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What do we talk about when we talk about mathematics? Numbers and functions,
certainly. Algebraic structures sometimes. The structures can get pretty complicated. But
these are really things that we talk about when we do mathematics. What do we talk about
when we talk about mathematics, which has been around for a long time?

Philosophers have two ways of talking about mathematics. Some of them talk about
what mathematicians say and do. When these philosophers talk about mathematics, they
talk about definitions, theorems, and proofs, and sometimes calculations, questions, and
conjectures. They also talk about methods, intuitions, and ideas, and maybe it is not so clear
what those are. But even methods, intuitions, and ideas are found in what mathematicians
say and do. So when these philosophers talk about mathematics, they are talking about
mathematical talk.

The other way of answering the second question is to repeat the answer to the first ques-
tion with more emphasis. When some philosophers talk about mathematics, they talk about
numbers, functions, and algebraic structures, and about how our ordinary mathematical
talk latches on to those things. When these philosophers talk about mathematics, they are
talking about what mathematical talk is about.

Logicians make a big deal about the difference between syntax and semantics. When
logicians talk about syntax, they talk about the rules of a language. When they talk about
semantics, they talk about what a language means. So it’s tempting to say that the first
bunch of philosophers are interested in the syntax of mathematics and the second bunch of
philosophers are interested in its semantics.

The distinction between syntax and semantics is useful in logic. It is not very useful in
philosophy. In fact, it causes a lot of problems. We ought to think long and hard about how
we got stuck with these problems, and then we ought to figure out how to get out of the
mess we are in.
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1 The problem
It helps to think about the ways we talk about mathematics. That’s how we got axiomatic
foundations like set theory and type theory. Foundations helped clarify the ways we talk
about numbers and functions and algebraic structures. They also helped us think about
important questions, like, is it o.k. to talk about functions we cannot compute? Is it o.k. to
use the axiom of choice?

People came up with formal languages for mathematics before there were programming
languages, or languages for databases and expert systems. Those are also formal languages,
but formal languages for mathematics were there first, and we got them by thinking about
the ways we talk about mathematics.

What have philosophical theories of mathematical objects given us? Not much. Mathe-
maticians did not decide that it was o.k. to use the axiom of choice because philosophers
were able to tell them what it means. Philosophers can’t even agree about what it means.
That’s not a problem, because you don’t have to say what the axiom of choice means to do
mathematics. You do have to decide whether to use the axiom of choice. If you are trying
to do that, you ought to talk it over with people you know, especially if you want them to
listen to you later on. It’s probably better not to talk to philosophers.

I am not saying that semantics isn’t useful. It’s really useful in logic. There are a million
proof systems for propositional logic, and what they all have in common is that they prove
formulas that are always true, no matter how you interpret them. Without knowing what
it means for a propositional formula to be true, you can’t say what it means for a proof
system to be correct, and then it’s really hard to explain what all the good proof systems
have in common.

It is also useful in computer science. The semantics of a programming language tells
you what the programming language is supposed to do and what it means for a compiler to
be correct. We use programming languages all the time. If we couldn’t think about whether
we are implementing them correctly, we would be in pretty bad shape.

Semantics is even useful in mathematics. On the face of it, a polynomial is an expression.
It has terms, maybe a constant term, and a term of highest degree, and those are expressions
too. But a polynomial can also be a function on the real numbers, which is really the
thing that the expression describes. A polynomial can also be an element in a polynomial
ring. Polynomial rings give us ways of thinking about polynomials without worrying about
whether x+1 and 1+ x are the same. At some point, we have to say what the elements of a
polynomial ring are, and one way is to do it is to say that they are expressions, maybe up to
an equivalence relation. Knowing how to reason about expressions and how the expressions
are related to what they express is generally helpful.

In all these situations, we have expressions that describe things and we have other ways

2



of thinking about the things that the expressions describe. Semantics fits the pieces together.
When we talk about mathematical statements, how do we talk about the things that

they describe? With mathematical statements, of course. We use mathematics to talk about
things like numbers and groups and spaces. When we talk about them we are just doing
mathematics. It’s not like we have some other way of talking about them. Logicians and
computer scientists have special-purpose languages, like the language of a structure or a
programming language. But when they talk about those languages and what they mean,
they use mathematics. There is no magical philosophical language that tells us what things
really are, and we don’t need one.

It’s not just that worrying about what mathematical objects are isn’t helpful. It causes a
lot of problems. One of them is Benacerraf’s problem, which goes like this. Scientists learn
about the world by poking it and seeing what happens. They do experiments and measure
things. But then how do they learn about numbers? You can’t poke them and measure them
because they aren’t anywhere. If we can’t learn about them in a scientific way, it’s hard to
say how they can be useful for science. Maybe you want to say that mathematics isn’t part
of science, but even so, if you are a responsible scientist and you use numbers, you ought
to say how you know what you think you know about them.

This way of thinking about mathematics has to be wrong. Of course we can learn
mathematics. That’s one of the things we do in school and also when we get older. And
of course mathematics is useful for building airplanes and bridges and for making our tax
forms come out right. That’s why we learn it. It’s just that numbers and triangles are not
like rocks and trees and sofas. We don’t learn about them by bumping into them. They
aren’t even like atoms and magnetic fields. We learn about them in different ways.

I don’t blame Paul Benacerraf for saying what was on his mind. Sometimes you have to
talk about the things that are bothering you and get them out in the open. Then you can take
a serious look at them and realize that you don’t have to worry about them. The problem is,
philosophers can’t get over it.

