(Tp Σ)
We can refer to j(Hp ) as the linear isotropy subgroup at p. Whilst Hp is a
group of transformations of Σ, j(Hp ) is a group of transformations of Tp Σ.
The Riemannian metric tensor field γ upon the manifold Σ, assigns a
positive-definite inner product h , iγ to each tangent vector space Tp Σ. Hence,
each tangent vector space can be considered to be an inner product space
(Tp Σ, h , iγ )
Whilst Hp is a group of diffeomorphic isometries of the Riemannian manifold (Σ, γ), j(Hp ) is a group of linear isometries of the inner product space
(Tp Σ, h , iγ ). For any pair of vectors v, w ∈ Tp Σ, and for any ψ ∈ j(Hp ), this
means that
hψ(v), ψ(w)i = hv, wi
We can therefore consider the representation j to be an orthogonal linear
representation:
j : Hp → O(Tp Σ) ⊂ GL(Tp Σ)
We can now define a Riemannian manifold (Σ, γ) to be isotropic at a point
p if the linear isotropy at p, j(Hp ), acts transitively upon the unit sphere in the
tangent space Tp Σ.
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This definition requires some elaboration. Firstly, the unit sphere Sp Σ ⊂
Tp Σ is defined as
Sp Σ = {v ∈ Tp Σ : hv, viγ = 1}
The unit sphere represents all possible directions at the point p of the manifold Σ. Each vector v ∈ Sp Σ can be considered to point in a particular direction.
Now, the requirement that j(Hp ) acts transitively upon Sp Σ, means that
for any pair of points v, w ∈ Sp Σ on the unit sphere, there must be a linear
isometry ψ ∈ j(Hp ) such that ψ(v) = w. If j(Hp ) acts transitively upon the
unit sphere Sp Σ, all directions at the point p are geometrically indistinguishable.
If a Riemannian manifold (Σ, γ) is isotropic at a point p, then all directions at
the point p are geometrically indistinguishable.
In the case of cosmological relevance, where (Σ, γ) is a 3-dimensional Riemannian manifold which represents the spatial universe, isotropy at a point p
means that all spatial directions at p are indistinguishable.
It is simple to show that j(Hp ) acts transitively upon the unit sphere at a
point p, if and only if it acts transitively upon a sphere of any radius in Tp Σ.
Hence, if (Σ, γ) is isotropic at p, then j(Hp ) includes the so-called rotation
group SO(Tp Σ) ∼
= SO(3). The orbits of the action are the concentric family of
2-dimensional spheres in Tp Σ, plus the single point at the origin of the vector
space.
If j(Hp ), the linear isotropy group at p, acts transitively upon the unit sphere
in Tp Σ, then each orbit of the isotropy group action on Σ consists of the points
which lie a fixed distance from p, and each such orbit is a homogeneous surface
in Σ, whose isometry group contains SO(3).
An isotropic Riemannian manifold (Σ, γ) is defined to be a Riemannian
manifold which is isotropic at every point p ∈ Σ. To be precise, we have defined
a globally isotropic Riemannian manifold. We will subsequently introduce the
notion of local isotropy, which generalizes the notion of global isotropy. It is
conventionally understood that when one speaks of isotropy, one is speaking of
global isotropy unless otherwise indicated. To clarify the discussion, however,
we will hereafter speak explicitly of global isotropy.
From the perspective of the 4-dimensional Lorentzian manifold M = I ×R Σ,
each point p belongs to a spacelike hypersurface Σt = t × Σ which is isometric
with (Σ, R(t)2 γ). The hypersurface Σt is a 3-dimensional Riemannian manifold of constant sectional curvature. The tangent space Tp M contains many
3-dimensional spacelike subspaces, but only one Tp Σt which tangent to Σt , the
hypersurface of constant sectional curvature passing through p. The unit sphere
Sp Σt in this subspace represents all the possible spatial directions at p in the
hypersurface of constant sectional curvature. Spatial isotropy means that the
isotropy group at p acts transitively upon this sphere. Whilst there is a spacelike unit sphere in each 3-dimensional spacelike subspace of Tp M, the spatial
isotropy of the FRW models pertains only to the transitivity of the isotropy
group action upon Sp Σt . However, there is also a null sphere at p consisting
of all the null lines in Tp M. This sphere represents all the possible light rays
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passing through p. Letting ∂t denote the unit timelike vector tangent to I, the
isotropy group action at each p maps ∂t to itself. Any vector in Tp M can be decomposed as the sum of a multiple of ∂t with a vector in the spacelike subspace
Tp Σt . Hence, the action of the isotropy group upon Tp Σt can be extended to an
action upon the entire tangent vector space Tp M. In particular, the isotropy
group action can be extended to the null sphere. If the isotropy group action is
transitive upon the set of spatial directions Sp Σt , then it will also be transitive
upon the null sphere at p.
In a conventional FRW model, the complete and connected 3-dimensional
Riemannian manifold (Σ, γ), is both homogeneous and globally isotropic. In
fact, any connected 3-dimensional globally isotropic Riemannian manifold must
be homogeneous. It is therefore redundant to add that a conventional FRW
model is spatially homogeneous.
Now, a complete, connected, globally isotropic 3-dimensional Riemannian
manifold must be of constant sectional curvature k. A complete, connected
Riemannian manifold of constant sectional curvature, of any dimension, is said
to be a Riemannian space form.
There exists a simply connected, 3-dimensional Riemannian space form for
every possible value, k, of constant sectional curvature.
Theorem 1 A complete, simply connected, 3-dimensional Riemannian manifold of constant sectional curvature k, is isometric to
√
• The sphere S 3 (r) for r = (1/k) if k > 0
• Euclidean space R3 if k = 0
√
• The hyperbolic space H 3 (r) for r = − (1/k) if k < 0
where
S 3 (r) = {x ∈ R4 : < x, x >= r2 }
and
H 3 (r) = {x ∈ R3,1 : < x, x >= −r2 , x0 > 0}
S 3 (r), the sphere of radius r, is understood to have the metric tensor induced upon it by the embedding of S 3 (r) in the Euclidean space R4 , and the
hyperboloid H 3 (r) is understood to have the metric tensor induced upon it by
the embedding of H 3 (r) in the pseudo-Euclidean space R3,1 .
Geometries which differ from each other by a scale factor are said to be homothetic. Space forms are homothetic if and only if their sectional curvature is of
the same sign. There are, therefore, up to homothety, only three 3-dimensional
simply connected Riemannian space forms: S 3 , the three-dimensional sphere;
R3 , the three-dimensional Euclidean space; and H 3 , the three-dimensional hyperboloid.
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Whilst it is true that every simply connected Riemannian space form is
globally isotropic, the converse is not true. Real-projective three-space RP3 ,
equipped with its canonical metric tensor, is also globally isotropic, but is nonsimply connected.
Up to homothety, there are four possible spatial geometries of a conventional,
globally isotropic FRW model: S 3 , R3 , H 3 , and RP3 . Up to homothety, these are
the only complete and connected, globally isotropic 3-dimensional Riemannian
manifolds, (Beem and Ehrlich [3], p131).
R3 and H 3 are diffeomorphic, hence there are only three possible spatial
topologies of a globally isotropic FRW model. Only S 3 , R3 , and RP3 can be
equipped with a globally isotropic, complete Riemannian metric tensor.
A generalization of the conventional FRW models can be obtained by dropping the requirement of global isotropy, and substituting in its place the condition that (Σ, γ) must be a Riemannian manifold of constant sectional curvature,
a space form.
As already stated, every globally isotropic Riemannian 3-manifold is a space
form. However, not every 3-dimensional Riemannian space form is globally
isotropic. On the contrary, there are many 3-dimensional Riemannian space
forms which are not globally isotropic.
One can obtain any 3-dimensional Riemannian space form as a quotient Σ/Γ
of a simply connected Riemannian space form, where Γ is a discrete, properly
discontinuous, fixed-point free subgroup of the isometry group I(Σ), (O’Neill [1],
p243 and Boothby [4], p406 Theorem 6.5). Properly discontinuous means that
for any compact subset C ⊂ Σ, the set {φ ∈ Γ : φ(C) ∩ C 6= ∅} is finite. The
quotient is guaranteed to be Hausdorff is the action is properly discontinuous.
Γ acts properly discontinuously if and only if Γ is a discrete group, hence there
is some redundancy in the definition above.
The quotient Σ/Γ is a Riemannian manifold if and only if Γ acts freely. The
natural way of rendering the quotient manifold Σ/Γ a Riemannian manifold
ensures that Σ is a Riemannian covering of Σ/Γ, (see O’Neill [1], p191, for a
general version of this where Σ is a semi-Riemannian manifold). The covering
map η : Σ → Σ/Γ is a local isometry, hence if Σ is of constant sectional curvature
k, then Σ/Γ will also be of constant sectional curvature k. If Σ is simply
connected, then the fundamental group of the quotient manifold Σ/Γ will be
isomorphic to Γ. i.e. π1 (Σ/Γ) = Γ. Hence, for a non-trivial group Γ, the
quotient manifold will not be simply connected.
Every space form of constant sectional curvature k > 0 is a quotient S 3 (r)/Γ,
every k = 0 space form is a quotient R3 /Γ, and every k < 0 space form is a
quotient H 3 (r)/Γ.
Let N (Γ) denote the normalizer of Γ in I(Γ). N (Γ) is the largest subgroup
of I(Γ) which contains Γ as a normal subgroup. The isometry group of Σ/Γ is
N (Γ)/Γ, (O’Neill, [1], p249). Equivalently, the isometry group of the quotient
manifold is the ‘centralizer’, or ‘commutant’ Z(Γ), the subgroup of I(Γ) consisting of elements which commute with all the elements of Γ, (Ellis, [5], p11).
In general, there is no reason for Z(Γ) to contain Γ as a subgroup.
If Γ is a discrete group acting freely on a manifold M, then there is a ‘unit
5

cell’ C ⊂ M, a closed subset, whose images under Γ tessellate the space M.
Each orbit Γx, for x ∈ M, contains either one interior point of C, or two or
more boundary points of C. A unit cell therefore contains representatives of
each orbit of Γ, and for almost all orbits, the unit cell contains exactly one
representative. Given that a point of M/Γ is an orbit of Γ, it follows that one
can construct M/Γ from C by identifying boundary points in the same orbit,
(J.L.Friedman, [7], p543-545).
To say that the subsets {φ(C) : φ ∈ Γ}, tessellate the space M, means that
they constitute a covering of M by isometric closed subsets, no two of which
have common interior points.
In the case of a quotient Σ/Γ of a simply connected 3-dimensional Riemannian space form Σ, by a discrete group Γ of properly discontinuous, freely acting
isometries, if Σ/Γ is a compact 3-manifold, then the unit cell is a polyhedron,
(J.L.Friedman, [7], p544). One can construct such compact quotient manifolds
by identifying the faces of the polyhedron. The best-known example is the way
in which one can obtain the three-torus T3 by identifying the opposite faces of
a cube.
Although many space forms are not globally isotropic, they are all, at the
very least, locally isotropic. To define local isotropy, it is necessary to use the
concept of a local isometry. One can define a local isometry of a Riemannian
manifold (Σ, γ) to be a smooth map φ : Σ → Σ, such that each differential map
φ∗p : Tp Σ → Tφ(p) Σ is a linear isometry. Equivalently, the defining characteristic
of a local isometry is that each p ∈ Σ has a neighbourhood V which is mapped
by φ onto an isometric neighbourhood φ(V ) of φ(p). Whilst a local isometry
φ : Σ → Σ need not be a diffeomorphism of Σ, it must at the very least be
a local diffeomorphism. It is also worth noting that every isometry must be a
local isometry.
At each point p ∈ Σ of a Riemannian manifold, one can consider the family
of all local isometries of (Σ, γ) which leave the point p fixed. Each such local
isometry maps a neighbourhood V of p onto an isometric neighbourhood of the
same point p. This family of local isometries is the analogue of the isotropy
subgroup at p of the global isometry group. The differential map of each such
local isometry, φ∗p : Tp Σ → Tp Σ, is a linear isometry of the inner product space
(Tp Σ, h , iγ ).
One defines a Riemannian manifold (Σ, γ) to be locally isotropic at a point
p if the family of local isometries which leave p fixed, act transitively upon the
unit sphere Sp Σ ⊂ Tp Σ. If the local linear isotropy group at p acts transitively
upon Sp Σ, then the local isotropy group at p must contain SO(3). Naturally, a
locally isotropic Riemannian manifold is defined to be a Riemannian manifold
which is locally isotropic at every point.
Outside the common neighbourhood U of the local isometries in the local
isotropy group at p, the set of points which lie at a fixed spatial distance from
p, will not, in general, form a homogeneous surface. If a locally isotropic space
has been obtained as the quotient of a discrete group action, then beyond the
neighbourhood U , the set of points which lie at a fixed distance from p, will, in
general, have a discrete isometry group. Inside U , the set of points which lie at
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a fixed spatial distance from p, will still form a homogeneous surface with an
isometry group that contains SO(3).
Beyond the neighbourhood U , the orbits of the local isotropy group of p still
coincide with sets of points that lie at a fixed distance from p, but these orbits
are not homogeneous surfaces. The local isotropy group of p, which contains
SO(3), acts transitively upon these surfaces, but it does not act as a group
of isometries upon these surfaces. Instead, only a discrete subgroup of SO(3)
provides the isometries of these surfaces.
Beyond U , the orbits of the local isotropy group action have preferred directions. If a locally isotropic space has been obtained as the quotient of a discrete
isometry group action, and if that quotient action is defined by identifying the
faces of a polyhedron, then the perpendiculars to the faces of the polyhedron define preferred directions on the orbits of the local isotropy group action, beyond
a certain distance from each point p.
Projecting from the hypersurfaces Σt of a warped product I ×R Σ onto the 3dimensional locally isotropic Riemannian manifold Σ, the past light cone E − (x)
of an arbitrary point x = (t0 , p), passes through the orbits in Σ of the local
isotropy group of p ∈ Σ at ever-greater distances from p the further the light
cone reaches into the past1 . Hence, in a locally isotropic warped product, the
past light cone E − (x) will consist of homogeneous 2-dimensional surfaces close
to x, but beyond a certain spatial distance, looking beyond a certain time in the
past, the constant time sections of the light cone will consist of non-homogeneous
surfaces, which only have a discrete isometry group. Observationally, this means
that one would only see an isotropic pattern of light sources up to a certain
distance, or up to a certain ‘look-back’ time, away from the point of observation.
It is easy to see that every globally isotropic Riemannian manifold must
be locally isotropic. However, there are many locally isotropic Riemannian
manifolds which are not globally isotropic. Whilst every Riemannian space
form is locally isotropic, only a simply connected space form is guaranteed to
be globally isotropic.
Present astronomical data indicates that the spatial universe is locally
isotropic about our location in space. Present data does not reveal whether
the spatial universe is globally isotropic about our point in space. We have only
received light from a proper subset of the spatial universe because light from
more distant regions has not had time to reach us.
The Copernican Principle declares that the perspective which the human
race has upon the universe is highly typical. Combining this philosophical principle with the astronomical evidence that the spatial universe is locally isotropic
about our point in space, one infers that the spatial universe is locally isotropic
about every point in space. One infers that the spatial universe is representable
by a locally isotropic Riemannian manifold. Our limited astronomical data
means that it is unjustified to stipulate that the spatial universe is globally
isotropic.
1 The past light cone E − (x) is the set of points which can be connected to x by a future
directed null curve.
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Neither do our astronomical observations entail global homogeneity; we only
observe local homogeneity, and approximate local homogeneity at that. One can
define a Riemannian manifold (Σ, γ) to be locally homogeneous if and only if,
for any pair of points p, q ∈ Σ, there is a neighbourhood V of p, which is isometric with a neighbourhood U of q. There will be a local isometry φ : Σ → Σ
such that φ(V ) = U . Just as all of the space forms are locally isotropic, so they
are also locally homogeneous. A connected, globally isotropic Riemannian manifold must be globally homogeneous, and similarly, a connected locally isotropic
Riemannian manifold must be locally homogeneous, (Wolf [8], p381-382).
This generalization of the conventional FRW models enlarges the range of
possible spatial geometries and topologies of our universe. The topology of the
spatial universe need not be homeomorphic to either R3 , S 3 , or RP3 .
Take the 3-dimensional Euclidean space forms. These are the complete,
connected, flat 3-dimensional Riemannian manifolds, each of which is a quotient R3 /Γ of 3-dimensional Euclidean space by a discrete group Γ of properly
discontinuous, fixed point free isometries.
There are actually 18 non-homeomorphic 3-dimensional manifolds which can
be equipped with a complete Riemannian metric tensor of constant sectional curvature k = 0. Of the 18 there are 10 of compact topology, and 8 of non-compact
topology. The non-compact 3-dimensional Euclidean space forms include, (Wolf
[8], p112-113):
1. R1 × R2 ≡ R3
2. R1 × (Cylinder)
3. R1 × (Torus) i.e. R1 × T2
4. R1 × (Moebius band)
5. R1 × (Klein bottle)
The second factors in the five cases listed above, exhaust the 2-dimensional
Euclidean space forms. Because the Moebius band and the Klein bottle are
non-orientable, cases 4. and 5. are non-orientable 3-manifolds. The first three
cases are, however, orientable.
Of the 8 non-compact Euclidean space forms, 4 are orientable, and 4 are
non-orientable. Of the 10 compact Euclidean space forms, 6 are orientable, and
4 are non-orientable.
Notice that R1 × (Cylinder) ≡ R1 × (R1 × S 1 ) ∼
= R2 × S 1 . The open disc B 2
2
2
1 ∼
2
is homeomorphic with R , hence R × S = B × S 1 . The 3-manifold B 2 × S 1
is the interior of a solid torus. The interior of a solid torus is a possible spatial
topology for a FRW universe. All our astronomical observations, in conjunction
with the Copernican principle, are consistent with the spatial universe having
the shape of a solid ring.
The compact 3-dimensional Euclidean space forms include the 3-dimensional
torus T3 . The other nine compact flat Riemannian manifolds can then be obtained from T3 as a quotient T3 /Γ, (Wolf [8], p105). Of the ten compact flat
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Riemannian 3-manifolds, nine can be fibred over the circle. In seven of these
cases, the fibre is a 2-torus, and in the other two cases, the fibre is a Klein
bottle, (Besse [9], p158, 6.20). Alternatively, one can treat two of the ten as
circle bundles over the Klein bottle, and one of these is the trivial product bundle S 1 × (Klein bottle). Both T3 ∼
= S 1 × T2 and S 1 × (Klein bottle) can be
considered as circle bundles over the 2-torus T2 , (Besse [9], p158, 6.19).

