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model, a continuous-time Markov chain, for the transmission dynamics of West
Nile virus in birds is developed based on the assumptions of its analogous de-
terministic model. The branching process is applied to derive the extinction
threshold for the stochastic model and conditions for disease extinction or per-
sistence. The probability of disease extinction computed from the branching
process is shown to be in good agreement with the probability approximated
from numerical simulations. The disease dynamics of both models are com-
pared to ascertain the effect of demographic stochasticity on West Nile virus
dynamics. Analytical and numerical results show differences in model predic-
tions and asymptotic dynamics between stochastic and deterministic models
that are crucial for the prevention of disease outbreaks. It is found that there
is a high probability of disease extinction if the disease emerges from exposed
mosquitoes unlike if it emerges from infectious mosquitoes and birds. Finite-
time to disease extinction is estimated using sample paths and it is shown
that the epidemic duration is shortest if the disease is introduced by exposed
mosquitoes.
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1 Introduction

West Nile virus (WNV) is an emerging mosquito-borne arbovirus that belongs
to the Flavivirus genus (Bergsman et al. 2016; Mackenzie et al. 2004). WVN
can cause fatal neurological diseases by infecting the central nervous system
of various host species (Chen et al. 2016; Hayes and Gubler 2006). The trans-
mission cycle of WNV involves wild and domestic birds as primary hosts and
mosquitoes, mainly of the Culex genus, as primary vectors of the virus even
though the different Culex species responsible for transmission vary greatly
by region (Bergsman et al. 2016; Chen et al. 2016; Chevalier et al. 2014).
The virus can infect multiple bird species which is a key factor in how it has
spread so rapidly worldwide (Bergsman et al. 2016). For instance, WVN was
introduced to the Middle East by migrating white storks (Bergsman et al.
2016; Chatterjee et al. 2008). In North America, the first recorded epidemic
of WNV was detected in New York State in 1999 and spread rapidly across
North America and into Latin America and the Caribbean (Chen et al. 2016;
Marfin and Gubler 2001; Wonham and Lewis 2008) presumably after being in-
troduced by migratory birds (Chen et al. 2016). Firstly, the virus was isolated
from a dead American crow (Lanciotti et al. 1999) and then from carcasses
of many other bird species that were collected between August and November
1999 (Eidson et al. 2001; Steele et al. 2000). The infection in a bird is often
the result of bites from infectious mosquitoes in which some species of birds
show symptoms of the disease and may die, while other species serve as reser-
voirs and do not show signs of disease (Chen et al. 2016). According to the US
Center for Disease Control (CDC), WNV was found in 326 species of birds.

Under some favourable environmental conditions, the WVN transmission
cycle may lead to human and horse infections, which are considered to be
dead-end hosts (Chevalier et al. 2014; Gardner et al. 2007). Although the
majority of human cases remain asymptomatic (Chevalier et al. 2014), around
30% of infected people get sick, and show symptoms that range from a flu syn-
drome to encephalitic diseases, with recent reported case fatality rates ranging
from 3% to 17% (Ross et al. 2010; Sambri et al. 2013). Further progression of
WNV becomes either West Nile meningitis, West Nile encephalitis, or West
Nile poliomyelitis with about 1 in every 150 infected people developing se-
vere neurological damage, which can be permanent (Bergsman et al. 2016).
The unprecedented level of human, bird, and horse mortality was attributed
to a highly virulent emerging strain of the virus (Petersen and Roehrig 2001;
Wonham and Lewis 2008). The risk of WNV can be incredibly reduced by
using insect repellent and wearing long-sleeved shirts and long pants to pre-
vent mosquito bites (CDC 2012). The CDC introduced the following measures
for mosquitoes to prevent and control WNV: reduction of mosquito breeding
sites; community outreach and civic education; use of chemical and biological
methods to control mosquito adult and larvae; surveillance i.e., monitoring
where virus transmission is occurring (CDC 2012).

Several mathematical models have been utilised over the years to help un-
derstand, and mitigate the spread of WNV. For instance, Bergsman et al.
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(2016), developed a deterministic model for the transmission of WNV that in-
corporated resident and migratory birds. Thomas and Urena (2001) employed
a difference equation model involving birds, mosquitoes, and humans to inves-
tigate the effectiveness of pesticide spraying to reduce mosquito populations
and in succession human WNV encephalitis in New York City after the 1999
outbreak. Chen et al. (2016), proposed a deterministic model by including
interactions among mosquitoes, birds, and humans to study the local trans-
mission dynamics of WNV. The model was validated by using it to simulate
the WNV human data of infected cases and accumulative deaths from 1999
to 2013 in the states of New York, Florida, Texas, and California as reported
to the CDC. Bowman et al. (2005) incorporated the human population in in-
fected bird-mosquito models to estimate human cases. Wonham et al. (2004)
used a deterministic SIR model of WNV cross-infection between birds and
mosquitoes, to provide a method for determining essential mosquito control
levels. Wonham and Lewis (2008) described the steps needed to formulate, an-
alyze and apply epidemiological models to vector-borne diseases. Their models
focused on WNV, an emerging infectious disease in North America, but first
identified in Africa. Laperriere et al. (2011) proposed a model with an en-
vironmental temperature that was used to simulate the WNV dynamics of
mosquitoes, birds, horses, and humans. The model was then applied to simu-
late the monthly WNV data of reported bird, equine, and human cases in the
Minneapolis metropolitan area (Minnesota). Other mathematical models that
were employed to investigate various problems of WNV include Qiu (2011),
Wan and Zhu (2010), Simpson et al. (2008), Unnasch et al. (2006), Cruz-
Pacheco et al. (2005). Many mathematical models that have been utilised over
the years to address various problems on WNV are deterministic, neglecting
the possible impact of stochastic effects on disease dynamics. The dynamics
of all biological systems are influenced by stochastic (or random) effects and
realistically, it is essential that mathematical models that address these sys-
tems must include stochastic effects (Ditlevsen and Adeline 2013). In general,
biological systems are not only driven by deterministic mechanisms but also
by stochastic effects that are inherent in the systems (Ditlevsen and Adeline
2013).

