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Bell’s Theorem Versus Local Realism in a Quaternionic Model of Physical Space

Joy Christian∗

Einstein Centre for Local-Realistic Physics, 15 Thackley End, Oxford OX2 6LB, United Kingdom

In the context of EPR-Bohm type experiments and spin detections confined to spacelike hyper-
surfaces, a local, deterministic and realistic model within a Friedmann-Robertson-Walker spacetime
with a constant spatial curvature (S3) is presented that describes simultaneous measurements of
the spins of two fermions emerging in a singlet state from the decay of a spinless boson. Exact
agreement with the probabilistic predictions of quantum theory is achieved in the model without
data rejection, remote contextuality, superdeterminism or backward causation. A singularity-free
Clifford-algebraic representation of S3 with vanishing spatial curvature and non-vanishing torsion
is then employed to transform the model in a more elegant form. Several event-by-event numerical
simulations of the model are presented, which confirm our analytical results with the accuracy of 4
parts in 104. Possible implications of our results for practical applications such as quantum security
protocols and quantum computing are briefly discussed.

I. INTRODUCTION

According to the statistical ensemble interpretation of
quantum theory, the wave function, which is obtained
as a solution of Schrödinger’s equation, does not provide
a complete description of an individual physical system
but rather of an ensemble of similar physical systems.
Because it removes many conceptual difficulties, this in-
terpretation of quantum theory was preferred by Einstein
[1]. In particular, within this interpretation the wave
function can be interpreted epistemically, merely as a
compendium of our knowledge of the physical systems.
This knowledge then changes upon a measurement of the
system, not unlike how our knowledge of the state of a
classical coin changes in a coin-toss experiment once the
coin lands on its head or on its tail. Consequently, the
mystery surrounding the so-called collapse of the wave
function and related paradoxes are removed. This would
be the end of all conceptual difficulties except for two
obstacles:

(1) The first of these two obstacles is Bell’s theorem [2],
which suggests that the quantum probabilities encoded
in the wave function are not epistemic but, in fact, objec-
tive, and the randomness observed in the quantum world
is not reducible to the coin-toss randomness observed in
classical physics.

(2) The second obstacle is the following question: If the
quantum probabilities describe merely a compendium of
our knowledge of the physical systems, then how come
that knowledge, encoded in the amplitude of those prob-
abilities called the wave function, evolves objectively, un-
der a specific dynamical equation called the Schrödinger’s
equation?

Our goal in this paper is to remove obstacle (1) for
making the statistical interpretation of quantum mechan-
ics plausible. Removing obstacle (2) may then become
viable in the light of the success of our strategy of re-
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moving obstacle (1).
Now, it is well known that, unlike our most funda-

mental theories of space and time, quantum theory is
incompatible with local causality, if we take Realism for
granted, as usually done. This fact was recognized in
1935 by Einstein, Podolsky, and Rosen (EPR) [3]. They
hoped, however, that perhaps quantum mechanics can
be completed into a locally causal theory by addition of
supplementary (or “hidden”) parameters. Today such
hopes of maintaining both locality and realism within
physics seem to have been undermined by Bell’s theorem
[2], with considerable support from experiments [5–11].
Bell set out to prove that no physical theory that is re-
alistic as well as local in the sense espoused by Einstein
can reproduce all of the statistical predictions of quan-
tum mechanics. By contrast, in this paper we present
a physically well-motivated constructive counterexample
to Bell’s theorem by deriving the strong singlet correla-
tions using the powerful language of Geometric Algebra
[12, 13].
The novelty of our manifestly geometrical derivation of

the singlet correlations is likely to be of considerable in-
terest, not only in the investigations of the foundations of
quantum mechanics, but also in their technological appli-
cations in quantum cryptography, quantum computing,
and quantum security protocols [14]. Indeed, the Ge-
ometric Algebra techniques we have used in this paper
are already being employed in numerous engineering and
technological applications [13, 15–19]. They range from
applications in computer vision technology to those in
aviation engineering.
The value of the Geometric Algebra techniques in com-

puter vision modeling and aviation engineering is not sur-
prising. One of the central concerns in these disciplines
is how to represent rotations in the physical space in a
singularity-free manner. If one tries to represent rota-
tions using Euler angles, for example, then one runs into
a gimbal lock problem when two of the three rotation axes
align themselves, because one of the rotation degrees of
freedom is then lost. This is a fatal problem for airplane
controls, especially if an airplane is in a steep ascent or
descent. But within Geometric Algebra one can repre-
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sent rotations smoothly using the even subalgebra of the
Clifford algebra Cl3,0, as we have done in this paper. As
a result, the gimbal lock problem can be avoided entirely.
In addition to this, the locally causal understanding

of quantum correlations we have offered in this paper
may also assist in the quantum technological applica-
tions, such as in quantum cryptography, quantum secu-
rity protocols, and quantum computing. As noted by
Zeilinger in his recent survey of such technologies [20],
it is often not easy to foresee how fundamental results
can turn out to have practical applications too. As he
recalls, rather surprisingly, experimental work following
the purely philosophical questions concerning local real-
ism did, in time, become an important ingredient in a
number of applications in quantum information technol-
ogy, including in the invention of quantum repeaters that
may connect future quantum computers with each other
at long distances[20]. Another application inspired by
fundamental work is entanglement-based quantum cryp-
tography. Entanglement swapping has also been applied
in the so-called loophole-free tests of Bell’s theorem. Such
experiments suggest that unconditionally secure quan-
tum cryptography is possible, since quantum cryptog-
raphy based on the traditional interpretation of Bell’s
theorem can provide unconditional security. An eaves-
dropper can no longer avoid detection in an experiment
that correctly follows the protocol.
As we will discuss in Section X, the traditional inter-

pretation of Bell’s theorem is recovered from our model
in the S3 → IR3 limit. The question then is: How are
the practical applications mentioned above affected when
the geometrical and topological properties of the quater-
nionic 3-sphere are taken into account? The key fea-
tures of these properties are the Möbius-like twists in
the Hopf bundle of S3, and (if S3 is taken as a phys-
ical space) the related conservation of the spin angular
momentum captured in Eq. (108) below. As we shall
see, when these properties of S3 are taken into account
correctly, the strong correlations are easily reproduced.
The open question then is: How are the technological
applications such as quantum computing, quantum cryp-
tography, and quantum security protocols affected when
the geometrical and topological properties of the quater-
nionic 3-sphere are taken into account? The quantitative
results presented in this paper are likely to have serious
implications for this question.

II. AN OVERSIGHT IN THE PROOF OF

BELL’S THEOREM

Returning to Bell’s theorem, despite its ambitious
scope, its proof is mathematically rather simple [2]. It is
based on mathematical inequalities discovered by Boole
over one hundred years before Bell [21], and proceeds as
follows:
Consider the EPR [3] type spin- 1

2
experiment, as orig-

inally proposed by Bohm [22] (cf. Fig. 1). Alice is free

to choose a detector direction a or a′ and Bob is free to
choose a detector direction b or b′ to detect spins of the
fermions they receive from a common source, at a space-
like distance from each other. The objects of interest
then are the bounds on the sum of possible averages put
together in the manner of Clauser, Horne, Shimony, and
Holt (CHSH) [4, 5].

E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′) , (1)

with each average of a product of local functions defined
as

E(a, b) = lim
n≫ 1

[

1

n

n
∑

k=1

A (a, λk) B(b, λk)

]

≡
〈

Ak(a)Bk(b)
〉

, (2)

where A (a, λk) ≡ Ak(a) = ±1 and B(b, λk) ≡ Bk(b)
= ±1 are the respective local measurement results of Al-
ice and Bob, with λk being a hidden variable for the
kth run of the experiment. Now, since Ak(a) = ±1
and Bk(b) = ±1, the average of their product is

−1 6

〈

Ak(a)Bk(b)
〉

6 +1. As a result, we can im-

mediately read off the upper and lower bounds on the
sequence of four averages considered in (1):

− 4 6

〈

Ak(a)Bk(b)
〉

+
〈

Ak(a)Bk(b
′)
〉

+
〈

Ak(a
′)Bk(b)

〉

−
〈

Ak(a
′)Bk(b

′)
〉

6 +4 .

(3)

Next, using the rule “a sum of averages is equal to the
average of the sum”, we replace the above sum of four
separate averages of ±1 numbers with the single average
of their sum:

E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′)

−→
〈

Ak(a)Bk(b) + Ak(a)Bk(b
′)

+ Ak(a
′)Bk(b) − Ak(a

′)Bk(b
′)
〉

. (4)

This step allows us to reduce the sum (3) of four averages
to
〈

Ak(a)
{

Bk(b)+Bk(b
′)
}

+ Ak(a
′)
{

Bk(b)−Bk(b
′)
}

〉

.

(5)
And because Bk(b) = ±1, if |Bk(b) + Bk(b

′)| = 2, then
|Bk(b)− Bk(b

′)| = 0, and vice versa. Consequently, us-
ing Ak(a) = ±1, it is easy to conclude that the absolute
value of the above average cannot exceed 2, just as Bell
concluded [2]:

− 2 6

〈

Ak(a)Bk(b) + Ak(a)Bk(b
′)

+ Ak(a
′)Bk(b) − Ak(a

′)Bk(b
′)
〉

6 +2 .

(6)
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FIG. 1: A spin-less neutral pion decays into an electron-positron pair (such a photon-less decay is quite rare but not impossible,
and will suffice for our theoretical purposes here [24]). Measurements of spin components on each separated fermion are
performed at remote stations 1 and 2, providing binary outcomes along arbitrary directions such as a and b. The conservation
of angular momentum dictates that the net spin of the pair remains zero [cf. Eq. (77)].

On the other hand, because the expectation value anal-
ogous to (2) predicted by quantum mechanics for the
singlet state is

EQM (a, b) =
〈

Ak(a)Bk(b)
〉

= − a · b = − cos(a,b)

(7)
(cf. Ref. [22]), quantum mechanical predictions exceed
the bounds of ± 2 on the inequalities (6) for some combi-
nations of angles among the experimental directions such
as a and b:

−2
√
2 6 E(a, b)+E(a, b′)+E(a′, b)−E(a′, b′) 6 2

√
2.

(8)
Consequently, Bell concluded that no physical theory
that is both realistic and local in the senses envisaged
by Einstein can reproduce all of the predictions of quan-
tum mechanics.
However, the above formal proof of Bell’s theorem does

not justify its physically radical conclusion. As innocu-
ous as the step (4) in the proof may seem mathematically,
it is, in fact, an illegitimate step physically, because what
is being averaged on its right-hand are unobservable and
unphysical quantities. Indeed, the pairs of measurement
directions (a, b), (a, b′), (a′, b), and (a′, b′) are mutu-

ally exclusive measurement directions, corresponding to
incompatible experiments which cannot be performed si-
multaneously. Each pair can be used by Alice and Bob
for a given experiment, for all runs, but no two of the
four pairs can be used by them simultaneously. This is
because Alice and Bob do not have the ability to make
measurements along counterfactually possible pairs of di-
rections such as (a, b) and (a, b′) simultaneously. Alice,
for example, can make measurements along a or a′, but
not along a and a′ at the same time [23].
Thus, contrary to the claim of Bell’s theorem, it is

not the objectively measurable predictions of quantum
mechanics that rule out the possibility of a local and re-
alistic theory. It is the ad hoc and unjustified assumption
of three or four physically incompatible experiments, any

one of which might be performed on a given occasion, but
only one of which can, in fact, be performed in practice,
and in reality [23, 24].

We are therefore justified in ignoring the physical claim
of Bell’s theorem in this paper, which then opens up
the opportunity of a constructive approach to reproduc-
ing the quantum mechanical correlations in any locally
causal manner1. In what follows, we demonstrate that it
is, in fact, possible to reproduce the statistical predictions
of quantum states such as the EPR-Bohm state [22] in a
strictly locally causal manner in a Friedmann-Robertson-
Walker spacetime, albeit viewed as a non-cosmological
solution of Einstein’s field equations of general relativity.
To demonstrate this, we shall follow the locally causal
framework proposed by Bell himself [2] (which is reviewed
in the Appendix below for convenience), using the pow-
erful language of Geometric Algebra [12, 13].

1 Incidentally, criticisms of Bell’s theorem began soon after the
publication of Bell’s paper in 1964 [2]. They included criticisms
from critics such as Louis de Broglie [25] and Max Jammer[26],
and have never ceased ever since. During the intermediate years
of its acceptance by the larger physics community, one of the ar-
dent critics of Bell’s theorem has been Arthur Fine, who pointed
out in the 1980s that Bell’s argument depends on considering
joint probability distribution of three or four mutually incompat-
ible observables, which is not a justifiable assumption [27, 28]. By
now there exists a vast literature on various criticisms of Bell’s
theorem. While not all such criticisms are reliable or of high
quality, there do exist a number of high quality criticisms, pub-
lished in respectable peer-review journals, such as by Karl Hess
[29], Willem M. de Muynck [30], Itamar Pitowsky [31], Hans de
Raedt [32], and Andrei Khrennikov [33], to mention just a few
of many.