In the case of the 3-dimensional Riemannian space forms of positive curvature S 3 /Γ, the isometry group of S 3 is SO(4), and the quotient group Γ must be
a discrete subgroup of SO(4) which acts freely and discontinuously on S 3 . These
subgroups come in three types (Rey and Luminet [11], p52-55, Wolf [8] p83-87):
Zp the cyclic rotation groups of order p, for p ≥ 2; Dm the dihedral groups of
order 2m, for m > 2, the symmetry groups of the regular m-sided polygons; and
the symmetry groups of the regular polyhedra, T , O and I. There are actually
five regular polyhedra (the ‘Platonic solids’): the regular tetrahedron (4 faces),
the regular hexahedron or cube (6 faces), the regular octahedron (8 faces), the
regular dodecahedron (12 faces), and the regular icosahedron (20 faces). There
are, however, only three distinct symmetry groups, the tetrahedral group T ,
octahedral group O, and icosahedral group I. The hexahedron has the octahedral symmetry group O, and the dodecahedron has the icosahedral symmetry
group I. There are also double coverings of the dihedral and polyhedral groups,
∗
denoted as Dm
, T ∗ , O∗ , I ∗ .
The globally homogeneous 3-dimensional Riemannian space forms of positive
curvature S 3 /Γ can be listed as follows, (Wolf [8], p89, Corollary 2.7.2):
1. S 3
2. RP3 ∼
= S 3 /Z2
3. S 3 /Zp for p > 2
∗
4. S 3 /Dm
for m > 2

5. S 3 /T ∗
6. S 3 /O∗
7. S 3 /I ∗
One can also take the quotient of S 3 with respect to groups Γ of the form
Zu × Dv∗ , Zu × Tv∗ , Zu × O∗ , or Zu × Iv∗ , for certain values of u and v, and where
the Tv∗ are subgroups of T ∗ (Ellis [5], p13). These spherical space forms are
merely locally homogeneous.
Note that, in contrast with the Euclidean case, there are an infinite number
of distinct spherical space forms because there is no limit on p or m.
The real projective space RP3 ∼
= S 3 /Z2 is globally isotropic and orientable,
but not simply connected. The spaces S 3 /Zp are referred to as lens spaces,
while the Poincare manifold is homeomorphic with S 3 /I.
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All of the 3-dimensional spherical Riemannian space forms are of compact
topology.

In the case of the 3-dimensional hyperbolic space forms, the work of Thurston
demonstrates that ‘most’ compact and orientable 3-manifolds can be equipped
with a complete Riemannian metric tensor of constant negative sectional curvature. This means that ‘most’ compact, orientable 3-manifolds can be obtained
as a quotient H 3 /Γ of hyperbolic 3-space. The meaning of ‘most’ in this context
involves Dehn surgery, (Besse, [9], p159-160).
Every compact, orientable 3-manifold can be obtained from S 3 by Dehn
surgery along some link L. A link in a manifold is defined to be a finite, disjoint
union of simple closed curves L = J1 ∪ · · · ∪ Jn . The first step of Dehn surgery
along a given link L, is to specify disjoint tubular neighbourhoods Ni of each
component Ji . Each tubular neighbourhood Ni is homeomorphic with a solid
torus D2 × S 1 .
Having identified n disjoint solid tori in S 3 , some of which may be knotted,
one removes the interior Int(Ni ) of each. That is, one takes the complement
S 3 − (Int(N1 ) ∪ · · · ∪ Int(Nn ))
The boundary surface ∂Ni of the hole left by the removal of Int(Ni ) is homeomorphic with a 2-dimensional torus T2 . Thus, what remains is a manifold
bounded by n disjoint 2-dimensional tori.
Next, one takes n copies of the solid torus Mi , and one sews each solid torus
back into S 3 − (Int(N1 ) ∪ · · · ∪ Int(Nn )). Each sewing instruction is specified by
a diffeomorphism
φi : ∂Mi → ∂Ni
One defines a point x ∈ ∂Mi on the boundary of the solid torus ∂Mi to be
equivalent to the point φi (x) ∈ ∂Ni on the boundary of the hole left by the
removal of Int(Ni ). The result is a new 3-manifold.
By varying the choice of link, and by varying the choice of sewing instructions, one can obtain every compact, orientable 3-manifold. Furthermore, one
can obtain every compact, orientable 3-manifold even if one limits the Dehn
surgery to hyperbolic links. A link L in S 3 is defined to be a hyperbolic link if
S 3 − L can be equipped with a complete Riemannian metric tensor of constant
negative sectional curvature.
Given a choice of link L, although it is true that some collections of diffeomorphisms {φi : ∂Mi → ∂Ni : i = 1, ..., n} yield the same manifold, there
are still an uncountable infinity of distinct ways in which one can sew the solid
tori back in. Thurston has shown that, in the case of a hyperbolic link, only a
finite number of choices for the sewing instructions yield a manifold which cannot support a complete Riemannian metric tensor of constant negative sectional
curvature. It is in this sense that ‘most’ compact, orientable 3-manifolds can
be equipped with a complete Riemannian metric tensor of constant negative
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sectional curvature. Given that all the hyperbolic 3-dimensional Riemannian
space forms can be obtained as a quotient H 3 /Γ, it follows that most ‘most’
compact, orientable 3-manifolds can be obtained as such a quotient.
The Cosmological corollary of Thurston’s work is that there exists a vast
class of compact, orientable 3-manifolds, which could provide the topology of a
k < 0 FRW universe. Note that there are compact and non-compact quotients
H 3 /Γ.
The Rigidity theorem for hyperbolic space-forms states that a connected
oriented n-dimensional manifold, compact or non-compact, of dimension n ≥ 3,
supports at most one Riemannian metric tensor of constant negative sectional
curvature, up to homothety. Unfortunately, this last qualification has been neglected in some places, and misunderstanding has resulted amongst cosmologists. Given any 3-dimensional Riemannian space form Σ of constant negative
curvature k, one can change the geometry by an arbitrary scale factor RΣ to
obtain a Riemannian manifold with the same topology, but with constant cur2
vature k/RΣ
. This, after all, is what the time-dependent scale factor does with
a hyperbolic universe in FRW cosmology! Cornish and Weeks falsely state that
if a pair of 3-dimensional hyperbolic manifolds are homeomorphic, then they
must be isometric, ([14], p8). Rey and Luminet, ([11], p57-58), state that, for
n ≥ 3, a connected oriented n-manifold can support at most one hyperbolic
metric, without adding the qualification, ‘up to homothety’. They falsely state
that if two hyperbolic manifolds of dimension n ≥ 3 have isomorphic fundamental groups, then they must be isometric. In fact, they only need be homothetic.
There is no reason why the metric on a manifold obtained as a quotient H 3 /Γ
cannot be changed by a scale factor from the metric it inherits in the quotient
construction. Alternatively, one can place the scale factor on the universal cover;
the hyperbolic manifolds of radius r, H 3 (r), are mutually homothetic, and one
obtains homothetic quotients H 3 (r)/Γ as a result. Each quotient H 3 (r)/Γ has
the same fundamental group, but the geometries induced by the quotient construction are not isometric. Luminet and Roukema ([10], p14) correctly state
the rigidity theorem with the vital qualification of a fixed scale factor on the
universal cover.
The scale factor RΣ used to define the Riemannian geometry (Σ, γ) should
not be confused with the dynamic scale factor R(t) of a FRW universe.

To reiterate, a connected, locally isotropic Riemannian manifold is only
guaranteed to be locally homogeneous. The only globally homogeneous 3dimensional Riemannian space forms are, (Wolf [8], p88-89):
1. k = 0
(a) T3
(b) R3
(c) R2 × S 1
(d) R × T2
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2. k < 0
(a) S 3
(b) RP3 ∼
= S 3 /Z2
(c) S 3 /Zp for p > 2
∗
(d) S 3 /Dm
for m > 2

(e) S 3 /T ∗
(f) S 3 /O∗
(g) S 3 /I ∗
3. k > 0
(a) H 3
Clearly, there is no compact, globally homogeneous, 3-dimensional hyperbolic space-form because the only globally homogeneous 3-dimensional hyperbolic space-form is the non-compact space H 3 (Wolf [8], p90, Lemma 2.7.4 and
p230, Theorem 7.6.7). Also note that only three of the eighteen 3-dimensional
Euclidean space-forms are globally homogeneous.

Given a particular Lorentzian metric tensor field g, the Einstein field equation determines the corresponding stress-energy tensor field T . In coordinateindependent notation, the Einstein field equation, without cosmological constant, can be expressed as
T = 1/(8πG)(Ric − 1/2 S g)
Ric denotes the Ricci tensor field determined by g, and S denotes the curvature
scalar. We have chosen units here in which c = 1. In the component terms used
by physicists,
Tµν = 1/(8πG)(Rµν − 1/2 S gµν )
In the Friedmann-Robertson-Walker models, the warped product metric
g = −dt ⊗ dt + R(t)2 γ
corresponds to the stress-energy tensor of a perfect fluid:
T = (ρ + p)dt ⊗ dt + pg
ρ and p are both scalar fields on M which are constant on each hypersurface
Σt = t×Σ, but which exhibit time dependence. ρ is the energy density function,
and p is the pressure function.
The scale factor R(t), energy density ρ, and pressure p of a FriedmannRobertson-Walker model satisfy the so-called Friedmann equations, (O’Neill,
[1], p346; Kolb and Turner, [15], p49-50):
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¶2
R0 (t)
k
+
R(t)
R(t)2
µ 0 ¶2
R00 (t)
R (t)
k
−8πGp(t) = 2
+
+
R(t)
R(t)
R(t)2
8πG
ρ(t) =
3

µ

k is the constant sectional curvature of the 3-dimensional Riemannian space
0
form (Σ, γ), R0 (t) ≡ dR(t)
dt , and R (t)/R(t) is the Hubble parameter H(t). The
sectional curvature of the hypersurface Σt is k/R(t)2 .
A Riemannian manifold (Σ, γ) is equipped with a natural metric space structure (Σ, d). In other words, there exists a non-negative real-valued function
d : Σ × Σ → R which is such that
1. d(p, q) = d(q, p)
2. d(p, q) + d(q, r) ≥ d(p, r)
3. d(p, q) = 0 iff p = q
The metric tensor γ determines the Riemannian distance d(p, q) between any
pair of points p, q ∈ Σ. The metric tensor γ defines the length of all curves in the
manifold, and the Riemannian distance is defined as the infimum of the length
of all the piecewise smooth curves between p and q. In the warped product
space-time I ×R Σ, the spatial distance between (t, p) and (t, q) is R(t)d(p, q).
Hence, if one projects onto Σ, one has a time-dependent distance function on
the points of space
dt (p, q) = R(t)d(p, q)
Each hypersurface Σt is a Riemannian manifold (Σt , R(t)2 γ), and R(t)d(p, q)
is the distance between (t, p) and (t, q) due to the metric space structure (Σt , dt ).
The rate of change of the distance between a pair of points in space is given
by
d/dt(dt (p, q)) = d/dt(R(t)d(p, q))
= R0 (t)d(p, q)
R0 (t)
R(t)d(p, q)
R(t)
= H(t)R(t)d(p, q)
=

= H(t)dt (p, q)
The rate of change of distance between a pair of points is proportional to the
spatial separation of those points, and the constant of proportionality is the
Hubble parameter H(t) = R0 (t)/R(t). Galaxies are embedded in space, and the
distance between galaxies increases as a result of the expansion of space, not
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as a result of the galaxies moving through space. The rate of change of the
distance between ourselves and a galaxy is referred to as the recessional velocity
v of the galaxy. Where H0 denotes the current value of the Hubble parameter,
the Hubble law is simply v = H0 d0 . The recessional velocity corresponds to
the redshift in the spectrum of light received from the galaxy. If λo denotes
the observed wavelength of light and λe denotes the emitted wavelength, the
redshift z is defined as
λo − λe
λo
=
−1
λe
λe
The distance between ourselves and a galaxy is inferred from a knowledge of
the absolute luminosity of ‘standard candles’ in the galaxy, and the observed
apparent luminosity of those standard candles.
Cosmology texts often introduce what they call ‘comoving’ spatial coordinates (θ, φ, r). In these coordinates, galaxies which are not subject to proper
motion due to local inhomogeneities in the distribution of matter, retain the
same spatial coordinates at all times. In effect, comoving spatial coordinates
are merely coordinates upon Σ which are lifted to I × Σ to provide spatial coordinates upon each hypersurface Σt . The radial coordinate r of a point q ∈ Σ
is chosen to coincide with the Riemannian distance in the metric space (Σ, d)
which separates the point at r = 0 from the point q. Hence, assuming the point
p lies at the origin of the comoving coordinate system, the distance between
(t, p) and (t, q) can be expressed in terms of the comoving coordinate r(q) as
R(t)r(q).
If light is emitted from a point (te , p) of a warped product space-time and
received at a point (t0 , q), then the integral
Z t0
c
dt
R(t)
te
z=

where c is the speed of light, expresses the Riemannian distance d(p, q) in Σ
travelled by the light between the point of emission and the point of reception.
The present spatial distance between the point of emission and the point of
reception is
Z t0
c
R(t0 )d(p, q) = R(t0 )
dt
R(t)
te
The distance which separated the point of emission from the point of reception at the time the light was emitted is
Z t0
c
R(te )d(p, q) = R(te )
dt
te R(t)
The following integral defines the maximum distance in (Σ, γ) from which one
can receive light by the present time t0 :
Z t0
c
dmax (t0 ) =
dt
R(t)
0
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From this, cosmologists define something called the ‘particle horizon’,
Z t0
c
R(t0 )dmax (t0 ) = R(t0 )
dt
R(t)
0
We can only receive light from sources which are presently separated from us
by, at most, R(t0 )dmax (t0 ). In other words, we can see the past states of luminous objects which are presently separated from us by a distance of up to
R(t0 )dmax (t0 ), but we cannot see any further into the spatial volume of the
Rt
universe. R(t0 ) 0 0 c/R(t) dt is the present diameter of the observable spatial
universe.

The critical density ρc (t) in a FRW model is defined to be ρc (t) ≡
3H(t)2 /8πG, and the ratio of the density to the critical density Ω(t) ≡ ρ(t)/ρc (t)
is of great observational significance. It follows from the Friedmann equation
for the density ρ that one can infer the sign of the spatial curvature k from Ω.
Divide each side of the Friedmann equation
8πG
ρ(t) =
3

µ

R0 (t)
R(t)

¶2
+

k
k
= H(t)2 +
R(t)2
R(t)2

by H(t)2 to obtain
8πG ρ(t)
k
=1+
3 H(t)2
H(t)2 R(t)2
Now, given that Ω(t) = ρ(t)/ρc (t) it follows that
Ω(t) =

8πG ρ(t)
3 H(t)2

and one obtains
Ω(t) − 1 =

k
H(t)2 R(t)2

Assuming H(t)2 R(t)2 ≥ 0 at the present time, the sign of k must match the
sign of Ω(t) − 1 at the present time, (Kolb and Turner, [15], p50).
If one can infer the current value of the Hubble parameter H0 from observations, one can calculate the current value of the critical density ρc = 3H02 /8πG.
If one can also infer the current average density of matter and energy ρ0 from
observations, then one can calculate Ω0 = ρ0 /ρc . If Ω0 > 1, then k > 0, if
Ω0 = 1, then k = 0, and if Ω0 < 1, then k < 0.
A FRW universe in which the observed density of matter and energy is found
to be greater than the critical density, must have spatial curvature k > 0, and
must be of compact spatial topology. If the observed average density of matter
and energy equalled the critical density, then our spatial universe could have the
topology of any one of the 18 flat 3-dimensional Riemannian manifolds. Given
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that there exists a vast class of compact, orientable 3-manifolds, which could
provide the topology of a k < 0 FRW universe, if the observed density of matter
and energy is below the critical density, it would provide a negligible restriction
upon the possible spatial topology of the universe.
Given a FRW universe, if Ω0 > 1 the universe will expand forever, if Ω0 = 1,
then the universe will expand forever, but the expansion rate will converge to
zero, R0 (t) → 0 as t → ∞, and if Ω0 < 1, then the universe will exist for a finite
time, reaching a maximum diameter before contracting to a future singularity.