In deterministic epidemic theory, the basic reproduction number, R0, is a
well-known threshold that is used to predict whether a disease will be elimi-
nated or an outbreak will occur. Extinction thresholds exist for the stochas-
tic counterpart of the deterministic model, a continuous-time Markov chain
(CTMC) model, where time is continuous and the random variables are dis-
crete (Allend and Lahodny 2012; Lahodny et al. 2015). The extinction thresh-
olds in stochastic models are closely related to the basic reproduction number
but depend on the initial number of infectious individuals for each group (Allen
and Lahodny 2012; Maliyoni et al. 2017). The stochastic threshold is deter-
mined using the theory of branching processes (Allen and van den Driessche
2013; Allen and Lahodny 2012; Lahodny et al. 2015; Maliyoni et al. 2017). The
theory of branching process can be applied in conjunction with the determin-
istic model to provide additional insights about disease extinction (Allen and
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van den Driessche 2013). In 1955, Whittle used the basic reproduction number
to derive an expression for approximating the probability of disease extinction
for the susceptible-infectious-recovered (SIR) model. If I(0) = i represents the
initial number of infectious individuals and R0 > 1, then the probability of
disease extinction is approximately (1/R0)

i. Thus, the probability of a major
outbreak is approximated by

1 −

(

1

R0

)i

. (1)

This result holds for models with one infectious group only (Allen and Lahodny
2012; Lahodny et al. 2015; Maliyoni et al. 2017). For models with multiple
infectious groups, the stochastic threshold is determined by the number of
individuals within each group and the probability of disease extinction for
each group (Allen and Lahodny 2012; Maliyoni et al. 2017). The expected
time to disease extinction can be estimated for stochastic models, which is not
possible for deterministic models (Allen 2008; Allen and Burgin 2000). One of
the most significant differences between deterministic and stochastic models
is their asymptotic dynamics. Stochastic solutions converge to the disease-free
equilibrium although the corresponding deterministic solution converges to an
endemic equilibrium (Allen 2008; Maliyoni et al. 2017). The CTMC model
assumes that the variability in the model is due to demographic variability,
which is defined as the variability associated with individual dynamics e.g.,
births or deaths, transmission, recovery (Allen 2017; Kirupaharan and Allen
2004).

To account for demographic random effects that occur in the transmis-
sion process of WNV and are vital in determining the probability of disease
extinction or a major outbreak, a CTMC model is considered. Thus, the ob-
jectives of this investigation are to: (1) develop a CTMC model based on the
assumptions of a deterministic model, (2) approximate the probability of dis-
ease extinction or a major outbreak for WNV when the disease is introduced
by a few infectious birds or mosquitoes, and (3) compare the disease dynam-
ics of the deterministic and CTMC models with respect to disease extinction
and outbreak. The deterministic model is a modification of the model (with
larval class) by Wonham and Lewis (2008). Unlike their model, the recovered
class and demographic parameters, that is, natural birth and death rate are
introduced for birds. With demographic stochasticity, it is possible for an in-
fective to recover before transmitting the infection; thus, recovery affects the
probability of disease extinction or outbreak and must not be ignored. Also,
the larval class for mosquitoes is removed because the goal of this investiga-
tion is to account for demographic stochasticity in the transmission dynamics
of WNV and larvae do not take part in disease transmission since only adult
susceptible mosquitoes get infected as such their impact is negligible in this re-
gard. Also, in the absence of infection, both the bird and mosquito population
sizes are variable.

The organisation of this paper is as follows; in Section 2, a WNV deter-
ministic model is introduced and its basic properties are presented. Stability
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conditions of model equilibria are established in terms of the basic reproduction
number. In Section 3, a CTMC model is developed based on the deterministic
model. The branching process is applied to derive an explicit expression for
calculating the probability of disease extinction or a major outbreak when the
basic reproduction number is greater than unity. In Section 4, the dynamics
of the disease are illustrated using numerical simulations and estimates for the
probability of extinction or an outbreak are presented. A comparison of the
disease dynamics of the deterministic and CTMC models is carried out. The
last section summarises the results and their implications for WNV control
and prevention.

2 Deterministic Model

2.1 Model Development

We present a deterministic model to study the transmission dynamics of WNV,
a modification of the model (with larval class) by Wonham and Lewis (2008).
Bird and mosquito populations are divided into epidemiological compartments
based on WNV status. The total bird and mosquito population sizes are de-
noted by Nb(t) and Nm(t), respectively. The subscript b and m, respectively,
represent the birds and mosquitoes. The bird population is divided into three
sub-classes: susceptible Sb(t), infectious Ib(t) and recovered Rb(t), which sat-
isfy Nb(t) = Sb(t) + Ib(t) + Rb(t). The mosquito population is divided into
susceptible Sm(t), exposed Im(t) and infectious Rb(t), with the total mosquito
population given by Nm(t) = Sm(t) + Em(t) + Im(t). Birds and mosquitoes
enter their respective susceptible classes at a recruitment rate of Λb and Λm.
The natural death rates of bird and mosquito populations are µb and µm, re-
spectively. Infectious birds recover from WNV at a rate α otherwise they die
due to the infection at a rate δ. The progression rate from exposed to infec-
tious class for mosquitoes is γ. During a subsequent blood meal, a susceptible
mosquito may bite an infectious bird and acquires the infection at a rate

λm(t) =
β̂mIb(t)

Nb(t)
, (2)

with β̂m = σbβm, where σb is the biting rate of mosquitoes on birds and
βm is the probability of virus transmission per infectious bite from birds to
mosquitoes. Similarly, a susceptible bird becomes infectious after being bitten
by an infectious mosquito at a rate

λb(t) =
β̂bIm(t)

Nb(t)
, (3)

with β̂b = σbβb, where βb is the probability of virus transmission per infectious
bite from mosquitoes to birds. The following assumptions are made for the
model:



6 Milliward Maliyoni

Fig. 1 Compartmental diagram for West Nile virus transmission model

Table 1 Description of state variables for the West Nile virus transmission model

State variable Description

Sb(t) Number of susceptible birds at time t
Ib(t) Number of infectious birds at time t
Rb(t) Number of recovered birds at time t
Sm(t) Number of susceptible mosquitoes at time t
Em(t) Number of exposed mosquitoes at time t
Im(t) Number of infectious mosquitoes at time t

(a) All the recruited birds and mosquitoes are susceptible to the infection and
therefore there is no vertical transmission in both the bird and mosquito
populations.

(b) Total bird and mosquito populations are variable.
(c) No recovery for infectious mosquitoes because once infected, mosquitoes

remain infectious for the remainder of their lifespan (Mpeshe et al. 2011).
(d) Only adult susceptible mosquitoes get infected.
(e) Bites of an infectious mosquito onto an infectious bird are ignored.
(f) Mosquitoes bite the birds randomly i.e., independent of their disease sta-

tus.
(g) Infectious birds recover with permanent immunity.

The transmission dynamics of the disease are depicted in Figure 1. The
state variables and parameters of the model are summarised in Table 1 and 2,
respectively.

Based on the assumptions, compartmental diagram 1, state variables (Ta-
ble 1) and parameters (Table 2), the proposed West Nile virus model satisfies
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Table 2 Description of parameters for the West Nile virus transmission model

Parameter Description

Λb Recruitment rate of bird population
Λm Recruitment rate of mosquito population
βb Probability of virus transmission per infectious bite from mosquitoes to birds
βm Probability of virus transmission per infectious bite from birds to mosquitoes
σb Biting rate of mosquitoes on birds
µb Natural death rate of birds
µm Natural death rate of mosquitoes
α Recovery rate of infectious birds
γ Progression rate of mosquitoes from exposed to infectious class
δ Disease-induced death rate of infectious birds

the following system of nonlinear ordinary differential equations:

dSb

dt
= Λb − λbSb − µbSb,

dIb
dt

= λbSb − (α+ δ + µb)Ib,

dRb

dt
= αIb − µbRb,

dSm

dt
= Λm − λmSm − µmSm,

dEm

dt
= λmSm − (γ + µm)Em,

dIm
dt

= γEm − µmIm.

