Relativity and Equivalence in Hilbert Space:
A Principle-Theory Approach to the
Aharonov-Bohm Effect*

Guy Hetzronif
Edelstein Center For the History and Philosophy of Science
The Hebrew University of Jerusalem
and
Department of Natural Sciences, The Open University of Israel.

Abstract

This paper formulates generalized versions of the general principle of
relativity and of the principle of equivalence that can be applied to general
abstract spaces. It is shown that when the principles are applied to the
Hilbert space of a quantum particle, its law of coupling to electromagnetic
fields is obtained. It is suggested to understand the Aharonov-Bohm ef-
fect in light of these principles, and the implications for some related
foundational controversies are discussed.

1 Introduction

The clarity and elegance of the description of the gravitational interaction in
the general theory of relativity often seem to stand in contrast with the con-
fusion which surrounds the description of interactions at the microscopic level
through quantum theory and its successors. The workings of the requirement
for general covariance (Einstein’s general principle of relativity) and the prin-
ciple of equivalence leave comparatively little room for vagueness concerning
the role of the abstract mathematical structures in general relativity. In this
paper I propose a generalized version of these two principles in terms of sym-
metry and non-symmetry transformations. When the principles are applied to
the Hilbert space of a quantum particle, its law of coupling to electromagnetic
fields is naturally obtained.

As a central application I provide an analysis of the Aharonov-Bohm effect
[1], an effect which remains controversial as it celebrates its 60th anniversary.
I then focus on the role of topology in explaining the effect. In contrast to

*Forthcoming in Foundations of Physics: https://doi.org/10.1007/s10701-020-00322-y
Tguy.hetzroni@mail.huji.ac.il


https://doi.org/10.1007/s10701-020-00322-y

the central existing accounts of the effect which explain it in terms of poten-
tials, fields or holonomies, the suggested account manifests the principle-theory
approach described a century ago by Einstein [9].

2 The principles

2.1 Symmetries: A Generalized Principle of Relativity

In the course of the second half of the eighteenth century coordinate systems
became a major mathematical tool used by physicists to represent physical sys-
tems. Coordinate systems allowed a common ground on which different kinds
of motions in different physical contexts can be described [I7]. The founda-
tional significance of reference frames became apparent when inertial frames
were introduced by Ludwig Lange[I2] in 1885. Inertial frames replaced the
heavy ontological commitment of Newtonian absolute space with a minimalistic,
operationally defined, mathematical structure required in order to consistently
apply Newton’s laws[7]. The special theory of relativity further emphasized the
foundational importance of inertial frames. The privileged set of inertial frames
of reference now took the role of both obsolete notions of Newtonian absolute
space and the luminiferous aether.

Surprisingly, the next major breakthrough, the general theory of relativity,
was based on the banishment of inertial frames from their privileged status.
Einstein had described the motivation for this move [9]:

What has nature to do with our coordinate systems and their
state of motion? If it is necessary for the purpose of describing
nature, to make use of a coordinate system arbitrarily introduced
by us, then the choice of its state of motion ought to be subject
to no restriction; the laws ought to be entirely independent of this
choice (general principle of relativity).

At first glance this principle seems like anything but a solid foundation for
a physical theory. It is motivated by philosophical a priori reasoning, not by
empirical evidence. On the contrary, it is even in conflict with the successful
physical theories that predated general relativity, and also with later successful
theories such as quantum field theories.

The principle regards the role of coordinate systems as a matter of mere
labeling that should make no difference. According to Earman [8] the principle
can be regarded as a manifestation of a general symmetry principle: any space-
time symmetry of a physical theory should also be a dynamical symmetry of the
theory. If a theory assumes that one space-time point is not inherently different
from another, then the laws of motion should not discriminate between them
and not depend upon their labels.

The generalization of the principle to spaces that are more abstract than
space-time is straightforward.

The generalized principle of relativity: The form of the dynamical law
should not change under change of representation.