It is commonly assumed in observational cosmology that the observable spatial universe has the topology of a solid ball B 3 , and that it has an approximately
Euclidean geometry. This assumption can be derived from the further assumption that the spatial universe is R3 , with curvature k = 0. This, however,
amounts to the selection of a very special geometry. In this context, Blau and
Guth point out, ([16], p532), that k = 0 is a subset of measure zero on the real
line. As is stands, this is a slightly glib comment. k = 0 corresponds to all
the flat space forms, not just R3 , and one requires a justification for placing a
measure on the set of space forms which is derived from a measure on the set
of their sectional curvature values.
It is widely believed that the solid ball topology and approximate Euclidean
geometry of our local spatial universe can be derived from the assumption that
the entire spatial universe is very much larger than the observable spatial universe. However, this assumption is not necessarily true, and moreover, even
if it is true, it does not entail solid ball topology and approximate Euclidean
geometry for our local universe.
Suppose that the spatial universe is compact. A compact Riemannian manifold (Σ, γ) is a metric space of finite diameter. (The diameter of a metric space
is the supremum of the distances which can separate pairs of points). If our universe is a FRW universe in which the Riemannian 3-manifold (Σ, γ) is a compact
RiemannianRmanifold of sufficiently small diameter, then the horizon distance
t
dmax (t0 ) = 0 0 c/R(t) dt at the present time t0 ∼ 1010 yrs may have exceeded
the diameter of (Σ, γ), or be a sufficient fraction of the diameter that it is invalid
to assume the observable spatial universe has the topology of a solid ball B 3 .
Even if one were to accept that the observable spatial universe has almost no
spatial curvature, it would not follow that the observable spatial universe has
the topology of a solid ball.
Rt
Given diam(Σt , γt ) = R(t) diam(Σ, γ), 0 0 c/R(t) dt ≥ diam(Σ, γ) if and
R t0
only if R(t) 0 c/R(t) dt ≥ diam(Σt , γt ). If dmax (t0 ) ≥ diam(Σ, γ), the horizon
would have disappeared, and we would actually be able to see the entire spatial
universe at the present time. No point of the spatial universe could be separated
from us by a distance greater than diam(Σ, γ), so if dmax (t0 ) ≥ diam(Σ, γ),
then we would have already received light from all the regions of the spatial
universe. Individual galaxies and clusters of galaxies could produce multiple
images upon our celestial sphere without the occurrence of gravitational lensing.
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Light emitted from opposite sides of a galaxy could form images in opposite
directions upon our celestial sphere. Light emitted in different directions from a
galaxy might travel different distances before reaching us, and would therefore
produce images of different brightness. Furthermore, the light which travelled
the shorter distance would provide an image of the galaxy as it appeared at a
more recent stage of its evolution. Light emitted by a galaxy in one direction
could circumnavigate the universe on multiple occasions and produce multiple
‘ghost images’ upon our celestial sphere. If Σ were non-orientable, light which
had circumnavigated the universe an odd number of times would produce a
mirror image from light which had circumnavigated the universe an even number
of times.
In the class of ‘small’ compact FRW universes, the global spatial topology
and geometry can have locally observable consequences. Different compact spatial topologies and geometries would produce different patterns of multiple and
ghost images upon the celestial sphere. In addition, a ‘small’ compact universe
would produce patterns of paired circles in the Cosmic Microwave Background
Radiation (CMBR).
As will be explained in detail at a later juncture, cosmologists have postulated that the early universe underwent a period of exponential, acceleratory
expansion called ‘Inflation’.
If Inflation did take place, it means that the horizon
Rt
distance dmax (t0 ) = 0 0 c/R(t) dt is much smaller than it would have been otherwise. In the case of a compact spatial universe (Σ, γ), Inflation makes the size of
the observable universe a smaller fraction of the size of
R t the entire universe than
would otherwise have been the case. Given that R(t0 ) 0 0 c/R(t) dt is the present
diameter of the observable spatial universe, and given that R(t0 ) diam(Σ, γ) is
the diameter of the present spatial universe in the case of compact (Σ, γ), the
ratio
Rt
R t0
R(t0 ) 0 0 c/R(t) dt
c/R(t) dt
= 0
R(t0 ) diam(Σ, γ)
diam(Σ, γ)
gives the present size of the observable spatial universe as a fraction of the
present size Rof the entire spatial universe. Clearly, Inflation reduces the value of
t
the integral 0 0 c/R(t) dt, and therefore makes the size of the observable universe
a smaller fraction of the size of the entire universe than would otherwise have
been the case.
The advocates of Inflation assert that in a universe which has undergone
Inflation, the observable spatial universe is very much smaller than the entire
spatial universe. This does not follow from the last proposition,
R t and is not
necessarily the case. If the present horizon distance dmax (t0 ) = 0 0 c/R(t) dt is
reduced, it merely entails a decrease in the diameter of the compact 3-manifolds
whose global topology and geometry could have observable consequences at the
present time. Inflation does not entail that the observable spatial universe has
the topology of a solid ball.
The (sectional) curvature of the present spatial universe Σ0 is given by k/R02 .
It is widely asserted that if the early universe underwent a period of Inflationary
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expansion, which drove the scale factor to very high values, then the spatial
curvature k/R02 of the present universe must be very close to zero even if the
spatial universe is spherical or hyperbolic. Given that
Ω(t) = 1 +

k
H(t)2 R(t)2

it is also asserted that Inflation produces a universe in which Ω is very close
to unity. These assertions rest upon the tacit assumption that the sectional
curvature k of the Riemannian manifold (Σ, γ) in the warped product is very
small. Conventionally, a spherical universe has k = 1 and a hyperbolic universe
has k = −1. These values, however, are nothing more than conventions. If the
spatial universe is spherical, then k can be any positive number, and if the spatial
universe is hyperbolic, k can be any negative number. No matter how large the
scale factor is, either as a result of Inflationary expansion or deceleratory FRW
expansion, the absolute value of k can be chosen to be sufficiently large that it
cancels out the size of R02 . With a judicious choice of k À 1, a spherical universe
which is 14 billion years old, and which underwent Inflation, could have spatial
curvature k/R02 ≈ 1. Similarly, with a judicious choice of k ¿ −1, a hyperbolic
universe which is 14 billion years old, and which underwent Inflation, could
have spatial curvature k/R02 ≈ −1. (Whilst the issue is the proximity of k/R02
to zero, I have chosen | k/R02 |≈ 1 to represent a significant amount of spatial
curvature).
For a spherical universe, whatever value Inflation drives R02 to, there is a
value of sectional curvature kc , such that for any k ∈ [kc , ∞), k/R02 ≥ 1. There
is only a finite range of values (0, kc ) for which k/R02 < 1, but an infinite range
for which k/R02 ≥ 1. Similarly, for a hyperbolic universe, there is a value of
sectional curvature kc , such that for any k ∈ [kc , −∞), k/R02 ≤ −1. There is
only a finite range of values (0, kc ) for which k/R02 > −1, but an infinite range
for which k/R02 ≤ −1. Whatever value Inflation drives R02 to, there is a finite
range of sectional curvature values consistent with negligible spatial curvature in
the present day, but an infinite range which would produce a significant amount
of curvature in the present day.
Thus, Inflation does not entail that a universe with an age of the order
1010 yrs must have spatial curvature very close to zero. This conclusion is completely independent of whether the spatial universe is compact or non-compact.
Hence, contrary to the opinion held by most cosmologists, the fact that our
observable spatial universe has a spatial curvature very close to zero, cannot be
explained by postulating a period of Inflationary expansion. Even if the entire
spatial universe is very much larger than the observable spatial universe, as
Inflation suggests, it does not entail that the observable spatial universe must
be approximately Euclidean. One must conjoin the postulate of Inflation with
the postulate that | k |≈ 1 to explain the observed ‘flatness’ of our local spatial
universe without preselecting R3 .
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In the general case of a non-zero cosmological constant Λ, the Einstein field
equations become
8πG Tµν − Λgµν = Rµν − 1/2 S gµν
and the Friedmann equations become, (Heller, [2], p101):
¶2
k
1
R0 (t)
+
− Λ
2
R(t)
R(t)
3
µ
¶
2
R0 (t)
k
R00 (t)
+
+
−8πGp(t) = 2
−Λ
R(t)
R(t)
R(t)2
8πG
ρ(t) =
3

µ

Without a cosmological constant in the Friedmann equations, the expansion
of a FRW universe must be deceleratory. Observations in the last decade using
Type Ia supernovae as ‘standard candles’ at large distances appears to indicate
that the expansion of our universe is accelerating. A positive cosmological constant has been invoked to explain these observations. The phrase ‘dark energy’
refers to this positive cosmological constant. The cosmological constant can be
interpreted as a property of space-time, rather than a property of the matter and
energy in space-time, (Nicolson, [19], p237). A positive cosmological constant
behaves like an repulsive component to gravity.
A universe which is currently accelerating under the influence of a cosmological constant can also be given an age estimate which is consistent with the
ages of the oldest stars in globular clusters. Under the assumption of deceleratory expansion, the current value of the Hubble parameter tended to yield an
estimated age for the universe which was less than the ages of the oldest stars
in the universe.
The presence of a non-zero cosmological constant is equivalent to an additional component of the energy density and pressure in the Friedmann equations
without cosmological constant. Let ρm denote the energy density due to matter alone. With the cosmological constant, the Friedmann equation for energy
density can be written as
8πG
1
ρm (t) + Λ =
3
3

µ

R0 (t)
R(t)

¶2
+

k
R(t)2

Setting ρΛ = Λ/8πG one can further re-write this equation as
8πG
(ρm + ρΛ ) =
3

µ

R0 (t)
R(t)

¶2
+

k
R(t)2

Hence, the presence of a non-zero cosmological constant appears as an additional
component ρΛ to the energy density. One re-defines Ω as
Ω=

ρm + ρΛ
ρm
ρΛ
ρm + ρΛ
=
=
+
≡ Ωm + ΩΛ
2
2
2
ρc
3H /8πG
3H /8πG 3H /8πG
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If the cosmological constant is non-zero, one can no longer infer the sign of
the spatial curvature and the long-term dynamical behaviour of a FRW universe
from Ωm , but because the Friedmann equation is unchanged when the cosmological constant is incorporated into the total ρ, they can still be inferred from
Ω, with Ω = Ωm + ΩΛ in this case.
The current observational evidence leads cosmologists to believe that Ω is
approximately unity, with Ωm ≈ 0.3 and ΩΛ ≈ 0.7. It might, however, be noted
that circa 1967, observations appeared to indicate a surplus number of quasars
at redshift z = 2, (Heller, [2], p102). These observations could be explained
by postulating a Lemaitre model, a FRW model with a positive cosmological
constant, in which the expansion of the universe is punctuated by an almost
static period, a type of plateau in the scale factor when it is displayed as a
function of time. The quasar observations transpired to be a selection effect,
and the community of cosmologists returned to their belief that Λ = 0.

2

Spatially homogeneous Cosmologies

The spatially homogeneous class of cosmological models are usually presented as
a generalization of the Friedmann-Robertson-Walker cosmological models. The
generalization is said to be obtained by dropping the requirement of spatial isotropy, but retaining the requirement of spatial homogeneity. The FRW models
are considered to be special cases of the class of spatially homogeneous models.
The topology of a typical spatially homogeneous cosmological model is a
product I × Σ of an open interval I ⊂ R1 with a connected 3-dimensional manifold Σ. The 4-dimensional manifold M = I × Σ is ascribed a Lorentzian metric
tensor which induces a homogeneous Riemannian metric γt on each hypersurface
Σt = t × Σ. Thus, each pair (Σt , γt ) is a homogeneous 3-dimensional Riemannian manifold. A spatially homogeneous cosmological model is a Lorentzian
manifold M in which the orbits of the isometry group I(M) consist of such a
one-parameter family of spacelike hypersurfaces.
As with the FRW models, there is a spatial topology Σ associated with
each spatially homogeneous cosmological model. However, the spatial geometry
of a spatially homogeneous model can vary in a more complex manner than
the single scale factor variation of a FRW model. In other words, there is no
need for a spatially homogeneous model to be a warped product. The class of
cosmological models obtained by taking warped products I ×R Σ in which Σ is a
(globally) homogeneous 3-dimensional Riemannian manifold, only constitutes a
proper subset of the entire class of spatially homogeneous cosmological models.
The time variation of the spatial geometry in a spatially homogeneous cosmology is, in general, expressed by a matrix of scale factors, rather than a
single scale factor. Whilst a warped product geometry can be expressed as
−dt ⊗ dt + R(t)2 γ, in a general spatially homogeneous cosmology, each component of spatial geometry can be subject to time variation, hence the metric
can be expressed as −dt ⊗ dt + γab (t)ω a (t)ω b (t), where ω a (t), a = 1, 2, 3 are
one-forms on Σt invariant under the action of the isometry group I(Σt ).
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Now consider a connected 3-dimensional homogeneous Riemannian manifold
(Σ, γ). Associated with (Σ, γ) are the isometry group I(Σ) and the isotropy
subgroup H. The isometry group can be of dimension 6,4, or 3. Moreover, it is
true that
dim Σ = dim I(Σ) − dim H
Thus, when I(Σ) is of dimension 6, H will be of dimension 3; when I(Σ) is of
dimension 4, H will be of dimension 1; and when I(Σ) is of dimension 3, the
isotropy group H will be trivial.
In any dimension, it can be shown that every homogeneous Riemannian
manifold (Σ, γ) is diffeomorphic to some Lie group. In particular, every homogeneous 3-dimensional Riemannian manifold (Σ, γ) is diffeomorphic to some
3-dimensional Lie group. The 3-dimensional Riemannian manifold Σ is diffeomorphic with the quotient Lie group I(Σ)/H, the quotient of the isometry group
by the isotropy subgroup.
If one has a homogeneous 3-dimensional Riemannian manifold (Σ, γ) which
has a 3-dimensional isometry group I(Σ), then I(Σ)/H ∼
= I(Σ), and the Riemannian manifold is diffeomorphic with its own isometry group.
In the event that a homogeneous 3-dimensional Riemannian manifold (Σ, γ)
has an isometry group I(Σ) of dimension 4 or 6, the quotient I(Σ)/H will be
distinct from I(Σ), and the Riemannian manifold will not be diffeomorphic with
its own isometry group.
By the definition of homogeneity, the isometry group I(Σ) of a homogeneous
Riemannian manifold (Σ, γ) must act transitively. However, when the isometry
group I(Σ) is of dimension 3, the action is simply transitive, and when I(Σ) is
of dimension 4 or 6, the action is multiply transitive.
Not only is every homogeneous Riemannian manifold (Σ, γ) diffeomorphic
to some Lie group, but conversely, any Lie group can be equipped with a metric
which renders it a homogeneous Riemannian manifold. Thus, the topologies of
all the 3-dimensional Lie groups equal the possible topologies for a 3-dimensional
homogeneous Riemannian manifold. A list of all the 3-dimensional Lie groups
will exhaust the possible topologies for a 3-dimensional homogeneous Riemannian manifold. However, this list of topologies is repetitious; although every
3-dimensional Lie group will provide the topology for a 3-dimensional homogeneous Riemannian manifold, two distinct Lie groups can possess the same
topology.
To obtain a classification of all the connected 3-dimensional Lie groups, the
first step is to obtain a classification of all the simply connected 3-dimensional
Lie groups. Simply connected Lie groups are in a one-to-one correspondence
with Lie algebras, and there is a classification of the isomorphism classes of
3-dimensional Lie algebras called the Bianchi classification. Hence, the Bianchi
classification provides a classification of the simply connected 3-dimensional
Lie groups. The Bianchi classification of all the 3-dimensional Lie algebras
only provides a coarse-grained classification of the connected 3-dimensional Lie
groups because many Lie groups can possess the same Lie algebra. However,
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all the Lie groups which share the same Lie algebra will be ‘locally isomorphic’,
and will have a common simply connected, universal covering Lie group. Each
e
connected 3-dimensional Lie group G is obtained from its universal cover G
e
as the quotient G/N
of its universal cover with respect to a discrete, normal
e has Lie algebra g, then the quotient G/N
e
subgroup N . If G
will also have Lie
algebra g. A discrete normal subgroup of a connected Lie group is contained in
the centre of the Lie group, hence N is a central, discrete, normal subgroup.
Once the simply connected 3-dimensional Lie groups have been classified,
the second step is to classify all the discrete normal subgroups of each simply
connected 3-dimensional Lie group, up to conjugacy. Step two yields a family
e i , G/N
e j , ... which share the same Bianchi type, but which
of Lie groups G/N
are distinct, possibly non-diffeomorphic Lie groups. These two steps together
provide a classification of all the connected 3-dimensional Lie groups.
To reiterate, a list of all the connected 3-dimensional Lie groups provides an
exhaustive, but repetitious list of all the possible homogeneous spatial topologies. Note that a list which exhausts all the possible homogeneous spatial topologies, does not provide a list of all the possible homogeneous spatial geometries.
A 3-dimensional Lie group can support more than one homogeneous metric.

Let us turn, then, to the Bianchi classification of the isomorphism classes of
3-dimensional Lie algebras. Given a choice of basis e1 , e2 , e3 for a 3-dimensional
k
are defined to be such that [ei , ej ] =
Lie algebra, the structure constants Cij
k
Cij ek . The Bianchi classification is based upon the fact that Lie algebras can
k
, and the fact that for
be characterised in terms of their structure constants Cij
a 3-dimensional Lie algebra, the structure constants can be expressed as
k
Cij
= ²ijl B lk + δjk ai − δik aj

where B is a symmetric 3×3 matrix, and a is a 1×3 column vector, (Dubrovin et
al, [20]. Part I, §24.5, p230). The Jacobi identity which constrains the structure
constants of a Lie algebra entails that
B ij aj = 0
Although the structure constants of a Lie algebra are basis-dependent, the
classification of 3-dimensional Lie algebras is basis-independent. Hence, the
classification uses the fact that one can choose a basis in which B is a diagonal
matrix with B ii = ±1, 0 for i = 1, 2, 3, and a = (a, 0, 0). In this basis, the
structure constants are such that
[e1 , e2 ] = ae2 + B 33 e3
[e2 , e3 ] = B 11 e1
[e3 , e1 ] = B 22 e2 − ae3
With this choice of basis, it also follows that B 11 a = 0, hence either B 11 or
a is zero.
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Type
I
II
VI0
VII0
VIII
IX
V
IV
VIh (h < 0) a 6= 1
III
VIIh (h > 0)

a
0
0
0
0
0
0
1
√1
−h
√1
h

B 11
0
1
1
1
1
1
0
0
0
0
0

B 22
0
0
-1
1
1
1
0
0
1
1
1

B 33
0
0
0
0
-1
1
0
1
-1
-1
1

Note that III = VI−1 if we remove the restriction that a 6= 1 for type VIh .
Before proceeding further, some salient definitions concerning Lie algebras
are required. Given a Lie algebra g, one can inductively define the lower central
series of subalgebras k g by

D

D1 g = [g, g], Dk g = [g, Dk−1 g]
A Lie algebra is defined to be nilpotent if Dk g = 0 for some k.

Secondly, one can inductively define the derived series of subalgebras

by

D kg

D 1 g = [g, g], D k g = [D k−1 g, D k−1 g]
A Lie algebra is defined to be solvable if D k g = 0 for some k.