(4)

2.2 Basic Model Properties

2.2.1 Invariant Region

All the state variables and parameters of model (4) are assumed to be non-
negative for all time t ≥ 0. Let (Sb, Ib, Rb, Sm, Em, Im) ∈ R

6 be any solution of
model (4) with non-negative initial conditions Sb(0), Ib(0), Rb(0), Sm(0), Em(0)
and Im(0).

The total population of mosquitoes, Nm(t), satisfies the differential equa-
tion

dNm(t)

dt
= Λm − µmNm(t). (5)

From equation (5) and the Gronwall inequality, it follows that

Nm(t) ≤ Nm(0) e−µmt +
Λm

µm

[

1 − e−µmt
]

,
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where Nm(0) represents the initial value of Nm(t). Thus, as t → ∞ we
obtain

0 ≤ Nm(t) ≤
Λm

µm

.

Hence, the feasible solutions for the mosquito population enter the domain
given by

Γm =

{

(Sm, Em, Im) ∈ R
3
+ : Nm(t) ≤

Λm

µm

}

. (6)

Likewise, it can be shown using similar approach, that the feasible region
for the birds population, Nb(t), is given by

Γb =

{

(Sb, Ib, Rb) ∈ R
3
+ : Nb(t) ≤

Λb

µb

}

. (7)

Therefore, from equation (6) and (7), the following region

Γ = Γm × Γb (8)

is positively invariant and attracting for the WNV model (4). Thus, it is suf-
ficient to consider the solutions of model (4) in Γ . For any initial conditions
in Γ , model (4) has unique solutions which start and remain in Γ for t ≥ 0.
Furthermore, in the domain Γ , model (4) is said to be mathematically and
epidemiological well-posed (Hethcote 2000).

2.2.2 Positivity of Solutions

Theorem 1 Let the initial condition Sb(0) > 0, Ib(0) > 0, Rb(0) > 0, Sm(0) >
0, Em(0) > 0 and Im(0) > 0. So, the solutions Sb(t), Ib(t), Rb(t), Sm(t), Em(t)
and Im(t) of the WNV model (4) are positive for all t ≥ 0.

Proof From the first equation of model (4), we have

dSb

dt
= Λb − λbSb − µbSb ≥ −(λb + µb)Sb. (9)

Equation (9) can be written as

dSb

Sb

≥ −(λb + µb) dt. (10)

Integrating both sides of inequality (10) with respect to t leads to

Sb(t) ≥ Sb(0) e
−

∫ t

0

(λb + µb) ds
> 0, ∀t > 0.

Likewise, from the second equation of model (4), we have

dIb
dt

= λbSb − (α+ δ + µb)Ib ≥ −(α+ δ + µb)Ib. (11)



Title Suppressed Due to Excessive Length 9

Integrating (11) with respect to t yields

Ib(t) ≥ Ib(0) e−(α+δ+µb)t > 0, ∀t > 0. (12)

Employing similar approach, it can be shown that Rb(t) > 0, Sm(t) >
0, Em(t) > 0 and Im(t) > 0 for all t ≥ 0.

2.3 Existence and Stability Analysis of Equilibria

In this section, we investigate the existence and stability of equilibrium points
of the WNV model (4).

2.3.1 Disease-Free Equilibrium

In the absence of disease in both the bird and mosquito populations, that is,
Ib = Em = Im = 0), the WNV model (4) has a disease-free equilibrium (DFE)
which is given by

E0 = (S∗

b , I
∗

b , R
∗

b , S
∗

m, E
∗

m, I
∗

m) =

(

Λb

µb

, 0, 0,
Λm

µm

, 0, 0

)

. (13)

The linear stability of E0 is governed by the basic reproduction number,
R0.

2.3.2 The Basic Reproduction Number

The basic reproduction number, R0, is a threshold parameter which is defined
as the average number of secondary cases that one typical infected individual
can generate if introduced into an entirely susceptible population (Anderson
and May 1991; van den Driessche and Watmough 2002; Diekmann et al. 1990).
If R0 < 1, then on average an infected individual generates less than one new
infective over its infectiousness period, and therefore the infection dies out.
Conversely, if R0 > 1, then each infective averagely produces more than one
new infective, and the infection can invade the susceptible population (van den
Driessche and Watmough 2002). We derive the expression for R0 for model
(4) using the next generation matrix as described by van den Driessche and
Watmough (2002) and Diekmann et al. (1990).

We define m × m matrices F and V , where m represents the number of
infected compartments, respectively, as

F =









0 0 β̂b

Λmβ̂mµb

Λbµm

0 0

0 0 0









and V =





α+ δ + µb 0 0
0 γ + µm 0
0 −γ µm



 .
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Thus, the next generation matrix, FV −1, is given by

FV −1 =













0
γβ̂b

µm(γ + µm)

β̂b

µm

Λmβ̂mµb

Λbµm(α+ δ + µb)
0 0

0 0 0













. (14)

Mathematically, the basic reproduction number is the spectral radius (dom-
inant eigenvalue) of the next generation matrix (14), denoted ρ(FV −1), and
is given by

R0 = ρ(FV −1) =

√

γβ̂bβ̄m

µm(γ + µm)(α + δ + µb)
, (15)

where β̄m =
β̂mΛmµb

Λbµm

.

The term γβ̂b

µm(γ+µm)

(

β̄m

α+δ+µb

)

represents the average number of secondary

bird (mosquito) infections that one infectious mosquito (bird) generates in a
totally susceptible bird (mosquito) population during the entire duration of its
infectiousness. The basic reproduction number also provides important infor-
mation for preventing and controlling the spread of the infection (Mwamtobe
et al. 2017).

From Theorem 2 in van den Driessche and Watmough (2002), the following
result is established for the local stability of E0.

Theorem 2 The disease-free equilibrium, E0, of the WNV model (4), is locally
asymptotically stable in Γ if R0 < 1, and unstable if R0 > 1.

2.3.3 Endemic Equilibrium

When there is disease in both the bird and mosquito populations, the WNV
model (4) has an endemic equilibrium which is defined by E1 = (S∗∗

b , I∗∗b , R∗∗

b , S∗∗

m , E∗∗

m , I∗∗m ).
To determine the condition of existence of E1, we let

λ∗∗b (t) =
β̂bI

∗∗

m (t)

N∗∗

b (t)
(16)

be the force of infection (3) at steady-state. Equating the left side of the
equations in model (4) to zero and then solving the resulting equations in
terms of λ∗∗b , we obtain

S∗∗

b =
Λb

λ∗∗b + µb

,

S∗∗

m =
Λm

λ∗∗m + µm

,

I∗∗b =
λ∗∗b S∗∗

b

α+ δ + µb

,

E∗∗

m =
λ∗∗mS

∗∗

m

γ + µm

,

R∗∗

b =
αI∗∗b

µb

,

I∗∗m =
αE∗∗

m

µm

.