There are lots of important questions about mathematics. Should we use computers to
do proofs? Is mathematics on the right path? Is it getting too abstract? Is it getting too
applied? How can we tell whether something is good mathematics? Does statistics count?
Is AI going to change everything? Should we be worried? But now there is nobody left to
think about things like that. Mathematicians are too busy trying to prove their theorems
and philosophers are too busy trying to figure out what numbers really are. Nobody wants
to be a bad mathematician or a bad philosopher so they stick to what they are doing.
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2 What went wrong
The philosophy of mathematics took a bad turn sometime in the twentieth century. The first
half of the twentieth century was pretty good for philosophy of mathematics. It was bad
for humanity, especially in Europe, but it was good for philosophy of mathematics. It was
good for philosophy of science too.

The logical positivists got things going by telling everyone how science works. It is
not as simple as they made it out to be, but one of the things they got more or less right is
that the way we talk about things is important. Rudolf Carnap said a lot about “linguistic
frameworks,” but that just means ways of talking about things.

The logical positivists said that mathematics comes down to a choice of linguistic
framework. This makes sense when you think about it. Doing mathematics means coming
up with ways of thinking about things, which is pretty much the same as coming up with
ways of talking about things. Having good ways of thinking about things means having
good ways of thinking about the world. But mathematics is about the ways of thinking and
not about the world. When we do science we choose a mathematical description a lot like
the way we buy a car to get around. If the car doesn’t work, we unload it on someone and
get a better one.

But even though the logical positivists thought that mathematics comes down to making
choices—they called them pragmatic choices—they also said that we shouldn’t talk about
the reasons for making those choices. They are outside the framework. That makes them
metaphysical questions, which means that they are not scientific, which is bad.

If we are going to do mathematics, why shouldn’t we talk about how we are doing it? If
we have reasons for our choices, why can’t they be scientific? If I want to decide what car
to buy, I am sure as hell going to talk about it. I am going to think about all the things I
want to do with the car. I am going to go to the library to look at all the car magazines and I
am going to ask my friends for advice. It’s hard to make decisions. It helps to talk about
them.

Eventually W. V. O. Quine came along and said that the logical positivists were wrong.
It’s not just mathematics that is determined by language. All of science is determined by
language, and there is nothing special about mathematics. It is all one big web of beliefs.
Everything has to do with how we talk about things, and we had better make good choices
about how we talk about things if we want science to work out.

But even though Quine thought we had to make choices, he also thought we shouldn’t
talk about them much. When we talk about science and do it right, we are just doing
science. He also said that there isn’t a principled distinction between talking about things
and coming up with ways of talking about them. This was a jab at the logical positivists,
who thought that this was exactly the difference between science and mathematics. Science
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is about things, and mathematics is about how we talk about them.
Philosophers like to talk about principled distinctions, but mathematics is different from

science and it doesn’t make sense to pretend they are the same. The logical positivists said
that mathematics is different because it is analytic, which means that mathematicians define
everything. Or stipulate everything. Definitions determine what words mean because that’s
what definitions do. Axioms are true because we decide that they are true, not because of
the way the world is. Axioms are like definitions. They define the things they talk about.

Quine said that has to be wrong because when someone writes a dictionary and says that
some word means something or other, they aren’t supposed to make it up. The definition
is supposed to describe something that is already there, and the logical positivists didn’t
explain how the way mathematics got to be there is any different from the way that science
got to be there. Then he backed up a little and allowed that sometimes definitions do
other things. Some definitions clarify the meaning of words and other definitions are
abbreviations. But even the definitions that are supposed to clarify are supposed to clarify
things that are already there, and Quine didn’t think that the abbreviations were all that
interesting.

But that’s the whole point. When you clarify something enough so that you know what
the rules are, that’s when you have mathematics. Any mathematician will tell you that
coming up with good definitions is very hard to do. So Quine took the most interesting part
of mathematics and made it sound too boring to talk about.

Mathematicians still think about important questions, but they are afraid that if they talk
about them, they are doing philosophy, which is a waste of time. Philosophers think that if
they try to be scientific about mathematics, then they are not doing philosophy, which, for
them, is also a waste of time. So mostly we talk about things that don’t matter, and when
we talk about things that matter, we don’t do it well. At least the mathematicians can go
back to doing mathematics.

3 How to fix things
How can we avoid talking about things that don’t matter? Sometimes it helps to look around
and notice that nobody cares what we are saying. But that doesn’t always work. Sometimes
we tell ourselves that the reason nobody cares is that we are talking about things that are so
deep and important that nobody else can appreciate them.

Another thing we can do is look at the history of mathematics. History is really
interesting. When you read about how mathematics was done you see that people had very
good ideas. They had to work hard to come up with the ideas. You can think about why
they decided to talk about things the way they did and you can think about what makes the
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ideas they had so good.
It doesn’t help to think about whether the numbers people used to talk about are the

same as the numbers we talk about today and whether their words latch onto them in the
same ways that ours do. It is interesting to think about how people used to talk about
numbers and how we talk about numbers today and how our talk has changed. But that’s
not the same as thinking about how numbers have changed.

There is a guy I know who writes about mathematics. He has written about the history
of analysis and the history of algebra and the history of geometry in the nineteenth century.
He has written about where mathematics comes from and how it gets used in physics. He
has also written about famous mathematicians and big ideas like modernism. Mostly he
writes about what mathematicians thought and what they did. Sometimes he uses words
like “ontology” and “epistemology.” By that he just means the way people talk about things
and think about them.

It would be nice if more mathematicians read about the history of mathematics. It
would be nice if some philosophers read about it too, and even some people who aren’t
mathematicians or philosophers. Then we could all get together and talk about it. We could
talk about mathematics and how it got to be the way it is. We could talk about why we
like mathematics so much and what we like about it. We could even talk about how it
might be different by the time our children and grandchildren are grown up and are doing
mathematics on their own. It would be nice to talk. I am pretty sure we would like it.
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