An ideal in a Lie algebra is a Lie subalgebra h ⊂ g which is such that
[X, Y ] ∈ h for all X ∈ h, Y ∈ g. A Lie algebra can be defined to be semi-simple
if it has no nonzero solvable ideals. (Fulton and Harris, [22], p122-123).
Under the Bianchi classification, there are six ‘Type A’ Lie algebras: I, II,
VI0 , VII0 , VIII, and IX. These are the Lie algebras of the six unimodular 3dimensional connected Lie groups. As Lie algebras, they are trace-free. All the
other Lie algebras are ‘Type B’.
Bianchi types VIII and IX are the only semi-simple real 3-dimensional Lie
algebras. All the other Bianchi types are solvable Lie algebras.2 In particular,
Bianchi types VIII and IX are both simple Lie algebras. Type VIII is sl(2, R) ∼
=
so(2, 1), and type IX is so(3) ∼
= su(2).
Bianchi types I and II are the only nilpotent solvable real 3-dimensional Lie
algebras. The Bianchi type I is the abelian Lie algebra R3 , and any abelian
Lie algebra is automatically nilpotent and solvable. The Bianchi type II is the
3-dimensional Heisenberg Lie algebra, a 2-step nilpotent Lie algebra
2 The ensuing discussion of simple, solvable, and nilpotent Lie algebras was motivated by
a private communication from Karl H.Hofmann
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[g, g] 6= 0, [g, [g, g]] = 0
with a 1-dimensional centre.
The other seven classes of Lie algebra all contain non-nilpotent solvable Lie
algebras. Of the ‘Type A’ Lie algebras, VI0 and VII0 are the non-nilpotent
solvable ones. Type VI0 is the Lie algebra of E(1, 1), the group of motions of
the Euclidean plane equipped with a Minkowski metric. Type VII0 is the Lie
algebra of E(2), the group of motions of the Euclidean plane equipped with a
spacelike metric.
Within the ‘Type B’ Lie algebras, Bianchi types VIh and VIIh provide oneparameter families of Lie algebras for 0 < h < ∞, for which the VI0 and VII0
Lie algebras are limiting cases as h → 0.
The Type B Bianchi algebra III is such that III = VI−1 if we remove the
restriction that a 6= 1 for type VIh . The Bianchi type III algebra brings us to
the Levi-Malcev decomposition.
The sum of all the solvable ideals in a Lie algebra g is a maximal solvable
ideal called the radical r. The quotient g/r is a semi-simple Lie algebra. There
exist mutually conjugate subalgebras of g, called Levi subalgebras l, which are
maximal semi-simple subalgebras, and which map isomorphically onto g/r. The
Levi-Malcev decomposition states that for any Lie algebra g, there is a Levi
subalgebra l such that g = r ⊕ l.
Now, a semi-simple Lie algebra has no non-zero solvable ideals, hence a
semi-simple algebra has no radical. A real 3-dimensional semi-simple Lie algebra therefore has a trivial Levi decomposition, coinciding with its own Levi
subalgebra. On the other hand, a solvable Lie algebra is coincident with its
own radical, so it too has a trivial Levi decomposition. A real 3-dimensional
Lie algebra with a non-trivial Levi decomposition would have to be the sum
of one 2-dimensional Lie algebra and a 1-dimensional Lie algebra. Now, there
is only one real 1-dimensional Lie algebra, the abelian Lie algebra R. Being
abelian, it must be solvable and not semi-simple, hence it could only provide
the radical r in the Levi decomposition of a real 3-dimensional Lie algebra. The
Levi subalgebra l in such a decomposition would therefore have to be a real
2-dimensional semi-simple Lie algebra. In fact, a real semi-simple Lie algebra is
at least 3-dimensional,3 hence no real 3-dimensional Lie algebra possesses a nontrivial Levi decomposition. To reiterate, every real 3-dimensional Lie algebra is
either semi-simple or solvable. There is a unique non-abelian real 2-dimensional
Lie algebra, V 2 , but it is not semi-simple. The type III Bianchi algebra is the
direct sum R ⊕ V 2 , but the type III algebra is solvable, and this is not a Levi
decomposition.

The spatially homogeneous cosmological models in which each pair (Σt , γt )
has a 3-dimensional isometry group are referred to as Bianchi cosmological models. The case in which I(Σt ) is 3-dimensional is obviously the case in which the
3 Private

communication with Karl H.Hofmann
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isotropy group at each point is trivial. In this case, the Riemannian manifold Σt is diffeomorphic to the isometry group I(Σt ). Moreover, in this case,
the Bianchi classification of 3-dimensional Lie algebras can contribute to the
classification of the homogeneous spatial geometries because the Lie algebra of
Killing vector fields on Σt is isomorphic with the Lie algebra of the isometry
group I(Σt ). Those homogeneous 3-dimensional Riemannian manifolds which
have 3-dimensional isometry groups can be classified according to Bianchi types
I - IX. To be clear, the Lie algebra of Killing vector fields on a homogeneous
3-dimensional Riemannian manifold Σt is always isomorphic with the Lie algebra of the isometry group I(Σt ), but the Bianchi classification only provides
a classification of the Lie algebras of Killing vector fields in the case in which
I(Σt ) is 3-dimensional.
Groups with the same Lie algebra are not, in general, isomorphic Lie groups,
hence 3-dimensional homogeneous geometries of the same Bianchi type do not,
in general, have the same 3-dimensional isometry groups, and are not, in general,
isometric geometries. Distinct geometries can share the same Lie algebra of
Killing vector fields.
The spatially homogeneous models in which each pair (Σt , γt ) has a 4dimensional isometry group are called rotationally symmetric in contrast with
the spherical symmetry of the FRW models. Whilst the isotropy group at each
point of an FRW model contains the 3-dimensional group SO(3), the isotropy
group at each point of a rotationally symmetric model is the 1-dimensional
group SO(2). This 1-dimensional group acts transitively upon the set of directions within a 2-dimensional plane of the tangent space. The rotationally
symmetric models are often referred to as Kantowski-Sachs models. In fact, the
latter term should be reserved for models with a 4-dimensional isometry group
I(Σt ) in which there is no 3-dimensional isometry subgroup which acts simply
transitively upon Σt .
Finally, those spatially homogeneous models in which each pair (Σt , γt ) has
a 6-dimensional isometry group, and in which the time variation of the spatial geometry is given by a single scale factor, are Friedmann-Robertson-Walker
models. It is true that the conventional FRW models, which are spatially globally isotropic, are special cases of the class of spatially homogeneous cosmological
models. A globally isotropic 3-dimensional Riemannian manifold does indeed
have a 6-dimensional isometry group. However, the generalized class of FRW
models takes one outside the class of spatially homogeneous models. A locally
isotropic 3-dimensional Riemannian manifold need not be homogeneous. It is
therefore incorrect to consider the entire class of FRW models as a subclass
of the spatially homogeneous cosmological models. In many of the generalized
FRW models, the spatial geometry has an isometry group of dimension lower
than 6, or no Lie group of isometries at all.
Although the 6-dimensional isometry group I(Σt ) of each hypersurface Σt
in a spatially homogeneous Friedmann-Robertson-Walker model is not diffeomorphic with the Riemannian manifold Σt , it does contain 3-dimensional Lie
subgroups which act simply transitively upon Σt , and the Lie algebras of these
subgroups do fall under the Bianchi classification. The isometry group of the
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R3 FRW model contains the Bianchi type I group of translations on R3 as a
simply transitive subgroup. The isotropy group at each point is a 3-dimensional
subgroup of Bianchi type VII0 . In the case of the H 3 FRW model, the isometry group contains a simply transitive 3-dimensional subgroup of Bianchi type
V, whilst the isotropy group is a 3-dimensional subgroup of type VIIh . In the
case of the S 3 FRW model, the isometry group contains a simply transitive
3-dimensional subgroup of Bianchi type IX, whilst the isotropy group is a 3dimensional subgroup also of type IX. (Rey and Luminet [11], p43-44).
In contrast, the spatially homogeneous Kasner cosmology, has a 3dimensional isometry group of Bianchi type I, and no isotropy group, whilst
the spatially homogeneous Mixmaster cosmology has 3-dimensional isometry
group of Bianchi type IX, and no isotropy group.
Note that in space-times which can be sliced up into a one-parameter family
of homogeneous spacelike hypersurfaces (Σt , γt ), each bearing a specific Bianchi
type, there is no guarantee that the Bianchi type of each homogeneous hypersurface will be the same; the Bianchi type can change with time, (Rainer and
Schmidt, [21]).
A 3-dimensional geometry whose isometry group admits a simply transitive
3-dimensional subgroup, must be homeomorphic with that 3-dimensional group.
All the simply connected 3-dimensional Lie groups in the Bianchi classification
are either diffeomorphic to R3 , or to S 3 in the case of the IX type. Hence, any
globally homogeneous 3-dimensional geometry which falls under the Bianchi
classification, has a topology which is either covered by R3 or S 3 .
In the case of a homogeneous 3-dimensional Riemannian manifold Σ, which
has a 3-dimensional isometry group I(Σ) to which it is diffeomorphic, a quotient
Σ/Γ with respect to a discrete normal subgroup of I(Σ) is diffeomorphic to the
quotient Lie group I(Σ)/Γ. Given that the isometry group of such a quotient
is N (Γ)/Γ, and given that Γ is a normal subgroup, N (Γ) = I(Σ), and it follows
that the isometry group of the quotient is I(Σ)/Γ. If the manifold is diffeomorphic with its isometry group, then the quotient manifold is diffeomorphic with
the isometry group of the quotient. Given that the isometry group of the quotient can also be expressed as the centralizer Z(Γ), it follows that the quotient
is a homogeneous Riemannian manifold if and only if the centralizer Z(Γ) acts
transitively on Σ, (Ellis, [5], p11). Given that a discrete normal subgroup of a
connected Lie group must be central, the centralizer Z(Γ) will, in this instance,
contain Γ as a subgroup.

Assuming the Copernican principle is true, the observed local isotropy of our
universe can be used to exclude a number of 3-manifolds which would otherwise
be candidates for the spatial topology. The reasoning here follows from two key
facts:
1. A locally isotropic 3-dimensional Riemannian manifold must be of constant sectional curvature (Wolf [8], p381-382)
2. A 3-dimensional manifold can only possess a Riemannian metric tensor
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of constant sectional curvature if its universal covering manifold is diffeomorphic to either R3 or S 3 .
A simply connected manifold is its own universal cover, hence a simply
connected 3-manifold which is not diffeomorphic to either R3 or S 3 will not be
able to support a Riemannian metric tensor of constant sectional curvature, and
will therefore not be able to represent a locally isotropic spatial universe.
To find such a manifold, we note that for a connected product manifold
M × N , the fundamental group π1 (M × N ) is such that
π1 (M × N ) ∼
= π1 (M ) × π1 (N )
Hence, if M and N are both simply connected, then M × N will be simply
connected. S 2 and R1 are both simply connected, hence the hypercylinder
S 2 × R1 is also simply connected.
S 2 ×R1 is not diffeomorphic to either R3 or S 3 , hence the hypercylinder S 2 ×
1
R cannot support a Riemannian metric tensor of constant sectional curvature,
and cannot therefore represent a locally isotropic spatial universe.
Including S 2 × R1 itself, there are seven 3-manifolds which have S 2 × R1
as their universal covering, (Scott [23], p457-459). Each such manifold has a
universal covering which is neither R3 nor S 3 , hence each such manifold cannot
support a Riemannian metric tensor of constant sectional curvature, and cannot
therefore represent a locally isotropic spatial universe. Of these seven manifolds,
three are non-compact and four are compact. The non-compact cases consist of
S 2 ×R1 itself, the trivial line bundle RP2 ×R1 , and a non-trivial line bundle over
RP2 . The compact cases consist of RP2 × S 1 , the connected sum RP3 #RP3 ,
and a pair of line bundles over S 2 , one of which is the trivial bundle S 2 × S 1 .

Thurston has identified eight globally homogeneous, simply connected 3dimensional Riemannian manifolds which admit a compact quotient, (Rey and
Luminet, [11], p39-42). R3 , S 3 , and H 3 provide three of these, but the remaining
five are non-isotropic. These five geometries and their quotients are neither
globally nor locally isotropic. Moreover, the quotients of these five geometries
are only guaranteed to be locally homogeneous. The hypercylinder S 2 × R1
^ the
is obviously one of these five geometries. The others are H 2 × R1 , SL2R,
universal covering of the 3-dimensional group SL(2, R), N il, the 3-dimensional
Lie group of 3 × 3 Heisenberg matrices, and Sol, a Lie group consisting of R3
equipped with a non-standard group product.
The quotients of H 2 × R1 include all the products of Tg , the handlebodies
of genus g, with either S 1 or R1 . The handlebodies are compact, orientable
surfaces equipped with metrics of constant negative curvature, and constructed
from the 2-sphere by attaching g handles.
Sol has a disconnected isometry group with eight components, the identity
component of which is Sol itself, (Koike et al [24], p12). The other four ge^
ometries possess a 4-dimensional isometry group. S 2 × R1 , H 2 × R1 , SL2R
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and N il are therefore rotationally symmetric models. However, only the hypercylinder S 2 × R1 provides a Kantowski-Sachs model. Whilst the isometry
group of S 2 × R1 has no 3-dimensional subgroups which act simply transitively
upon S 2 × R1 , the isometry group of H 2 × R1 has a Bianchi type III = VI1
^ has a Bianchi type VIII subgroup, and
subgroup, the isometry group of SL2R
the isometry group of N il has a Bianchi type II subgroup, each of which acts
simply transitively. The isometry group of Sol is a Bianchi type VI0 group.
(Rey and Luminet [11], p45).
There are only three distinct topologies amongst the eight Thurston geome^ N il, and Sol are all homeomorphic to R3 . S 3
tries. R3 , H 3 , H 2 × R1 , SL2R,
2
1
and S × R provide the other two topologies. (Koike et al [24], p19).
Note that not all of the globally homogeneous, simply connected 3dimensional Lie groups from the Bianchi classification admit a compact quotient. For example, Bianchi type IV and the one-parameter family in Bianchi
type VIh do not admit a compact quotient, and therefore do not provide a
Thurston geometry.

Assuming the Copernican principle is true, the observed local isotropy of
our universe can be used to exclude any 3-manifold which is not a prime manifold. A prime manifold is a manifold which has no non-trivial connected sum
decomposition. Primeness is a necessary condition for a 3-manifold to accept a
metric of constant sectional curvature, hence any non-trivial connected sum of
prime manifolds can be excluded as a candidate for the spatial topology of our
universe. Note that any compact 3-manifold can be decomposed as a finite connected sum of prime 3-manifolds, and any compact orientable 3-manifold can be
decomposed as a unique finite connected sum of primes. Although M #S 3 ∼
=M
for any 3-manifold M , the connected sum construction provides a method of
obtaining a plentiful family of compact orientable 3-manifolds which are inconsistent with the conjunction of the Copernican principle and our observation of
local isotropy. This should be balanced with Thurston’s assertion that ‘most’
compact orientable 3-manifolds accept a metric of constant negative curvature.
Note also that whilst primeness is a necessary condition for a 3-manifold to
accept a metric of constant sectional curvature, it is not a sufficient condition.
S 2 × S 1 is a prime manifold, but it cannot accept a metric of constant sectional
curvature, as noted above from the fact that it’s universal cover is S 2 × R1 . To
reiterate, only a 3-manifold with either R3 or S 3 as universal cover can accept
a metric of constant sectional curvature.

3

The Epistemology of Cosmology

The mathematical formalism of General Relativity can be connected to empirical observation and measurement by means of the concept of the celestial
sphere. One can associate a celestial sphere with each point of each timelike
curve in a Lorentzian manifold (M, g). In General Relativity, the history of an
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idealized observer is represented by a timelike curve γ : I → M in a Lorentzian
manifold (M, g), which is such that the tangent to the curve at each point is
a future-pointing, timelike unit vector, (Sachs and Wu, [25], p41). Hence, one
can associate a celestial sphere with each moment in the history of an idealized observer. At each moment τ in the proper time of an observer, there is a
corresponding point p = γ(τ ) in the manifold. The tangent to the curve γ at
p, denoted as Z, determines a direct sum decomposition of the tangent space
Tp M:
RZ ⊕ Z ⊥
RZ, the span of Z, is the local time axis, and Z ⊥ , the set of vectors orthogonal
to Z, represents the local rest space of the observer. Z ⊥ is isometric with R3 ,
and the observer’s celestial sphere is the sphere of unit radius in Z ⊥ . One can
consider the pair (p, Z) as an instantaneous observer, (Sachs and Wu, [25], p43).
Each instantaneous observer has a private celestial sphere.
Recall now that a light ray/photon is represented by a null geodesic, and the
tangent vector at each point of a null geodesic is the energy-momentum of the
photon. The observation of an incoming light ray/photon by an instantaneous
observer (p, Z), will be determined by the energy-momentum tangent vector Y
of the null geodesic at p.
Given a vector space equipped with an indefinite inner product, g( , ), and
given an orthonormal basis e1 , ..., en such that ²i = g(ei , ei ), any vector v in the
space can be expressed as
v = ²1 g(v, e1 )e1 + · · · + ²n g(v, en )en
Given that g(Z, Z) = −1, the direct sum decomposition determined by Z enables one to express an arbitrary vector Y ∈ Tp M as
Y = −g(Y, Z)Z + P
where P is a spacelike vector in the local rest space Z ⊥ . There is a unit spacelike
vector B such that P = bB, for some real number b. Letting e = −g(Y, Z), it
follows that an arbitrary vector Y can be expressed as
Y = eZ + bB
In the case of interest here, where Y is the energy-momentum tangent vector
of a null geodesic at p, the null condition means that hY, Y i = 0. This entails
that
heZ + bB, eZ + bBi = heZ, eZi + hbB, bBi
= −e2 + b2
=0
which is satisfied if and only if e = b. Hence, for a null vector Y ,