(17)
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Now, substituting the equilibrium values (17) into (16) and then simplify-
ing, satisfy the following quadratic equation (in terms of λ∗∗b ),

λ∗∗b (K1λ
∗∗

b +K2) = 0, (18)

where

K1 =
Λ2

b [µbβ̂m + µm(α+ δ + µb)]

µ2
b

,

K2 =
Λ2

bµ
2
m(γ + µm)(α + δ + µb) − γµbΛbΛmβ̂bβ̂m

µbµm(γ + µm)
.

Equation (18) has two roots. The first root is λ∗∗b = 0, and corresponds to
the disease-free equilibrium, E0, whose stability has already been ascertained
(see Theorem 2). The second root is given by

λ∗∗b =
−K2

K1
=
µbµmΛ

2
b(α + δ + µb)(R

2
0 − 1)

Λ2
b [µbβ̂m + µm(α+ δ + µb)]

, (19)

and corresponds to an endemic equilibrium.
The disease is said to be endemic when the force of infection is positive i.e.,

λ∗∗b > 0. It is apparent from equation (19) that λ∗∗b > 0 if and only if R0 > 1.
The explicit components of the endemic equilibrium, E1, can be determined
by substituting (19) into the expressions in (17). We note that, if R0 < 1 in
(19), then the force of infection, λ∗∗b , at equilibrium is negative i.e., λ∗∗b < 0,
which is biologically meaningless and therefore, in this case, the WNV model
(4) has no positive endemic equilibrium. The following theorem summarises
the existence result.

Theorem 3 The endemic equilibrium, E1, of the WNV model (4) exists and
is unique whenever R0 > 1, and no endemic equilibrium otherwise.

3 Stochastic Model

Stochastic effects are fundamental to all biological systems (Ditlevsen and Ade-
line 2013). Models with demographic stochasticity describe a discrete move-
ment of individuals between epidemiological classes and not average rates
(Bartlett 1960; Lloyd et al. 2007; Maliyoni et al. 2017). The numbers in a
stochastic model are integers and not continuously changing values (Lloyd et
al. 2007; Maliyoni et al. 2017). In stochastic models, it is possible for the last
infective to die or recover before an outbreak occurs and the disease can only
reemerge if it is reintroduced by an infective from outside the population (La-
hodny and Allen 2013; Lloyd et al. 2007; Maliyoni et al. 2017). A Markov
chain model with a discrete number of individuals is, in this case, considered
to be more realistic than a deterministic model (Lahodny and Allen 2013).
Demographic stochasticity inherent in stochastic models may result in dis-
ease dynamics that are different from their analogous deterministic models
(Lahodny and Allen 2013; Maliyoni et al. 2017; McCormack and Allen 2005).
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3.1 CTMC Model Development

We develop a continuous-time Markov chain (CTMC) model based on the as-
sumptions of the deterministic model (4). For simplicity, we use the same
notation for the random variables and parameters as in the deterministic
model. Let time be continuous, t ∈ [0,∞) and let Sb(t), Ib(t), Rb(t), Sm(t),
Em(t) and Im(t) denote discrete-valued random variables for the number of
susceptible birds, infectious birds, recovered birds, susceptible mosquitoes, ex-
posed mosquitoes, and infectious mosquitoes at time t, respectively. The to-
tal bird and mosquito population satisfy Nb(t) = Sb(t) + Ib(t) + Rb(t) and
Nm(t) = Sm(t) + Em(t) + Im(t), respectively. Let

{
−→
Y (t) : t ∈ [0,∞)}, (20)

where
−→
Y (t) = [Sb(t), Ib(t), Rb(t), Sm(t), Em(t), Im(t)]T , be the associated ran-

dom vector for all the discrete-valued random variables. The state transition
rates for the CTMC are defined in Table 3.

Table 3 State transitions and rates for the CTMC West Nile virus model

Event State transition [t → (t + ∆t)] Transition, ∆
−→

Y (t) Transition Rate, p

Recruitment of Sb (Sb, . . .) → (Sb + 1, . . .) (1, 0, 0, 0, 0, 0)T Λb

Infection of Sb (Sb, Ib, . . .) → (Sb − 1, Ib + 1, . . .) (−1, 1, 0, 0, 0, 0)T (β̂bSbIm)/Nb

Death of Sb (Sb, . . .) → (Sb − 1, . . .) (−1, 0, 0, 0, 0, 0)T µbSb

Recovery of Ib (. . . , Ib, Rb, . . .) → (. . . , Ib − 1, Rb + 1, . . .) (0,−1, 1, 0, 0, 0)T αIb

Death of Ib (. . . , Ib, . . .) → (. . . , Ib − 1, . . .) (0,−1, 0, 0, 0, 0)T (δ + µb)Ib

Death of Rb (. . . , Rb, . . .) → (. . . , Rb − 1, . . .) (0, 0,−1, 0, 0, 0)T µbRb

Recruitment of Sm (. . . , Sm, . . .) → (. . . , Sm + 1, . . .) (0, 0, 0, 1, 0, 0)T Λm

Infection of Sm (. . . , Sm, Em, . . .) → (. . . , Sm − 1, Em + 1, . . .) (0, 0, 0,−1, 1, 0)T (β̂mSmIb)/Nb

Death of Sm (. . . , Sm, . . .) → (. . . , Sm − 1, . . .) (0, 0, 0,−1, 0, 0)T µmSm

Progression of Em (. . . , Em, Im) → (. . . , Em − 1, Im + 1) (0, 0, 0, 0,−1, 1)T γEm

Death of Em (. . . , Em, . . .) → (. . . , Em − 1, . . .) (0, 0, 0, 0,−1, 0)T µmEm

Death of Im (. . . , Im) → (. . . , Im − 1) (0, 0, 0, 0, 0,−1)T µmIm

Note: The infinitesimal transition probability for the stochastic process from the state

at time t to a new state at time (t + ∆t), i.e., ∆
−→

Y (t) =
−→

Y (t + ∆t) −

−→

Y (t), is given by
the expression p∆t + o(∆t). In the 3rd column, +1 (−1) and 0 represent, respectively, an
increase (a decrease) by 1 and no change in state for the variable from time t to (t + ∆t).

We assume that the CTMC model is time-homogeneous and satisfies the
Markov property which states that the future state of the process at time
(t+∆t) depends on the current state at time t only (Allen 2010; Maliyoni et
al. 2017; Sani et al. 2006). Owing to the Markov assumption, the time to the
next event is exponentially distributed with parameter (Allen 2010; Lahodny
and Allen 2013; Lahodny et al. 2015; Maliyoni et al. 2017)

ψ(
−→
Y ) = Λb + µbNb + (α+ δ)Ib + Λm + µmNm + γEm +

β̂bSbIm + β̂mSmIb
Nb

.