The principle is therefore relevant when physical states have different possi-
ble mathematical representations. The methodology it suggests is to attempt to
change the theory in a way that extends its invariance properties under different
transformations.

2.2 Non-Symmetries: A Generalized Principle of Equiva-
lence

The mathematical notion of general covariance that follows from the general
principle of relativity does not provide by itself a sufficient basis for a grav-
itational theory. Likewise, in the different context of gauge theories, several
philosophers have noted that the mathematical requirement of local gauge co-
variance cannot be held a satisfactory justification for the derivation of inter-
actions [5], 27, 21, 4]. The analogy between these two cases was noted by Lyre
[14] [15] [16]. He suggested to supplement the requirement for local gauge co-
variance with a generalized equivalence principle, by analogy with the way the
principle of equivalence supplements the requirement for general covariance in
general relativity. Lyre’s generalized equivalence principle is formulated in anal-
ogy to the idea of equality of inertial and gravitational mass. Its role is to bridge
the gap between mathematical gauge transformations and physical interaction
fields. The generalized principle of equivalence I present here serves to fulfill the
same role, but it is based on a different formulation of the principle of equiva-
lence in GR, emphasizing its methodological role. It is an improved version of
a methodological principle I recently presented in a previous paper[IT].

The principle of equivalence becomes useful exactly where the general prin-
ciple of relativity is violated, i.e. for those transformations under which the
dynamical law changes its form. Einstein’s principle of equivalence sets off from
the simplest case of non-symmetry transformations in special relativity, which
is the transition to a uniformly accelerating frame of reference.

“Can the principle of relativity be extended also to reference sys-
tems, which are (uniformly) accelerated relative to one another? The
answer runs: As far as we really know the laws of nature, nothing
stops us from considering the [accelerating] system K’ as at rest.
If we assume the presence of a gravitational field (homogeneous in
the first approximation) relative to K'.[...] The assumption that
one may treat K’ as at rest with all strictness without any laws of
nature not being fulfilled with respect to K’ I call the principle of
equivalence.’ﬂ

This simple “elevator” version of Einstein’s principle of equivalence can also
be presented from a slightly different point of view. Consider a localized me-
chanical system. In special relativity the processes in the system would be
described from the perspective of some preferred (inertial) reference frame by

1From Einstein’s reply to Friedrich Kottler, Annalen der Physik 51:639-642 (1916) as,
quoted in [18].



certain equations. The same processes would be described from the perspective
of other (non-inertial) frames of reference by modified equations; the general
principle of relativity is thus violated. The principle of equivalence provides a
way to get rid of this violation by modifying the original theory. For this pur-
pose the principle conjectures the existence of an interaction which modifies the
original equations that describe this localized system in exactly the same way as
does the non-inertial change of representation. Empirical considerations identify
this conjectured interaction with the effect caused by a uniform gravitational
field.

The two principles therefore work together. In order to satisfy the general
principle of relativity and have a theory that is invariant under passive change
of coordinates, the theory must include a parallel notion of active changeﬂ In
the case of general relativity this is an active change with respect to the metric
field, which is the physical object that is described by coordinate systems. The
gravitational interaction instantiates this active transformation.

From this perspective the principle of equivalence appears as a powerful
epistemological principle: the mathematical scheme for moving from one repre-
sentation to another in the interaction-free theory informs us of the form of the
law of interaction. We therefore suggest the following methodological principle.
Generalized principle of equivalence: For every possible change of the form
of the dynamical law under change of representation, there is an interaction that
18 locally manifested as a change of an equivalent form.