4

III. TWO PARTICLES ENTANGLED IN A

SINGLET STATE

As noted, a locally causal description of the measure-
ment of the spins of two spacelike separated spin- 1

2
par-

ticles that are products of the decay of a single spin-zero
particle has been considered by Bell in his pioneering
paper [2]. Based on Bohm’s version of the EPR thought
experiment, he considered a pair of spin- 1

2
particles, mov-

ing freely after the decay in opposite directions, with
particles 1 and 2 subject (respectively) to spin measure-
ments along independently chosen unit directions a and
b, which may be located at a spacelike distance from one
another. If initially the emerging pair has vanishing to-
tal spin, then its quantum mechanical spin state can be
described by the entangled singlet state,

|Ψn〉 =
1√
2

{

|n, +〉1⊗|n, −〉2 − |n, −〉1⊗|n, +〉2
}

, (9)

with n as arbitrary direction and σ · n |n, ±〉 = ± |n, ±〉
describing the quantum mechanical eigenstates in which
the particles have spin up or down in the units of ~ = 2.
Here σ is the spin “vector” (σx, σy, σz) composed of
Pauli matrices.
Our interest lies in an event-by-event reproduction of

the probabilistic predictions of this entangled quantum
state in a locally causal manner [2]. For any freely chosen
measurement directions a and b in space there would
be nine possible outcomes of the experiment in general,
regardless of the distance between the directions. If we
denote the angle between a and b by ηab and the local
measurement results 0, +1, or −1 about these directions
by A and B, then quantum mechanics is well known to
predict the following joint probabilities for these results:

P+−
12 (ηab) = P{A = +1, B = −1 | ηab}

=
1

2
cos2

(ηab
2

)

, (10)

P++

12 (ηab) = P{A = +1, B = +1 | ηab}

=
1

2
sin2

(ηab
2

)

, (11)

P−+

12 (ηab) = P+−
12 (ηab), (12)

P−−
12 (ηab) = P++

12 (ηab), (13)

P+0

12 (ηab) = P−0

12 (ηab) = P 0+

12 (ηab) = P 0−
12 (ηab) = 0,

(14)

and

P 00
12 (ηab) = 0, (15)

where the superscript 0 indicates no detection and the
subscripts 1 and 2 label the particles [34]. The probabil-
ity that the spin of particle 1 will be detected parallel to
a (regardless of whether particle 2 itself is detected) is
also predicted by quantum mechanics. It is given by

P+
1 (a) = P−

1 (a) =
1

2
, (16)

and likewise for particle 2 being detected parallel to b. In
what follows our goal is to demonstrate that, at least in
the Friedmann-Robertson-Walker spacetime IR× Σ with
a constant spatial curvature, the above probabilities can
be reproduced within the original local model of Bell [2].

IV. WITHIN THE SPATIAL SLICE OF A

FRIEDMANN-ROBERTSON-WALKER

SPACETIME

Friedmann-Robertson-Walker (FRW) spacetimes are a
set of solutions of Einstein’s field equations of general rel-
ativity. They are widely used in cosmology to study the
spacetime geometries governing the dynamics of our uni-
verse [35]. In our view, they are therefore the most appro-
priate spacetimes within which all Bell-test experiments
should be discussed. It is generally accepted that the ge-
ometries of our universe are described by the Friedmann-
Robertson-Walker line element

ds2 = dt2 − a2(t) dΣ2, dΣ2 =

[

dρ2

1− κ ρ2
+ ρ2dΩ2

]

,

(17)
where a(t) is the scale factor, Σ is a spacelike hypersur-
face, ρ is the radial coordinate within Σ, κ is the “nor-
malized” curvature of Σ, and Ω is a solid angle within Σ
[35]. Since we are primarily concerned with a galactic,
solar, or terrestrial scenario, in what follows, without loss
of generality, we will restrict our attention to the current
epoch of the cosmos by setting the scale factor a(t) = 1
in the above line element.
Now it is well known that the rescaled (or “normal-

ized”) curvature κ can take only three possible values,
+1, −1, or 0. For κ = 0 the above FRW line element
describes ordinary flat space, or IR3, in spherical co-
ordinates. For κ = +1 it describes the metric of a 3-
sphere, S3, with constant positive curvature. And for
κ = −1 it describes a three-dimensional hyperboloid in
four-dimensional Minkowski space (AdS3), with constant
negative curvature. Thus the only metric giving a closed
and compact space without running off to infinity is S3,
for κ = +1. The geometry and topology of this space
is therefore disciplined enough to give rise to the ob-
served strong correlations of the singlet state. To verify
this, in what follows we consider a spacelike hypersurface
Σ = S3 in the FRW spacetime, which can be recovered
from the line element (17) by introducing a new coor-
dinate χ= sin−1ρ (for a detailed derivation see Section
22.8 of Ref. [35]).
Now the tangent bundle of S3 happens to be trivial

(i.e., it happens to be a product space): TS3 = S3 × IR3.
This renders the tangent space at each point of S3 to be
isomorphic to IR3. Thus local experiences of the exper-
imenters within S3 are no different from those of their
counterparts within IR3. The global topology of S3, how-
ever, is dramatically different from that of IR3. In partic-
ular, the triviality of TS3 means that S3 is parallelizable
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A = ±1

a

(eo, so)

λ

Is1(λ) Is2(λ)

B = ±1

b

FIG. 2: The local results A (a; eo, so) and B(b; eo, so) are deterministically brought about by the initial state (eo, so)
originating in the overlap of the two backward light cones of Alice and Bob (cf. Figure 6.4 of Ref. [42]). In the Clifford-
algebraic representation of the local model the initial state is a possible orientation (or handedness) λ of the 3-sphere, and the
constituent spins are represented by Is1(λ) and Is2(λ) (cf. Section VII). The black dot in the overlap of the backward light
cones represents the source (or creation event) of the constituent spins, and the black dots in the spacelike separated stations
represent the detection events.

[36]. Therefore, a global anholonomic frame can be spec-
ified on S3 that fixes each of its points uniquely [36, 37].
Such a frame renders S3 diffeomorphic to the symmetry
group SU(2) — i.e., to the set of all unit quaternions [38]:

S3 =

{

H(I · v, η)
∣

∣

∣

∣

||H(I · v, η) || = 1

}

. (18)

Here we have parameterized each quaternion H ∈ S3 as

H(I · v, η) = exp { (I · v) η } (19)

such that I · v is a bivector rotating about some vector
v ∈ IR3, and η is half of the angle by which H stands
rotated about v. Up to sign, I · v is identical to the dual
of v, with the unit and oriented trivector I := exeyez as
a pseudoscalar, because it commutes with all other ele-
ments of the Clifford algebra Cl3,0. The trivector can
therefore be used to represent a volume form on a given
manifold, such as the quaternionic 3-sphere we are con-
sidering. As in these definitions, in what follows we will
be using the notation of Geometric Algebra [12, 13, 37].
Accordingly, all vector fields in IR3 such as v and w will
be assumed to satisfy the geometric product

vw = v ·w + v ∧w, (20)

with the duality relation v ∧w = I · (v ×w). In the next
steps it will be useful to recall that (v ∧w)† = −(v ∧w).
In what follows, we will not be using the time coordi-

nate appearing in (17) explicitly. Instead, we will follow
the practice of defining the measurement events in terms
of the initial and final instants of time as usually done
within the context of Bell’s local-realistc model [2, 5].
Readers who are not familiar with the above practice are
urged to review the Appendix A below before proceeding

further. We also postpone the full spacetime covariant in-
vestigation of local causality until Section VII, where we
show how and why only the spacelike components of the
relativistic spins enter the calculations of EPR correla-
tions even though the two spins themselves emerge rela-
tivistically from the overlap of the backward light cones
of Alice and Bob.
Consider now two unit quaternions from the closed set

S3, say Po(n ∧ eo, ηneo
) and Qo(z ∧ so, ηzso), defined as

Po = cos( ηneo
) +

n ∧ eo

||n ∧ eo||
sin( ηneo

) (21)

and

Qo = cos( ηzso) +
z ∧ so

||z ∧ so||
sin( ηzso), (22)

where n ∈ TpS
3 ∼= IR3 is an arbitrary unit vector in the

tangent space TpS
3 at some point p of S3, z is a fixed

reference vector in TqS
3 at a different point q of S3, and

eo and so are two other tangential vectors in TqS
3. Here

the bivector I · eo may be thought of as representing an
individual spin within the pair of decaying particles in
the singlet state, and the bivector I · so may be thought
of as representing the spin of the composite pair [34].
Note that, although Po and Qo are normalized to unity,
their sum Po +Qo need not be. In fact, they satisfy the
following triangle inequality for arbitrary pairs of such
quaternions,

||Po + Qo|| 6 ||Po|| + ||Qo|| , (23)

reflecting the metrical structure of S3. Moreover, since S3

is closed under multiplication, we also have ||PoQo|| = 1.
Within the freedom provided by this inequality, the

above constraints lead us to the following choice for the
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set of initial (or complete [2]) states (Po, Qo) of our phys-
ical system:

Λ =
{

(Po, Qo)
∣

∣

∣
||Po +Qo|| = N ( ηneo

, ηzso) ∀n
}

,

(24)
with the value N of the norm given by the ansatz

N ( ηneo
, ηzso)=1 + sin2(ηneo

) +



−1 +
2

√

1 + 3
(ηzso
κπ

)





2

,

(25)
which is necessarily a function of the variable angles ηneo

and ηzso . It represents a local-realistic counterpart of
the singlet state (9). It would be different, for exam-
ple, for a mixed state2, or for any quantum state other
than (9). Note also that we have allowed all three pos-
sible curvatures of Σ, with κ = −1 being equivalent to
ηzso → 2π − ηzso . The significance of this form of N will
become clear soon.
If we now substitute expression (25) into the inequality

||Po||2 > ||Po + Qo|| − 1 , (26)

which follows from multiplying the inequality (23) with
||Po|| = 1 on both sides and simplifying, then [upon using

||Po||2 = cos2( ηneo
) + sin2( ηneo

) (27)

from Eq. (21)] the triangle inequality (23) simplifies to

| cos( ηneo
)| > −1 +

2
√

1 + 3
(ηzso
κπ

)

. (28)

In what follows it is very important to recognize that this
constraint is simply an expression of the intrinsic metrical
and topological structures of S3, and as such it holds for
all vectors n for a given pair of initial states (eo, so); and,
conversely, for all pairs of initial states (eo, so) for a given
choice of vector n. This can be easily verified by starting,
for example, with a different pair of quaternions, say with
the pair P′

o(n
′ ∧ eo, ηn′eo

) and Qo(z ∧ so, ηzso), where

P′
o = cos( ηn′eo

) +
n′ ∧ eo

||n′ ∧ eo||
sin( ηn′eo

), (29)

2 The analysis presented in this paper is generalizable to mixed
states. However, the ansatz for the norm N (ηneo

, ηzso ) ap-
pearing in Eq. (25) would be different for a mixed state [or any
quantum state other than (9)], depending on the detailed char-
acteristics of the mixed state. It is beyond the scope and purpose
of this paper to investigate the question of mixed states further.
The goal of the paper is to investigate local causality for the
pure singlet state (9) within the context of Bell’s theorem, be-
cause that is the quantum state considered in the proof of Bell’s
theorem [2]. It is not the goal of the present paper to repro-
duce all quantum mechanical predictions for any quantum state.
Moreover, unlike the pure entangled state (9), any mixture of
product states will not yield correlations as strong as (9) does
(i.e., correlations will not deviate much from linear correlations).
Therefore mixed states are of little interest in the context of
Bell’s theorem.

and arriving at a similar constraint as the one in Eq. (28):

| cos( ηn′eo
)| > −1 +

2
√

1 + 3
(ηzso
κπ

)

. (30)

This procedure can then be repeated for all vectors n′,
and—for a given vector n—for all pairs of states (e′o, s

′
o).

If we now let eo ∈ TqS
3 and so ∈ TqS

3 be two random
vectors, uniformly distributed over S2, and let ηzso be a
random scalar, uniformly distributed over [0, π], then we
can simplify the set (24) of complete or initial states as

Λ=







(Po, Qo)

∣

∣

∣

∣

∣

| cos(ηneo
)| > −1 +

2
√

1 + 3
(ηzso
κπ

)

∀n







.