(21)
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To ensure that the transition probabilities of the process are within the
interval [0, 1], we assume that ∆t is sufficiently small (Allen 2008; Allen 2010;
Allen and Burgin 2000). Besides, we assume that at most one event takes place
during the time interval ∆t (Maliyoni et al. 2017, Maliyoni et al. 2019). The
infinitesimal transition probabilities for the events in the CTMC model from
the state at time t to a new state at time (t+∆t) are defined in Table 3.

Persistence of a disease into a susceptible population is not guaranteed by
having R0 > 1 because stochastic extinction (also known as stochastic fade-
out) can happen as soon as an infective is introduced, when there are few
infectives at the beginning of an epidemic process (Lahodny et al. 2015; Lloyd
et al. 2007; Maliyoni et al. 2017). In this case, a deterministic model predicts
a major outbreak while its corresponding stochastic model predicts a minor
outbreak (Lloyd et al. 2007). During the early period when an infective has
been introduced, only a few susceptibles get infected as such the probability of
disease extinction or outbreak can be approximated from the resulting linear
model which assumes that the whole population is susceptible (Allen and
Lahodny 2012; Bartlett 1964; Lahodny et al. 2015; Lloyd et al. 2007; Maliyoni
et al. 2017; Maliyoni et al. 2019). The theory of multitype branching process
is, thus, used to approximate the probability of disease extinction or outbreak.

3.2 Branching Process Approximation

The theory of multitype (Galton-Watson) branching process is often used to
approximate the dynamics of the nonlinear CTMC near the DFE (Allen and
Lahodny 2012; Harris 1963; Lahodny and Allen 2013; Lahodny et al. 2015;
Maliyoni et al. 2017). For a few initial infectives, the branching process either
grows exponentially or hits zero (Allen 2017). The branching process is applied
only to the infectious groups and the initial population(s) is(are) assumed to
be at the DFE (Allen and Lahodny 2012; Lahodny and Allen 2013; Lahodny
et al. 2015; Maliyoni et al. 2017, Maliyoni et al. 2019). Since the multitype
branching process is linear near the DFE, homogeneous in time, and births
(i.e., new infections) and deaths are independent, offspring probability gener-
ating functions (pgfs) can be defined for the birth and death of the infectious
individuals. These offspring pgfs are then used to calculate the probability of
disease extinction or a major outbreak (Allen and Lahodny 2012; Lahodny and
Allen 2013; Lahodny et al. 2015; Maliyoni et al. 2017, Maliyoni et al. 2019).

Assume that infectious individuals of type i, Ii, give birth to infectious
individuals of type j, Ij , and that the number of offspring generated by a
type i individual does not depend on the number of offspring generated by
either type i or type j individuals j 6= i i.e., they are independent (Allen and
Lahodny 2012; Lahodny and Allen 2013; Maliyoni et al. 2017). Furthermore,
we assume that the initial population in each group is sufficiently large, Sb(0) ≈
Nb(0), Sm(0) ≈ Nm(0) (Lahodny and Allen 2013); and that type i individuals
have the same offspring pgf which is independent and identically distributed
(iid) (Allen and Lahodny 2012). We define {Yji}

n
j=1 as the offspring random
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variables for type i, i = 1, 2, . . . , n so that Yji is the number of offspring of
type j generated by infectious individuals of type i. Let the probability that
an individual of type i gives birth to xj individuals of type j be

Pi(x1, . . . , xn) = Prob{Y1i = x1, . . . , Yni = xn},

and, therefore, the offspring pgf for individuals of type i given that Ii(0) = 1
and Ij(0) = 0, j 6= i, fi : [0, 1]n → [0, 1], is given by (Allen and Lahodny 2012;
Allen and van den Driessche 2013; Lahodny and Allen 2013; Maliyoni et al.
2017)

fi(u1, . . . , un) =

∞
∑

xn=0

. . .

∞
∑

x1=0

Pi(x1, . . . , xn)ux1

1 · · ·uxn

n . (22)

From equation (22), we define an n × n nonnegative and irreducible ex-
pectation matrix M = [mji], where the element mji is the expected number
of infectious offspring of type j generated by one infectious individual of type
i (Allen and Lahodny 2012; Lahodny and Allen 2013; Maliyoni et al. 2017).
The elements mji are determined by (Allen and Lahodny 2012 ;Allen and van
den Driessche 2013)

mji =
∂fi

∂xj

∣

∣

∣

∣

u=1u=1u=1

<∞. (23)

Whether the probability of disease extinction is one or less than one, is
determined by the size of the spectral radius of matrix M, ρ(M) (Allen and
Lahodny 2012; Athreya and Ney 1972; Harris 1963; Maliyoni et al. 2017). In
particular, if ρ(M) < 1 or ρ(M) = 1 (subcritical or critical process, respec-
tively), then the probability of ultimate extinction is one, i.e.,

lim
t→∞

Prob{
−→
I (t) = 000} = 1. (24)

However, if the process is supercritical, that is, if ρ(M) > 1, then there ex-
ists a unique fixed point, qj ∈ (0, 1)n, for the offspring pgfs, fi(q1, q2, . . . , qn) =
qi, so that if ij = Ij(0), then the probability of ultimate extinction is less
than one (Allen 2015; Allen and Lahodny 2012; Allen and van den Driessche
2013;Athreya and Ney 1972; Harris 1963; Lahodny and Allen 2013)

P0 = lim
t→∞

Prob{
−→
I (t) = 000} = qi1

1 q
i2
2 . . . qin

n < 1. (25)

Thus, the probability of a major outbreak for the supercritical process is ap-
proximately (Allen 2015; Allen 2010; Allen and Lahodny 2012; Allen and van
den Driessche 2013; Lahodny and Allen 2013; Lahodny et al. 2015; Maliyoni
et al. 2017)

1 − qi1
1 q

i2
2 . . . qin

n .

The role of the threshold ρ(M) in stochastic models is similar to that of R0

in deterministic models. Allen and van den Driessche (2013) proved that the
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deterministic and stochastic thresholds for disease extinction, R0 and ρ(M),
respectively, satisfy the following relationship:

R0 < 1,= 1, > 1 if and only if ρ(M) < 1,= 1, > 1. (26)

3.3 Application of the Branching Process

In this section, the branching process is applied to the CTMC model and
expressions for stochastic threshold for disease extinction and the probability
of disease extinction are derived.