29

Y = eZ + eB
Letting U = −B, we have
Y = e(Z − U ) = −g(Y, Z)Z + g(Y, Z)U
with P = −eU . U is a unit spacelike vector in the celestial sphere, pointing in
the spacelike direction from which the photon with the null vector Y emanates.
The instantaneous observer (p, Z) will detect the photon of light to be of
energy e = −g(Y, Z) ∈ (0, ∞), and to come from the spatial direction U ∈ Z ⊥ ,
where Y = e(Z − U ), (Sachs and Wu, [25], p46 and p130). The measured
frequency of the light will simply be ν = e/h, and the wavelength will be
λ = c/ν, or simply λ = ν −1 if ‘geometric units’ are used, in which c = 1.
Observers in a different state of motion at the same point p in space, will
be represented by different timelike vectors at p. Two distinct timelike vectors
V, W ∈ Tp M will determine different direct sum decompostions of Tp M. As
a consequence, observers in a different state of motion will have different local
rest spaces, V ⊥ and W ⊥ , and will have different celestial spheres. This results
in the aberration of light: different observers will disagree about the position
of a light source, (Sachs and Wu, [25], p46). Moreover, different observers at a
point p will measure the same photon of light to have different energy. (p, V )
would measure e = −g(Y, V ), and (p, W ) would measure e = −g(Y, W ).
In the simplest of cases, the colour of an object perceived by an observer
is determined by the energy, within the visible spectrum, at which most of the
photons are emitted or reflected from that object. Hence, the colour of light
detected from some source will be dependent upon one’s motion with respect
to the source. Let us agree to define an intrinsic property of an object to be a
property which the object possesses independently of its relationships to other
objects. Let us also agree to define an extrinsic property of an object to be a
property which the object possesses depending upon its relationships with other
objects. The colour of an object, determined by the energy of the light it emits
or reflects, is not an intrinsic property of an object. The colour of an object
varies depending upon the relationship between that object and an observer,
hence the colour of an object is an extrinsic property. The perception of colour
has a number of additional subtleties associated with it, which we will detail at
a later juncture.
We are ultimately interested in Cosmology, so we shall consider here only the
way in which the formalism of General Relativity is linked with astronomical
observations. Given an instantaneous observer (p, Z), one can associate with it
a celestial sphere Z and a direction-energy space Z × (0, ∞), (Sachs and Wu,
[25], p141). Recall that each photon, corresponding to a forward-pointing null
vector Y ∈ Tp M, has an energy e = −g(Y, Z) and a spatial direction U ∈ Z ,
hence the notion of a direction-energy space. Z × (0, ∞) is diffeomorphic to
the forward light cone 0+ , which in turn is diffeomorphic to Z ⊥ − 0 ∼
= R3 − 0,
(Sachs and Wu, [25], p147). Hence, one can introduce spherical coordinates
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(e, θ, φ) in which the radial coordinate corresponds to the energy e. In these
coordinates, the Euclidean metric tensor on Z ⊥ ∼
= R3 can be expressed as
g = e2 (dθ2 + sin2 θdφ2 )
In these coordinates, the determinant of the metric is det g = e4 sin2 θ. The
natural metric volume element of a Riemannian metric g in a coordinate system
(x1 , ..., xn ) is defined to be
p
Ω = ( | det g |) dx1 ∧ · · · ∧ dxn
hence in the case above, the natural metric volume element is
Ω = e2 sin θ de ∧ dθ ∧ dφ
= de ∧ edθ ∧ e sin θdφ
= de ∧ e2 (dθ ∧ sin θdφ)
= de ∧ e2 ω
where ω is the standard metric volume element on the 2-sphere.
Sachs and Wu introduce a photon distribution function NZ on the directionenergy space of an instantaneous observer, ([25], p142),
NZ :
2

2

SZ × (0, ∞) → [0, ∞)

Given that de ∧ e ω = e de ∧ ω, for a range of energies [a, b] ⊂ (0, ∞) and a
compact subset of the celestial sphere
⊂ Z,

K

Z

K ×[a,b]

S

Z
NZ Ω =

Z

K

ω

b

e2 NZ de

a

Sachs and Wu define this integral to be the number of photons per unit
spatial volume in the energy range [a, b] emanating from the compact region
of the observer’s celestial sphere, (p142). They interpret e2 NZ as the number
of photons per unit spatial volume per unit solid angle per unit energy interval.
As they subsequently explain, (p147-148), because photons travel at unit speed
in the ‘geometric units’ employed, they travel a unit distance in unit time.
Hence, the number of photons which occupy a unit spatial volume is equal to
the number of photons which pass through a unit area perpendicular to their
direction of motion in unit time. Therefore e2 NZ can also be interpreted as
the number of photons which pass through a unit perpendicular area per unit
time per unit solid angle upon the celestial sphere per unit energy interval. In
terms of astronomical observations, the unit area is the unit area of some photon
collection device, such as the surface of a radio telescope, or the mirrored surface
of an optical telescope.
Making the independent variables explicit, e2 NZ is a function
2
e NZ (a, t, θ, φ, e), where a denotes a point on the surface on the photon collection device, t denotes time, θ and φ are coordinates upon the celestial

K
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sphere of the instantaneous observer, and e is the energy. A different function e3 NZ (a, t, θ, φ, e) specifies the amount of energy passing through a unit
perpendicular area per unit time per unit solid angle upon the celestial sphere
per unit energy interval. When e is replaced with the frequency of the radiation,
ν = e/h, the function e3 NZ (a, t, θ, φ, ν) specifies the amount of energy passing
through a unit perpendicular area per unit time per unit solid angle upon the
celestial sphere per unit frequency interval. In the astronomy literature, this
function is referred to as the specific intensity of radiation. It’s dimensions are
Watts (W ) per square metre (m−2 ) per Hertz (Hz −1 ) per steradian (sterad−1 ).
The specific intensity is often denoted as Iν to emphasize that it is a function
of the frequency ν of radiation. In this event, I is often reserved to denote the
integral of the specific intensity over all frequencies
Z ∞
I=
Iν dν
0

The resulting function I(a, t, θ, φ) specifies the amount of energy passing through
a unit perpendicular area per unit time per unit solid angle upon the celestial
sphere, over all frequencies.
Suppose that a light source such as a star, a nebula or a galaxy corresponds
to a compact region
upon the celestial sphere of an observer. The flux density
F of the light source is obtained by integrating the intensity I over the region
. To be precise, one integrates I cos α, where α is the angle between each
point in
and the perpendicular to the surface area of the measuring device,
(Karttunen et al, [26], p81). In the case of a light source which subtends a
small solid angle upon the celestial sphere, and a measuring instrument pointed
directly at the light source, cos α ≈ 1. One can deal with either a frequencydependent flux
Z
Fν =
Iν cos α ω

K

K

K

K

or the total flux

Z
F =

Z

K

∞

ω

Iν cos α dν
0

The dimensions of Fν are W m−2 Hz −1 , whilst the dimensions of F are W m−2 .
The flux density F (r) observed from a light source at a distance r is another
name for the apparent luminosity (r) of the light source at distance r. Assuming
space if approximately Euclidean on the length scales involved, and assuming
that the light is emitted isotropically from the source, the absolute luminosity
L of the light source is defined to be L = 4πr2 F (r). The absolute luminosity is
simply the power output of the light source, the amount of energy emitted per
unit time, in all directions. That power is spread out over spheres of increasing
surface area 4πr2 at increasing distances r, hence the flux decreases as a function
of distance F (r) = L/4πr2 .
The brightness of an object, either in astronomy, or in perception with the
naked eye, corresponds not to the specific intensity of the light received from
that object, but to the flux density of the light. Assuming that an object and
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observer are not in relative motion and that the space between the object and
observer is static, then the specific intensity of the light received from the object
is independent of the distance separating the observer from the object, whilst the
flux density is inversely proportional to the square of the distance, (Karttunen
et al, [26], p89). If an object and observer are either in relative motion, or the
space between them is dynamic, then the intensity will also depend upon the
redshift/blueshift.
Sachs and Wu suggest (p142) that the brightness of a rose corresponds to
the specific intensity e3 NZ . The specific intensity is independent of distance
because it measures the flux density per unit solid angle. At greater distances,
a unit solid angle collects photons emitted from a larger fraction of the surface
area of the object, but due to the greater distance, the unit solid angle collects a
smaller fraction of the photons emitted from the surface area under its purview.
These effects cancel. The brightness of an object to the naked eye decreases
with distance, hence specific intensity does not correspond to the naked eye
perception of brightness.
The brightness of an object to the naked eye corresponds not to the total
flux density of the object, but to the flux integrated over the visible range of
frequencies:
Z
F[a,b] =

Z

K
Z

b

ω

Iν cos α dν
a

b

=

Fν dν
a

If the angle subtended by a luminous object remains constant, but the intensity of the light it radiates increases, then the flux density ≡ brightness of the
object will increase. Hence, although the brightness of an object should not be
conflated with the intensity of the light radiated by the object, it is legitimate
to explain an increase in the brightness of an object as being the result of an
increase in the intensity of the light it emits.
Picking up an issue alluded to above, the colour of an object perceived by
an observer is determined by the intensity of the light emitted or reflected from
that object, over the range of visible wavelengths, in the reference frame of that
observer. The visible spectrum contains those colours which can be identified
in a rainbow, or in the light refracted from a prism. These ‘spectral colours’
each correspond to a particular wavelength or range of wavelengths. If the intensity of light over the visible spectrum is peaked at a certain wavelength in
an observer’s reference frame, then that observer perceives the corresponding
colour. However, the human perceptual system introduces colours and structures amongst the set of colours, which do not exist in the visible spectrum
itself, (Clark [27]). For a start, whilst the visible spectrum has the topology of a
closed interval [0, 1] of the real line, and a consequent linear ordering, the set of
colours perceived by humans has the topology of the circle S 1 , and, obviously,
no such linear ordering relationship. The visible spectrum ranges from the blue
end at 400nm to the red end at 700nm. A type of purple, called magenta, exists
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between blue and red in the set of humanly perceived colours, and completes
the circle.
Magenta can be defined as a mixture of red and blue, and this introduces
the second difference between the visible spectrum and the set of humanly perceived colours. Let us adopt the common nomenclature, and refer to the latter
as the set of ‘hues’. One can mix hues that do correspond to spectral colours,
to produce new hues which don’t correspond to spectral colours. Such hues
correspond to an intensity curve which has multiple peaks over the visible spectrum. Different combinations of hue can produce the same mixed hue; these hue
combinations are called ‘metamers’. This means that different intensity curves
over the visible spectrum, with different combinations of wavelength peaks, can
produce the same perception of colour. There is a many-one correspondence
between intensity curves and perceived colours.
In general, three parameters are used to characterise the space of colours in
the human perceptual system. The exact parameters used depend upon whether
one is dealing with reflected light from a surface, emitted light from a source,
or the light which falls upon a photographic emulsion after passing through an
aperture. With this qualification, the three parameters are hue, saturation, and
brightness (‘lightness’). Equal combinations of light at different wavelengths
within the visible spectrum produce achromatic light. In addition, each hue
has a complement, such that when that hue is combined with its complement,
the result is achromatic light. For achromatic light, the brightness scale ranges
from white to black through all the various intervening greys. No light at all at
visible wavelengths produces the perception of black.
The saturation value of a colour is determined by brightness levels at different
wavelengths. Suppose one integrates the intensity of the light from an object
over the solid angle subtended by the object in one’s celestial sphere to obtain
the flux density Fν , as a function of the frequency (or wavelength) of light.
Saturation expresses how peaked the flux density curve is compared to the flux
density integrated over other visible wavelengths. If the wavelength peaks of
a hue are highly peaked, then that hue has high saturation. If the peaks are
quite small compared to the intensity at other wavelengths, then the hue tends
towards an achromatic grey somewhere on the lightness scale, and is said to have
low saturation. Pastel hues are low saturation hues. Effectively, saturation is
the ratio of the energy received at the dominant wavelengths to the energy
received over the other wavelengths. The brighter a hue is, the more peaked the
intensity distribution has to be for the hue to be saturated.
One can treat hue, saturation, and lightness as cylindrical polar coordinates
upon the space of colours in the human perceptual system system. The circle of
hues has the angular coordinate, saturation provides a radial coordinate in the
plane, and lightness provides the ‘vertical’ coordinate. Note, however, that one
can alternatively use a ‘colour sphere’, and there are other coordinatizations in
use.
At a rather high level of idealization, Sachs and Wu ([25], p142) suggest that
one can regard all astronomers who have ever lived as a single instantaneous
observer (p, Z). I will slightly relax this idealization, and suggest instead that
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one can associate a single celestial sphere with the human race. Whilst each
individual has a private celestial sphere, at another level of idealization, there
is a celestial sphere which is common to all humans upon the Earth. Gazing
skywards on a clear night, the stars appear to be speckled across the inner
surface of an inverted bowl. This is one hemisphere of our common celestial
sphere. The history of the human race can be represented as a timelike curve,
and as Sachs and Wu suggest ([25], p131), one can use parallel transport to
identify the celestial spheres associated with the points of a timelike curve.
Thence, (changing notation slightly), all the possible astronomical observations
made by the human race could be encoded as a time-dependent function of only
three variables It (θ, φ, ν). The function It specifies the intensity at time t of
electromagnetic radiation at any frequency ν over the entire celestial sphere.
The time variation of this function provides all the raw astronomical data that
a species located upon a single planet could ever have. In terms of using the
raw data upon our celestial sphere to make cosmological inferences, it should
be noted that only 1% of the light which intersects our celestial sphere comes
from beyond our galaxy, (Disney, [28], p4).
The conventional coordinates upon a sphere are such that θ ∈ [0, π] and
φ ∈ [0, 2π). Astronomers use a variety of slightly different, but closely related
celestial coordinates. For example, the equatorial system (Nicolson [18], p4243) uses the intersection of the plane of the Earth’s equator with the celestial
sphere to determine a great circle on the celestial sphere called the celestial
equator. Right ascension α ∈ [0, 2π) then provides a coordinate upon the celestial equator, starting at the vernal equinox and running Eastward. Declination
δ ∈ [−π, π] then specifies the angular distance north or south of the celestial
equator.4
The timelike vector Z that specifies which local rest space, and thence which
celestial sphere, is selected for the human race, will be determined by taking the
vector sum of the motion of the local group relative to the microwave background
radiation, the motion of the Milky Way within the local group, the motion of
the Sun within the Milky Way, and the motion of the Earth around the Sun.
General Relativity enables us to interpret the complete array of astronomical
images upon the celestial sphere, as the projection onto the celestial sphere of all
the light sources contained within our past light cone E − (x). The past light cone
E − (x) of our point in space-time x ∈ M, is a 3-dimensional null hypersurface
whose universal covering is a manifold of topology S 2 × R1 . One can use the
right ascension and declination coordinates (α, δ) upon the S 2 factor, and in an
expanding universe, one can use redshift z as the R1 -coordinate.
To interpret the raw data It (θ, φ, ν) upon the celestial sphere it is necessary
4 The vernal equinox is the point of intersection of the ecliptic and the celestial equator
at which the Sun moves from the Southern celestial hemisphere into the Northern celestial
hemisphere ([18], p234). The ecliptic is the great circle which the Sun traces upon the celestial
sphere due to the Earth’s annual orbit around the Sun ([18], p73). It can also be thought of
as the intersection of the Earth’s orbital plane with the celestial sphere. Because the Earth’s
axis, and therefore it’s equator, are inclined at approximately 23 21 deg to the orbital plane,
the celestial equator is inclined at the same angle to the ecliptic. The ecliptic intersects the
celestial equator at two points, the vernal equinox and the autumnal equinox.
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to use theories of light emission and absorption processes. These theories enable
us to interpret the raw data in terms of the electromagnetic spectra of chemical
elements and compounds, and in terms of the statistical mechanics and thermodynamics of the matter which either emits the radiation, or absorbs some parts
of it.
The best example of this is provided by the cosmic microwave background
radiation (CMBR). This radiation has a spectrum which is very close to that
of ‘Planckian’ blackbody radiation, often called thermal radiation. Blackbody
radiation at temperature T is radiation whose specific intensity is given by,
(Sachs and Wu, p144-145),
Iν = e3 NZ = e3 (2h−3 [exp(hν/kT ) − 1]−1 )
where k is the Boltzmann constant.
It is known both from theory, and from Earth-bound experiment and observation, that only radiation which is in a state of equilibrium with matter can
have a blackbody spectrum. The radiation is said to be ‘thermalised’ by its interaction with matter. It is only when there is no net transfer of energy between
the radiation and the matter, that the radiation will be blackbody. Deep inside
a star, where the gas is opaque, the radiation will be blackbody radiation. Similarly, the radiation inside the evacuated cavity of an opaque-walled box, whose
walls are maintained at a constant temperature, will be blackbody. The opacity
is necessary because it is the interaction between the matter and the radiation
which makes the radiation blackbody.
Now, as Layzer puts it “the present day Universe is just as transparent to
the [microwave] background radiation as it is to ordinary light. We are not
living in the equivalent of an opaque box or inside an opaque gas. This means
that the background [i.e. the CMBR] could not have acquired its distinctive
blackbody characteristics under present conditions. The background radiation
must be a relic of an earlier period of cosmic history, when the Universe was far
denser and more opaque,” (Layzer, [29], p147).
Although the reasoning here is correct, Arp et al ([30]) challenged the empirical claim that the present universe is effectively transparent to radiation
at all wavelengths. It is commonly believed that radiation emitted from stars
is able to propagate freely through space, with only negligible absorption and
scattering by interstellar/intergalactic gas and dust, and planets. The matter
which does absorb radiation is distributed in a clumpy, discrete manner across
the sky, yet the CMBR is continuum radiation across the entire celestial sphere.
Thus, it is reasoned, the CMBR could not have been produced in the present
universe.
Arp et al argued that the CMBR we observe, was emitted recently and locally. They suggested that there is some form of intergalactic material, “with the
property of being strongly absorptive of microwaves, yet of being almost translucent in both the visible and longer radio wave regions of the spectrum,” ([30],
p809). They suggested that our present universe is opaque in the microwave,
and that starlight is absorbed and scattered by this intergalactic material to
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produce an isotropic blackbody microwave spectrum across our celestial sphere.
Although stars are discrete sources of light, because the hypothetical intergalactic material is distributed uniformly, it could produce a continuum of radiation
across the celestial sphere.
When a photon of starlight is absorbed by interstellar gas, the gas re-radiates
the energy that is absorbed, but it does so by emitting a sequence of lower-energy
photons, and it emits the photons in random directions. This characteristic
might be able to explain the isotropy of the CMBR. The intergalactic material
might be re-radiating starlight equally in all directions.
If the present universe were opaque in the microwave, it would no longer
follow that the CMBR must be a relic of an earlier period of cosmic history.
One of the primary pillars providing empirical support for FRW Cosmology
would have crumbled.
Arp et al suggested that metallic filaments, particularly iron filaments,
blasted into intergalactic space by supernovae, would provide the requisite microwave opacity. Arp et al concluded quite splendidly “The commonsense inference from the planckian nature of the spectrum of the microwave background
and from the smoothness [i.e.uniformity] of the background is that, so far as
microwaves are concerned, we are living in a fog and that the fog is relatively
local. A man who falls asleep on the top of a mountain and who wakes in a fog
does not think he is looking at the origin of the Universe. He thinks he is in a
fog,” ([30], p810).
At the risk of sounding churlish, the case of a man who falls asleep atop
a mountain is not relevantly analogous to the astronomical predicament of the
human race. If we had made observations of distant objects in the microwave
for some years, without any impediment, but after a period of academic sleep,
we then returned to find an isotropic obscuration in the microwave, we would
indeed be justified in thinking that a microwave fog had developed. The position
of the human race is that we have found a microwave fog from the time that we
began looking.
It is well-known that Alpher and Herman predicted in 1948, using FRW
Cosmology, that the present universe should be permeated by a residue of electromagnetic radiation from the early universe. This radiation was detected by
Penzias and Wilson in 1965. Rhook and Zangari point out that “Because the
existence of a background of microwave radiation was predicted as a consequence of the big bang, its account, unlike that of rivals, was granted immunity
against accusations of being ad hoc. Competing theories were then forced into
constructing post hoc explanations for the radiation which did not carry the
force of being prior predictions, and which themselves lay open to charges of
being ad hoc,” ([31], p230).
According to a FRW model of our universe there was no net transfer of
energy between the radiative component of the energy density and the matter
component of the energy density, until the universe was 104 − 105 yrs old. At
that time, the ‘epoch of last scattering’, the universe had expanded to the
point that the equilibrium reactions between the photons and the plasma of
matter could no longer be maintained, and the universe became transparent to
37