(31)
By the previous results this set is invariant under the
rotations of n. Consequently, we identify n as a detector
direction, and define the measurement events observed by
(say) Alice and Bob—along their freely chosen detector
directions n = a and n = b—by two functions of the form

± 1 = A (a; eo, so) : IR
3× Λ −→ S3 ∼= SU(2) (32)

and

± 1 = B(b; eo, so) : IR
3× Λ −→ S3 ∼= SU(2). (33)

These functions are identical to those considered by
Bell [2] apart from the choice of their codomain, which is
now the compact space S3 instead of a subset of IR. That
such maps indeed exist can be seen easily by noting that
Po → ±1 as ηneo

→ 0 or π. More explicitly, we construct

S3 ∋ ±1 = A (a; eo, so)

= − sign{cos(ηaeo
)} for a given so (34)

and

S3 ∋ ±1 = B(b; eo, so)

= + sign{cos(ηbeo
)} for the same so. (35)

Evidently, these functions define strictly local, realistic,
and deterministically determined measurement events.
Apart from the common cause (eo, so), which originates
in the overlap of the backward light cones of Alice and
Bob as shown in Fig. 2, the event A = ±1 depends only
on the measurement direction a chosen freely by Alice;
and analogously, apart from the common cause (eo, so),
the event B = ±1 depends only on the measurement di-
rection b chosen freely by Bob. In particular, the func-
tion A (a; eo, so) does not depend on either b or B, and
the function B(b; eo, so) does not depend on either a

or A , just as demanded by Bell’s formulation of local
causality [2].

V. CALCULATION OF JOINT PROBABILITY

FOR OBSERVING MEASUREMENT EVENTS

Now, to calculate the joint probabilities for observing
the events A = ±1 and B = ±1 simultaneously along
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the directions a and b, we follow the well known analysis
carried out by Pearle for a formally similar local model
[34]. Pearle begins by representing each pair of decaying
particles by a point r in a state space made out of a ball
of unit radius in IR3. His state space is thus a well known
representation of the group SO(3), each point of which
corresponding to a rotation, with the direction r of length
0 6 r 6 1 from the origin representing the axis of rotation
and the angle πr representing the angle of rotation. The
identity rotation corresponds to the point at the center
of the ball. If we now identify the boundaries of two such
unit balls, then we recover our 3-sphere, diffeomorphic
to the double covering group of SO(3), namely SU(2).
The pair of particles in this state space is represented by
the quaternion Qo defined in Eq. (22), which is rotating
about the axis z×so

|| z×so||
by the angle 2ηzso , with the unit

vector so sweeping a 2-sphere within the 3-sphere [37, 39].
The relationship between the rotation angle πr within

Pearle’s state space SO(3) and the rotation angle 2ηzso
within our state space SU(2) ∼= S3 turns out to be simple:

cos
(π

2
r
)

=



























−1 +
2

√

1 + 3
(ηzso
κπ

)

= f(ηzso), (36)

−1 +
2

√

4− 3
(ηzso
κπ

)

= f(π − ηzso). (37)

This can be recognized by first solving Eq. (36) for
ηzso
κπ

and then differentiating the solution with respect to r,
which gives the probability density worked out by Pearle:

p(r) =
1

κπ

dηzso
dr

(r) =
4π

3

sin(π
2
r)

{

1 + cos
(

π
2
r
)}3

, 0 6 r 6 1.

(38)
This function specifies the distribution of probability that
a pair of particles is represented by the point r in the unit
ball. Integrating this distribution from 0 to r we may also
obtain the cumulative probability distribution in the ball:

C(r) =

∫ r

0

p(u) du = −1

3
+

4

3
{

1 + cos
(

π
2
r
)}2

. (39)

This function specifies the probability of finding the pair
in any state up to the state r within Pearle’s state space.
From solving Eq. (36) we see, however, that it is equal to
our ratio

ηzso
κπ

, and therefore also specifies the probability
of finding the pair in any initial state up to the state so.
For a given reference vector z, the above relations allow

us to translate between our representation in terms of the
states (eo, so) in SU(2) and Pearle’s representation in
terms of the states r in SO(3). We can therefore rewrite
our geometrical constraint (28) in terms of his state r as

| cos( ηaeo
)| > cos

(π

2
r
)

and | cos( ηbeo
)| > cos

(π

2
r
)

,

(40)
where our vector eo is related to his vector r as eo = r/r.
We are thus treating the axis eo and the angle πr of the
rotation of the spin as two independent random variables.

The equalities in the above inequalities correspond to
the boundaries of the two circular caps on the spherical
surface of radius r within the SO(3) ball considered by
Pearle. The intersection of the two circular caps is then

I(πr, ηab) = 4r2
∫ π

2
r

η
ab

2

dξ

√

√

√

√1−
{

cos
(

π
2
r
)

cos(ξ)

}2

if ηab 6 πr,

(41)
and zero otherwise. This area is derived by Pearle in the
Appendix A of his paper. It is, however, not the correct
overlap area for our model. What has been overlooked
in Pearle’s derivation are the contributions to I(πr, ηab)
from the relative rotations of the state eo = r/r along the
directions a and b. While the state eo can be common to
both a and b, the corresponding rotations πr cannot be
the same in general about both a and b. An example of
the difference can be readily seen from the relations (36)
and (37), while heeding to the double covering in SU(2):

π∆r =











































2 cos−1



−1 +
2

√

1 + 3
(

ηab
π

)



if 0 6 ηab 6
π
2
,

(42)

2 cos−1



−1 +
2

√

4− 3
(

ηab
π

)



if π
2
6 ηab 6 π.

Evidently, ∆r = 0 when ηab = 0 or π, and maximum
when ηab=

π
2
. More generally, the effective radius of the

spherical surface to which the circular caps belong must
be “phase-shifted” to r′ = r

√

h(ηab) in our SU(2) model,
where

h(ηab) =
3π

8

{

sin2(ηab)

π sin2
(

1

2
ηab

)

+ ηab cos(ηab)− sin(ηab)

}

(43)
is the inverse of the function derived in Pearle’s Eq. (23).
The correct overlap area is then obtained by replacing r
by r′ in the differential area dA=r2dω in Eq. (41) so that

I(πr, ηab) −→ J (πr, ηab) = h(ηab) I(πr, ηab). (44)

Using the probability density (38) and the overlap area
(44), we can now calculate various joint probabilities as

P+−
12 (ηab) = P−+

12 (ηab) =

∫ 1

η
ab

π

p(r)
J (πr, ηab)

4πr2
dr

=
1

2
cos2

(ηab
2

)

(45)

and

P++

12 (ηab) = P−−
12 (ηab) =

∫ 1

1−
η
ab

π

p(r)
J (πr, π − ηab)

4πr2
dr

=
1

2
sin2

(ηab
2

)

. (46)
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These calculations of the joint probabilities are analogous
to those by Pearle, except for using the area J (πr, ηab).
In particular, since h(ηab) expressed in (43) is an inverse
of the function derived in Pearle’s Eq. (23), our equa-
tions (45) and (46) follow at once from Pearle’s equations
(5) and (6), respectively, upon multiplying through with
h(ηab).
Although the statistical effects of the constraints (40)

in our model turn out to be almost identical to those in
Pearle’s model, the characteristics of the two models are
markedly different. In our model the vectors eo and so
ensure in tandem that there are no initial states for which

| cos( ηneo
)| < cos

(π

2
r
)

= −1 +
2

√

1 + 3
(ηzso
κπ

)

. (47)

Consequently, the detectors of Alice and Bob can receive
the spin states eo only if the constraints (40) are satisfied.
In other words, unlike Pearle’s model, our model is not
concerned about data rejection or detection loophole. In
particular, in our model the fraction g(ηab) of events in
which both particles are detected is exactly equal to 1:

g(ηab)=
P+−
12 (ηab)

1

2
cos2

(

ηab
2

) =
P++

12 (ηab)
1

2
sin2

(

ηab
2

) = 1 ∀ ηab ∈ [0, π].

(48)
Clearly, a measurement event cannot occur if there does
not exist a state which can bring about that event. Since
the initial state of the system is specified by the pair
(eo, so) and not just by the vector eo, there are no states
of the system for which | cos( ηneo

)| < f(ηzso) for any

vector n. Thus a measurement event cannot occur for
| cos( ηneo

)| < f(ηzso), no matter what n is. As a re-
sult, there is a one-to-one correspondence between the
initial state (eo, so) selected from the set (31) and the
measurement events A and B specified by the Eqs. (34)
and (35). This means, in particular, that the “fraction”
g(ηab) in our model is equal to 1 for all ηab, dictating
the vanishing of the probabilities

P 00
12 (ηab) = 1 + g(ηab)− 2 g(0) = 0, (49)

which follows from Pearle’s Eq. (9). Moreover, from his
Eq. (8) we also have P+0

12 (ηab) =
1

2
[ g(0)− g(ηab)], giving

P+0

12 (ηab) = P−0

12 (ηab) = P 0+

12 (ηab) = P 0−
12 (ηab) = 0.

(50)
Together with the probabilities for individual detections,

P+

1 (a) = P−
1 (a) = P+

2 (b) = P−
2 (b) =

1

2
g(0) =

1

2
,

(51)
the correlation between A and B then works out to be

E(a, b) = lim
n≫ 1

[

1

n

n
∑

i=1

A (a; eio, s
i
o) B(b; eio, s

i
o)

]

=
P++

12 + P−−
12 − P+−

12 − P−+

12

P++
12 + P−−

12 + P+−
12 + P−+

12

= − cos (ηab) . (52)

Since all of the probabilities predicted by our local model
in S3 match exactly with the corresponding predictions of
quantum mechanics, the violations of not only the CHSH
inequality, but also Clauser-Horne inequality follow [5,
39].

VI. EVENT-BY-EVENT NUMERICAL

SIMULATIONS OF THE STRONG

CORRELATIONS

We have verified the above results in several event-
by-event numerical simulations [40, 41], which provide
further insights into the strength of the correlation for
different values of κ. As we discussed above, the rotation
angle ηzso and the cumulative distribution function C(r)
are related by κ as

ηzso
π

= κC(r), (53)

where |κ| 6 ∞ can be interpreted as a strength constant.
It is easy to verify in the simulations [40, 41] that EPR-
Bohm correlation results for κ = +1, whereas linear cor-
relation results for κ = 0. The unphysical, or PR box
correlation can also be generated in the simulation by let-
ting κ > +1. On the other hand, setting κ = −1 [which
is equivalent to letting ηzso → 2π − ηzso in Eq. (28)] leads
back to the linear correlation [40, 41]. The crucial obser-
vation here is that the strong, or quantum correlations
are manifested only for κ = +1. Consequently, they can
be best understood as resulting from the geometrical and
topological structures of the quaternionic S3, as defined,
for example, in Eq. (18).
This conclusion can be further substantiated by first

reflecting on a non-quaternionic or vector representation
of the 3-sphere to model rotations, and then return-
ing back to the quaternionic representation to appreci-
ate the difference. It is well known that tensors such
as ordinary vectors are not capable of modelling rota-
tions in the physical space, let alone modelling spinors
in a singularity-free manner [37, 39]. However, in the
present context we are not interested in modelling all
possible rotations and their all possible compositions in
the physical space. We are only interested in establishing
the correct correlation between some very special limiting
points of the 3-sphere, namely between its scalar points
such as A (a, λ) = ±1 and B(b, λ) = ±1 , with λ be-
ing the “hidden variable” in the sense of Bell [2, 37, 39].
It turns out that in that case we can indeed model ro-
tations (or more precisely, their spin values) by means
of ordinary vectors and their inner products, but not
with a single Riemannian metric [41]. A one-parameter
family of effective metrics is required to model the rel-
ative spin values correctly. Given two vectors u and v,
their inner product g(u, v, η) is defined by the constraint
| cos(u, v) | > f(η) ∈ [0, 1], with the two extreme cases,
namely | cos(u, v) | > 0 and | cos(u, v) | > 1, quantifying
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the weakest and the strongest topologies, respectively.
Here the weakest topology dictated by | cos(u, v) | > 0 is
the topology of IR3, where relatively few vectors u and
v are orthogonal to each other. The strongest topology
dictated by | cos(u, v)| > 1, on the other hand, is more
interesting, since in that case nearly all of the vectors
u and v are orthogonal to each other. All intermediate
topologies are dictated by the effective metric

g(u, v, η) =

{

u · v if |u · v| > f(η)

0 if |u · v| < f(η),
(54)

where u · v := cos(u, v) and

f(η) := −1 +
2

√

1 + 3
(

η
π

)

with η ∈ [0, π] . (55)

Evidently, the orthogonality of the vectors u and v is
defined here by the condition g(u, v, η) = 0, depending
on the parameter η ∈ [0, π]. It is this one-parameter
family of metrics that has been implemented in the sim-
ulations [40, 41]. The slight change in notation of the
distribution function from that in Eq. (28) is purely for
the coding convenience (cf. Fig. 3).

