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In his (1973), Benacerraf inquires into how the semantics of mathematics

might interact with the theory of knowledge for mathematics. He raises the

inquiry concerning how knowledge of acausal abstract objects such as those of

mathematics (e.g. numbers, functions, and sets) is possible, assuming that the

best theory of knowledge is that deployed in the empirical sciences and thus

presupposes a condition of causal interaction. This is known in the literature in

philosophy of mathematics as the access problem. Field (1989) generalizes Be-

nacerraf’s problem by no longer presupposing the condition of causal interaction,

and inquiring into what might explain the reliability of mathematical beliefs.

Clarke-Doane (2016) has argued that the Benacerraf-Field problem might no

longer be thought to be pressing in light of mathematical beliefs satisfying con-

ditions of safety and sensitivity. A belief is safe if it could not easily have been

different. A belief is sensitive if, had the contents of the belief been false, we

would not believe them. Mathematical beliefs are thus sensitive, because math-

ematical truths are metaphysically necessary, true at all worlds. Clarke-Doane

quotes David Lewis, who writes: [I]f it is a necessary truth that so-and-so, then
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believing that so-and-so is an infallible method of being right. If what I believe

is a necessary truth, then there is no possibility of being wrong. That is so what-

ever the subject matter [...] and no matter how it came to be believed’ (1986:

114-115). Mathematical beliefs are safe, because mathematical truths hold at

all nearby worlds, indeed at all of them, and ‘there are reasons to think that

we could not have easily had different mathematical beliefs. Our "core" mathe-

matical beliefs might be thought to be evolutionarily inevitable. Given that our

mathematical theories best systematize those beliefs, there is a "bootstrapping"

argument for the safety of our belief in those theories’ (24).

Clarke-Doane provides a compelling case against there being an issue of the

reliability of mathematical belief given that such belief is safe and sensitive. If

the access problem might yet be thought to be a live issue, however, I argue

in this paper that it can be solved by availing of the epistemic interpretation

of a particular semantics, namely epistemic two-dimensional semantics. The

semantics accounts for the truth-conditions of mathematical formulas, while

also having an epistemic interpretation of the intensional, and, as I will argue,

hyperintensional parameters relative to which those formulas receive their se-

mantic values. Thus epistemic two-dimensional semantics can account for the

convergence between the semantics and theory of knowledge for mathematics.

Furthermore, however, epistemic two-dimensional semantics countenances two-

dimensional intensions, which are functions from epistemically possible worlds

to metaphysically possible worlds to extensions. In epistemic two-dimensional

semantics, the value of a formula or term relative to a first parameter ranging
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over epistemic scenarios determines the value of the formula or term relative to a

second parameter ranging over metaphysically possible worlds. The dependence

is recorded by 2D-intensions. Chalmers (2006: 102) provides a conditional anal-

ysis of 2D-intensions to characterize the dependence: ’Here, in effect, a term’s

subjunctive intension depends on which epistemic possibility turns out to be ac-

tual. / This can be seen as a mapping from scenarios to subjunctive intensions,

or equivalently as a mapping from (scenario, world) pairs to extensions. We

can say: the two-dimensional intension of a statement S is true at (V, W) if V

verifies the claim that W satisfies S. If [A]1 and [A]2 are canonical descriptions

of V and W, we say that the two-dimensional intension is true at (V, W) if [A]1

epistemically necessitates that [A]2 subjunctively necessitates S. A good heuris-

tic here is to ask "If [A]1 is the case, then if [A]2 had been the case, would S

have been the case?". Formally, we can say that the two-dimensional intension

is true at (V, W) iff ’�1([A]1 → �2([A]2 → S))’ is true, where ’�1’ and ’�2’

express epistemic and subjunctive necessity respectively’.

Two-dimensional intensions thus provide a conduit from conceivability to

metaphysical possibility, and can thus explain the connection between the con-

ceivability of mathematical formulas and their metaphysical possibility. In previ-

ous work, I have availed of two-dimensional intensions to account for the interac-

tion between the epistemic and objective or metaphysical profiles of abstraction

principles, set-theoretic axioms (including large cardinal axioms), Orey i.e. un-

decidable propositions, indefinite extensibility, and rational intuition. However,

by bridging the epistemic and metaphysical universes, the two-dimensional in-
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tensions of epistemic two-dimensional semantics can explain how our epistemic

states about mathematical formulas can be a guide to their metaphysical pro-

files. In this way, epistemic two-dimensional semantics provides a solution to

the access problem.