3.3.1 Stochastic Threshold for Disease Extinction

The multitype branching process is applied to all infected and infectious classes
in both populations in the CTMC model i.e., infectious birds, exposed and
infectious mosquitoes. Infectious birds (mosquitoes) can generate secondary
infectious mosquitoes (birds) while exposed mosquitoes can progress to the
infectious class at the beginning of the epidemic process when there are only
a few infectives. We define offspring pgfs for these three classes using the
formula given in equation (22). We assume that the initial bird and mosquito
populations are sufficiently large and are at the disease-free equilibrium i.e.,
Sb(0) = Λb

µb

= S∗

b and Sm(0) = Λm

µm

= S∗

m, respectively.

The offspring pgf for Ib given that Ib(0) = 1, Em(0) = 0 and Im(0) = 0 is

f1(u1, u2, u3) =
β̄mu1u2 + α+ δ + µb

β̄m + α+ δ + µb

. (27)

The interpretation of the terms in pgf (27) is as follows: an infectious bird
infects a susceptible mosquito but the infectious bird does not die which results
in two infected individuals i.e., one infectious bird and one exposed mosquito
with probability β̄m/(β̄m+α+δ+µb). The term (α+δ+µb)/(β̄m+α+δ+µb) is
the probability that an infectious bird may die or recover before transmitting
the infection to a susceptible mosquito which results in zero infectious birds
and mosquitoes.

Likewise, the offspring pgf for Em given that Ib(0) = 0, Em(0) = 1 and
Im(0) = 0 is

f2(u1, u2, u3) =
γu3 + µm

γ + µm

. (28)

In the pgf (28), the term γ/(γ + µm) is the probability that an exposed
mosquito becomes infectious resulting in zero exposed mosquitoes and one
infectious mosquito. µm/(γ+µm) is the probability that the exposed mosquito
may die before becoming infectious which results in zero exposed and infectious
mosquitoes.

If Ib(0) = 0, Em(0) = 0 and Im(0) = 1, then the offspring pgf for Im is
given by
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f3(u1, u2, u3) =
β̂bu1u3 + µm

β̂b + µm

. (29)

In the pgf (29), β̂b/(β̂b + µm) represents the probability that an infectious
mosquito infects a susceptible bird but the infectious mosquito survives which
results in two infectious individuals i.e., one infectious mosquito and one in-
fectious bird. The probability that the infectious mosquito may also die before
transmitting the infection to a susceptible bird resulting in zero infectious
mosquitoes and birds, is µm/(β̂b + µm).

The expectation matrix, M of the branching process is a 3×3 matrix which
is determined by using equation (23), offspring pgfs (27)−(29) and evaluated
at uuu = (u1, u2, u3) = 111. Thus,

M =















∂f1
∂u1

∂f2
∂u1

∂f3
∂u1

∂f1
∂u2

∂f2
∂u2

∂f3
∂u3

∂f1
∂u3

∂f2
∂u3

∂f3
∂u3















∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

uuu=111

=



















β̄m

β̄m + α+ δ + µb

0
β̂b

β̂b + µm

β̄m

β̄m + α+ δ + µb

0 0

0
γ

γ + µm

β̂b

β̂b + µm



















(30)

The elements m11, m21 and m31 represent the expected number of in-
fectious birds, exposed and infectious mosquitoes, respectively, generated by
one infectious bird. Likewise, the elements m12, m22 and m32 represent the
expected number of infectious birds, exposed and infectious mosquitoes, re-
spectively, generated by one exposed mosquito. The elements m13, m23 and
m33 represent the expected number of infectious birds, exposed and infectious
mosquitoes, respectively, generated by one infectious mosquito.

The threshold for disease extinction or persistence for the CTMC model is
the spectral radius of matrix M, ρ(M), which is given by

ρ(M) =
γβ̄m(β̂b + µm(γ + µm)) + β̂b(γβ̄m + α+ δ + µb)

(γβ̄m + α+ δ + µb)(β̂b + µm(γ + µm))
. (31)

It can easily be verified that equation (26) holds for ρ(M).

3.3.2 Expression for Probability of Disease Extinction

For the supercritical branching process i.e., ρ(M) > 1 and R0 > 1, there exists
a fixed point, (q1, q2, q3) ∈ (0, 1)3 of the offspring pgfs (27)−(29) which is used
to write the explicit expression for the probability of disease extinction (Allen
and Lahodny 2012; Allen and van den Driessche 2013; Maliyoni et al. 2017).
To obtain the fixed point, we set fi(q1, q2, q3) = qi, for i = 1, 2, 3. The solutions
of this system are (1, 1, 1) and (q1, q2, q3) (Allen 2017; Allen 2010; Allen and
Lahodny 2012; Maliyoni et al. 2019). Thus, we consider the following system
of equations:
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β̄mq1q2 + α+ δ + µb

β̄m + α+ δ + µb

= q1,

γq3 + µm

γ + µm

= q2,

β̂bq1q3 + µm

β̂b + µm

= q3.

(32)

Solving system (32) for q1, q2 and q3, respectively, gives

q1 =
γβ̄m

γβ̄m + (γ + µm)(α+ δ + µb)

(

1

R2
0

)

+
(γ + µm)(α+ δ + µb)

γβ̄m + (γ + µm)(α + δ + µb)
,

q2 =
γ

γ + µm

(

β̂b

β̂b + µm

(

1

R2
0

)

+
µm

β̂b + µm

)

+
µm

γ + µm

,

q3 =
β̂b

β̂b + µm

(

1

R2
0

)

+
µm

β̂b + µm

.

(33)
The terms in the expression of q1 have the following biological interpre-

tation: an infectious bird will either transmit the infection to a susceptible
mosquito with probability γβ̄m/[γβ̄m + (γ + µm)(α + δ + µb)] or may die or
recover before transmission with probability (γ + µm)(α + δ + µb)/[γβ̄m +
(γ + µm)(α + δ + µb)]. Likewise, the terms in q3 can be interpreted as fol-
lows: an infectious mosquito will either transmit the infection to a susceptible
bird with probability β̂b/(β̂b +µm) or may die before transmitting the disease

with probability µm/(β̂b +µm). If disease transmission from an infectious bird
(mosquito) to a susceptible mosquito (bird) is successful, then the probability
of transmission is 1 − (1/R2

0). The value of q2 can be interpreted as follows:
an exposed mosquito either survives to become infectious with probability
γ/(γ + µm) or dies with probability µm/(γ + µm).

