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Abstract

This note provides a summary of the meaning of the term ‘Superselection
Rule’ in Quantum Mechanics and Quantum-Field Theory. Itis a contribution
to the Compendium of Quantum Physics: Concepts, Experiments, History
and Philosophyedited by Friedel Weinert, Klaus Hentschel, Daniel Green-
berger, and Brigitte Falkenburg.

General Notion

The notion ofsuperselection rule(henceforth abbreviated SSR) was introduced
in 1952 by Wick (1909-1992), Wightman, and Wigner (1902-1995) [13] in con-
nection with the problem of consistently assigning intrinsic parity to elementary
particles. They understood an SSR as generally expressing “restrictions on the
nature and scope of possible measurements”.

The concept of SSR should be contrasted with that of an ordiselBction
rule (SR). The latter refers to a dynamical inhibition of some transition, usually
due to the existence of a conserved quantity. Well known SRs in Quantum Me-
chanics concern radiative transitions of atoms. For example, in case of electric
dipole radiation they take the ford] = 0,+1 (except] = 0 — ] = 0) and
AMj = 0, 1. It says that the quantum numbgrdvi; associated with the atom’s
total angular momentum may at most change by one unit. But this is only true for
electric dipole transitions, which, if allowed, represent the leading-order contribu-
tion in an approximation for wavelengths much larger than the size of the atom.
The next-to-leading-order contributions are given by magnetic dipole and electric
quadrupole transitions, and for the lati®f = 42 is possible. This is a typical
situation as regards SRs: They are valid for the leading-order modes of transition,
but not necessarily for higher order ones. In contrast, a SSR is usually thought of
as making a more rigorous statement. It not only forbids certain transitions through
particular modes, but altogether as a matter of some deeper lying principle; hence
the “Super”. In other words, transitions are not only inhibited for the particular
dynamical evolution at hand, generated by the given Hamiltonian operator, but for
all conceivable dynamical evolutions.



More precisely, two state; and, are separated by a SR(if; | H | {) =0
for the given HamiltoniarH. In case of the SR mentioned abottpnly contains
the leading-order interaction between the radiation field and the atom, which is the
electric dipole interaction. In contrast, the states are said to be separated by a SSR
if (1] A [P = 0 forall (physically realisable) observablds This means
that the relative phase betweén andi, is not measurable and that coherent
superpositions of; andip, cannot be verified or prepared. It should be noted that
such a statement implies that the set of (physically realisable) observables is strictly
smaller than the set of all self-adjoint operators on Hilbert space. For example,
A =) (b2 | + | b2) (W | is clearly self-adjoint and satisfiég | A | 12) # 0.

Hence the statement of a SSR always implies a restriction of the set of observables
as compared to the set of all (bounded) self-adjoint operators on Hilbert space. In
some sense, the existence of SSRs can be formulated in terms of observables alone
(see below).

Since all theories work with idealisations, the issue may be raised as to whether
the distinction between SR and SSR is really well founded, or whether it could,
after all, be understood as a matter of degree only. For example, dynamical de-
coherence is known to provide a very efficient mechanism for generating apparent
SSRs, without assuming their existence on a fundamental level [15][10].

Elementary Theory

In the most simple case of only twsuperselection sectorsa SSR can be char-
acterised by saying that the Hilbert spadedecomposes as a direct sum of two
orthogonal subspaces, = H; ¢ H, such that under the action of each observ-
able vectors irfH{; ; are transformed into vectors i, respectively. In other
words, the action of observables in Hilbert space is reducible, which implies that
(P11 Alpy) = 0foreach; , € Hy, and all observabled. This constitutes an
inhibition to the superposition principle in the following sense: ¢t be normed
vectors andp = ({7 +12)/+v/2, then

Wi | A[Py) =31 [A D)+ W2 | A ) =Tr(pA), (1)

where

p= 201w [+ W) W2 ]). )

Hence, considered as state (expectation-value functional) on the given set of ob-
servables, the density matrixcorresponding tap, can be written as non-trivial
convex combination of the (pure) density matricesdgrand, and therefore
defines a mixed state rather than a pure state. Relative to the given observables,
coherent superpositions of statesHn with states ir{, do not exist.