VII. DERIVATION OF THE STRONG

CORRELATIONS USING GEOMETRIC

ALGEBRA

Returning to the singularity-free representation of S3

specified in Eqs. (18) to (22), it is worth recalling that an-
gular momenta are best described, not by ordinary polar
vectors, but by pseudo-vectors, or bivectors, that change
sign upon reflection [37]. One only has to compare a
spinning object, like a barber’s pole, with its image in
a mirror to appreciate this elementary fact. The mirror
image of a polar vector representing the spinning object
is not the polar vector that represents the mirror image
of the spinning object. In fact it is the negative of the
polar vector that does the job. Therefore the spin angu-
lar momenta considered previously are better represented
by a set of unit bivectors using the powerful language of
Geometric Algebra [12]. They can be expressed in terms
of graded bivector bases with sub-algebra

Li(λ)Lj(λ) = − δij −
∑

k

ǫijk Lk(λ) , (56)

which span a tangent space at each point of S3, with a
choice of orientation λ = ± 1. Contracting this equation
on both sides with the components ai and bj of arbitrary
unit vectors a and b then gives the convenient bivector
identity

L(a, λ)L(b, λ) = − a · b − L(a × b, λ) , (57)

where L(a, λ) := aiLi(λ) and L(b, λ) := bjLj(λ) are
unit bivectors. Since λ specifies the orientation of S3 and
not the handedness of a coordinate system [cf. Eq. (98)],

the cross product a× b (which is of course universally
defined by the right-hand rule) is not affected by it. The
identity (57) is simply a geometric product between the
unit bivectors L(a, λ) and L(b, λ) representing the spin
angular momenta considered previously:

L(a, λ) = λ I a = λ I · a ≡ λ(exeyez) · a
= (±1 spin about the direction a)

(58)

and3

L(b, λ) = λ I b = λ I · b ≡ λ(exeyez) · b
= (±1 spin about the direction b) ,

(59)

where the trivector I := exeyez with the property
I2 = −1 represents the volume form on S3 and ensures
that L2(n, λ) = −1.
In the above representation of spins we have used al-

gebra Cl3,0 of the three-dimensional physical space [12].
However, as shown in Fig. 1, in the EPR-Bohm type
experiments the initial state λ of the singlet system orig-
inates in the overlap of the backward light cones of Alice
and Bob. The constituent spins emerging from the source
are then detected at a spacelike distance from each other
at a later time, as shown in Fig. 2. Therefore, full rel-
ativistic considerations are essential in the analysis of
local causality in the present context, as Bell has ex-
plained in Ref. [42]. For that purpose, the appropriate
algebra is Cl1,3. It is also known as “spacetime algebra”,
or STA [43]. Within spacetime algebra Cl1,3, we now
represent the two constituent spins by using spacetime
4-vectors, as λIs1 = λIsµ1γµ and λIs2 = λIsµ2γµ, where
the set {γ0, γ1, γ2, γ3} of γ-vectors forms an orthonor-
mal basis, and its elements satisfy the same algebraic
properties as Dirac matrices [43]. The basis vectors γµ
determine a unique pseudoscalar I = γ0γ1γ2γ3 = exeyez,
with the properties I2 = −1 and γµI = −Iγµ. The two
spins λIs1 and λIs2 are now spacetime covariant objects.
They originate in the overlap of the backward light cones
of Alice and Bob, along with the initial state λ, as shown
in Fig. 2.
We now wish to represent the measurements of these

spins using the detectors Ia = Iaµγµ and I b = I bµγµ,
which we also represent using 4-vectors in Cl1,3, situ-
ated at a spacelike distance from each other, within the
hypersurface S3. Such a spacelike hypersurface can be
specified in Cl1,3 using the timelike vector γ0, represent-
ing our two observers:

Ia γ0 = Iaµγµγ0 = Ia0γ0γ0 + Iaiγiγ0

3 In Geometric Algebra [12] bivectors are viewed as directed num-
bers and characterized by only three abstract properties: (1) a
magnitude, (2) a direction (specified by a vector orthogonal to
it), and (3) a sense of rotation. The bivector L(a, λ) thus speci-
fies ±1 spin about the direction a.
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FIG. 3: Plot of an event-by-event numerical simulation of the EPR-Bohm correlations predicted by our S3 model [40, 41, 45–47].
The x-axis depicts the angle in degrees between the measurement directions a and b chosen by Alice and Bob and the y-axis
depicts the value of the correlation between their results.

= a0I + Iaiei = a0I + I · a = a0I +D(a) (60)

and

I b γ0 = I bµγµγ0 = I b0γ0γ0 + I biγiγ0

= b0I + I biei = b0I + I · b = b0I +D(b) , (61)

because γ20 = 1 and γiγ0 = ei constitute the spatial ba-
sis vectors in the algebra Cl3,0 [43]. Such an observer-
dependent projection of a 4-vector in Cl1,3 onto a (1+3)-
dimensional space, resulting in a timelike scalar and a
spacelike vector in Cl3,0, is called a “spacetime split” in
STA. Here I · a = D(a) and I · b = D(b) are spacelike
bivectors in Cl3,0, analogous to those in Eqs. (58) and
(59). We will use D(a) and D(b) to represent the two
detectors of Alice and Bob.
Now, since the spins are measured by the above detec-

tors, we must project them as well onto the hypersurface
S3:

λIs1γ0 = λIsµ1γµγ0 = λIs01γ0γ0 + λIsi1γiγ0

= λIs01 + λIsi1ei = λIs01 + λI · s1
= λIs01 + L(s1, λ) (62)

and

λIs2γ0 = λIsµ2γµγ0 = λIs02γ0γ0 + λIsi2γiγ0

= λIs02 + λIsi2ei = λIs02 + λI · s2
= λIs02 + L(s2, λ) . (63)

Next, we set up the time coordinate from −t to 0 in
Figs. 1 and 2, where −t is the instant at which the sin-
glet state is produced from the source in the overlap of
the backward light cones of Alice and Bob, and 0 is the
instant at which the constituent spins λIs01 + L(s1, λ)

and λIs02 + L(s2, λ) are measured simultaneously by the
detectors a0I +D(a) and b0I +D(b), respectively. Con-
sequently, since a0, b0, s01, and s

0
2 can be identified as the

respective time coordinates, in the coordinates in which
the spins are measured simultaneously by Alice and Bob
we must set a0 = b0 = s01 = s02 = 0, reducing the spin and
detector 4-vectors within Cl1,3 to the bivectors L(s1, λ),
L(s2, λ), D(a), and D(b) within Cl3,0. The two rela-
tivistic spins λIs1 and λIs2 that originate in the overlap
of the backward light cones of Alice and Bob at time −t
are thus detected as L(s1, λ) and L(s2, λ) at time 0 by
the detectors D(a) and D(b), respectively.
We are now in a position to derive the singlet corre-

lation once again in a succinct and elegant manner. To
this end, consider two measurement functions similar to
(32) and (33), but now of the form

± 1 = A (a, λk) : IR3×
{

λk
}

−→ S3 →֒ IR4 (64)

and

± 1 = B(b, λk) : IR3×
{

λk
}

−→ S3 →֒ IR4, (65)

where λk = ±1 for each run k of the experiment con-
sidered in Fig. 1. More explicitly, let the spin bivectors
∓L(s, λk) emerging from a common source be detected
by two space-like separated detector bivectors D(a) and
D(b), giving

S3 ∋ A (a, λk) : = lim
s1 →a

{

−D(a)L(s1, λ
k)
}

=

{

+1 if λk = +1

− 1 if λk = − 1

}

with
〈

A (a, λk)
〉

= 0 (66)
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and

S3 ∋ B(b, λk) : = lim
s2 →b

{

+L(s2, λ
k)D(b)

}

=

{

− 1 if λk = +1

+1 if λk = − 1

}

with
〈

B(b, λk)
〉

= 0 , (67)

where we assume the orientation λ of S3 to be a random
variable with 50/50 chance of being +1 or − 1 at the
moment of the pair-creation, making the spinning bivec-
tor L(n, λk) a random variable relative to the detector
bivector D(n):

L(n, λk) = λkD(n) ⇐⇒ D(n) = λk L(n, λk) . (68)

It is important to recall here that an orientation of a
manifold is a relative concept [24]. Within Geometric Al-
gebra Cl3,0 the choice of the sign of the unit pseudoscalar
amounts to choosing an orientation of the physical space
[12, 13].
It is evident from the measurement functions A (a, λk)

and B(b, λk) defined above that their values are limit-
ing scalar points, ±1, of some quaternions that constitute
S3. Consequently, they respect the topology of S3 rather
than that of IR3. Physically, the geometry and topol-
ogy of S3 arise from the rotations of the two spin bivec-
tors, −L(s1, λ

k) and +L(s2, λ
k), relative to the detector

bivectors D(a) and D(b), respectively. This is evident
from the definitions of the measurement functions, which
involve geometric products of the form −D(a)L(s1, λ

k),
which are non-pure quaternions, and therefore elements
of the set S3. In other words, the interactions between
the spin bivectors and the detector bivectors are repre-
sented in the model by non-pure quaternions of the form
−D(a)L(s1, λ

k), which — as constituents of the set S3

— necessarily capture the geometry and topology of S3.
Despite being algebraically different expressions,

the detection processes encoded by Eqs. (66)
and (67) are effectively the same as those de-
fined by Bell in his local model [2, 44] within
IR3, namely A (a, λk) ∼= sign(+ sk1 · a) = ±1 and
B(b, λk) ∼= sign(− sk2 · b) = ±1. They pick out the
normalized components of the two spins about the
vectors a and b, representing two scalar points of the
3-sphere. To see this explicitly, we can expand the RHS
of Eq. (66) as follows:

lim
s1 →a

{

−D(a)L(s1, λ
k)
}

= lim
s1 → a

{

−λk L(a, λk)L(s1, λ
k)
}

(69)

= lim
s1 → a

[

−λk
{

− a · s1 − L(a× s1, λ
k)
}]

(70)

= lim
s1 → a

{

+ a · (λk s1) + I · (a× s1)
}

(71)

∼= sign(+ sk1 · a) , with sk1 ≡ λk s1, (72)

where Eqs. (68), (57), and (58) are used. Likewise we
can expand the RHS of Eq. (67) using Eqs. (68), (57),
and (59):

lim
s2 →b

{

+L(s2, λ
k)D(b)

}

= lim
s2 →b

{

+L(s2, λ
k)λk L(b, λk)

}

(73)

= lim
s2 →b

[

+λk
{

− s2 · b − L(s2 × b, λk)
}]

(74)

= lim
s2 →b

{

− (λk s2) · b − I · (s2 × b)
}

(75)

∼= sign(− sk2 · b) , with sk2 ≡ λk s2. (76)

Moreover, as demanded by the conservation of angular
momentum, we require the total spin to respect the con-
dition

−L(s1, λ
k) + L(s2, λ

k) = 0

⇐⇒ L(s1, λ
k) = L(s2, λ

k)

⇐⇒ s1 = s2 ≡ s [cf. Fig. 1]. (77)

Evidently, in the light of the product rule (57) for the
unit bivectors, the above condition is equivalent to the
condition

L(s1, λ
k)L(s2, λ

k) =
{

L(s, λk)
}2

= L2(s, λk) = −1 .
(78)

Note, however, that the limits s1 → a and s2 → b ap-
pearing in the definitions of the two measurement func-
tions (66) and (67) are parts of the independent detec-
tion processes. These processes are not subject to the
conservation law dictated by Eq. (77) or (78), which re-
mains valid only for the free evolution of the constituent
spins. In fact, the detection processes describe purely
local interactions of the spin bivectors with the detec-
tor bivectors, occurring at spacelike separated observa-
tion stations of Alice and Bob (see answer 9 in Appendix
B for further explanation). Consequently, the expecta-
tion value of the simultaneous measurement outcomes
A (a, λk) = ±1 and B(b, λk) = ±1 in S3 works out as
follows:

E(a, b) = lim
n→∞

[

1

n

n
∑

k=1

A (a, λk) B(b, λk)

]

∼= lim
n→∞

[

1

n

n
∑

k=1

sign(+ sk1 · a) sign(− sk2 · b)
]

(79)
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= lim
n→∞

[

1

n

n
∑

k=1

[

lim
s1 →a

{

−D(a)L(s1, λ
k)
}

] [

lim
s2 →b

{

+L(s2, λ
k)D(b)

}

]

]

(80)

= lim
n→∞

[

1

n

n
∑

k=1

lim
s1 →a

s2 →b

{−D(a) }
{

L(s1, λ
k) L(s2, λ

k)
}

{+D(b) }
]

(81)

= lim
n→∞

[

1

n

n
∑

k=1

lim
s1 →a

s2 →b

{

−λk L(a, λk)
}

{−1 }
{

+λk L(b, λk)
}

]

(82)

= lim
n→∞

[

1

n

n
∑

k=1

lim
s1 →a

s2 →b

{

+
(

λk
)2

L(a, λk) L(b, λk)
}

]

(83)

= lim
n→∞

[

1

n

n
∑

k=1

L(a, λk)L(b, λk)

]

(84)

= − a · b − lim
n→∞

[

1

n

n
∑

k=1

L(a× b, λk)

]

(85)

= − a · b − lim
n→∞

[

1

n

n
∑

k=1

λk

]

D(a× b) (86)

= − a · b + 0 . (87)

Here Eq. (80) follows from Eq. (79) by substituting the
functions A (a, λk) and B(b, λk) from the definitions
(66) and (67); Eq. (81) follows from Eq. (80) by using the
“product of limits equal to limits of product” rule [which
can be verified by recognizing that the same quaternion
−D(a)L(a, λk)L(b, λk)D(b) results from the limits in
Eqs. (80) and (81)]; Eq. (82) follows from Eq. (81) by (i)
using the relation (68) [thus setting all bivectors in the
spin bases], (ii) the associativity of the geometric prod-
uct, and (iii) the conservation of spin angular momentum
specified in Eq. (78); Eq. (83) follows from Eq. (82) by re-
calling that scalars such as λk commute with the bivec-
tors; Eq. (84) follows from Eq. (83) by using λ2 = +1, and
by removing the superfluous limit operations; Eq. (85)
follows from Eq. (84) by using the geometric product or
identity (57), together with the fact that there is no third
spin about the orthogonal direction a× b once the two
spins are already detected along the directions a and
b; Eq. (86) follows from Eq. (85) by using the relations
(68) and summing over the counterfactual detections of
the “third” spins about a× b; and Eq. (87) follows from
Eq. (86) because the scalar coefficient of the bivector
D(a× b) vanishes in n→ ∞ limit, since λk is a fair coin.
Note that, apart from the initial state λk, the only

other assumption used in this derivation is that of the
conservation of spin angular momentum (78). These two
assumptions are necessary and sufficient to dictate the
singlet correlations:

E(a, b) = lim
n→∞

[

1

n

n
∑

k=1

A (a, λk) B(b, λk)

]

= − a · b.