I will define epistemic possibility via the notion of apriority, such that φ is

epistemically possible iff φ is primary conceivable, where primary conceivabil-

ity (⋄) is the dual of apriority (¬�¬, i.e. not apriori ruled out). So epistemic

possibility is the dual of apriority i.e. epistemic necessity, i.e. not apriori ruled

out. Chalmers (2002) distinguishes between primary and secondary conceiv-

ability. Secondary conceivability is subjunctive, so rejecting the metaphysical

necessity of the identity between Hesperus and Phosphorus is not secondary

conceivable. Primary conceivability targets epistemically possible (indicative)

worlds rather than subjunctive worlds. Chalmers also distinguishes between

positive and negative conceivability and prima facie and ideal conceivability.

A scenario is positively conceivable when it can be imagined with perceptual

detail. A scenario is negatively conceivable when nothing rules it out apriori,

as above. A scenario is prima facie conceivable when it is conceivable ‘on first

appearances’. E.g. a formula might be prima facie conceivable if it does not

lead to contradiction after a finite amount of reasoning. A scenario is ideally

conceivable if it is prima facie conceivable with a justification that cannot be

defeated by subsequent reasoning (op. cit.).

Chalmers distinguishes between deep and strict epistemic possibilities. He

writes: ’[W]e might say that the notion of strict epistemic possibility – ways
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things might be, for all we know – is undergirded by a notion of deep epistemic

possibility – ways things might be, prior to what anyone knows. Unlike strict

epistemic possibility, deep epistemic possibility does not depend on a particular

state of knowledge, and is not obviously relative to a subject’ (62). About deep

epistemic necessity, he writes: ’For example, a sentence s is deeply epistemically

possible when the thought that s expresses cannot be ruled out a priori / This

idealized notion of apriority abstracts away from contingent limitations’ (66).

All references to epistemic possibility in this paper will be to Chalmers’ notion

of deep epistemic possibility.

Chalmers defines epistemic possibility as (i) not being apriori ruled out (2011:

63, 66),1 i.e. as the dual of epistemic necessity i.e. apriority (65),2, and as (ii)

being true at an epistemic scenario i.e. epistemically possible world (62, 64). He

also accepts a Plenitude principle according to which: ’A thought T is epistem-

ically possible iff there exists a scenario S such that S verifies T’ (64). Chalmers

advances both epistemic and metaphysical constructions of epistemic scenarios.

In the metaphysical construction of epistemic scenarios, epistemic scenarios are

centered metaphysically possible worlds (69). In the epistemic construction of

epistemic scenarios, they are sentence types comprising an infinitary ideal lan-

guage, M, with vocabulary restricted to epistemically invariant expressions (75).

He defines epistemically invariant expressions thus: ’[W]hen s is epistemically

1’One might also adopt a conception on which every proposition that is not logically con-
tradictory is deeply epistemically possible, or on which every proposition that is not ruled
out a priori is deeply epistemically possible. In this paper, I will mainly work with the latter
understanding’ (63).

2’We can say that s is deeply epistemically necessary when s is a priori: that is when s
expresses actual or potential a priori knowledge’ (65).
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invariant, then if some possible competent utterance of s is epistemically nec-

essary, all possible competent utterances of s are epistemically necessary’ (op.

cit.). The sentence types in the infinitary language must also be epistemically

complete. A sentence s is epistemically complete if s is epistemically possible and

there is no distinct sentence t such that both s ∧ t and s ∧ ¬t are epistemically

possible (76). The epistemic construction of epistemic scenarios transforms the

Plenitude principle into an Epistemic Plenitude principle according to which:

’For all sentence tokens s, if s is epistemically possible, then some epistemically

complete sentence of [M] implies s’ (op. cit.).

The thesis of ‘weak modal rationalism’ states that conceivability can be a

guide to 1-possibility, i.e. conceivability entails 1-possibility or truth at a cen-

tered metaphysically possible world (2002). Thus conceivability can be a guide

to metaphysical possibility on the metaphysical construction of epistemically

possible worlds.