Employing the expressions for q1, q2 and q3, the probability of West Nile
virus extinction, given that the initial number of infectious birds, exposed and
infectious mosquitoes are Ib(0) = ib, Em(0) = em and Im(0) = im, respec-
tively, is approximately (Allen and Lahodny 2012; Lahodny and Allen 2013;
Maliyoni et al. 2017; 2019)

P0 = qib

1 × qem

2 × qim

3 ,

=

[

γβ̄m

γβ̄m + (γ + µm)(α + δ + µb)

(

1

R2
0

)

+
(γ + µm)(α + δ + µb)

γβ̄m + (γ + µm)(α+ δ + µb)

]ib

×

[

γ

γ + µm

(

β̂b

β̂b + µm

(

1

R2
0

)

+
µm

β̂b + µm

)

+
µm

γ + µm

]em

×

[

β̂b

β̂b + µm

(

1

R2
0

)

+
µm

β̂b + µm

]im

,

(34)
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and the probability of an outbreak (or persistence) is

1 − P0. (35)

4 Numerical Simulations

The dynamics of the deterministic and CTMC epidemic models for West Nile
virus are illustrated numerically. An approximation of the probability of dis-
ease extinction or a major outbreak and the finite-time to disease extinc-
tion is carried out. All results in this section are based on the parameter
values given in Table 4. For these parameter values, the basic reproduction
number R0 = 1.7516 and the extinction threshold for the CTMC model is
ρ(M) = 1.0896.

Table 4 Model parameter values (for both birds and mosquitoes) used in numerical simu-
lations. All rates are per capita per day (day−1)

Parameter Value Range Reference(s)

Λb 1.00 − Assumed
Λm 50.0 − Assumed
βb 0.35 0.27 − 1.00 Wonham and Lewis (2008)
βm 0.25 0.23 − 1.00 Wonham and Lewis (2008)
σb 0.35 0.34 − 0.53 Wonham and Lewis (2008)
µb 0.01 0.00 − 0.01 Botkin and Miller (1974); Simpson et al. (2008)
µm 0.05 0.02 − 0.07 Wonham and Lewis (2008)
α 0.20 0.00 − 0.20 Bergsman et al. (2016); Komar (2003)
γ 0.08 0.07 − 0.14 Bergsman et al. (2016); Sardelis et al. (2001)
δ 0.22 0.17 − 0.25 Wonham and Lewis (2008)

4.1 Probability of Disease Extinction or a Major Outbreak

The probability of disease extinction, P0, is calculated from the fixed point of
the multitype branching process, particularly equation (34). P0 is compared
to the approximated probability of disease extinction, PA, obtained from a
proportion of 10,000 sample paths of the WNV CTMC model for which the
total number of infected individuals, that is, (Ib(t) + Em(t) + Im(t)) equals
zero before reaching a minimum outbreak size. Table 5 shows that P0 and
PA are in good agreement. The fixed point in (0, 1)3 is given by (q1, q2, q3) =
(0.6252, 0.7054, 0.5213).

The results in Table 5 show a high probability of disease extinction if there
is an exposed mosquito only at the beginning of an epidemic; thereby reducing
the likelihood of a major disease outbreak. This is attributed to the fact that
exposed mosquitoes do not transmit the disease unless they survive and be-
come infectious. For infectious individuals, P0 is smaller if the disease is intro-
duced by an infectious mosquito and not by an infectious bird. Thus, a disease
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Table 5 Probability of disease extinction P0 for West Nile virus calculated from the fixed
point of the branching process and numerical approximation PA based on 10,000 sample
paths of the CTMC model. Parameter values are as in Table 4 with initial conditions Sb(0) =
S∗

b
= 100, Rb(0) = 0, Sm(0) = S∗

m = 1000, Ib(0) = ib, Em(0) = em and Im(0) = im. The
basic reproduction number R0 = 1.7516 and ρ(M) = 1.0896

ib em im P0 PA

1 0 0 0.6252 0.6229
0 1 0 0.7054 0.7061
0 0 1 0.5213 0.5281
2 0 0 0.3909 0.3863
0 2 0 0.4976 0.4971
0 0 2 0.2718 0.2713
1 1 1 0.2299 0.2289
2 2 2 0.0529 0.0531

outbreak is likely if infectious mosquitoes introduce the disease in an entirely
susceptible bird population. Also, the probability of disease outbreak is very
high if all 3 infected groups are present at the onset of the epidemic process. If
a disease outbreak occurs (i.e., the basic reproduction number is greater than
unity, R0 > 1), then it is possible for the disease to fade-out or persist in the
CTMC model during the early days of the epidemic. Unlike in deterministic
models, disease extinction in stochastic models can occur even if R0 > 1 due
to demographic stochasticity that is inherent in the system; which is one of
the major asymptotic differences between deterministic and stochastic models
((Allen 2017; Allen 2008; Maliyoni et al. 2017; McCormack and Allen 2005).
Based on these results, it is clear that WNV can be contained if mosquito
population is reduced by implementing various intervention strategies such
as spraying, larviciding (killing mosquito larvae), adulticiding (killing adult
mosquitoes), as suggested by Bergsman et al. (2016) and Chen et al. (2016).
Figures 2 and 3 illustrate disease persistence and extinction, respectively, in
the CTMC model when R0 > 1. The deterministic and stochastic solutions
are plotted on the same graph for easy comparison.

4.2 Finite-Time Extinction

Stochastic models are unique in that the finite-time to disease extinction (also
known as expected epidemic duration) T can be estimated; a property that
deterministic models do not exhibit (Allen 2008; Lahodny and Allen 2013;
Maliyoni et al. 2019). The finite-time extinction corresponds to the time T until
the number of infectious individuals asymptotically approaches zero (Allen
2008; Lahodny and Allen 2013; Maliyoni et al. 2019; Mollison 1991). The length
of T depends on the initial number of infected individuals, the population size,
and the value of the basic reproduction number (Allen 2008). Table 6 indicate
the estimated finite-time extinction for West Nile virus while Figure 4 shows
the approximate distribution of T . Values of T in Table 6 are estimated using
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Fig. 2 Comparison of two sample paths of the CTMC model and the deterministic solution
(dashed curve) illustaring a major outbreak and disease persistence. Parameter values are
as in Table 4 with initial conditions Sb(0) = 100, Ib(0) = 2, Rb(0) = 0, Sm(0) = 1000,
Em(0) = 2 and Im(0) = 2. The probability of an outbreak is 1− P0 = 0.9471 (see Table 5),
R0 = 1.7516 and ρ(M) = 1.0896
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Fig. 3 Comparison of three sample paths of the CTMC model and the deterministic solution
(dashed curve) illustaring the possibility of disease extinction (indicated by sample paths
of infectious birds, exposed and infectious mosquitoes that hit the time axis in finite time).
Parameter values are as in Table 4 with initial conditions Sb(0) = 100, Ib(0) = 1, Rb(0) = 0,
Sm(0) = 1000, Em(0) = 0 and Im(0) = 1. The probability of disease extinction is 0.3259,
R0 = 1.7516 and ρ(M) = 1.0896

10,000 sample paths and 95th percentile of end times as indicators of epidemic
duration.