(88)
This demonstrates that EPR-Bohm correlations are cor-

relations among the scalar points of a quaternionic 3-
sphere4.

It is also instructive to evaluate the sum in Eq. (84)
somewhat differently to bring out how the orientation λk

plays an important role in the derivation of the above
correlation. Instead of assuming λk = ±1 to be an orien-
tation of S3, we may view it as specifying the ordering
relation between the spin bivectors L(a, λ) and L(b, λ)
and the detector bivectors D(a) and D(b) with 50/50
chance of occurring, and only subsequently identify it

4 The singlet correlations reproduced here can be reproduced also
within a more general 7-sphere framework without any reference
to the 3-sphere model presented here, as we have shown elsewhere
[24]. And even though the highly non-trivial Hardy-type corre-
lations can also be reproduced within the quaternionic 3-sphere
model presented here (as we have demonstrated in Chapter 6 of
Ref. [39]), the quaternionic 3-sphere model is rather restrictive.
It can accommodate the singlet correlations and Hardy-type cor-
relations, but cannot reproduce more intricate correlations, such
as, for example, those predicted by the rotationally non-invariant
GHZ states [39]. On the other hand, the 7-sphere framework of
Ref. [24] is more general and comprehensive. This is because S7

is made of S4 worth of 3-spheres, with a highly non-trivial twist
in the bundle. In other words, in the language of Hopf fibration,
S7 is fibrated by S3 over the base manifold S4. Thus each of the
many fibers of S7 that make it up is itself an S3. It is therefore
not surprising that S7 framework is more complete and is able
to reproduce quantum correlations more comprehensively. More-
over, as shown in Ref. [24], the algebraic and geometrical prop-
erties of the physical space are captured more completely by the
octonion-like representation space S7 constructed in Ref. [24],
rather than by the 3-dimensional closed and compact physical
space S3 itself.
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with an orientation of S3:

L(a, λ = +1) L(b, λ = +1) = D(a) D(b) (89)

or

L(a, λ = −1) L(b, λ = −1) = D(b) D(a). (90)

Since the spins emerging from the source are oblivious to
the detectors located at remote stations, we may repre-
sent spins with a trivector J and detectors with a trivec-
tor I, respectively, without assuming any relation be-
tween them:

L(n, λ) = J · n (91)

and

D(n) = I · n , (92)

for any given dual vector n. We can now easily find the
relationship between J and I using the identities (56)
and

D(a)D(b) = − a · b − D(a × b) . (93)

Substituting the right-hand sides of these identities into
the ordering relations (89) and (90) reduces the relations
to

− a ·b − L(a×b, λ = +1) = − a ·b − D(a×b) (94)

or

− a · b − L(a× b, λ = −1) = −b · a − D(b× a)

= − a · b + D(a× b) ,
(95)

which, after canceling the scalar factor − a · b and us-
ing λ = ±1 and the definitions (91) and (92), further
reduces to

L(a× b, λ) = λD(a × b) (96)

J · (a× b) = λ I · (a× b) (97)

J = λ I . (98)

We have thus proved that the ordering relations (89) and
(90) between the spin bivectors L(a, λ) and L(b, λ) and
the detector bivectors D(a) and D(b) are equivalent to
our hypothesis that the orientation of the 3-sphere is a
fair coin. Using the relations (57) and (96), together
with the ordering relations (89) and (90), the sum (84)
can now be evaluated directly by recognizing that the
spins in the right and left oriented S3 satisfy the following
geometrical relations [37, 39]:

L(a, λk = +1) L(b, λk = +1) = − a · b − D(a× b)

= D(a) D(b)

= (+ I · a)(+ I · b)
(99)

and

L(a, λk = −1) L(b, λk = −1) = − a · b + D(a × b)

= −b · a − D(b× a)

= D(b) D(a)

= (+ I · b)(+ I · a).
(100)

In other words, when the initial state λk happens to
be equal to +1, L(a, λk) L(b, λk) = (+ I · a)(+ I · b),
and when the initial state λk happens to be equal
to −1, L(a, λk) L(b, λk) = (+ I · b)(+ I · a). Conse-
quently, the expectation value (79) reduces at once to

E(a, b) =
1

2
(+ I · a)(+ I · b) +

1

2
(+ I · b)(+ I · a)

= − 1

2
{ab + ba} = − a · b + 0 , (101)

because the orientation λk of S3 is a fair coin. Here
the last equality follows from the definition of the inner
product. Given this result, it is not difficult to derive
the corresponding upper bound on the expectation values
within S3, as we have demonstrated in Section IX:

| E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′) | 6 2
√
2 .

(102)
We have verified both of these results in several numer-
ical simulations [40, 41, 45–48]. The simulations are in-
structive on their own right, and some of them can be
used for testing the effects of topology changes when the
parameter η ∈ [0, π] is varied.

VIII. THE RAISON D’ÊTRE OF STRONG

CORRELATIONS

Geometrically the above results can be understood in
terms of the twist in the Hopf fibration of S3 ∼= SU(2).
Recall that locally (in the topological sense) S3 can be
written as a product S2 × S1, but globally it has no cross-
section [49, 50]. It can be viewed also as a principal
U(1) bundle over S2, with the points of its base space
S2 being the elements of the Lie algebra su(2), which are
pure quaternions, or bivectors [39, 51]. The product of
two such bivectors are in general non-pure quaternions
of the form (21), and are elements of the group SU(2)
itself. That is to say, they are points of the bundle space
S3, whose elements are the preimages[49] of the points
of the base space S2. These preimages are 1-spheres,
S1, called Hopf circles, or Clifford parallels [52]. Since
these 1-spheres are the fibers of the bundle, they do not
share a single point in common (cf. Fig. 4). Each circle
threads through every other circle in the bundle, making
them linked together in a highly non-trivial configura-
tion, which can be quantified by the following relation
among the fibers [51]:

eiψ− = eiφ eiψ+ , (103)



14

S3
h−1(q)

h−1(p)

qb

pb

S2

base space

h : S3 → S2

Hopf fibration

h−1 : S2 → S3

FIG. 4: The tangled web of linked Hopf circles depicting the geometrical and topological non-trivialities of the 3-sphere. Locally
(in the topological sense) S3 can be written as the product S2

× S1. Thus S3 is S2 worth of circles. Each circle, as a fiber S1,
threads through every other circle in the bundle S3 without sharing a single point with any other circle, and projects down to
a point such as p on S2 via the Hopf map h : S3

→ S2, in a highly non-trivial configuration.

where eiψ− and eiψ+ , respectively, are the U(1) fiber
coordinates above the two hemispheres H− and H+

of the base space S2, with spherical coordinates
(0 6 θ < π, 0 6 φ < 2π); φ is the angle parameterizing
a thin strip H− ∩H+ around the equator of S2 [θ ∼ π

2
];

and eiφ is the transition function that glues the two
sections H− and H+ together, thus constituting the 3-
sphere. It is evident from Eq. (103) that the fibers match
perfectly at the angle φ = 0 (modulo 2π), but differ from
each other at all intermediate angles φ. For example,
eiψ− and eiψ+ differ by a minus sign at the angle φ = π.
Now in the Clifford-algebraic representation of our 3-
sphere model the above relation can be written as
{

−D(a)L(s1, λ
k)
}

=
{

D(a)D(b)
}{

+ L(s2, λ
k)D(b)

}

⇐⇒ a s = {a · b+ a ∧ b} s b ,
(104)

provided we identify the angles ηas1 and ηs2b between a

and s1 and s2 and b with the fibers ψ− and ψ+ , and
the angle ηab between a and b with the generator of the
transition function eiφ on the equator of S2. The above
representation of Eq.(103) is not as unusual as it may
seem at first sight once we recall that geometric products
of vectors and bivectors appearing in it are quaternions,
and the quaternionic 3-sphere defined in Eq. (18) as a set
of unit quaternions remains closed under multiplication.
Indeed, as we saw in Eq. (21), each element of S3 can be
parameterized to take the form

q(u, v) = cos( ηuv) +
u ∧ v

||u ∧ v|| sin( ηuv)

= exp

{

u ∧ v

||u ∧ v|| ηuv
}

, (105)

which in turn can always be decomposed into a product
of two bivectors, say β(u) and β(v), belonging to an
S2 ⊂ S3:

−β(u)β(v) = − (λ I · u) (λ I · v) = uv

= cos( ηuv) +
u ∧ v

||u ∧ v|| sin( ηuv) . (106)

Multiplying both sides of (104) from the left with D(a)
and noting that all unit bivectors square to −1, we obtain

L(s1, λ
k) = −D(b)L(s2, λ

k)D(b) . (107)

Next, multiplying the numerator and denominator on
the RHS of this similarity relation with −D(b) from the
right and D(b) from the left leads to the conservation of
zero spin angular momentum, just as we have specified
in Eq. (77):

L(s1, λ
k) = L(s2, λ

k)

⇐⇒ L(s1, λ
k)L(s2, λ

k) = L2(s, λk) = −1,
(108)

which was used in Eq. (82) to derive the strong correla-
tions (88). We have thus shown that the conservation of
spin angular momentum is not an additional assumption,
but follows from the very geometry and topology of the
3-sphere.
Returning to the Hopf fibration of S3, it is not difficult

to see from Eq. (104) that if we set a = b (or equivalently
ηab = 0) for all fibers, then S3 reduces to the trivial bun-
dle S2 × S1, since then the fiber coordinates ηas1 and ηs2b
would match up exactly on the equator of S2 [θ ∼ π

2
]. In

general, however, for a 6= b, S3 6= S2 × S1. For exam-
ple, when a = −b (or equivalently when ηab = π) there
will be a sign difference between the fibers at that point
of the equator [49, 51]. That in turn would produce a
twist in the bundle analogous to the twist in a Möbius
strip. It is this non-trivial twist in the S3 bundle that
is responsible for the observed sign flips in the product
A B of measurement events, from A B = −1 for a = b

to A B = +1 for a = −b, as evident from the correla-
tions (88), which are obtained in the limits s1 → a and
s2 → b, together with s1 = s2 = s, as in the definitions



15

of the measurement functions (66) and (67). On the
other hand, if the topology of our physical space were
the trivial or product topology S2 × S1, then the transi-
tion function ab in Eq. (104) would be identical to +1,
and we would not observe sign flips from A B = −1 to
A B = +1 when a = b is rotated to a = −b. Moreover,
in that case the limits s1 = s → a and s2 = s → b would
also reinforce ab = +1 in Eq. (104), which in turn would

lead only to A B = −1 and never to A B = +1. Con-
versely, it is easy to see from the definitions (66) and
(67) of A and B that, within the non-trivial topology
of S3 necessitated by the general transition function ab

in (104), the relation A = −B by itself does not impose
any restrictions, such as a = b, on the possible measure-
ment directions a and b that Alice and Bob may wish to
choose for their observations:

A (a, λk) = −B(b, λk) (109)

=⇒ lim
s→a

{

−D(a)L(s, λk)
}

= − lim
s→b

{

+L(s, λk)D(b)
}

(110)

=⇒ lim
s→ a

{

−λk L(a, λk)L(s, λk)
}

= − lim
s→b

{

+L(s, λk)λk L(b, λk)
}

(111)

=⇒ lim
s→a

[

−λk
{

− a · s − L(a × s, λk)
}]

= − lim
s→b

[

+λk
{

− s · b − L(s × b, λk)
}]

(112)

=⇒ lim
s→ a

{

+λk a · s + I · (a× s)
}

= − lim
s→b

{

−λk s · b − I · (s× b)
}

(113)

=⇒ λk a · a = λk b · b (114)

=⇒ ||a||2 = ||b||2. (115)

This result dictates that only the unit magnitudes but
not the directions of the vectors a and b are constrained
to be equal, despite the apparent anti-correlation be-
tween A and B in their very definitions (66) and (67).
Alice and Bob are thus free to choose any angle between
a and b on the unit 2-sphere, in harmony with the fibra-
tion (104) of S3. The freedom to choose any directions a
and b thus enables them to observe the twists in S3, in
the guise of the strong correlations (88).