all but a negligible fraction of the radiation. Blackbody radiation was emitted
throughout space, and the FRW models represent this radiation to cool as the
universe expands, until it reaches microwave frequencies in the present era. The
FRW models therefore predict the continuum, blackbody, microwave radiation
that we observe today.
The verification of FRW Cosmology by the detection of the CMBR is the
hypothetico-deductive method at its finest. The physical processes responsible for the CMBR cannot be deduced from the empirical characteristics of the
CMBR, as the work of Arp et al demonstrates. Instead, one hypothesizes the
FRW models, one deduces the empirical predictions, and one compares and verifies the predictions with the astronomical data. The mere possibility that there
could be an alternative explanation for the CMBR, is not a decisive argument
against FRW Cosmology.
The CMBR observed by the COBE and WMAP satellites, and a variety
of Earth-bound/balloon-borne measuring devices, possesses an approximately
blackbody spectrum across the entire celestial sphere, for all values of θ and
φ. However, the temperature of the blackbody spectrum varies as a function
of θ and φ. The CMBR has a blackbody spectrum in all directions, but there
are different blackbody curves in different directions. The temperature T of
the CMBR is a real-valued function T (θ, φ) upon the celestial sphere. Let hT i
denote the mean temperature, averaged over the entire celestial sphere. The
function
δT (θ, φ) =

T (θ, φ) − hT i
∆T
≡
(θ, φ)
hT i
hT i

expresses the temperature deviations (or ‘fluctuations’) as a fraction of the mean
temperature (Coles and Lucchin [32], p92). This temperature fluctuation function is itself a real-valued function upon the celestial sphere, and one can decompose it into an infinite linear combination of the spherical harmonic functions
upon the sphere, (Coles and Lucchin [32], p366),
δT (θ, φ) =

∞ m=+l
X
X

clm Ylm (θ, φ)

l=0 m=−l

Note that on a specific celestial sphere, the coefficients clm which define the
function δT (θ, φ) are not functions of (θ, φ) themselves. δT (θ, φ) is a function
of (θ, φ) because the Ylm (θ, φ) are functions of (θ, φ). The coefficients clm only
vary across the statistical ensemble of all possible celestial spheres within our
universe.
The spherical harmonics {Ylm (θ, φ) : l ∈ N, m ∈ (−l, −l + 1, ..., +l)} form
an orthonormal basis of the Hilbert space L2 (S 2 ) of square-integrable functions
upon the sphere. They can be defined as
|m|

Ylm (θ, φ) = Nlm Pl
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(cos θ)eimφ

|m|

with Nlm a normalization constant, and Pl (u) a Legendre function. Any
square-integrable function f (θ, φ) on S 2 can then be expressed as a linear combination
f (θ, φ) =

∞ m=+l
X
X

clm Ylm (θ, φ)

l=0 m=−l

with the spherical harmonic coefficients clm given by
Z
m
m
clm = hYl , f i =
Y l (θ, φ)f (θ, φ) dΩ
S2

Note that the angular brackets here denote the inner product on the space of
functions on S 2 , not to be confused with the use of angular brackets to denote
a mean value.
Physicists tend to refer to the terms in a spherical harmonic decomposition
as ‘modes’. The term corresponding to l = 0 is referred to as the monopole,
l = 1 terms are called dipole terms, l = 2 terms are quadrupole terms, etc.
A dipole anisotropy in the temperature of the CMBR is a periodic variation
which completes 1 cycle around the sky; it has one ‘hot’ pole and one ‘cold’
pole. A quadrupole anisotropy is a periodic variation in the temperature of the
CMBR which completes 2 cycles around the sky. Mode l anisotropies complete l
cycles around the sky. Higher l modes correspond to temperature fluctuations on
smaller angular scales. For higher l modes, the angular scale ϑ of the fluctuation
is ϑ ≈ 60 deg /l, (Coles and Lucchin [32], p367). After subtracting the effects of
the Earth’s diurnal rotation, its orbit around the Sun, and the motion of the Sun
within the Milky Way galaxy, we observe from the Earth a dipole anisotropy in
the CMBR upon the celestial sphere. This is a dipole anisotropy upon our own
private celestial sphere due to the proper motion of the Local Group of galaxies
at approx. 600kms−1 . This dipole anisotropy in the temperature of the CMBR
can be expressed as (Coles and Lucchin [32], p93)
T (ϑ) = hT i + ∆Tdipole cos ϑ
It is only when one calculates the effect of the proper motion of the Local Group, and one ‘subtracts’ that effect from the observed CMBR, that one
obtains radiation which is uniform across the celestial sphere, to at least one
part in 10, 000, ∆T /hT i < 10−4 , on any angular scale. After compensating
for the effect of our proper motion, the average temperature of the CMBR is
approximately 2.7K.
The COBE satellite discovered in 1992 that superimposed upon the dipole
temperature anisotropy, there are very small scale variations in the temperature
of the microwave blackbody spectrum across the entire celestial sphere.
Because radiation was in equilibrium with matter just before they decoupled,
the variations in the CMBR indicate variations in the density of matter at the
time of decoupling. These variations are believed to be the origins of what have
today become galaxies. In a FRW model, the subsequent formation of galaxies
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has a negligible effect upon the CMBR. Thus, the variations in the CMBR are
thought to indicate inhomogeneity at the so-called ‘epoch of last scattering’.
Of deep observational significance at the present time is the CMBR angular
power spectrum. The mean value of the temperature fluctuations is zero, hδT i =
0, but the variance, the mean value of the square of the fluctuations, h(δT )2 i, is
non-zero.
Consider | δT |2 (θ, φ). Given the expansion of δT in the spherical harmonics,
it follows that
0

2

| δT | (θ, φ) =

=+l
∞ mX
∞ m=+l
X X
X

0

m

0

c∗lm cl0 m0 Y l (θ, φ)Ylm
(θ, φ)
0

l=0 m=−l l0 =0 m0 =−l0
m
l (θ, φ)
2

0

(θ, φ) don’t vary over the ensemble of all celestial spheres, so
Y
and Ylm
0
if h| δT | i(θ, φ) is taken to be the mean value of | δT |2 (θ, φ) over the ensemble,
it can be expressed as
0

2

h| δT | i(θ, φ) =

∞ m=+l
∞ mX
=+l
X
X X

0

m

0

hc∗lm cl0 m0 iY l (θ, φ)Ylm
(θ, φ)
0

l=0 m=−l l0 =0 m0 =−l0

Now, given that hc∗lm cl0 m0 i = h| clm |2 iδll0 δmm0 , this expression reduces to
h| δT |2 i(θ, φ) =

∞ m=+l
X
X

h| clm |2 i | Ylm (θ, φ) |2

l=0 m=−l

Noting that δT is real-valued, this means
h(δT )2 i(θ, φ) =

∞ m=+l
X
X

h| clm |2 i | Ylm (θ, φ) |2

l=0 m=−l

This expression is clearly dependent on (θ, φ). The following approach yields
an expression with no such dependence:
The function δT (θ, φ) is a vector in the Hilbert space of functions L2 (S 2 ).
This space of functions, as a Hilbert space, is equipped with an inner product
h , i, and a norm k k. (Again, the angular brackets of the inner product here
should not be confused with the angular brackets that define a mean value). The
norm defines the length of a vector in the vector space of functions. Consider
the square of the norm k δT k2 of the function δT (θ, φ):
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k δT k2 = hδT, δT i
* ∞ m=+l
+
∞ m=+l
X
X
X X
m
m
clm Yl (θ, φ),
clm Yl (θ, φ)
=
l=0 m=−l

=

∞ m=+l
X
X

l=0 m=−l

| clm |2

l=0 m=−l
0

(θ, φ)i = δll0 δmm0
This follows because hYlm (θ, φ), Ylm
0
Using angular brackets to denote the mean once again, hk δT k2 i denotes
the mean of the squared length of the function vector, taken over all possible
celestial spheres. From the last expression, it follows that
hk δT k2 i =

∞ m=+l
X
X

h| clm |2 i

l=0 m=−l

This is the sum of the mean of the square modulus value of all the coefficients
from the spherical harmonic expansion of δT . The mean h| clm |2 i is the mean
of | clm |2 taken over the ensemble of celestial spheres. | clm |2 is fixed for each
celestial sphere.
By an ergodic hypothesis, for large l this average is approximated by an
average taken over all the modes with the same l on our private celestial sphere
m=+l
X

h| clm |2 i =

m=−l

m=+1
X
1
| clm |2
(2l + 1)
m=−l

The angular power spectrum is
Cl =

m=+1
X
1
| clm |2
(2l + 1)
m=−l

Hence
hk δT k2 i = A +

∞
X

Cl

l=lb

A is the contribution from the small l spherical harmonics, and lb is the lower
bound at which the ergodic hypothesis becomes valid. For large l, Cl is the
contribution to the mean of the squared length of the temperature fluctuation
function vector from the mode l spherical harmonics.
The value of l for the highest peak in the CMBR power spectrum corresponds
to hot and cold spots of a specific angular size on the celestial sphere, (Tegmark
[33], p2). The exact angular size of these spots can be used to determine if the
curvature of space is positive, negative or zero. If the peak in the CMBR power
spectrum corresponds to spots which subtend a specific value close to 0.5 deg,
then space is flat, ([33], p2). If space has positive curvature, then the angles of
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a triangle add up to more than 180 deg, and the size of the CMBR spots would
be greater than 0.5 deg. If space has negative curvature, then the angles of a
triangle add up to less than 180 deg, and the size of the CMBR spots would
be less than 0.5 deg. The current data on the CMBR indicates that the spot
size is very close to 0.5 deg, but cannot determine the exact value. Thus, the
current data merely confirms the long-held belief that the curvature of space is
very close to zero.
Tegmark falsely states that “many of the most mathematically elegant models, negatively curved yet compact spaces, have been abandoned after the recent
evidence for spatial flatness,” ([33], p3). Unless Tegmark means that the evidence indicates a k = 0 universe, (which it doesn’t), this remark might betray
the misunderstanding of the rigidity theorem for hyperbolic manifolds alluded
to before. Very low negative values of spatial curvature do not exclude any of
the topologies of the hyperbolic space forms.
The CMBR power spectrum can also be used to determine whether our
spatial universe is a small compact universe. Whilst a compact universe of
volume much greater than the Hubble volume would leave no imprint upon the
CMBR, a small compact universe would affect the CMBR power spectrum on
large angular scales, and could leave paired circles in the CMBR at antipodal
positions on the celestial sphere. No paired circles have been discovered, but
the WMAP satellite has revealed anomalies in the CMBR power spectrum on
large angular scales. The quadrupole l = 2 mode was found to be about 1/7
the strength predicted for an infinite flat universe, while the octopole l = 3
mode was 72% of the strength predicted for such a non-compact k = 0 universe,
(Luminet et al, [12], p3).
Tegmark states that “The interim conclusion about the overall shape of space
is thus ‘back to basics’: although mathematicians have discovered a wealth of
complicated manifolds to choose from and both positive and negative curvature
would have been allowed a priori, all available data so far is consistent with the
simplest possible space, the infinite flat Euclidean space that we learned about
in high school,” ([33], p3). As emphasized about, it is also the case that all the
data remains consistent with positive or negative curvature, and with multiply
connected topology as well as simply connected topology. No such ‘back to
basics’ conclusion can be drawn.
The present universe only approximates a FRW model on length scales
greater than 100Mpc. On smaller length scales, the universe exhibits large inhomogeneities and anisotropies. The distribution of matter is characterised by
walls, filaments and voids up to 100Mpc, with large peculiar velocities relative
to the rest frame defined by the CMBR.
Whilst the CMBR indicates that the matter in the universe was spatially
homogeneous to a high degree when the universe was 104 − 105 yrs old, the distribution of galaxies is an indicator of the distribution of matter in the present
era, when the universe is ∼ 1010 yrs old. Given perturbations from exact homogeneity which were sufficiently large relative to the speed of expansion when the
universe was 104 − 105 yrs in age, one would expect the degree of homogeneity to
decrease with the passage of time. Small initial inhomogeneities result in some
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regions which are denser than the average. A positive feedback process then
ensues. The regions of greater than average density gravitationally attract matter from the surroundings, thus increasing the excess density of matter. As the
excess density of matter increases, a greater force is exerted on the surrounding matter, thus continuing to increase the agglomeration of matter. Gravity
magnifies small initial inhomogeneities. Hence, the FRW models become increasingly inaccurate as the universe gets older. The length scale on which the
universe can be idealized as being homogeneous, grows as a function of time,
hence the length scale on which a FRW model is valid, grows as a function of
time. Not only do the FRW models constitute a first approximation, but they
constitute an increasingly inaccurate first approximation.