Table 6 shows that time to disease extinction is shortest if the disease is in-
troduced by exposed mosquitoes since these do not transmit the disease unless
they survive the latent period and progress to the infectious stage. This result
agrees with the results in Table 5 which suggest that the probability of disease
extinction is highest if the disease emerges from exposed mosquitoes. Thus,
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Table 6 Time of disease extinction T for the CTMC model when the infection is introduced
by an infectious bird, exposed mosquito, infectious mosquito, and all infected individuals.
T is estimated based on 10,000 sample paths and 95th percentile of end times. Parameter
values are as in Table 4. The reproduction number is R0 = 1.7516 and ρ(M) = 1.0896

Group(s) introducing the disease P0 T (days)
Ib 0.6252 36.2

Em 0.7054 33.7
Im 0.5213 36.5

Ib, Em, Im 0.2299 38.1
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Fig. 4 Approximate probability distribution for the time of disease extinction T for the
CTMC model when the disease is introduced by an infectious bird, exposed mosquito, infec-
tious mosquito, and all infected individuals. Parameter values are as in Table 4 and initial
conditions are indicated above each graph. Probability of disease extinction P0 and T for
each graph are presented in Table 6. The reproduction number is R0 = 1.7516 and stochastic
threshold for disease extinction is ρ(M) = 1.0896. Histograms are plotted based on 10,000
sample paths

the higher the probability of extinction, the shorter the epidemic duration. It
can also be observed from Table 6 that the epidemic duration is longest if all
infected individuals introduce the disease at the onset of the epidemic process
as also predicted by the branching process (see Table 5). Figure 4 (a), (b), (c),
and (d) show the approximate probability distribution of epidemic extinction
times when the disease is introduced by an infectious bird, exposed mosquito,
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infectious mosquito, and all infected individuals, respectively. The mass of the
probability distributions in Figure 4 that make up the early disease extinc-
tions corresponds to the probability of disease extinction as predicted by the
branching process (see Table 5).

5 Summary

West Nile virus (WNV) is an emerging mosquito-borne virus that is of public
health concern throughout the world because it causes significant illness and
may become fatal if not treated. Despite various mosquito control programmes
and sensitization campaigns, controlling or eliminating mosquitoes, which are
vectors for WNV, remains a challenge as outbreaks of WNV continue to be
registered. In this paper, a continuous-time Markov chain (CTMC) model was
formulated and analysed to ascertain the effect of demographic stochasticity
on the transmission dynamics of WNV in birds. The deterministic model is
an extension of the model (with larval class) by Wonham and Lewis (2008).
For a deterministic model, the extinction threshold provides essential informa-
tion about disease extinction or persistence. However, its analogous stochastic
model does not only provide conditions for disease extinction or persistence
but also provides the probability of occurrence of these outcomes by applying
the branching process (Allen and van den Driessche 2013; Lahodny and Allen
2013; Maliyoni et al. 2017; Maliyoni et al. 2019). The existence and stability
conditions for the deterministic model equilibria are presented. It is shown
that the disease-free and the endemic equilibria exist whenever R0 < 1 and
R0 > 1, respectively.

The branching process was applied to the CTMC model to derive the
stochastic threshold for disease extinction as well as an explicit expression
that was used to compute the probability of disease extinction or outbreak (see
equations 31, 34 and 35). Extinction thresholds for the deterministic model
(R0) and stochastic model (ρ(M)) are computed and the relationship that
exists between them is presented (see equation 26). It was shown that for
R0 < 1 and ρ(M) < 1, both models predict disease extinction with certainty.
However, the asymptotic behaviour between the two models is significantly
different when R0 > 1 and ρ(M) > 1. Thus, the deterministic model pre-
dicts disease outbreak (see Figure 2) while its corresponding stochastic model
predicts either disease extinction or disease outbreak (see Figure 3). This be-
haviour is attributed to demographic variability that is inherent in the CTMC
model and makes it possible for disease extinction to occur prior to a major
outbreak (Lahodny et al. 2015; Kirupaharan and Allen 2004; Maliyoni et al.
2019).

Analytical and numerical results showed a good agreement between the
probability of disease extinction P0 calculated from the branching process
and the probability estimated from numerical simulations using 10,000 sam-
ple paths (see Table 5). Further, it was observed from Table 5 that P0 is
high if an exposed mosquito introduces the disease at the beginning of the
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epidemic process which reduces the chances of a disease outbreak. This obser-
vation is consistent with the expectation and the fact that exposed mosquitoes
do not transmit the disease unless they survive and become infectious. Thus,
mosquitoes’ survival rate and subsequent progress to the infectious state are
very crucial in the WNV disease dynamics. The results also suggest that P0 is
smaller if the disease is introduced by an infectious mosquito and not by an
infectious bird. Thus, the probability of disease outbreak is high if an infec-
tious mosquito introduces the disease in a wholly susceptible bird population.
It was also noted that the probability of disease outbreak is very high if the
disease is introduced by all three infected groups at the beginning of the epi-
demic. The results suggest that interventions to mitigate the impact of WNV
should aim at reducing or eliminating the mosquito population size. Thus,
there is a need to employ control strategies that will increase the natural
death rate of mosquitoes. These control strategies include but not limited to
usage of adulticide and larvicide in flooded breeding habitats to prevent and
control mosquito emergence (Mpeshe et al. 2011). These results agree with
the results of Bergsman et al. (2016) who explored the impact of reducing the
mosquito population, for instance, through spraying, and found that decreas-
ing the mosquito-to-bird ratio from 10:1 to 4:1 significantly decelerated and
lessened the summer outbreak of WNV in North America. In addition, Chen et
al. (2016) argued that increasing the death rate of mosquitoes, which is largely
achieved by adulticiding, works immediately to control WNV. Mosquito popu-
lation control is effective for controlling WNV and preventing major outbreaks
when a combination of the larval and adult mosquito control strategies are im-
plemented concurrently (Chen et al. 2016).

Finite-time to disease extinction T was estimated using 10,000 sample
paths and the 95th percentile of end times as indicators of epidemic dura-
tion in numerical simulations. It was observed that time to disease extinction
is the shortest if the disease is introduced by exposed mosquitoes because ex-
posed mosquitoes do not transmit the disease unless they become infectious
(see Table 6) which is in agreement with the result that the probability of dis-
ease extinction is highest if the disease is introduced by an exposed mosquito
(see Table 5). However, it was shown that T is longest if all infected groups
introduce the disease at the start of the epidemic as also predicted by the
branching process (see Table 5). It is worth mentioning that the model pa-
rameters used in this paper were only estimates or assumptions from previous
studies on WNV due to lack of true values of the same. To effectively guide
public health policy makers and other stakeholders, prediction of disease ex-
tinction or outbreak which is crucial for disease prevention and control could
greatly improve if accurate parameter values or real data for WNV outbreak
are obtained and tested. In addition, the effectiveness of various WNV control
strategies particularly those that aim at reducing the mosquito population can
be assessed using the probability of disease extinction and real data. However,
the results in this paper have provided significant insights into the dynamics
of WNV in birds especially that the model has accounted for demographic
stochasticity that occurs in the system. Further insights about WNV dynam-
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ics can be achieved by considering environmental stochasticity in the model
since mosquitoes are affected by seasonal or environmental variations.
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