IX. DERIVATION OF TSIREL’SON’S BOUNDS

ON THE STRENGTH OF LOCAL-REALISTIC

CORRELATIONS

For completeness of our derivation of the correlation
(87), in this section we derive the Tsirel’son’s bounds in
(102) on the strength of such correlations. To this end,
consider four observation axes, a, a′, b, and b′, for the
experiment illustrated in Fig. 1. Then the corresponding
CHSH string of expectation values [23, 37], namely the
correlator

E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′) , (116)

would be bounded by the constant 2
√
2, as discovered by

Tsirel’son within the setting of Clifford algebra applied to
quantum mechanics within a Hilbert space. Here each of
the joint expectation values of the measurement results
A (a, λ) = ± 1 and B(b, λ) = ± 1 are defined as

E(a, b) = lim
n≫ 1

[

1

n

n
∑

k=1

A (a, λk) B(b, λk)

]

, (117)

with the measurement functions A (a, λ) and B(b, λ)
defined in (66) and (67). But from (79) and (84) we also
have the following geometrical and statistical identity:

lim
n≫ 1

[

1

n

n
∑

k=1

A (a, λk) B(b, λk)

]

= lim
n≫ 1

[

1

n

n
∑

k=1

L(a, λk)L(b, λk)

]

.

(118)

Using this identity the correlator (116) can now be rewrit-
ten as the following single average:

lim
n≫ 1

[

1

n

n
∑

k=1

{

L(a, λk)L(b, λk) + L(a, λk)L(b′, λk)

+ L(a′, λk)L(b, λk) + L(a′, λk)L(b′, λk)
}

]

.

(119)

But since the bivectors L(a, λ) and L(b, λ) are two in-
dependent equatorial points of S3, we can take them to
belong to two disconnected “sections” of S3 [i.e., two dis-
connected su(2) 2-spheres within S3 ∼ SU(2)], satisfying

[L(n, λ), L(n′, λ) ] = 0 ∀ n and n′ ∈ IR3, (120)

which is equivalent to anticipating a null outcome along
the direction n× n′ exclusive to both n and n′. If we now
square the integrand of equation (119), use the above
commutation relations, and use the fact that all unit
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bivectors square to −1, then the absolute value of the
Bell-CHSH string (116) leads to the following variance
inequality [37]:

|E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′)|

6

√

√

√

√ lim
n≫ 1

[

1

n

n
∑

k=1

{

4 + 4T a a′(λk)Tb′ b(λk)
}

]

,

(121)

where the classical commutators

T a a′(λ) :=
1

2
[L(a, λ), L(a′, λ)] = −L(a× a′, λ)

(122)
and

Tb′ b(λ) :=
1

2
[L(b′, λ), L(b, λ)] = −L(b′ × b, λ)

(123)
are the geometric measures of the torsion within S3.
Thus it is the non-vanishing torsion T within the 3-
sphere—i.e., the parallelizing torsion which makes its
Riemann curvature vanish—that is responsible for the
stronger-than-linear correlation. We can see this from
Eq. (121) by setting T = 0, and in more detail as fol-
lows. By making a repeated use of the bivector identity

L(a, λ)L(a′, λ) = − a · a′ − L(a× a′, λ) , (124)

the above inequality can be further simplified to

|E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′)|

6

√

√

√

√4− 4(a× a′) · (b′ × b)− 4 lim
n≫ 1

[

1

n

n
∑

k=1

L(z, λk)

]

6

√

√

√

√4− 4(a× a′) · (b′ × b)− 4 lim
n≫ 1

[

1

n

n
∑

k=1

λk

]

D(z)

6 2
√

1− (a× a′) · (b′ × b) − 0 , (125)

where z = (a× a′)× (b′ × b). The last two steps follow
from the relation (68) between L(z, λ) and D(z) and the
fact that the orientation λ of S3 is evenly balanced be-
tween +1 and −1. Finally, by noticing that trigonometry
dictates

− 1 6 (a × a′) · (b′ × b) 6 +1 , (126)

the above inequality can be reduced to the familiar form

| E(a, b) + E(a, b′) + E(a′, b) − E(a′, b′) | 6 2
√
2 .

(127)
Needless to say, this result can also be derived directly
from the correlation (87):

| E(a,b) + E(a, b′) + E(a′, b) − E(a′, b′) |
= | − cos ηab − cos ηab′ − cos ηa′b + cos ηa′b′ |
6 2

√
2 . (128)

X. STANDARD INTERPRETATION OF BELL’S

THEOREM IS RECOVERED WITHIN THE FLAT

GEOMETRY OF IR3

The S3 model presented above becomes conducive to
the traditional interpretation of Bell’s theorem when the
algebraic, geometrical and topological properties of the
compactified physical space S3 are ignored. In that case
the upper bound of 2 on the Bell-CHSH inequality is re-
spected. Thus, the results presented in this paper do not
conflict with the standard interpretation of Bell’s theo-
rem outright but rather reproduces that interpretation
as a special case in the flat geometry IR3 of the physical
space, which is usually taken for granted in the literature
on Bell’s theorem. There are several different ways to
appreciate this fact. As we saw in Section VI above, one
way to appreciate it is by analyzing the even-by-event
simulations presented therein [40, 41]. Another way to
appreciating it is by noting that if we ignore the twist
(78) or (108) in the Hopf bundle of S3, then the value of
the correlation function E(a, b) in (79) reduces to −1 for
all freely chosen parameters a and b for any initial state
λ, and then the absolute bound of 2 on the Bell-CHSH
correlator (102) is not exceeded. A third way to appre-
ciate it is by setting the torsion T = 0 in Eq. (121) as
noted between Eqs. (123) and (124) during the deriva-
tion of the Tsirel’son’s bounds in Section IX. Each of
these three ways provide different insights into how the
standard interpretation of Bell’s theorem is recovered in
IR3 limit.

XI. THEORETICAL AND EXPERIMENTAL

SUPPORT

In recent years there has been some theoretical and
experimental support for the local-realistic model of the
strong correlations presented above. For example, in an
influential recent paper published in Nature Communi-

cations [53], the authors state that “Any no-go result, as
for example Bell’s theorem, is phrased within a particular
framework that comes with a set of built-in assumptions.
Hence it is always possible that a theory evades the con-
clusions of the no-go result by not fulfilling these implicit
assumptions.” This statement reflects a change in atti-
tude of the physics community regarding the significance
of Bell’s theorem for fundamental physics. In Bell’s local-
realistic framework for the strong correlations [2], there
are built-in assumptions about the algebraic, geometrical
and topological properties of the physical space in which
we are confined to perform all our experiments, because
it is modeled as IR3. In this paper we have removed these
assumptions via greater rigor, by replacing IR3 with S3

as the physical space. It is therefore not surprising that
we have been able to reproduce the singlet correlations
exactly.
A more significant support for our locally causal model

of the singlet correlations comes from a recently per-
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formed macroscopic experiment [54]. It provides an
important experimental confirmation of the model pre-
sented above. The authors of the experiment write:
“... we have demonstrated the violation of a Bell-type in-
equality using massive (around 1010 atoms), macroscopic
optomechanical devices, thereby verifying the nonclas-
sicality of their state without the need for a quantum
description of our experiment.” To be sure, by non-
classicality the authors mean violation of local realism,
and support this orthodox interpretation by providing a
quantum mechanical description of their massive, macro-
scopic, mechanical system. However, the key phrase also
used by the authors to describe their experiment is the
following: “... without the need for a quantum description
of our experiment.” What this means is that we have an
experimental proof that Bell-type inequalities can be vio-
lated also by purely classical, macroscopic systems with-
out requiring a quantum mechanical description of the
experiment. But that is exactly what our model pre-
sented above also predicts [37, 55]. According to our
model, the violations of Bell inequalities are a result of
the algebraic, geometrical, and topological properties of
the compactified physical space, S3. The concepts of
quantum entanglement, non-locality, non-reality, or irre-
ducible randomness are not necessary for explaining the
violations of Bell inequalities.

XII. CONCLUDING REMARKS

In this paper we have shown that it is possible to re-
produce the statistical predictions of quantum mechan-
ics in a locally causal manner, at least for the simplest
entangled state such as the EPR-Bohm state. In par-
ticular, we have shown that such a locally causal de-
scription of the singlet state in the sense of Bell is pos-
sible at least within the spherical topology of a well
known Friedmann-Robertson-Walker spacetime, viewed
as a non-cosmological, terrestrial solution of Einstein’s
field equations. More specifically, we have presented a
local, deterministic, and realistic model within such a
Friedmann-Robertson-Walker spacetime which describes
simultaneous measurements of the spins of two fermions
emerging in a singlet state from the decay of a spin-
less boson. We have then shown that the predictions
of this locally causal model agree exactly with those of
quantum theory, without needing data rejection, remote
contextuality, superdeterminism, or backward causation.
A Clifford-algebraic representation of the 3-sphere with
vanishing spatial curvature and non-vanishing torsion
then allows us to transform our model in an elegant
form. Several event-by-event numerical simulations of
the model have confirmed our analytical results with ac-
curacy of at least 4 parts in 104.

Appendix A: Formulation of Local Causality in the

Manner of Bell

In this appendix we review the notion of local causality,
as originally conceived by Einstein in the present context,
and later formalized by Bell [2]. A more detailed discus-
sion by Bell on the subject can be found in his last paper
[42].
Our main goal here is to stress that the model con-

structed above is indeed locally causal in the sense of Ein-
stein and Bell, despite the fact that it relies on the global
topology of the spatial slices, S3. It will also become ev-
ident from our discussion below that, although the cor-
relation function E(a, b) is manifestly time-independent,
the measurement functions A (a, λ) and B(b, λ) it de-
pends on are themselves not time-independent. Indeed
they depend on the initial states λ of the system speci-
fied at an earlier time and the final detector directions a
and b chosen by Alice and Bob at a later time, as shown
in Figs. 1 and 2. On the other hand, since we have set
the scale factor a(t) = 1 in the solution (17), the times
elapsed between the initial and final instants of the ex-
periments are obviously not cosmological epochs. For
deterministic models of the EPR-Bohm correlation (such
as the one constructed above), Bell considered a joint ob-
servable of the form A B(a, b; ℵ, λ) = ±1, where a and
b, respectively, are the freely chosen detector directions
of Alice and Bob, λ is an initial or “complete” state of the
singlet system (which is also referred to as5 a “common
cause”, or “shared randomness”, or “hidden variable”),
and ℵ stands for any number of other pre-established
constants and/or variables pertaining to the experimen-
tal set up, which we shall refer to as shared background.
Here two of the most important differences between the
variables {a, b} and the variables {ℵ, λ} are: (1) while
locally Alice and Bob have total control over the choice
of variables a and b (respectively), they have no control
over the variables ℵ and λ at any time during their ex-
periment; and (2) while ℵ and λ are completely specified

at an earlier time past the overlap of the backward light
cones of Alice and Bob (cf. Fig. 2), the variables a and b

are freely chosen by them at a later time, as final direc-
tions along which the space-like separated measurement
events A (a; ℵ, λ) = ±1 and B(b; ℵ, λ) = ±1 are deter-
mined. Bell called such events locally explicable if the
joint observable A B(a, b; ℵ, λ) = ±1 of Alice and Bob
can be factorized into local parts as

A B(a, b; ℵ, λ) = A (a; ℵ, λ)× B(b; ℵ, λ). (A1)

Note that the functions A (a; ℵ, λ) and B(b; ℵ, λ) de-
scribe strictly local, realistic, and deterministically de-
termined measurement events. Apart from the common

5 Within the context of Bell’s theorem “shared randomness” and
“hidden variable” are used synonymously. See, for example, dis-
cussion in Ref. [57].
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v

I · v

FIG. 5: A unit bivector represents an equatorial point of a unit, parallelized 3-sphere. As shown in the figure, a bivector is
an abstraction of a directed plane segment, with only a magnitude and a sense of rotation—i.e., clockwise (−) or counter-
clockwise (+). Neither the depicted oval shape of its plane, nor its axis of rotation v, is an intrinsic part of the bivector I · v.

cause {ℵ, λ}, which originates in the overlap of the back-
ward light cones of Alice and Bob as shown in Fig. 2,
the event A = ±1 depends only on the measurement di-
rection a chosen freely by Alice; and analogously, apart
from the common cause {ℵ, λ}, the event B = ±1 de-
pends only on the measurement direction b chosen freely
by Bob. In particular, the function A (a; ℵ, λ) does not

depend on either b or B, and the function B(b; ℵ, λ)
does not depend on either a or A , just as demanded
by Einstein’s notion of local causality [2, 42]. The cor-
relation between the simultaneous measurement results
A (a; ℵ, λ) and B(b; ℵ, λ) can then be computed as

E(a, b) = lim
n≫ 1

[

1

n

n
∑

k=1

A (a, ℵ, λk) B(b, ℵ, λk)
]

.