It is important to note that while every change of representation is conjec-
tured to have a parallel active change, the opposite is not necessarily true. The
early controversies regarding the principle of equivalence in general relativity
were in large part due to the fact that the effect of gravity in the theory is gen-
erally not equivalent to the effect of a change of frame of reference. Spacetime
curvature cannot be removed by a transformation of the coordinates. Thus,
despite the notion of equivalence between coordinate transformations and some
gravitational effects, the introduction of the gravitational interaction enriches
the theory with new phenomena that cannot be regarded as a different descrip-
tion of interaction-free situations. Einstein emphasized in this context that “one
may in no way assert that gravitational fields should be explained so to speak
purely kinematically [...] Merely by means of acceleration transformations from
a Galilean system into another, we do not become acquainted with arbitrary
gravitational fields, but those of quite a special kind. [...] This is only again an-
other formulation of the principle of equivalence.”ﬁ We shall see that the same
is true for the generalized principle. In general, neither the kinematics nor the
dynamics of the interaction would be uniquely determined by the generalized
principle of equivalence.

The generalized principle of equivalence therefore establishes a methodology

2To avoid ambiguities, it is emphasized that the terms ‘passive’ and ‘active’ are used
throughout this paper to distinguish between transformations of the mathematical represen-
tation (that do not alter the physical state), and transformations which replace one physical
configuration with a different one.

3See footnote



that adds an interaction to an interaction-free theory. The form of the law of
interaction is derived based on a generalization of the active counterparts of the
non-symmetries of the interaction-free theory.

3 Applying the principles in Hilbert space and
the AB effect

Various reconstructions of quantum theory set off from principles about in-
formation or locality, from which they derive some properties of the quantum
structure. The approach presented here is different, and is arguably closer to
the principle-theory approach presented by Einstein. I do not attempt to re-
construct quantum theory from scratch. Instead, the two generalized principles
are applied in the given Hilbert space of a free quantum particle to get the
interaction.

3.1 A quantum particle on a ring

We begin with a simple case. Consider a quantum particle of mass m that is
confined to a thin ring of radius R. The position basis can be parametrized by
the polar angle 6, such that the position eigenstates are written as |6). The
momentary state | (t)) of the particle can be expressed in terms of the wave-
function ¥ (6,t) = (0|¥ (¢)). The angular momentum operator can be written
in terms of a derivative of the wave function: L = —ih0/06. The Hamiltonian
is H =12 /2mR?, and the Schrodinger equation is

ov h? 9%
th— = ——— —. (1)
ot 2mR? 062
The eigenfunctions are 1, (6) = \/%eme, and the energy spectrum is given by:
h2
Ty (2)

On the backdrop of these familiar consideration it is now possible to apply
the two principles. In order to do this we first need to ask what are the possible
different representations of the states of the particle, and what would count
as a change of representation. In quantum mechanics the answer is obvious:
the different representations for the states of the systems are different bases of
the Hilbert space. The transformations between the different representations
are passive unitary transformations. They replace a representation in one basis
with a representation in another basis. For every unitary transformation there
is a third basis which is a preferred basis for the transformation in the sense
that in this basis the transformation takes a diagonal form. That means that
the variables changed in the transformation are the relative phases between the
basis states.



In this example we limit ourselves to those unitary transformations which
are diagonal in position basis. These transformations take the form

0) = 10') = U16) = e }g). (3)

The wave function transforms accordingly: W (0,t) = (0|¥) — ¥/ (0,t) =
(0'|W) = "MW (9, t). The transformation law of the operators is based on the
fact that every linear operator B can be expressed as a linear combination of ma-
trix elements of the form |6 ) (6, and therefore transforms as B — B’ = UBU.
The angular momentum operator therefore transforms as

. . . 0
L—1L =ULU"= —ihes —w(0), (4)
with: aA
0)=—-h—. 5
w(0) = —hs o)
Thus, the dynamics is given by the Schrodinger equation only for a pre-
ferred representation in which L = fih%. Paul Dirac had similarly noted the
many possible representations of the momentum operators [6]. To the preferred
representation (in which p; = —ih%) he had referred as “Schrodinger’s repre-
sentation”.

It is straightforward to see that this situation does not satisfy the generalized
principle of relativity. The dynamical law takes a preferred form in a given
representation, with an additional term added in other representations. (This
form is analogous to the way classical dynamics takes a preferred form in inertial
frames.)