4

Inflation

Grand Unified Theories (GUTs) hypothesize that at energies of about 1014 GeV,
the electroweak and strong forces merge into a single unified force. The Inflationary models postulate that as the universe approached the age of 10−35 s,
the matter in the universe was in its Grand Unified phase, with the electroweak
and strong forces unified, and the GUT Higgs fields all possessing a value of
zero. As the universe expanded, it cooled, and after 10−35 s the temperature of
the universe dropped below the level at which the electroweak and strong forces
can be unified. This sudden change in the state of the matter in the universe
is called the GUT ‘phase transition’. As long as such a phase transition occurs
rapidly when the temperature falls to the critical value, there is no inconsistency
with FRW cosmology, (Blau and Guth, [16], p528). Inflation, however, proposes
that the universe underwent supercooling at the GUT phase transition. In other
words, it is proposed that the phase transition occurred slowly compared with
the rate of cooling. As a result of supercooling, it is hypothesized that the
energy density of the universe became dominated by the energy density of the
GUT Higgs fields, and the thermal component of the energy density became
negligible in comparison. This state of matter is referred to as the false vacuum
state.
On a classical level, one represents a Higgs field as a scalar field φ, and
one has an expression for the classical potential energy V (φ) of that field. The
Inflationary models represent our observable universe to have come from a region
of space in which each Higgs field φ had a constant value. One therefore speaks
of the value of a Higgs field at a particular time.
To simplify the notation, we shall hereafter use φ to denote the combination
of values of all the Higgs fields, and we shall use V (φ) to denote the potential
energy for the combined system of Higgs fields.
According to GUT theories, the potential energy function V (φ) of the GUT
Higgs fields is temperature dependent. At GUT temperatures, the global minimum of the potential is the point at which the Higgs fields are all zero. As the
universe cools, the temperature falls, and the shape of the potential changes so
that the global minimum is no longer at the point where all the Higgs fields
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vanish. When the universe is 10−35 s old, the Higgs fields remain at zero, but
are no longer at the minimum of the potential energy function. At this time,
the Higgs fields are represented to have their ‘false vacuum’ value(s) φf alse . As
a result of supercooling, the potential energy V (φf alse ) of the false vacuum is
equated with the energy density ρ of the universe. Let us denote this false
vacuum energy density as ρf . The energy density of the false vacuum is huge,
ρf ≈ 1073 g cm−3 . Blau and Guth comment that this is “the energy density that
a large star would have if it were compressed to the size of a proton,” ([16],
p541).
The false vacuum causes the universe to undergo a period of acceleratory
expansion. In the most-frequently cited models of Inflation, the expression for
the scale factor R(t) has the form of an exponential function during this period.
The value of the scale factor increases by a huge factor, perhaps 1050 or more,
until Inflation ceases, at which time the universe is approximately 10−30 s old.
The cessation of Inflation coincides with the Higgs fields lapsing into a ‘true
vacuum’ state. The Higgs fields acquire a combination of values φtrue , in which
at least one of the Higgs fields becomes non-zero. Strictly, the true vacuum
energy density is merely the global minimum of the potential energy function
V (φ), but it is conventional to consider that V (φtrue ) = 0.
A defining characteristic of Inflation is that the energy density of the Inflating
region is constant during the period of acceleratory expansion. The energy
density is maintained at the false vacuum energy density ρf , throughout the
period of Inflation. (This characteristic plays a key role in the ideas for universe
creation ‘in a laboratory’).
The false vacuum is considered to be unstable. After a period of Inflation, a
phase transition takes place, and the Higgs fields fall into true vacuum values.
The false vacuum energy density is converted into the energy density of more
conventional matter and radiation. The region which has undergone Inflation
subsequently expands in accordance with a FRW model.
One can represent the false vacuum as a special type of perfect fluid. Recall
that the stress-energy tensor Tµν of a perfect fluid has the form
Tµν = (ρ + p)Uµ Uν + pgµν
In the most-frequently cited models of Inflation, the false vacuum corresponds
to the special case of p = −ρf , where both the pressure p and the energy density
ρf , are constant in space and time. One obtains a perfect fluid stress-energy
tensor of the form
Tµν = −ρf gµν
Given that the false vacuum energy density is positive, the pressure of the
false vacuum is clearly negative.
Let Gµν = Rµν − 1/2 S gµν denote the Einstein tensor. If one considers the
Einstein field equations without cosmological constant,
Gµν = 8πGTµν ,
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then the period of Inflation corresponds to the case
Gµν = 8πG(−ρf gµν )
Inflation is often said to mimic the effect of a positive cosmological constant. To understand this, let us introduce the Einstein field equations with
cosmological constant
Gµν = 8πGTµν − Λgµν
If we set Tµν = 0, and stipulate that Λ = 8πG ρf , then we obtain the same
Einstein tensor
Gµν = −(8πGρf gµν ) = 8πG(−ρf gµν )
Recall, however, that Λ is a property of space, indicating that space itself has
an energy density. In contrast, in the Inflationary scenario, there are matter
fields present, and it is the energy density of these matter fields which is under
consideration.
The false vacuum energy density ρf is distinct from the purported dark
energy component to the present energy density of our universe, although both
do correspond to a positive cosmological constant.
When discussing Inflationary Cosmology, it is important to maintain a clear
distinction between the observable universe, and the entire spatial universe. The
entire spatial universe could have either compact or non-compact topology, and
could therefore be either of finite volume, or of infinite volume. In contrast, the
observable spatial universe is definitely of finite volume. This entails that the
total amount of non-gravitational energy within the observable spatial universe
must be finite. If the entire spatial universe is compact, the total amount of
non-gravitational energy in the spatial universe will also be finite, but if the
entire spatial universe is non-compact, the total non-gravitational energy in the
universe could be infinite.
The period of acceleratory expansion postulated in Inflation has the consequence that the presently observable universe came from a region of minute
size at 10−35 s. Inflation thereby solves the so-called ‘horizon’ problem of FRW
cosmology. The apparent homogeneity of our observable universe has to be
built-in to the initial conditions of a FRW model, dictating the choice of a locally isotropic and locally homogeneous 3-dimensional Riemannian manifold to
represent the spatial universe. Regions of space on opposite sides of our observable universe have the same average temperature and density, even though,
in a FRW model, they have always lain beyond each other’s particle horizons.
Under Inflation, because the observable universe came from a region of much
smaller size at 10−35 s than would otherwise have been the case, the observable
universe comes from a region which would have been able to reach homogeneity
and thermal equilibrium by means of causal processes before Inflation kickedin. Under Inflation, the observable universe comes from a region which would
have been able to reach a homogeneous state despite starting from a possibly
heterogeneous initial state.
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Although the predicted energy density at 10−35 s is huge, at ρf ≈
10 g cm−3 , by integrating it over the very small region which became the observable universe, one gets a relatively small total energy. Thus, Guth and
Steinhardt assert that “probably the most revolutionary aspect of the inflationary model is the notion that all the matter and energy in the observable universe
may have emerged from almost nothing,” (Guth and Steinhardt, [17], p54).
One begins with a region of very small volume at 10−35 s. During Inflation, the scale factor of this region increases enormously, but the energy density
remains constant. The huge increase in the scale factor means that the volume of the region is increasing hugely. Thus, during Inflation, the total (nongravitational energy) of the region is increasing. At the completion of Inflation,
the energy density is the same that it was to begin with, but the region has a
much greater volume. Integrating the energy density over a much larger domain,
one gets a larger total energy.
The consequence of this, as Guth and Steinhardt explain, is that “Essentially
all the non-gravitational energy of the [observable] universe is created as the false
vacuum undergoes its accelerated expansion. This energy is released when the
phase transition takes place, and it eventually evolves to become everything
that we see, including the stars, the planets, and even ourselves.” (Guth and
Steinhardt, [17], p54).
It is important to emphasize that it is only the observable universe which is
assuredly created from a very small initial amount of energy. Inflation does not
entail that the entire universe was created from almost nothing. If the entire
spatial universe is of infinite volume, then the total non-gravitational energy of
the universe would be infinite at any moment of time. It is only if the entire
universe is compact, and therefore of finite volume, like the observable universe,
that the entire universe could have been created from ‘almost nothing’.
Guth and Steinhardt conclude that “the inflationary model offers what is
apparently the first plausible scientific explanation for the creation of essentially all the matter and energy in the observable Universe,” ([17], p54). They
acknowledge that “It is then tempting to go one step further and speculate that
the entire universe evolved from literally nothing. The recent developments in
cosmology strongly suggest that the universe may be the ultimate free lunch,”
([17], p54).
This, of course, is where Quantum Cosmology enters. Blau and Guth claim
that in the scenarios proposed by Vilenkin and Andrei Linde, “the universe
tunnels directly from a state of ‘absolute nothingness’ into the false vacuum,”
and that Hartle and Hawking “have proposed a unique wave function for the
universe, incorporating dynamics which leads to an inflationary era,” (Blau and
Guth, [16], p556). These latter claims are over-optimistic, and are typical of
the way in which Quantum Cosmology is often invoked as a deus ex machina
to explain the initial conditions which are necessary for Inflation to occur.
Despite this criticism, I endorse the interpretation of Guth and Steinhardt,
that Inflation is able to explain how almost all the non-gravitational energy in
our observable universe was created. Inflation, however, clearly cannot explain
how space and time were created, and it cannot explain how the initial seed of
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energy was created. Inflation cannot produce physical something from physical
nothing. Inflation could, quite conceivably, be a vital cog in a universe creation
theory, but it cannot on its own explain why there is physical something rather
than physical nothing.
It should also be emphasized that Inflation is based upon GUTs of particle
physics, and no GUT of particle physics has yet received experimental verification. A degree of caution is therefore in order.
It must be emphasized that the distinction between the false vacuum and
the true vacuum exists on a classical level. Inflation is most easily formulated
as a classical field theory, with classical scalar fields φ, classical potential energy
V , and the classical Einstein field equations. The non-zero energy density of the
false vacuum is not (exclusively) a quantum effect. In the quantum field theory,
the values of the field φ are replaced by expectation values hφi.
When the Higgs fields slip into true vacuum values of the classical potential
V (φ), their energy density is conventionally represented to be zero by the classical theory. It is quantum theory, not the classical theory, which then denies
that the true vacuum state of a field has zero energy. In the quantum vacuum,
it is believed that virtual particle-antiparticle pairs are constantly created and
annihilated. It is believed that the virtual pairs are created ex nihilo. One
speaks of the quantum ‘fluctuations’ of the vacuum.
The nature of the quantum vacuum has inspired a number of universe creation scenarios. For example, in 1973 Edward P. Tryon ([35]) proposed that our
universe was created as a spontaneous quantum fluctuation of some pre-existing
‘vacuum’. Tryon conjectured that all conserved quantities have a net value of
zero for the universe as a whole. Noting that in Newtonian theory, the gravitational potential energy is negative, he proposed that there might be a sense
in which the negative gravitational energy of the universe cancels the positive
mass-energy. He calculated that this might/would be the case if the average
density of matter matches the critical density (Tryon, [35], p396), although he
also seemed to predict that the universe is closed (Tryon, [35], p397).
In 1978, Brout et al ([36]) adopted the idea of an initial microscopic quantum fluctuation, but added the idea that the initial state of matter was one
with a large negative pressure, which resulted in exponential expansion of the
initial fluctuation into an open universe. The creation of an open universe featured in a paper by J.R.Gott in 1982 ([37]), and in the same year, the papers
of Atkatz-Pagels ([38]), and Vilenkin ([39]) addressed the creation of closed
universes. Subsequently, Tryon argued ([34]) that Inflation can be combined
with the notion of a quantum vacuum fluctuation to explain the creation of a
universe.
On the one hand, Tryon still believes that the notion of a quantum fluctuation alone is sufficient to explain the creation of our universe, stating that
“Although quantum fluctuations are typically microscopic in scale, no principle limits their potential size and duration, provided that conservation laws
are respected. Hence, given sufficient time, it seems inevitable that a universe
with the size and duration of ours would spontaneously appear as a quantum
fluctuation,” ([34], p571). However, he acknowledges that “Large (and long47

lived) universes intuitively seem much less likely than smaller ones,” so he then
suggests that Inflation could transform an initial microscopic fluctuation into
a large universe. He asserts that “Inflation greatly enhances the plausibility
of creation ex nihilo,” and he concludes that “Quantum uncertainties suggest
the instability of nothingness...Inflation might have converted a spontaneous,
microscopic quantum fluctuation into our Cosmos.” ([34], p571).
Tryon fails to establish a clear distinction between the possible creation of
the material universe from a pre-existing ‘empty’ space-time, and the possible
creation of space, time, and matter from physical nothing, the empty set ∅. In
1973, Tryon imagined our universe as “a fluctuation of the vacuum, the vacuum
of some larger space in which our Universe is imbedded,” ([35], p397). This
statement seems to indicate that Tryon was thinking of creation from a preexisting, empty space-time. It seems to indicate that the ‘vacuum’ Tryon refers
to is the matter field vacuum of a pre-existing empty space-time. Subsequently,
Tryon stated his proposal more carefully, asserting that “the universe was created from nothing as a spontaneous quantum fluctuation of some pre-existing
vacuum or state of nothingness.” ([34], p570). From the latter statement, it
seems that Tryon now contemplates creation from either a pre-existing empty
space-time, or from literally nothing, the empty set.
Even now, however, Tryon argues that “given sufficient time” ([34], p571)
quantum fluctuations will yield a universe. This echoes the 1973 proposal that
our universe “is simply one of those things which happen from time to time.”
Both comments indicate that Tryon considers time to exist before the hypothetical creation of our universe as a vacuum fluctuation. This is consistent with the
idea that a universe is created as a quantum fluctuation in a pre-existing spacetime. It is inconsistent with the idea that a universe is created from physical
nothing, the empty set.
Whilst Inflation on its own could only explain the existence of almost all the
matter and non-gravitational energy in our universe, by combining Inflation with
the idea of a quantum fluctuation in a pre-existing space-time, one might be able
to explain the existence of all the matter and non-gravitational energy in our
universe. One might suggest that there existed an initial space-time in which the
matter fields were in their true vacuum states. One might then imagine that
some fluctuation of this quantum vacuum created a small expanding region
in which there were Higgs fields, all of which were set to value zero. One
would imagine that the region expands and supercools, and Inflation of that
region would then take place. The small initial quantum fluctuation would
be transformed into a fully-fledged universe. Inflation would transform the
small initial amount of non-gravitational energy into enough matter and nongravitational energy for a universe larger than our own observable universe.
It is important to note that two distinct types of vacuum are at work in such a
scenario. Quantum fluctuations of the true vacuum would create a small amount
of non-gravitational energy, ‘almost nothing’, and then the properties of the false
vacuum would create, from ‘almost nothing’, sufficient non-gravitational energy
for a universe replete with galaxies.
Obviously, such a scenario would only explain the creation of the material
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universe. It would not be creation from physical nothing, because there would
be a pre-existing space-time. Tryon’s idea would not incorporate Inflation into
a theory which explained why there is physical something rather than physical
nothing. Tryon’s idea would, at best, incorporate Inflation into a theory which
explained why there is some matter and energy, rather than no matter and
energy.
Given the current notion of physical space and the current notion of the
quantum vacuum, the existence of the quantum vacuum is contingent. It is not
a contradiction to imagine the existence of space and the non-existence of the
quantum vacuum. It is false to claim that truly empty space, with zero energy,
is impossible. There is nothing in the current notion of physical space that
entails the presence of the quantum vacuum. So long as space is represented by
a differential manifold, and mass-energy is represented by fields on a manifold,
it will be possible to imagine empty space. It may well be true that there is
no operational procedure which can make a region of space completely empty,
but this does not mean that it is impossible for space to be empty. It might
also be operationally impossible to change the dimension of physical space, but
that does not mean that it is impossible for physical space to be other than
3-dimensional.
Some theory in the future may represent the universe in a way that makes
space-time and mass-energy conceptually inseparable, and it may then follow
from the nature of space-time that the quantum vacuum exists. However, if
this were to be the case, there would no longer be the twofold question of how
a material universe could have been created from empty space, and how empty
space could have been created from physical nothing. One would have the single
question of how the physical universe could have been created from physical
nothing. Hence, the notion of the quantum vacuum cannot entail the existence of
the material universe. If space-time and mass-energy are conceptually separable,
then the presence of the quantum vacuum is merely contingent, hence it cannot
entail that empty space must create a material universe. Alternatively, if spacetime and mass-energy are conceptually inseparable, then an explanation for the
existence of the material universe requires an explanation of how the material
universe was created from physical nothing, and the quantum vacuum cannot
achieve this.

5

Quantum Cosmology

In Canonical General Relativity, a configuration of the spatial universe is given
by a 3-dimensional manifold Σ, equipped with a Riemannian metric tensor field
γ, and a matter field configuration φ. The full configuration space of General
Relativity would be the set of all possible pairs (γ, φ) on all possible 3-manifolds
Σ.
In path-integral quantum gravity, the main object of interest is a transition
from an initial configuration (Σi , γi , φi ) to a final configuration (Σf , γf , φf ). The
interest lies in defining and calculating a propagator K(Σi , γi , φi ; Σf , γf , φf ).
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In contrast with path-integral non-relativistic quantum mechanics, there are no
overt time labels associated with either the initial or final configuration.
To calculate the propagator K(Σi , γi , φi ; Σf , γf , φf ), one might expect to introduce the set L (Σi , γi , φi ; Σf , γf , φf ), of all 4-dimensional Lorentzian spacetimes which interpolate between (Σi , γi , φi ) and (Σf , γf , φf ). Whilst classical
General Relativity requires that a space-time satisfy the classical dynamical
equations, the Einstein Field equations, quantum gravity introduces the set of
all kinematically possible interpolating space-times, irrespective of whether they
satisfy the Einstein Field equations.
Each interpolating space-time history is a 4-dimensional Lorentzian
manifold-with-boundary (M, g). The boundary of each M must consist of the
disjoint union of Σi and Σf . In addition, the restriction of the Lorentzian metric
g to the boundary components must be such that g | Σi = γi and g | Σf = γf .
Each interpolating space-time must be equipped with a smooth matter field
history Φ, which satisfies the conditions Φ | Σi = φi and Φ | Σf = φf .
The initial 3-manifold Σi need not be homeomorphic with the final 3manifold Σf . Hence, the transition from an initial configuration (Σi , γi , φi )
to a final configuration (Σf , γf , φf ) could be a topology changing transition.
The notion of topology change is closely linked with the concept of cobordism. When a pair of n-manifolds, Σ1 and Σ2 , constitute disjoint boundary components of an n + 1 dimensional manifold, Σ1 and Σ2 are said to be cobordant.
It is a valuable fact for path-integral quantum gravity that any pair of compact 3-manifolds are cobordant, (Lickorish, [40]). Not only that, but any pair
of compact Riemannian 3-manifolds, (Σ1 , γ1 ) and (Σ2 , γ2 ), are ‘Lorentz cobordant’, (Reinhart, [41]). i.e. There exists a compact 4-dimensional Lorentzian
manifold (M, g), with a boundary ∂M which is the disjoint union of Σ1 and
Σ2 , and with a Lorentzian metric g that induces γ1 on Σ1 , and γ2 on Σ2 .
This cobordism result is vital because it confirms that topology change is
possible. Even when (Σ1 , γ1 ) and (Σ2 , γ2 ) are compact Riemannian 3-manifolds
with different topologies, there exists an interpolating space-time.
With each kinematically possible interpolating history, one can associate a
real number, the action A
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S is the scalar curvature, K is the extrinsic curvature tensor, and Lm is the
matter field Lagrangian density.
One ‘weights’ each possible space-time history with a unimodular complex
number exp(iA/~). Whilst A : L → R1 is an unbounded function on the pathspace L , the mapping exp(iA/~) : L → S 1 ⊂ C1 is a bounded function.
One could then define the propagator of quantum gravity as:
Z
K(Σi , γi , φi ; Σf , γf , φf ) =
exp(iA/~)dµ
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It has been claimed that in quantum gravity, the creation of a universe from
nothing would simply correspond to the special case where (Σi , γi , φi ) = ∅. If
this were so, then the probability amplitude or probability of a transition from
nothing to a spatial configuration (Σf , γf , φf ) would be given by
Z
K(∅; Σf , γf , φ) =
exp(iA/~)dµ

P

P

P

L

where L is an abbreviation here for L (∅; Σf , γf , φf ), the set of all Lorentzian
4-manifolds (M, g) and matter field histories Φ which have a single boundary
component ∂M = Σf on which g induces γf , and Φ induces φf .
Unfortunately, there are serious technical problems with the definition of the
propagator by a Lorentzian path-integral. Firstly, if one permits L to include
non-compact space-times, then the action integral can diverge for some of these
space-times. For example, if a non-compact space-time is homogeneous, then
the action integral diverges. Because a non-compact homogeneous space-time
has no well-defined action A, it cannot be assigned a weight exp(iA/~). An
asymptotically flat space-time is a notable case of a non-compact space-time for
which the action integral is finite, but asymptotically flat geometry is a special
case, and is of no cosmological relevance.
Secondly,
L is not finite-dimensional, and no satisfactory measure has
been found on
L . In the absence of a satisfactory measure on
L , integration over
Although the integrand exp(iA/~)
L is not well-defined.
is a bounded function, when it is expanded into its real-imaginary form,
exp(iA/~) = cos A/~ + i sin A/~, it is clearly oscillatory. Thus, even if one attempted to approximate the propagator by an integral over a finite-dimensional
subset of L , the integral would not be finite unless one integrated over a
compact subset of
One attempt to avoid these difficulties is the soL.
called ‘Euclidean’ path-integral approach to quantum gravity. In this approach, the propagator K(Σi , γi , φi ; Σf , γf , φf ) is defined to be an integral over
R (Σi , γi , φi ; Σf , γf , φf ), the set of all compact Riemannian 4-manifolds and
matter field histories which interpolate between (Σi , γi , φi ) and (Σf , γf , φf ). It
would clearly be more appropriate to refer to this approach as the Riemannian
path-integral approach to quantum gravity.
A ‘Euclidean’ action AE is associated with each interpolating history, and
one assigns a weight of exp(−AE /~) to each such interpolating history. The
propagator is then defined to be
Z
K(Σi , γi , φi ; Σf , γf , φf ) =
exp(−AE /~)dµ
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If the creation of a universe from nothing corresponds to the special case
in which (Σi , γi , φi ) = ∅, then in the ‘Euclidean’ approach the probability amplitude or probability of a transition from nothing to a spatial configuration
(Σf , γf , φf ) would be given by integrating only over the compact Riemannian
4-manifolds and matter field histories R = R (∅; Σf , γf , φf ):
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Z
K(∅; Σf , γf , φf ) =