In direct generalisation, a characterisationdafcrete SSRscan be given as
follows: There exists a finite or countably infinite family; | 1 € I} of mutually
orthogonal P;P; = 0 for i # j) and exhaustive) ;.; P; = 1) projection operators

(PiT = Pi, P? = P;) on Hilbert spacé, such that each observable commutes with
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all P;. Equivalently, one may also say that states on the given set of observables
(here represented by density matrices) commute witR;ailvhich is equivalent to
the identity

p=) PipP;. 3

We define\; := Tr(pP;) and letl’ C I be the subset of indicesfor which A; # 0.
If we further setp; := PipPi/A; for i € I’, then (3) is equivalent to

p=> \ipi, 4)
iel’

showing thatp is a non-trivial convex combination i’ contains more than one
element. The only pure states are the projectors onto rays within a gifiglm
other words, only vectors (or rays) in the union (not the linear span) #; can
correspond to pure states. If, conversalyynon-zero vector in this union defines
a pure state, with different rays corresponding to different states, one speaks of
an abelian superselection rule The H; are then calleduperselection sectors
or coherent subspace®n which the observables act irreducibly. The sul¥et
of observables commuting with all observables is then give# by {Zi aiP;i |
ai € R}. They are calleduperselection-or classical observables

In the general case afontinuous SSRsH splits as direct integral of an un-
countable set of Hilbert spacég$(A), whereA is an element of some measure
spaceA, so that

H= J du(NH(N) 5)
VAN

with some measuréu on A. Observables are functions— O(A), with O(A) act-
ing onH(A). Closed subspaces #f left invariant by the observables are precisely
given by

H(A) = L du(NH(N) ®)

whereA C A is any measurable subset of non-zero measure. In general, a single
H(A) will not be a subspace (unless the measure has discrete suppprt at

In the literature, SSRs are discussed in connection with a variety of
superselection-observables, most notably univalence, overall mass (in non-
relativistic QM), electric charge, baryonic and leptonic charge, and also time.

Algebraic Theory of SSRs

In Algebraic Quantum Mechanics, a system is characterised G{-algebraC.
Depending on contextual physical conditions, one chooses a faithful representation
m : C — B(H) in the (von Neumann) algebra of bounded operators on Hilbert
spaceH. After completing the image of in the weak operator-topology df(H)

(a procedure sometimes calldressingof C [5]) one obtains a von Neumann sub-
algebraA C B(H), called thealgebra of (bounded) observablesThe physical
observables proper correspond to the self-adjoint elemends of
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Thecommutant S’ of any subseS C B(H) is defined by
S":={A € B(H)| AB=BA,VB € S}, @)

which is automatically a von Neumann algebra. One céils:= (S’)’ the von
Neumann algebra generated 8y It is the smallest von Neumann sub-algebra
of B(H) containingsS, so that ifS was already a von Neumann algebra one has
S" = S;in particular,(n(C)) " = A

SSRs are now said to exists if and only if the commutdnhtis not trivial,

i.e. different from multiples of the unit operator. Projectorsdhthen define the
sectors. Abelian SSRs are characteriseddbyeing abelian. A’ is often referred

to asgauge algebra Sometimes the algebra of physical observabledefined

as the commutant of a given gauge algebra. That the gauge algebra is abelian is
equivalent tad’ € A” = A sothatd’ = AN A" = A€, the centre ofd. An
abelianA’ is equivalent tdirac’s requirement, that there should exist a complete

set of commuting observables [9] (cf. Chap. 6 of [10]).

In Quantum Logic a quantum system is characterised by the lattice of propo-
sitions (corresponding to the closed subspaces, or the associated projectors, in
Hilbert-space language). The subset of all propositions which are compatible with
all other propositions is called theentre of the lattice It forms a Boolean sub-
lattice. A lattice is calledrreducible if and only if its centre is trivial (i.e. just
consists ofo, the smallest lattice element). The presence of SSRs is now char-
acterised by a non-trivial centre. Propositions in the centre are sometimes called
classical

SSRs and Conserved Additive Quantities

Let Q be the operator of some charge-like quantity that behaves additively under
composition of systems and also shares the property that the charge of one subsys-
tem is independent of the state of the complementary subsystem (here we restrict
attention to two subsystems). This implies thatdf = H; ® H is the Hilbert

space of the total system afi} , those of the subsystem@, must be of the form

Q =Q1®1+1® Q2 whereQ , are the charge operators of the subsystems. We
also assumé) to be conserved, i.e. to commute with the total Hamiltonian that
generates time evolution dx. It is then easy to show that a SSR fQrpersists

under the operations of composition, decomposition, and time evolution: If the
density matricep; , commute withQ1 > respectively, then, triviallyp = p1 ® p2
commutes withQ. Likewise, if p (not necessarily of the form; ® p2) commutes

with Q, then the reduced density matriges, := Tr 1(p) (where T¢ stands for
tracing overH;) commute withQ , respectively. This shows that if states violat-

ing the SSR cannot be prepared initially (for whatever reason, not yet explained),
they cannot be created though subsystem interactions [14]. This has a direct rele-
vance for measurement theory, since it is well known that an exact von Neumann
measurement of an observalile in system 1 by system 2 is possible onlyPif



commutes withQ;, and that an approximate measurement is possible only insofar
as system 2 can be prepared in a superpositi@gp,afigenstates [2].