In order to extend the theory into a theory that is invariant under , we
apply the generalized principle of equivalence. The effect of a change of frame of
reference is given by . We therefore postulate the existence of an interaction
that locally takes a similar form:

- L0
L— —zh% —w(0). (6)
The transformed Schrédinger equation is therefore:
L Ov 1 o\

The term equivalence refers to the similar mathematical form of the two
transformations and @, but it is clear that despite the similarity they
represent different things. The transformation is a passive transformation
which represents the same angular momentum operator in the transformed basis.
The transformation @ replaces the angular momentum operator with a local
relation between the angular momentum and a physical (classical) field. This
relation now takes the role of a dynamic variable in the Hamiltonian. The
temporal evolution is therefore an active change of the state of the particle with
respect to the field.



The difference between the two transformations is not merely interpreta-
tional; they are also formally different. The transformation was obtained
out of a well defined change of basis parametrized by the single valued
function A (). From this it follows that fo%w () dd = 0. The natural gener-
alization would be to remove this constraint, and regard the physical field @
as arbitrary. The simplest case of physi((:bal importance is that in which it is

_9q

constant. In this case we can write: @ = £ with g a coupling constant, and the

2
Schrodinger equation yields the energy spectrum: e, = % (n — %) ,
which is empirically distinguishable from [28].

These equations correctly describe the influence of a classical magnetic field
on the ring, with ® the magnetic flux through the ring and ¢ the charge of the
particle. The shift of the energy levels is the static version of the Aharonov-
Bohm effect, in which the effect depends on the total flux through the ring, and
is observable even if the magnetic field vanishes on the ring.

3.2 A quantum particle coupled to electromagnetic field

In this subsection we start from the description of a single free quantum particle,
and obtain the law of coupling of the particle to electromagnetic influence using
the generalized principles. The derivation is similar to the case presented in the
previous subsection.

The changing state of a quantum particle is represented by the time de-
pendent spatial wave function ¥ (7,¢) = (7]t (t)). A time dependent unitary
transformation that is diagonal in position basis is given by a phase transfor-
mation that depends on both space and time:

7 = ) = UIR) = e I, ®

Momentum operators transform:

pi = pi =Up; U =p; —w; (0) = —ihi —w; (0), (9)

E)xi
with w; = _ha%iA (7,t). And the energy operator:
- y frrt o O _.
E— E =UEU :zha + wo (7, 1), (10)
with wo = —hZ A (7).
The Schrodinger equation of a free particle
0 h?
h—U (7 t) = —— V20 (7 11
S (7 ) = — 5V (7, ) (1)
transforms to the equation
ind e () U () = - iV -G () () (12)
It o\ ; - m ) )



(with & for the vector field whose Cartesian components are w;).

The theory does not satisfy the generalized principle of relativity due to
this non-invariance. Like in the previous subsection, we apply the generalized
principle of equivalence by introducing an interaction with an external field in
order to obtain an extended invariant theory. The effect of the field on the
particle is locally equivalent to a change of representation, therefore the energy
and momentum operators transform as

Pi = Pi — Wi E — E + Q. (13)

The transformed Schrédinger equation is therefore
ind e () e = - (~inv -5 (7 t))Q\I!(F H. (14
ot o\ ) - om ) ) .

The corresponding physical fields are identified when empirical consider-
ations are taken into account: Equation is identical to the Schrodinger
equation coupled to electromagnetism that is obtained using standard minimal
coupling procedure if @ = %/T(r, t) and @y = —qV (r, ).

Equation is invariant under the transformation

|7 — e AEOR A A %VA (Ft) V(7it) = V(7 t) + S%A(j t).

(15)

The theory now satisfies the generalized principle of relativity if this transforma-
tion is regarded as one change of representation of the state of both the particle
and the field. The physically significant quantities on which the interaction
depends are the relations p'— %/T and E — gqV. The above transformation is a
change of representation in the sense that it does not change these quantities.