P

exp(−AE /~)dµ
R

Unfortunately, the Euclidean action AE is not positive definite; AE can be
negative. Moreover, there is no lower bound on the value that the Euclidean
action can take. Thus, the integrand in the path integral, exp(−AE /~) =
1/exp(AE /~) can ‘blow up exponentially’. This means that the integrand
in a Riemannian path-integral can be an unbounded function. If one attempted to approximate the propagator by integrating exp(−AE /~) over a
finite-dimensional subset of R , then the integral would not be finite unless
one used a special measure. In the ‘Euclidean’ approach it has been suggested
that the transition amplitudes K(∅; Σ, γ, φ) can be approximated by summation
over compact Riemannian 4-geometries which are saddle points of the action
AE . However, even if there is a way to approximately calculate the transition
amplitudes of quantum gravity, it is highly debatable whether the transition
amplitudes K(∅; Σ, γ, φ) could be interpreted as creation ex nihilo amplitudes.
In the case of the Lorentzian approach, the first problem is that compact
Lorentzian space-times with only a single compact boundary component, are
time non-orientable. This means that the single compact boundary cannot be
treated as a final boundary, at which the region of space-time ends. It is equally
legitimate to treat is as a boundary at which the region of space-time begins.
Suppose instead that one uses a collection of non-compact, time-orientable
Lorentzian space-times which end at (Σ, γ, φ), and which have no past boundary.
Each one of these space-times ‘creates’ (Σ, γ, φ) from a prior region of spacetime. Thus, all the space-times which determine the purported creation ex nihilo
probability of (Σ, γ, φ), ‘create’ (Σ, γ, φ) from a prior region of space-time; they
do not individually create (Σ, γ, φ) from nothing ∅. Indeed, some space-times
which terminate with (Σ, γ, φ) are past-infinite. Thus, space-times which exist
for an infinite time before reaching (Σ, γ, φ) would contribute to the probability
of creating (Σ, γ, φ) from nothing!
Similarly, in the ‘Euclidean’ approach, all the Riemannian 4-geometries
which determine the purported creation ex nihilo probability of (Σ, γ, φ), ‘create’ (Σ, γ, φ) from a region of 4-dimensional space; they do not individually
create (Σ, γ, φ) from nothing ∅.
These are strong reasons to doubt that K(∅; Σ, γ, φ) could be interpretable
as a creation ex nihilo probability amplitude in either the Lorentzian or the
‘Euclidean’ approach. In the Lorentzian approach, when speaking of spacetimes with no past boundary, it is syntactically acceptable to say that the past
boundary component is empty, ∅, but one should not think of ∅ as a special
type of past boundary; it is no past boundary at all. In the Euclidean approach,
when speaking of 4-dimensional spaces with no second boundary component, it
is syntactically acceptable to say that the second boundary component is empty,
∅, but again one should not think of ∅ as a special type of second boundary;
rather, it is no second boundary at all. A boundary of a manifold must be
a topological space, and amongst other things, a topological space must be
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a non-empty set. ∅ is the empty set, hence ∅ cannot be a topological space,
which entails that ∅ cannot be the boundary of a manifold. Cobordism is an
equivalence relation between manifolds, hence it is not possible for any manifold
to be cobordant with the empty set ∅.
Space-times which have no past boundary are not space-times which begin with the empty set ∅. An integration or summation over space-times with
no past boundary, can only be interpreted as the probability of (Σf , γf , φf )
arising from anything, not the probability of (Σf , γf , φf ) arising from nothing. The absence of a past boundary merely signals the absence of a restriction
upon the ways in which (Σf , γf , φf ) can come about. Every space-time in
L (Σi , γi , φi ; Σf , γf , φf ), for each (Σi , γi , φi ), is a subset of at least one spacetime in L (∅; Σf , γf , φf ). Every space-time in L (Σi , γi , φi ; Σf , γf , φf ) is part
of at least one space-time which extends further into the past, beyond (Σi , γi , φi ),
in L (∅; Σf , γf , φf ). It is in this sense that the absence of a past boundary
merely signals the absence of a restriction upon the ways in which (Σf , γf , φf )
can come about. The set of Lorentzian space-times
L (∅; Σf , γf , φf ) contains all the possible past histories that lead up to (Σf , γf , φf ), whereas
L (Σi , γi , φi ; Σf , γf , φf ) contains the past histories which are truncated at the
spatial configuration (Σi , γi , φi ). An integration or summation over space-times
with no past boundary cannot be interpreted as the probability of a transition
from ∅ to (Σf , γf , φf ).
Similarly, in the Euclidean approach, an integration or summation over 4dimensional spaces in which (Σf , γf , φf ) is the only boundary component, cannot be interpreted as the probability of a transition from ∅ to (Σf , γf , φf ). The
absence of another boundary component merely signals the absence of a restriction upon the 4-dimensional spaces which possess (Σf , γf , φf ) as a boundary.
Every Riemannian 4-geometry in R (Σi , γi , φi ; Σf , γf , φf ), for each (Σi , γi , φi ),
is a subset of at least one Riemannian 4-geometry in R (∅; Σf , γf , φf ). Every Riemannian 4-geometry in R (Σi , γi , φi ; Σf , γf , φf ) is part of at least one
Riemannian 4-geometry which extends to a greater volume, beyond (Σi , γi , φi ),
in R (∅; Σf , γf , φf ). The set of Riemannian 4-geometries R (∅; Σf , γf , φf )
contains all the possible 4-dimensional spaces which possess (Σf , γf , φf ) as a
boundary, whereas R (Σi , γi , φi ; Σf , γf , φf ) contains all those that are truncated at the spatial configuration (Σi , γi , φi ).
To counter these arguments, one could argue that the space-times or 4dimensional spaces being used would only play a part in the theoretical calculation of the transition probabilities, and would not play a part in any actual
physical process. One could argue that the transition from ∅ to some (Σ, γ, φ)
only takes place at the quantum level, not at the level of the individual classical
space-times or 4-dimensional spaces which are used to calculate the probability
of the quantum event. One could argue that the only thing which happens
physically is a transition from ∅ to some (Σ, γ, φ). The fact that the space-times
used in the Lorentzian approach cannot be said to begin with the empty set,
and the fact that they individually create (Σ, γ, φ) from a prior region of spacetime, does not entail that they cannot be used to calculate the probability of a
transition from ∅ to (Σ, γ, φ). The fact that the 4-dimensional spaces used in
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the Euclidean approach cannot be said to individually create (Σ, γ, φ) from the
empty set, the fact that they individually ‘create’ (Σ, γ, φ) from a 4-dimensional
space, does not entail that they cannot be used to calculate the probability of
a transition from ∅ to (Σ, γ, φ).
This counter-argument is inconsistent with the principle that the probability
of a transition between two configurations is determined by all the kinematically possible classical histories that can interpolate between those configurations. Quantum ‘tunnelling’ occurs in non-relativistic quantum theory if there
is a transition which is not dynamically possible according to the classical dynamical equations. However, quantum tunnelling in non-relativistic quantum
theory can only take place between two configurations, q1 and q2 , if there is a
kinematically possible classical history that interpolates between them. If there
is no such kinematically possible history, then even in quantum theory, a transition between the two configurations is not possible. For example, if q1 and
q2 are points that belong to disconnected regions of space, then a transition
between q1 and q2 is impossible. Because no manifold Σ can be cobordant with
the empty set, there are no kinematically possible classical histories which interpolate between ∅ and (Σ, γ, φ). Hence, there cannot be a quantum transition
between ∅ and (Σ, γ, φ). In other words, quantum tunnelling between ∅ and
(Σ, γ, φ) is impossible.

The most notorious application of ‘Euclidean’ path-integral quantum gravity to creation ex nihilo is the paper of Hartle and Hawking ([42]). The HartleHawking approach constitutes a meeting point between the path-integral approach and the canonical approach to quantum gravity. The canonical quantization of gravity introduces the hypothetical wave-function of the universe. It is
stipulated in canonical quantum gravity that the wave function of the universe
must satisfy the Wheeler-DeWitt equation.
It is suggested in Hartle-Hawking, ([42]), that the wave-function of the universe Ψ0 can be specified by ‘Euclidean’ path-integration. The zero subscript indicates that Hartle-Hawking consider this wave function to be a type of ‘ground
state’, which normally means a quantum state of minimum energy. HartleHawking include the 3-geometries γ and the matter fields φ in the domain of
the wave function, Ψ0 (γ, φ). One could also include the 3-topology Σ, although
Hartle-Hawking restrict their proposal to compact 3-manifolds.
The Hartle-Hawking proposal can be analysed into three separate propositions. I must emphasize that Hartle and Hawking made no such threefold
distinction themselves. The first proposition is that the probability amplitudes
K(∅; Σf , γf , φf ) are the probability amplitudes of creation ex nihilo. The second proposition is that these probability amplitudes provide the wavefunction
of the universe Ψ0 (Σf , γf , φf ). i.e.
Ψ0 (Σf , γf , φf ) = K(∅; Σf , γf , φf )
The third proposition is that K(∅; Σf , γf , φf ) is specified by path-integration
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over compact Riemannian 4-geometries. Given the intractability of the full
path-integral, a weaker but more plausible proposition can be substituted here:
K(∅; Σf , γf , φf ) is specified approximately by a summation over select compact
Riemannian 4-geometries. There are 23 = 8 possible combinations for accepting
or rejecting these propositions. For example, one could agree that the probability amplitudes K(∅; Σf , γf , φf ) are equivalent with the wave-function of the
universe, but one could reject the proposal that these probability amplitudes
are generated by summation over compact Riemannian 4-geometries. One might
attempt to use non-compact geometries and Lorentzian geometries instead.
Conversely, one could agree that the probability amplitudes K(∅; Σf , γf , φf )
are generated by summation over compact Riemannian 4-geometries, but one
need not believe that these amplitudes are equivalent with the wave-function
of the universe. Given that the wave-function of the universe is a concept
drawn from canonical quantum gravity, one could refuse to grant that it has
any connection with path-integral quantum gravity.
One could accept that the probability amplitudes K(∅; Σf , γf , φf ) are equivalent with the wave-function of the universe, and one could accept that these amplitudes are determined by summation over compact Riemannian 4-geometries,
but one could deny that these probability amplitudes should be interpreted as
creation ex nihilo probability amplitudes.
Conversely, one could accept that the probability amplitudes K(∅; Σf , γf , φf )
are interpretable as creation ex nihilo probability amplitudes, but one could deny
that they are calculated by summation over compact Riemannian 4-geometries,
and one could deny that they provide the wave-function of the universe.
As another combination, one could deny that the probability amplitudes
are equivalent with the wave-function of the universe, and one could deny that
these amplitudes are determined by summation over compact Riemannian 4geometries.

There seems to be a degree of conceptual confusion in the original expression
of the Hartle-Hawking proposal. For example, consider the following passage:
“Our proposal is that the sum should be over compact geometries. This
means that the Universe does not have any boundaries in space or time (at least
in the Euclidean regime). There is thus no problem of boundary conditions. One
can interpret the functional integral over all compact four-geometries bounded
by a given three-geometry as giving the amplitude for that three-geometry to
arise from a zero three-geometry, i.e. a single point. In other words, the ground
state is the amplitude for the Universe to appear from nothing.” (Hartle and
Hawking, [42], p2961).
This statement is open to a number of criticisms. Firstly, it is entirely
conventional in General Relativistic Cosmology to represent the universe by a
boundaryless differential manifold. It is far from radical to suggest that the
universe has no boundary in space or time. Secondly, the concept of a compact
4-manifold is distinct from the concept of a boundaryless 4-manifold. A compact
manifold may or may not possess a boundary. A boundaryless manifold may
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be compact or non-compact. A manifold with boundary may be compact or
non-compact. By summing over compact 4-manifolds, one would exclude noncompact 4-manifolds from one’s purview, but one would not exclude compact
manifolds which possess a boundary; the Hartle-Hawking proposal is to sum over
compact 4-manifolds which possess a single 3-dimensional boundary component.
Thirdly, by moving from Classical General Relativity to path-integral quantum gravity, one ceases to represent the universe by a single space-time. It is,
therefore, difficult to understand in what sense it is ‘the Universe’ which could
be bereft of boundary. In quantum cosmology, the universe is represented by a
wave function, not a manifold.
Fourthly, the so-called ‘Euclidean regime’ is a distinct concept from summation over compact 4-geometries. One could propose summation over compact 4-geometries without proposing that the 4-geometries must be Riemannian
(‘Euclidean’).
There appear to be two types of boundary conditions at work in the HartleHawking proposal. There are boundary conditions on the hypothetical wavefunction of the universe, and there are boundary conditions on the individual
4-geometries in the summation. The claim in the above excerpt that there is
no problem with boundary conditions, implies that the boundary conditions
referred to at this juncture are boundary conditions on the 4-geometries in the
summation, not boundary conditions on the wave function. It is only for compact 4-geometries that the action is guaranteed to be finite. If one were to
permit non-compact 4-geometries, one would have to impose boundary conditions to ensure that the action integral of such 4-geometries did not diverge.
Hartle-Hawking propose that the wave-function be obtained by summation over
compact 4-geometries which need no spatial boundary conditions. This is the
proposed boundary condition on the wave-function.
The confusion created by the Hartle-Hawking proposal, and by their decision
to name it the ‘no-boundary’ boundary condition, is typified by the account of
the Hartle-Hawking proposal given by Kolb and Turner: “Because a compact
manifold has no boundaries, this proposal is referred to as the ‘no-boundary’
boundary condition.” (Kolb and Turner, [15], p462). To reiterate, a compact
manifold can have a boundary, and a non-compact manifold need not have a
boundary.
The ambiguity of the phrase ‘boundary conditions’, is used by Hawking
in his well-known dictum that “the boundary conditions of the Universe are
that it has no boundary.” Hawking has stated that “If spacetime is indeed
finite but without boundary or edge...it would mean that we could describe the
Universe by a mathematical model which was determined completely by the
laws of science alone; they would not have to be supplemented by boundary
conditions.” (Hawking, [45], p69). A statement like this suppresses the fact
that in path-integral quantum gravity, one no longer represents the universe by
an individual space-time; one deals with summation over multiple space-times.
The assertion that the laws of science would “not have to be supplemented by
boundary conditions” is even more unfathomable because Hawking freely admits
that the Euclidean no-boundary proposal “is simply a proposal for the boundary
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conditions of the Universe.” (Hawking, [45],p68). Hawking must know that the
Wheeler-DeWitt equation is a proposed ‘law of science’ which has many possible
solutions, and to select a particular solution, one needs to specify boundary conditions. Hawking’s misleading claims for the ‘no-boundary’ proposal have been
widely disseminated. Barrow, for example, claims that the Hartle-Hawking proposal “removes the conventional dualism between laws and initial conditions.”
(Barrow, [47], p67).
Returning to the excerpt from the 1983 paper, Hartle-Hawking interpret
their ground state wave function as giving the amplitude for any 3-geometry
“to arise from a zero three-geometry, i.e. a single point. In other words, the
ground state is the amplitude for the Universe to appear from nothing.” HartleHawking introduce three distinct concepts here, and treat them as if they are
the same. First of all they refer to a “zero three-geometry”, then they refer
to a “single point”, then they refer to “nothing”. The number zero is a bona
fide element of the set of real numbers, and is quite distinct from nothing, the
empty set ∅. Moreover, it is not clear what Hartle-Hawking mean by a “zero
three-geometry”. A single point is sometimes considered by mathematicians to
be a zero-dimensional manifold, but such an object cannot have any geometry,
never mind a “zero three-geometry”. Furthermore, single points never appear
in the summations under consideration. The proposed summations are over
manifolds which have no initial boundary, so one is dealing with the empty set
(Σi , γi , φi ) = ∅, not a single point, and not some mythical “zero three-geometry”.

References
[1] B.O’Neill, Semi-Riemannian Geometry: With Applications to Relativity,
Academic Press, 1983.
[2] M.Heller, Theoretical Foundations of Cosmology, World Scientific, 1992.
[3] J.K.Beem and P.E.Ehrlich, Global Lorentzian Geometry, Dover, 1980.
[4] W.Boothby, An Introduction to Differentiable Manifolds and Riemannian
Geometry, 2nd Edition, Academic Press, 1986.
[5] G.F.R.Ellis, Topology and Cosmology, Gen.Rel.Grav. vol.2, No.1 (1971),
p7-21.
[6] G.F.R. Ellis, The Physics and Geometry of the Universe: Changing Viewpoints, Q.J.R. Astr. Soc. Vol.34, No.3, 1995.
[7] J.L.Friedman, Space-Time Topology and Quantum Gravity, Conceptual
Problems of Quantum Gravity, eds A.Ashtekar and J.Stachel, p539-569,
Birkhauser, Boston, 1991.
[8] J.A.Wolf, Spaces of Constant Curvature, McGraw-Hill, 1967.
[9] A.L.Besse, Einstein Manifolds, Springer-Verlag, 1987.
57

[10] Jean-Pierre Luminet, Boudewijn F.Roukema, Toplogy of the Universe:
Theory and Observation, arXiv:astro-ph/9901364 v3 19 May 1999
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