However, in his (2002) and (2010), Chalmers argues that 1-, i.e. epistemic,

possibility entails 2-, i.e. metaphysical, possibility, in the case when the primary

and secondary intensions for physics and consciousness coincide. Thus, there is

no gap between the epistemic and metaphysical profiles for expressions involving

physics or consciousness, and the conceivability about scenarios concerning them

will entail the 1-possibility and the 2-possibility of those scenarios.

Finally, in his (2012), Chalmers defines a notion which he refers to as super-

rigidity: ‘When an expression is epistemically rigid and also metaphysically

rigid (metaphysically rigid de jure rather than de facto, in the terminology of
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Kripke 1980), it is super-rigid’ (Chalmers, 2012: 239). He writes: ‘I accept

Apriority/Necessity and Super-Rigid Scrutability. (Relatives of these theses

play crucial roles in "The Two-Dimensional Argument against Materialism"’

(241). The Apriority/Necessity Thesis is defined as the ‘thesis that if a sentence

S contains only super-rigid expressions, s is a priori iff S is necessary’ (468), and

Super-Rigid Scrutability is defined as the ‘thesis that all truths are scrutable

from super-rigid truths and indexical truths’ (474). This is thus a third way for

conceivability to be a guide to metaphysical possibility. The epistemic necessity

i.e. apriority of a sentence involving only super-rigid expressions is such that it

converges with the metaphysical necessity of that sentence.

What is the status, with regard to the primary and secondary intensions

and their interaction, of the natural numbers? It is usually argued that num-

bers have metaphysically necessary being (see e.g. Hale and Wright, 1992, 1994;

Hale, 2013: ch. 7; for a counterargument, however, see Field, 1993), and Au-

thor (ms) argues that the metaphysical, i.e. maximally objective, necessity of

the existence of numbers is yet consistent with there being non-maximal, thus

not metaphysical, yet still objective modalities relevant to the potential ex-

pansion of the domain of numbers. If numbers are metaphysically necessary,

then this is consistent with their having a necessary 2-intension, i.e. function

from metaphysically possible worlds to extensions. However, there are reasons

to think that numbers are not epistemically rigid, and thus not super-rigid.

Chalmers (2012: 367) suggests that expressions and concepts for the numbers

(his example is ’Zero’) are epistemically rigid, i.e. refer to the same objects
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throughout epistemic modal space. In response, Benacerraf’s (1965) dilemma

can be raised, according to which there are reductions of the natural numbers

to both von Neumann ordinals (e.g., 2 = {∅,{∅}}), as well as Zermelo ordinals

(e.g., 2 = {{∅}})„ and there is no reason to prefer one reduction to the other.

If so, then the epistemic profile of the numbers diverges in each account, and

the numbers are thus not epistemically rigid and subsequently not super-rigid.

Thus, the link between epistemic states concerning mathematics and ob-

jective or metaphysical states concerning mathematics might be effected either

by (i) the metaphysical construction of epistemically possible worlds, such that

conceivability is a guide to 1-, i.e. epistemic, possibility which is defined as

a centered metaphysically possible world; or (ii) the primary and secondary

intensions of mathematical expressions coinciding.

One of the unfortunate things about the limits of mathematical knowledge

is that it is perfectly conceivable for mathematical objects to have substantially

diverging metaphysical profiles despite being partially described by the axioms

and abstraction principles of our current mathematical theories. However, the

epistemic profile of such axioms and abstraction principles are – given condi-

tions of consistency e.g. – at least a partial guide to the metaphysical profiles

of numbers. So, 1-possibility and 2-possibility might coincide in the case of

mathematical objects. Barring that hypothesis, however, epistemic states con-

cerning mathematical entities and truths can be a guide to the corresponding

metaphysical states in light of (i) above, i.e. the metaphysical construction of

epistemic scenarios, i.e. countenancing epistemically possible worlds as centered
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metaphysically possible worlds.