Equation describes the change of a wave function that is coupled to
external physical fields. It corresponds to the well known Hamiltonian which
takes the two fields into account:

o\ 2
H—1< —"CA> bV, (16)

T 2m

3.3 The dynamical Aharonov-Bohm effect

The principle of equivalence states that every change of representation has a
parallel interaction that induces change of the same form, but not vice versa.
A change in the curvature has no equivalent change of coordinates. This is also
the case with the equivalence between local phase transformations and coupling
to electromagnetic fields. One way to see it is to note that even though a change
of basis does change the form of the momentum operators according to @, it
does not change the commutation relation between them ([pé, p;] = [pi,p;] as

a direct result of the definition w = —hﬁA). In contrast, the replacement in



of p; with m; = p; — £A; may generally change the commutation relations,
since A is arbitrary. It is easy to see that the relation [m;, 7;] is proportional to
a component of the magnetic field.

What about the case [m;, 7] = [pi,p;] = 07 It may be tempting to think
that if this condition holds in a given region of space, then there is no real elec-
tromagnetic influence on that region, as a simple change of basis would suffice
to undo the transition from p; to m;. The Aharonov-Bohm effect demonstrates
that this is not true. The experiment demonstrates that an electron interference
pattern can be altered by a static magnetic flux that only exists inside a shielded
cylinder, where the wave function is zero.

At this point many explanations of the effect (e.g. in [24], and see also
Section turn to emphasize what appears to be the essential part of topological
considerations. The effect, according to this approach, only exists because of
the non-trivial topology of the configuration space of the particle (understood
as the region of space in which the wave function can get non-zero values), and
is explained by it. In this kind of explanation the situation is described from
the point of view of an observer who has no access to the inside of the cylinder,
where the flux is. As long as the observer limits herself to experiments that are
conducted in contractible regions of the configuration space, she will not be able
to tell whether there is a magnetic flux in the cylinder. The effect would only
appear once two wave packets go around the cylinder, forming a domain that is
not simply connected.

According to the view that is presented here, the equivalence between the ef-
fect of an interaction and local phase transformation is formal; they are not the
same thing. Accordingly, the role of topology is descriptive, not fundamental.
The heart of the matter is the existence of the small region in which p is re-
placed by 7 such that [m;, 7;] # [p;, p;]. This ensures that one physical situation
is replaced by a different one. The new situation cannot be regarded as mere
different description of the old situation. The principle of equivalence implies
that locally, in some other regions of space-time, the interaction would appear
like a change of representation. The fiber-bundle formalism expresses this lo-
cal equivalence in the possibility of mapping the solutions of the Schrédinger
equations in patches of spacetime to solutions of the interaction-free equation
in these regions. This possibility is useful for the calculation of the phase shift.
It should not be regarded, however, as the reason for it.

It is true that any experiment that is confined to a simply-connected region
of space in which [m;, 7;] = [p;,p;] cannot reveal the presence of a magnetic
field outside that region. But this fact does not mean that the remote field
does not change the physical situations in this region. The Aharonov-Bohm
experiment, performed in a domain that can be regarded as a union of two such
simply-connection regions, demonstrates that the relation between the physical
situation in one simply-connected region and the physical situation in the other
has definitely changed due to the electromagnetic interaction.



4 Conclusion

4.1 Ontology

The Aharonov-Bohm effect serves to widen the spectrum of possible interpre-
tations of the theory of electromagnetism beyond particles and ﬁeldfﬂ One
far-reaching possibility that was raised in the paper by Aharonov and Bohm [I]
is that of taking the electromagnetic potentials seriously as a fundamental phys-
ical entity and to “define the physical difference between two quantum states
which differ only by gauge transformation” (p. 491). Later, Wu and Yang [32]
proposed to understand electromagnetic interactions in terms of holonomies.
Another approach suggests to regard the fiber-bundle structure as the funda-
mental physical entity [19] [2]. These approaches appeal to some hidden struc-
ture they postulate to exist in the world, resembling what Einstein had called
a constructive theory approach[9]. To conclude, I would like to note that the
suggestion to replace the constructive approach by a principle-theory approach
does not mean total renunciation of the aim to explain the observed phenomena
by appealing to physical properties of the world. Once the success of the gener-
alized principles of relativity and of equivalence has been established, we are in
a position to ask about the underlying ontological properties. What features of
the physical world are reflected in the fact that physical situations have many
possible mathematical representations? Why does every change of representa-
tion have a corresponding local change in the world that can be realized in an
interaction?