(A2)

Now in the case of the local model constructed above
the shared background ℵ includes the topology T of the
spatial slices S3. And this topology is completely specified

from the outset, past the overlap of the backward light
cones of Alice and Bob. Therefore, Alice, for example,
cannot influence either the freely chosen parameter b, or
the observed outcome B of Bob by altering the topology,
say, from T to T ′. And likewise, Bob cannot influence
either the freely chosen parameter a, or the observed out-
come A of Alice by altering the topology from T to T ′

(e.g., from S3 to IR3). Thus, despite its reliance on the
global topology of spatial slices, there is no violation of
local causality in our model.
It is also evident from the prescription (A2) that, quite

appropriately, the shared background ℵ plays no role
in the computation of the correlation. For this reason
ℵ is usually dropped from the measurement functions
by writing them simply as A (a, λ) and B(b, λ), as we
have done in this paper. On the other hand, from the
above formulation of local causality it is evident that
whether the joint outcome A B is +1 or −1 depends
on the elapsed time between the initial instant when the
state λ emerges from the source and the final instant
when the measurements are made along the directions a

and b, within a spacetime specified by the Friedmann-
Robertson-Walker solution (17), with a(t) = 1.

Appendix B: Questions and Answers

In no particular order, in this appendix we answer some
questions concerning the local-realistic model for the sin-
glet correlations presented in this paper.

Question 1: In the introduction it is claimed: ”By con-
trast, in this paper we present a physically well-motivated
constructive counterexample to Bell’s theorem by deriv-
ing the strong singlet correlations using the powerful lan-
guage of Geometric Algebra.” This is extraordinary, be-
cause Bell’s theorem is a mathematical theorem. It has
been formally proven and experimentally tested. It is
logically impossible to violate its conclusion without vi-
olating one of its premises. Yet, the paper is claiming to
do just that. How is this possible?
Answer 1: Bell’s theorem is not a theorem in the math-

ematical sense. It is a physical argument based on the
mathematical inequalities discovered by George Boole
some 100 years before they were used by Bell in his “the-
orem.” And, as a physical argument, Bell’s theorem is a
deeply flawed argument, as we have explained in Ref. [23]
in considerable detail. In essence, as discussed also in
the introductory section of this paper, “contrary to the
claim of Bell’s theorem it is not the objectively measur-
able predictions of quantum mechanics that rule out the
possibility of a local and realistic theory. It is the ad

hoc and unjustified assumption of three or four physi-
cally incompatible experiments, any one of which might
be performed on a given occasion, but only one of which
can, in fact, be performed in practice, and in reality.”
In addition to this mistake, Bell’s theorem is based on a
number of other assumptions that can be and have been
questioned.
Question 2: The paper wrongly suggests that Bell’s

framework assumes that “physical space in which we are
confined to perform all our experiments, is modeled as
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IR3.” Bell’s theorem contains no such assumption and
holds independently of the space in which the “hidden”
variables are modeled.

Answer 2: Nowhere in his writings has Bell stated that
his theorem holds independently of the physical space in
which the hidden variables are modeled. In fact, Bell’s
proposed local-realistic framework does assume implicitly
that physical space in which we are confined to perform
all our experiments is modeled as IR3. It is unfortunate
that this assumption is not made explicit by Bell and his
followers in their writings. A deeper reflection on how
the physical space is modeled in analyzing the Bell-test
experiments is necessary to uncover this assumption. In
the analyses of such experiments ordinary vector alge-
bra (which does not, in fact, form an algebra) within
IR3 is implicitly assumed. On the other hand, we have
modeled the physical space as a quaternionic S3 using
Geometric Algebra. The fact that we have been able to
reproduce the “impossible” strong correlations by mod-
eling the physical space as quaternionic S3 is a confir-
matory evidence that the strategy to relax the implicit
assumption built-in Bell’s theorem has been successful.

Question 3: In Section II it is stated: “Indeed, the
pairs of measurement directions (a, b), (a, b′), (a′, b),
and (a′, b′) are mutually exclusive measurement direc-

tions, corresponding to incompatible experiments which
cannot be performed simultaneously.” That is true, but
in the proof of Bell’s theorem measurements along these
directions are assumed to be events in a probability space.
The CHSH correlator (1) is therefore a random variable
on that probability space.

Answer 3: Unfortunately, no such joint probability
space can meaningfully exist for the measurement events
along the mutually exclusive pairs of directions (a, b),
(a, b′), (a′, b), and (a′, b′). Therefore the claim that
the CHSH correlator (1) is a random variable on such a
space is not correct even mathematically. A joint prob-
ability space can exist only for compatible observables.
But, inevitably, in the CHSH scenario what is involved
for mutually exclusive directions are incompatible ob-
servables. Therefore the assumption of a joint probabil-
ity space in such an argument is an invalid assumption.
And even if we assume that we can perform Lebesgue
integration over variables in such a fictitious probability
space, it is possible to derive the Bell-CHSH inequality by
simply considering four incompatible experiments with-
out invoking the assumption of non-locality, as we have
demonstrated in Ref. [23]. Consequently, any “violation”
of the Bell-CHSH inequality is nothing but a consequence
of the incompatibility of the four experiments.

Question 4: The violations of Bell inequalities, as they
are demonstrated experimentally, are observed for a se-
quence of measurements, with the accumulation of statis-
tics to determine the degree of violations, provided that
the initial state is an appropriate entangled resource. The
statement in Section II of the paper that “We are there-
fore justified in ignoring the physical claim of Bell’s theo-
rem in this paper” is therefore wrong. Bell’s theoremmay

be viewed as a statement about how particular resource
states (typically entangled states) violate the predictions
of local realism. We may disagree about the derivation
of Bell’s theorem, or indeed how it pertains to observa-
tions. However, given that observations exist and appear
to demonstrate convincing violations of Bell inequalities
for appropriate non-classical resource states, we are not
at liberty to ignore these established physical results.

Answer 4: Contrary to the frequently made claims
such as the above, violations of the Bell inequalities is
not what is demonstrated in the experiments at all. The
sequence of measurements performed in the experiments,
“with the accumulation of statistics to determine the de-
gree of violation”, are not theoretically bounded by 2
as claimed on the basis of Bell’s theorem. They are, in
fact, bounded by 4, and the bound of 4 is of course never
exceeded in any experiment. Thus there is an extraor-
dinary bait-and-switch happening (albeit unwittingly) in
every experiment that claims to have violated the abso-
lute bound of 2 on the Bell-CHSH inequality. We have
explained this unwitting practice of bait-and-switch in
more detail in Ref. [23] (which is also published as a
section in Ref. [24]). It is also important to note that
predictions of the local-realistic S3 model are identical
to the predictions of quantum mechanics for the singlet
state.

Question 5: In the proposed model, the measurement
outcomes are supposed to be determined by one single
vector eo; so the whole point of the contrived mathemat-
ical formalism the author has build up can be merely to
define a probability distribution of eo.

Answer 5: This observation is not correct. It is evident
from the definitions (34) and (35) of the measurement
functions that they are determined by the detector di-
rections a and b, together with a pair of vectors (eo, so),
which form the initial state originating in the overlap of
the backward light cones of Alice and Bob. As explained
in the manuscript, all of the vectors involved in these
definitions have specific geometrical meanings within a
quaternionic 3-sphere, which we have used to represent
the three-dimensional physical space. Moreover, there is
nothing “contrived” about this geometrical representa-
tion, because it is a part of a well known solution of Ein-
stein’s field equations of general relativity. By contrast,
defining a probability distribution of vector eo without
any relation to the geometry of the quaternionic 3-sphere
and any reference to the vector so would not produce the
model presented in this paper, and consequently it would
not reproduce the strong correlations in a local-realistic
manner.

Question 6: The statement below Eq. (47) reads:
“Consequently, the detectors of Alice and Bob can re-
ceive the spin states eo only if the constraints (40) are
satisfied.” But surely the point of the experiment is that
Alice and Bob receive particles every time, and the stan-
dard interpretation (derived ultimately from the Stern-
Gerlach experiment) is that the measurement performs
a projection onto the eigenstates of the measurement de-
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vice. Hence it is not clear what is meant by Alice and
Bob only receiving particular spin states.

Answer 6: The quoted sentence is from the middle of
the paragraph that includes Eqs. (47) and (48). The pre-
ceding sentence reads: “In our model the vectors eo and
so ensure in tandem that there are no initial states for
which” the constraint (47) is satisfied. This constraint,
like those in (40), arises from the geometry of the quater-
nionic 3-sphere, which, in the model, is taken as repre-
senting the physical space. The paragraph continues af-
ter Eq. (48) as follows: “Clearly, a measurement event
cannot occur if there does not exist a state which can
bring about that event. Since the initial state of the sys-
tem is specified by the pair (eo, so) and not just by the
vector eo, there are no states of the system for which
| cos( ηneo

)| < f(ηzso) for any vector n. Thus a mea-
surement event cannot occur for | cos( ηneo

)| < f(ηzso),
no matter what n is. As a result, there is a one-to-one
correspondence between the initial state (eo, so) selected
from the set (31) and the measurement events A and
B specified by the Eqs. (34) and (35).” It is quite clear
from this explanation that the spin states received by
Alice and Bob are the only spin states that can exist
within the quaternionic 3-sphere. What is more, the is-
sue does not arise in the Geometric Algebra description
of the model discussed in the later sections.

Question 7: Since matrix representation of the bivec-
tor subalgebra using Pauli matrices is equivalent to the
bivector representation of the subalgebra within Geomet-
ric Algebra, why is the latter representation used rather
than the former?

Answer 7: The matrix representation of the bivector
subalgebra fails at the very first step, because the prod-
uct of two Pauli matrices can at most be an identity
matrix, not a scalar number. But what are observed in
the experiments, as results of the interactions between
the spins L(a, λ) and the detectors D(a), are pure scalar
numbers: A (a, λ) = ± 1. Thus matrix representation is
of no use in the present context.

Question 8: In Eq. (18) the inner product I · v between
the trivector I and the vector v is used, even though it
would not be needed, since the outer product part of the
geometric product Iv is zero. Then why is the inner
product I · v used?

Answer 8: The inner product is used for a physical
reason. We have the geometric product

Iv = I · v + I ∧ v, (B1)

which is equal to I · v because, by definition, I ∧ v ≡ 0
in the three-dimensional space. Thus, either Iv or I · v
could have been used to represent the spin. But we have
preferred to use I · v instead of Iv to represent spin be-
cause, up to sign, I · v is identical to the dual of v (cf.
Fig. 5). v can thus be identified with the direction of
measurement, freely chosen by the experimenters in any
EPR-Bohm type experiment. Thus the choice of I · v has
been made for a physical reason.