Hyperintensionality in Chalmers’ epistemic two-dimensional intensional se-

mantics can be countenanced via what he refers to as ‘structured’ intensions, i.e.

intensions for each component expression of a sentence, rather than there being

an intension for the sentence taken as a whole. However, there are other de-

grees of hyperintensionality which it would be ideal to capture. One dimension

of hyperintensionality can concern sentences being true at parts of worlds rather

than at whole worlds themselves. Thus, e.g., ‘snow is white or it is not the case

that snow is white’ and ‘grass is green or it is not the case that grass is green’

are necessarily equivalent, but have different contents. In truthmaker semantics,

this is owing to the two sentences being made true by different parts of worlds.

These parts of worlds which verify and falsify sentences can thus be considered

hyperintensional truthmakers and falsemakers (Fine, 2013, 2017,a-c).

Another dimension of hyperintensionality which it would be ideal to capture

concerns subject matters. These subject matters are called topics in the liter-

ature, and capture the aboutness of atomic formulas. Thus, contents can be

defined as pairs of intensions, i.e. functions from worlds to extensions, as well

as topics which compose via mereological fusion (Berto, 2018, 2019; Canavotto

et al, 2020; and Berto and Hawke, 2021).

In this paper, I will advance a version of epistemic two-dimensional semantics

which is a truthmaker semantics and which is topic-sensitive.

According to truthmaker semantics for epistemic logic, a modalized state

space model is a tuple 〈S, P, ≤, v〉, where S is a non-empty set of states, P
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is the subspace of possible states where states s and t comprise a fusion when

s ⊓ t∈P, ≤ is a partial order, and v: Prop → (2S x 2S) assigns a bilateral

proposition 〈p+, p−〉 to each atom p∈Prop with p+ and p− incompatible (Fine

2017a,b; Hawke and Özgün, forthcoming: 10-11). Exact verification (⊢) and

exact falsification (⊣) are recursively defined as follows (Fine, 2017a: 19; Hawke

and Özgün, forthcoming: 11):

s ⊢ p if s∈JpK+

(s verifies p, if s is a truthmaker for p i.e. if s is in p’s extension);

s ⊣ p if s∈JpK−

(s falsifies p, if s is a falsifier for p i.e. if s is in p’s anti-extension);

s ⊢ ¬p if s ⊣ p

(s verifies not p, if s falsifies p);

s ⊣ ¬p if s ⊢ p

(s falsifies not p, if s verifies p);

s ⊢ p ∧ q if ∃t,u, t ⊢ p, u ⊢ q, and s = t ⊓ u

(s verifies p and q, if s is the fusion of states, t and u, t verifies p, and u

verifies q);

s ⊣ p ∧ q if s ⊣ p or s ⊣ q

(s falsifies p and q, if s falsifies p or s falsifies q);

s ⊢ p ∨ q if s ⊢ p or s ⊢ q

(s verifies p or q, if s verifies p or s verifies q);

s ⊣ p ∨ q if ∃t,u, t ⊣ p, u ⊣ q, and s = t ⊓ u

(s falsifies p or q, if s is the fusion of the states t and u, t falsifies p, and u
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falsifies q);

s ⊢ ∀xφ(x) if ∃s1, . . . , sn, with s1 ⊢ φ(a1), . . . , sn ⊢ φ(an), and s = s1 ⊓ . . .

⊓ sn

[s verifies ∀xφ(x) "if it is the fusion of verifiers of its instances φ(a1), . . . ,

φ(an)" (Fine, 2017c)];

s ⊣ ∀xφ(x) if s ⊣ φ(a) for some individual a in a domain of individuals (op.

cit.)

[s falsifies ∀xφ(x) "if it falsifies one of its instances" (op. cit.)];

s ⊢ ∃xφ(x) if s ⊢ φ(a) for some individual a in a domain of individuals (op.

cit.)

[s verifies ∃xφ(x) "if it verifies one of its instances φ(a1), . . . , φ(an)" (op.

cit.)];

s ⊣ ∃xφ(x) if ∃s1, . . . , sn, with s1 ⊣ φ(a1), . . . , sn ⊣ φ(an), and s = s1 ⊓ . . .

⊓ sn (op. cit.)