A possible answer to both questions can be found in the understanding of
gauge theories as a manifestation of the relational nature of physical quanti-
ties [22] II]. The generalized principle of relativity reflects the claim that the
laws of physics should depend on the relations between fundamental physical
objects, and not on the relations of the physical objects to a fictitious math-
ematical frame of reference. The generalized principle of equivalence is valid
because for every possible change of a relation between a physical object and
the mathematical frame of reference which is used to describe its state, there is
a corresponding possible change of the relation between the physical object and
another physical object. Interactions cause actual changes of the latter type.
This correspondence is reflected in the structure of gauge theories when the for-
mal role of a connection (a generalization of the concept of a frame of reference)
is taken by an actual physical field that describes the physical configuration.

The gauge invariant quantity that seems to represent a relation between
the field and the particle is the canonical momentum 7# = p* — 2A*. In con-
trast to the gauge invariant electromagnetic fields and to the holonomies, both
characterize the electromagnetic situation, the canonical momentum is a gen-
uine relational quantity between the two objects. The choice of a given gauge
amounts to a choice of phase convention which divides this quantity into the
phase gradient of the particle and the electromagnetic potential, but there seems
to be no reason to regard this division as more than conventional. The observ-

4A comprehensive discussion of the different interpretations is given in [3].
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able properties of the particle depend on it, rather then on the momentum p*
itself. On the electromagnetic side, the components of the electromagnetic ten-
sor F'* can be derived from the canonical momentum through its commutation
relations.

The principle-theory approach to the Aharonov-Bohm effect thus reveals a
new way to think about the ontology of the electromagnetic interaction. The
matter field and the interaction field represent two distinct physical objects, but
the interaction between the two depends on only one fundamental dynamical
physical quantity 7#, which is the relation between them.

4.2 Fiber Bundles, Topology and the Applicability of Math-
ematics

The structure of general relativity provided the inspiration for the first attempt,
by Weyl [29], to formulate electromagnetism in terms of gauge. Soon after the
introduction of Schrédinger’s theory, it was realized by London [I3] that Weyl’s
ideas can be formulated in terms of quantum phases, which had lead to Weyl’s
second theory [30]. Weyl showed that the transition from global to local phase
invariance can facilitate the law of electromagnetic coupling of the electron, in
analogy with the transition from the special theory of relativity to the general
theory. In developing his theories Weyl was motivated by a philosophical view
that favors pure a priori mathematical and geometrical considerations as the
basis for theories, and considered local symmetry transformations as the ulti-
mate expression of such considerations [23]. Some surprising consequences of
the electromagnetic gauge theory were only revealed later, in the form of the
Aharonov-Bohm effect. The common topological approach to the effect can
be easily seen as based on an aim that may be similar to Weyl’s, to explain
physical phenomena in mathematical terms. Thus, continuous symmetries and
topological considerations raise in a related way the question of the applicability
of mathematics to physics.

Wigner [31] has seen the effectiveness of mathematics in physics as an incom-
prehensible miracle, referring in particular to the adequacy of abstract struc-
tures such as the Hilbert space representation in quantum mechanics. Steiner
[26] provided a detailed philosophical analysis of the question, in which gauge
symmetries and the issue of topology are brought as central examples. In these
cases (and in some others) Steiner is astonished by the success of equations and
theories that are constructed based on formal analogies, and sees it as a support
for anthropocentric, non-naturalist philosophical view.