Question 9: Eq. (77) requires s1 = s2. In Eq. (81) the
two limits s1 → a and s2 → b are considered simultane-
ously, which makes sense only if a = b. That makes the
derivation (87) of the singlet correlation −a · b invalid
for a 6= b.
Answer 9: At the first sight the above argument

may seem reasonable even though it contradicts the
result (115) where we have proved that simultane-
ous limits s → a and s → b do not necessitate the
vector equality a = b, even if we incorrectly assume
A (a, λk) = −B(b, λk) for all measurement directions
a and b. There are very good physical and mathemati-
cal reasons for this. To begin with, the limits s → a and
s → b are parts of the independent detection processes,
captured in the measurement functions (66) and (67).
These processes are not subject to the conservation law
dictated by Eq. (77). They describe purely local inter-
actions of the spin bivectors with the detector bivectors,
occurring at spacelike separated observation stations of
Alice and Bob. As we have illustrated in Fig. 1, the
singlet spin system −L(s1, λ

k) + L(s2, λ
k) with vanish-

ing total spin originates from the central source. Sub-
sequently, the spin −L(s1, λ

k) propagates freely towards
Alice’s detectorD(a) and the spin +L(s2, λ

k) propagates
freely towards Bob’s detector D(b). The conservation of
zero spin angular momentum is maintained during this
free evolution of the singlet system, giving rise to the
equality s1 = s2 = s worked out in Eq. (77). But the
vector s1 can remain equal to the vector s2 only until the
start of the physical process of detection captured by the
limit s1 → a encoded in Alice’s measurement function
A (a, λk), and likewise for the vector s2 in the physical
process of detection at Bob’s end. This, as noted, is be-
cause the physical processes of detection at the two ends
of the experiment are not subject to the conservation of
zero spin. Therefore the initial impression that the lim-
its s1 → a and s2 → b with s1 = s2 makes sense only if
a = b is not correct. And, consequently, the derivation
(87) for −a · b is perfectly valid.
Question 10: The vectors and bivectors that enter the

actual computation of the correlation (87) are all space-
like and use Clifford algebra of three-dimensional Eu-
clidean space. The Clifford algebra of four-dimensional
spacetime – although discussed at the beginning of Sec-
tion VII – does not enter the computation of the cor-
relation (87). Therefore Friedmann-Robertson-Walker
spacetime is irrelevant for the S3 model.
Answer 10: In the context of Bell’s theorem the ques-

tion of local causality is properly addressed only within
a relativistic description of spacetime. See, for example,
the discussion by Bell himself in his last paper on the
subject [42]. In this paper Bell defines local causality in
a given spacetime as follows:

A theory will be said to be locally causal if
the probabilities attached to values of local
beables in a space-time region 1 are unaltered
by specification of values of local beables in
a space-like separated region 2, when what
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happens in the backward light cone of 1 is
already sufficiently specified, for example by
a full specification of all local beables in a
space-time region 3 (figure 6.4).

Moreover, as is well known, a violation of the relativistic
local causality can be separated into two conceptually
distinct parts: (1) a signalling non-locality incompati-
ble with special relativity, and (2) a non-signalling non-
locality compatible with special relativity. These two
conceptually distinct parts are kinematically captured
by Bell in his definitions A (a, λ) and B(b, λ) of local
measurement functions for any given initial state λ of
the system [2]. This separates relativistic local causality
into independence of the parameter a from b (and vice
versa) preserving signalling locality, and independence of
the outcome A from B (and vice versa) preserving non-
signalling locality. This separation allows one to recog-
nize that quantum mechanics preserves parameter inde-

pendence (thus remaining compatible with special rela-
tivity) but violates outcome independence. Thus, despite
appearances, relativistic causality is implicit and essen-
tial in any discussion involving Bell-type measurement
functions.
Now FRW spacetimes happen to be just the right

spacetimes to be considered for addressing the question
of local causality as we have done. That is because FRW
spacetimes are sufficiently Newtonian to adequately host
the correlations predicted by the non-relativistic singlet
state (9), and yet sufficiently relativistic to address the
question of non-signalling non-locality that is suspected
to be occurring at a spacelike distances in the EPR-Bohm
type experiments. For this purpose, the condition of lo-
cal causality to watch out for is that the initial state λ
that originates in the overlap of the backward light cones
of Alice and Bob must bring about the measurement out-
comes A (a, λ) and B(b, λ), for any freely chosen space-
like vectors a and b. Thus it is not only the spacelike
vectors and bivectors that play an essential role in un-
derstanding local causality within our model. The initial
state λ also plays its part to maintain relativistic causal-
ity in full four-dimensional spacetime picture, as dipicted
in Fig. 2.
But what has been missing from the relativistic consid-

erations by Bell in [42] are the algebraic, geometrical and
topological properties of the physical space within which
we are confined to perform all our experiments. And that
is where the spacelike hypersurface, S3, of a Friedmann-
Robertson-Walker spacetime, enters our analysis. As ex-
plained in this paper, the geometry of the quaternionic
3-sphere is essential for the derivation of strong corre-
lations, and that geometry is provided by the spacelike
hypersurface of one of the three cosmological solutions of
Einstein’s field equations.
Suppose, however, we ignore the FRW line element

(17) and start our analysis from Eq. (18) instead. But
removing the FRW spacetime from the analysis in this
manner would make the entire analysis ad hoc, with no
physical justification for S3. Thus, the claim that our

analysis has nothing to do with Friedmann-Robertson-
Walker spacetime is mistaken.
Question 11: In Eq. (57), i.e., in the bivector subalge-

bra

L(a, λ)L(b, λ) = − a · b − L(a × b, λ) , (57)

two different algebras are combined into the same equa-
tion. In other words, the bivectors appearing in the above
identity are not all of the same kind, but a mixture of
bivectors corresponding to two different algebraic repre-
sentations.
Answer 11: This claim is not correct. Regardless of a

given value of λ, +1 or −1, all three bivectors L(a, λ),
L(b, λ), and L(a× b, λ) in the above identity belong to
the same algebraic representation of the standard bivec-
tor subalgebra (56). Thus, contrary to the claim, Eq. (57)
does not describe two different multiplication rules but
the same multiplication rule of the standard bivector
subalgebra. The mistaken claim stems from a failure
to understand what λ stands for within S3. It repre-
sents an orientation of the spin bivectors L(n, λ) relative
to the detector bivectors D(n), as defined in Eq. (68).
The meaning of λ and the relationship between L(n, λ)
and D(n) are clearly brought out between Eqs. (89) and
(100). They show that the left-handed subalgebra can be
easily transformed into a right-handed subalgebra by re-
versing the order of the bivectors in their product, as ver-
ified also in the numerical simulations with a GAViewer
program [45–47]. Moreover, since λ specifies the orienta-
tion of S3 and not the handedness of a coordinate sys-
tem [cf. Eq. (98)], the cross product a× b (which is of
course universally defined by the right-hand rule) is not
affected by it. The identity (57) is simply a geometric
product between the unit bivectors L(a, λ) and L(b, λ)
representing the two spin angular momenta.
Question 12: In Eqs. (79) to (87) two different repre-

sentations of the bivector subalgebra are summed over
illegally.
Answer 12: It is quite evident from these equations

that what is being averaged over are the measurement
results A (a, λ) = ± 1 and B(b, λ) = ± 1, which are lim-
iting scalar points of a quaternionic 3-sphere as defined
in the Eqs. (66) and (67). Consequently, from Eqs. (79)
and (84) we have the following geometrical and statistical
identity:

lim
n≫ 1

[

1

n

n
∑

k=1

A (a, λk) B(b, λk)

]

= lim
n≫ 1

[

1

n

n
∑

k=1

L(a, λk)L(b, λk)

]

.

(B2)

Evidently, all bivectors L(a, λ) and L(b, λ) in this iden-
tity belong to the same algebraic representation of the
bivector subalgebra. In fact, the steps from (79) to
(84) are quite straightforward and have been carefully
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explained just below Eq. (87). The steps from (84) to
(87) are also straightforward. They follow at once upon
using the relation (68). While there is no room for a
mistake in these latter three steps, they can be avoided
by following Eqs. (99) to (101) instead, which provide
an independent confirmation of the derivation from (79)
to (87). Not surprisingly, both calculations give one and
the same result (87). What is more, two programmers
have independently confirmed the validity of the deriva-
tion from (79) to (87) in two event-by-event numerical
simulations of the singlet correlations using a GAViewer
program [45–47].

Question 13: The correlations must be computed using
actual experimental results such as A (a, λ) = ± 1.

Answer 13: Yes, correlations must be computed us-
ing actual experimental results of +1 and −1, but only to

the extent that quantum mechanics is able to predict such

actual measurement results. After all, any local-realistic
theory is obliged to reproduce only that which quantum
mechanics is able to predict statistically and experimen-
talists are able to observe experimentally [5]. So, with
that important correction to the claim, the correlations
are indeed computed in the paper using actual experi-
mental results of +1 and −1. Such actual experimen-
tal results are explicitly specified by the limiting scalar
points A (a , λ) = ±1 and B(b , λ) ± 1 of a quaternionic
3-sphere, which models the physical space in which we
are confined to perform all our experiments. They corre-
spond exactly to the measurement results considered by
Bell in his paper (cf. Eq. (1) of Ref. [2] and Eqs. (66)
and (67) of this paper). These +1 or −1 results are then
averaged over in Eq. (79), which is the standard way of
computing the correlations in the experimental context
of Bell’s theorem.

Question 14: According to the definitions (66) and (67)
we can identify A (a, λ) with −λ and B(b, λ) with +λ
so that A (a, λ)B(b, λ) = (−λ)(+λ) = −1 for all a and
b, which immediately gives the correlation E(a, b) = −1
for all a and b even when b 6= a, and that contradicts
the result (87).

Answer 14: There are a number of physical reasons
why such identification of A (a, λ) with −λ and B(b, λ)
with +λ is wrong. To begin with, it confuses the mea-
surement outcomes A = ±1 and B = ±1 (which are ob-
served by Alice and Bob at spacelike separated stations)
with the initial state λ = ±1 (which originates at the
central source in the overlap of the backward light cones
of Alice and Bob, as shown in Fig. 2). But it is evi-
dent from the definitions (66) and (67) that the mea-
surement results A (a, λ) and B(b, λ) come about as a
consequence of interactions between the detector bivec-
tors and spin bivectors, with the latter originating at the
source. Moreover, it is easy to recognize from the defi-
nitions (66) and (67) and Eq. (81) that the product of
the functions A (a, λ) and B(b, λ) is in general a unit
quaternion that is not equal to −1. It may take both
values, +1 and −1, in the scalar limits. This is evident
from Eqs. (77) and (78), which dictate that A B = −1 for

b 6= a can occur if and only if the conservation of spin
angular momentum is violated. Finally, our goal is to
recognize that A = ±1 and B = ±1 are limiting scalar
points of a quaternionic 3-sphere and the correlation be-
tween them is E(a, b) = −a · b. Identification of A (a, λ)
with −λ and B(b, λ) with +λ frustrates that goal. On
the other hand, if we ignore the twist (78) or (108) in
the Hopf bundle of S3 (which, as we saw in Section VIII,
would be equivalent to violating the conservation of zero
spin angular momentum), then the value of the correla-
tion function E(a, b) given in (79) reduces to −1 for all
directions a and b, for any initial state λ, and then the
absolute bound of 2 on the Bell-CHSH correlator (1) is
not exceeded.

Question 15: The 3-sphere model appears to be con-
spiratorial and thus uninteresting. The initial state λ
or its probability distribution seems to depend on the
detector orientation, in violation of “no conspiracy” as-
sumption of Bell’s theorem.

Answer 15: The claim that the initial state or its prob-
ability distribution depends on the detector orientation
is based on a misunderstanding of what is meant by “ori-
entation” in Geometric Algebra. An “orientation” in Ge-
ometric Algebra means handedness. For the model to be
conspiratorial in the sense of Bell, the hidden variable λ
would have to depend on the detector settings n, or vice
versa. But that is not the case in the model presented in
the paper. Alice and Bob are completely free to choose
the settings n appearing in the detectors D(n), indepen-
dently of the value of λ, and vice versa. D(n) = I · n
is a unit bivector, which is literally equal to “+1 about
the vector n”, where n is a freely chosen experimental
parameter. It is thus abundantly clear that n does not
depend on λ, and λ does not depend on n. Consequently,
there is no conspiracy in the model in the sense of Bell.

Question 16: How can the results presented in this
paper be used for quantum computing problems or the
foundations of quantum mechanics without their radical
modification?

Answer 16: A significant portion of the quantum com-
puting enterprise relies on the concept of quantum entan-
glement as a fundamental feature of the world. However,
what can be actually observed in any physical experi-
ment is not quantum entanglement but the strong corre-
lations predicted by the entangled quantum system. In
the manuscript we have shown that the strong correla-
tions predicted by the singlet state (9) can be explained
without the concept of entanglement and the associated
notion of irreducible randomness. They can be explained
as local, realistic, and deterministic correlations among
the points of a quaternionic 3-sphere without the need
for the notion of irreducible randomness, which is at the
heart of the effort to create scalable quantum comput-
ers. It is, however, beyond the scope of the present
manuscript to demonstrate in detail how the results pre-
sented therein can be used for solving the quantum com-
puting problems.

Question 17: How are the predictions of the local
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model described using density matrices instead of state
vectors?
Answer 17: The singlet state |Ψn〉 expressed in Eq. (9)

and the EPR-Bohm correlations it predicts can be de-
scribed also using a density matrix. However, the corre-
sponding local-realistic computation of the correlations
in terms of algebra, geometry and topology of the quater-
nionic 3-sphere would be exactly the same. This is be-
cause the quantum mechanical correlations for the joint
spin observable σ1 · a⊗ σ2 · b can be computed by either
using the state vector |Ψn〉 or using the density matrix
W , as follows:

Eq.m.(a, b) = 〈Ψn|σ1 · a ⊗ σ2 · b |Ψn〉
= Tr {W (σ1 · a ⊗ σ2 · b)}
= − a · b . (B3)

Since the goal in the manuscript is to reproduce only
the correlations in a local-realistic manner, it is irrel-
evant how they have been computed using a quantum
mechanical method (i.e., whether using a state vector or

a density matrix).
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