[s falsifies ∃xφ(x) "if it is the fusion of falsifiers of its instances" (op. cit.)];

s exactly verifies p if and only if s ⊢ p if s∈JpK;

s inexactly verifies p if and only if s ⊲ p if ∃s’≤S, s’ ⊢ p; and

s loosely verifies p if and only if, ∀t, s.t. s ⊔ t ⊢ p, where ⊔ is the relation of

compatibility (35-36);

s ⊢ Aφ – i.e. �φ – if and only if for all t∈P there is a t’∈P such that t’ ⊓

t∈P and t’ ⊢ φ, where Aφ denotes the apriority of φ; and

s ⊣ Aφ if and only if there is a t∈P such that for all u∈P either t ⊓ u/∈P or

u ⊣ φ.
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In order to account for two-dimensional indexing, we augment the model,

M, with a second state space, S*, on which we define both a new parthood

relation, ≤*, and partial function, V*, which serves to map propositions in a

domain, D, to pairs of subsets of S*, {1,0}, i.e. the verifier and falsifier of p,

such that JPK+ = 1 and JpK− = 0. Thus, M = 〈S, S*, D, ≤, ≤*, V, V*〉. The

two-dimensional hyperintensional profile of propositions may then be recorded

by defining the value of p relative to two parameters, c,i: c ranges over subsets

of S, and i ranges over subsets of S*.

(*) M,s∈S,s*∈S* ⊢ p iff:

(i) ∃csJpKc,c = 1 if s∈JpK+; and

(ii) ∃is∗JpKc,i = 1 if s*∈JpK+

(Distinct states, s,s*, from distinct state spaces, S,S*, provide a multi-

dimensional verification for a proposition, p, if the value of p is provided a

truthmaker by s. The value of p as verified by s determines the value of p as

verified by s*).

We say that p is hyper-rigid iff:

(**) M,s∈S,s*∈S* ⊢ p iff:

(i) ∀c’sJpKc,c′

= 1 if s∈JpK+; and

(ii) ∀is∗JpKc,i = 1 if s*∈JpK+

The foregoing provides a two-dimensional hyperintensional semantic frame-

work within which to interpret the values of a proposition:

s is a two-dimensional exact truthmaker of p if and only if (*);
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s is a two-dimensional inexact truthmaker of p if and only if ∃s’≤S, s→ s’,

s’ ⊢ p and such that

∃cs′JpKc,c = 1 if s’∈JpK+, and

∃is∗JpKc,i = 1 if s*∈JpK+;

s is a two-dimensional loose truthmaker of p if and only if, ∃t, s.t. s ⊔ t, s

⊔ t ⊢ p:

∃cs⊔tJpKc,c = 1 if s’∈JpK+, and

∃is∗JpKc,i = 1 if s*∈JpK+.

Epistemic (primary), subjunctive (secondary), and 2D hyperintensions can

be defined as follows, where hyperintensions are functions from states to exten-

sions, and intensions are functions from worlds to extensions:

• Epistemic Hyperintension:

pri(x) = λs.JxKs,s, with s a state in an epistemic state space;

• Subjunctive Hyperintension:

secv@
(x) = λi.JxKv@ ,i, with i a state in metaphysical state space I;

• 2D-Hyperintension:

2D(x) = λsλiJxKs,i = 1.

Following the presentation of topic models in Berto (op. cit.), atomic topics

comprising a set of topics, T, record the hyperintensional intentional content of

atomic formulas, i.e. what the atomic formulas are about at a hyperintensional

level. Topic fusion is a binary operation, such that for all x, y, z∈T, the following
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properties are satisfied: idempotence (x � x = x), commutativity (x � y = y

� x), and associativity [(x � y) � z = x � (y � z)] (Berto, 2018: 5). Topic

parthood is a partial order, ≤, defined as ∀x,y∈T(x ≤ y ⇐⇒ x � y = y) (op.

cit.: 5-6). Atomic topics are defined as follows: Atom(x) ⇐⇒ ¬∃y < x, with

< a strict order. Topic parthood is thus a partial ordering such that, for all x,

y, z∈T, the following properties are satisfied: reflexivity (x ≤ x), antisymmetry

(x ≤ y ∧ y ≤ x → x = y), and transitivity (x ≤ y ∧ y ≤ z → x ≤ z) (6). A

topic frame can then be defined as {W, R, T, �, t}, with t a function assigning

atomic topics to atomic formulas. For formulas, φ, atomic formulas, p, q, r (p1,

p2, . . . ), and a set of atomic topics, Utφ = {p1, . . . pn}, the topic of φ, t(φ) =

�Utφ = t(p1) � . . . � t(pn) (op. cit.). Topics are hyperintensional, though not

as fine-grained as syntax. Thus t(φ) = t(¬¬φ), tφ = t(¬φ), t(φ ∧ ψ) = t(φ) �

t(ψ) = t(φ ∨ ψ) (op. cit.).