This paper, on the one hand, supports Weyl’s analogy by pointing out that
the electromagnetic interaction of the quantum particle manifests the same prin-
ciples that are manifested by the general theory of relativity, applied to a dif-
ferent state-space. The generalized principle of relativity repeats a common
view on the issue, which goes back to Weyl. The formulation presented here
emphasizes that it is an a priort principle, and that it applies to the theoretical
representation of the world, not to the world itself.

11



But on the other hand, the generalized principle of equivalence proposed
here goes beyond Weyl’s theory, and suggests a very different relation between
the physical and the mathematical than the one that was pursued by Weyl.
The mathematical transformation which relabels the states is not in itself phys-
ically significant, it is the corresponding active transformation that takes an
identical form and represents an actual change in the world. The existence of
such a possible change, and the existence of an object with respect to which the
change can take place, has to be tested empirically. There is no a prior: reason
why would the gravitational mass equal the inertial mass, nor for the locally
similar structure of interactions and coordinate transformations. The principle
of equivalence therefore expresses a kind of a guesswork. It is constructed at
first with the purpose of satisfying the general principle of relativity, and its
consequences have to be ultimately justified on empirical grounds.

In general relativity coordinate transformations are directly equivalent to
some ways in which the gravitational interaction can change space-time, not to
the change caused by a general gravitational field. The analogy with electro-
magnetism is clear. A change of basis is not equivalent to the introduction of
a general electromagnetic field, but only to a special case of it. This is because
of the condition w” = —ho*A that is implicit in the definition of a change of
basis. The general form of the interaction is obtained by omitting this condition
in the transformation . Interestingly, it is exactly the Aharonov-Bohm effect
that demonstrates that even those interactions that satisfy the condition, and
are thus locally equivalent to a change of representation, are actual interactions
that can make an observable difference, and should therefore be understood as
changing the physical state.

Thus, the active view of the transformation also plays a crucial role in un-
derstanding the applicability of topological considerations. The point here is
not the manner in which topology helps to understand the properties of the
interactiorEl, but rather that the nature of the physical interaction, as it is ex-
pressed by the generalized principle of equivalence, helps us to understand the
applicability of topology.

Allowing the phase-convention to change according to , the generators of
passive translations in the configuration space of the particle are the 3 operators

—i% + %. That means that passive infinitesimal translation Ar transforms
J J

Y (7, t) into ¢ <F+ Ar, t) eATVAED)  The function A defines the change in the
phase convention, and the second term in the generator of translations reflects
the change of phase due to the local change of convention. The term convention
is justified since the choice of A makes no observable difference. In other words,
VA amounts to a flat connection. Active translation is understood here as a
transport of the wave function in space with respect to other physical objects
(e.g. the solenoid)ﬂ This is an actual change in the state, and therefore the
phase can change in a more general way, such that v (7, ¢t) would be transformed

5This issue is the subject of the lion’s of the contemporary philosophical discourse about
the topological approach to the effect, see for example [19, 25] and references therein.
6see footnote
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into v (F + Kr,t A 8T with w a general function. The common analysis
of the experiment regards the change of the wave packets as a sequence of such
active transformationﬂ Here w plays the role of a general connection, which is
then reinterpreted as a representation of the magnetic field.

The difference-maker in the experiment is obviously the region of space in
which the existence of the magnetic field introduces curvature to the connection
of the U (1) principal bundle over configuration space. The existence of this
region implies that the entire situation is not equivalent to a free particle, and
the existence of observable consequences (in the form of a shift of the interference
pattern or a change in the energy levels) should therefore come as no surprise.
The principle asserts that locally the interaction has the same form as a change
of basis, not that it is globally equivalent to it. Topology and the fiber-bundle
formalism allow for a convenient mathematical description which expresses this
difference between local and global characteristics. It should not be regarded as
more than a convenient mathematical description of the physical properties of
the interaction.

Symmetry and topology are mathematical notions whose applicability to
physics is often portrayed as mysterious or even miraculous. The principles
proposed in this paper aim at removing that mystery by establishing a connec-
tion between passive mathematical transformations and active changes in the
world, and noting that while they share a similar form, they thoroughly differ
in their meaning.
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