The diamond and box operators can then be defined relative to topics:

〈M,w〉 
 ⋄tφ iff 〈Rw,t〉(φ)

〈M,w〉 
 �
tφ iff [Rw,t](φ), with

〈Rw,t〉(φ) := {w’∈Wt’∈T | Rw,t[w’, t’] ∩ φ 6= ∅ and t’(φ) ≤ t(φ)

[Rw,t](φ) := {w’∈Wt’∈T | Rw,t[w’, t’] ⊆ φ and t’(φ) ≤ t(φ).

We can then combine topics with truthmakers rather than worlds, thus coun-

tenancing a multi-hyperintensional semantics, i.e. topic-sensitive epistemic two-

dimensional truthmaker semantics:

• Epistemic Hyperintension:

prit(x) = λsλt.JxKs∩t,s∩t, with s a truthmaker from an epistemic state
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space.

• Subjunctive Hyperintension:

secv@∩t(x) = λwλt.JxKv@ ∩t,w∩t, with w a truthmaker from a metaphysical

state space.

• 2D-Hyperintension:

2D(x) = λsλwλtJxKs∩t,w∩t = 1.

It is easy to see that mathematical sentences - whether arbitrary formu-

las, axioms, or Orey sentences - can be evaluated two-dimensionally, such that

their epistemic profile can be a guide to their metaphysical profile. The two-

dimensional hyperintensions of mathematical sentences captures the interaction

between the epistemic and objective profiles of the foregoing sentences.

The foregoing proposal also differs from full-blooded platonism in the follow-

ing respects. According to full-blooded platonism, if a mathematical formula is

consistent and thus logically possible, as well as for whatever objects are logi-

cally possible, then those formulas are true and those objects exist (Balaguer,

1998). Formulas such as the Continuum Hypothesis (CH) which states that all

infinite sets of reals have the cardinality of either the natural numbers or the

real numbers, as well as the negation of CH are both logically possible and thus

are actually satisfied in different universes (Balaguer, 2001: 97).

Epistemic two-dimensional semantics differs from full-blooded platonism in

concerning epistemic possibilities rather than logical possibilities, as well as

metaphysical possibility rather than existence. Thus, primary intensions are
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functions from epistemically possible worlds considered as actual to extensions.

So only epistemically possible worlds considered as actual can be a guide to

metaphysical possibility, by contrast to the case of full-blooded platonism ac-

cording to which any logically possible object or formula actually exists or is

true.

A second point of departure from full-blooded platonism is that epistemic

two-dimensionalism is consistent with monism about the universe of sets, i.e.

there being a cumulative hierarchy of sets comprising a single universe. This

contrasts to the set-theoretic pluralism entrained by the unsettled yet logically

possible status of both CH and ¬CH as in full-blooded platonism.

Finally, two-dimensional intensions can be availed of as a bridge between

what Cantor (1883/1996: §8) refers to as ‘immanent’ mathematical reality and

‘transient’ mathematical reality. Immanent reality concerns what exists relative

to the ‘understanding’, whereas transient reality concerns what exists relative to

the ‘external world’ (op. cit.). Immanent reality is constrained by conditions of

coherence and consistency. Cantor famously argues that mathematics is free to

stipulate the existence of any objects or concepts which satisfies those conditions

and that they are thus possessed of immanent reality. He leaves it as an open

question what conditions need to be satisfied in order for immanent reality to be

connected to metaphysics or transient reality, although he appeals to the ‘unity

of the all to which we ourselves belong’ (op. cit.) in order to account for their

convergence. Two-dimensional intensions are natural candidates for bridging

the divide between conceivabilty and metaphysics, and thus provide a more
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satisfying explanation of how immanent and transient reality might converge

than Cantor’s own.
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