As already indicated, the foregoing reasoning does not explain the actual ex-
istence of SSRs, for it does not imply anything aboutittigal nonexistence of
SSR violating states. In fact, there are many additive conserved quantities, like
momentum and angular momentum, for which certainly no SSRs is at work. The
crucial observation here is that the latter quantities are physically always under-
stood agelative to a system of reference that, by its very definition, must have
certain localisation properties which exclude the total system to be in eigenstate
of relative (linear and angular) momenta. Similarly it was argued that one may
have superpositions of relatively charged states [1]. A more complete account of
this conceptually important point, including a comprehensive list of references, is
given in Chap. 6 of [10].

SSRs and Symmetries

Symmetries in Quantum Mechanics are often implementeduwigary ray-
representationsrather than proper unitary representations (here we discard anti-
unitary ray-representations for simplicity). A unitary ray-representation is a map
U from the symmetry grou@ into the group of unitary operators on Hilbert space
‘H such that the usual condition of homomorphlyg)U(g2) = U(g192), is gen-
eralised to

U(g1)U(g2) = w(g1,92) U(g192), 8

wherew : G x G — U(1) :={z € C | |z] = 1} is the so-callednultiplier that
satisfies

w(g1,92)w(g192,93) = w(gr, 9293)w(g2,93), 9

for all g1,92,93 in G, so as to ensures associativityt(g1)(u(gz)U(gg)) =
(U(g1)U(g2))U(g3). Any functiona : G — U(1) allows to redefindl — U’
viaU’(g) := «(g)U(g), which amounts to a redefinitia — w’ of multipliers
given by

w'(g1,02) = XIAR) (g5, g5) . (10)

Two multipliersw and w’ are calledsimilar if and only if (10) holds for some
function . A multiplier is calledtrivial if and only if it is similar tow = 1, in
which case the ray-representation is, in fact, a proper representation in disguise.
The following result is now easy to show: Given unitary ray-representations
U;, of G onH; ,, respectively, with non-similar multipliers; >, then no ray-
representation o6 on’H = H; @ H; exists which restricts tal; ; on H;  re-
spectively. From this a SSR follows from the requirement that the Hilbert space
of pure states should carry a ray-representatio ofince such a space cannot
contain invariant linear subspaces that carry ray-representations with non-similar
multipliers.
An example is given by the SSR of univalence, that is, between states of integer
and half-integer spin. Heré is the groupSO(3) of proper spatial rotations. For
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integer spin it is represented by proper unitary representations, for half integer spin
with non-trivial multipliers. Another often quoted example is the Galilei group,
which is implemented in non-relativistic quantum mechanics by non-trivial unitary
ray-representations whose multipliers depend on the total mass of the system and
are not similar for different masses.

Such derivations have sometimes been criticised (e.g. in [12]) for depending
crucially on ones prejudice of what the symmetry gréuphould be. The relevant
observation here is the following: Any ray-representatioafan be made into a
proper representation of a larger grodpwhich is acentral extensioof G. But
no superselection rules follow {& rather thanG were required to be the acting
symmetry group on the set of pure states. For example, in case of the rotation
group,G = SO(3), it is sufficient to takeG = SU(2), its double (and universal)
cover. ForG the 10-parameter inhomogeneous Galilei group it is sufficient to take
for G an extension by the additive groip, which may even be motivated on
classical grounds [7].

SSRs in Local Quantum Field Theories

In Quantum Field Theory SSRs can arise from the restriction to (quasi) local ob-
servables. Charges which can be measured by fluxes through closed surfaces at
arbitrarily large spatial distances must then commute with all observables. A typi-
cal example is given by the total electric charge, which is given by the integral over
space of the local charge densijty According to Maxwell’'s equations, the latter
equals the divergence of the electric figldso that GauR’ theorem allows to write

Q = lim J (i - E)do, (11)
R0 Jjjx) =R

wheren is the normal to the spheif|| = R anddo its surface measure. K is

a local observable its support is in tbausal complemerdf the sphere§x|| = R

for sufficiently largeR. Hence, in the quantum theork commutes withQ. It is

possible, though technically far from trivial, that this formal reasoning can indeed

be justified in Local Quantum Field Theory [11]. For example, one difficulty is

that Gaul3’ law does not hold as an operator identity.

In modern Local Quantum-Field Theory [8], representations of the quasi-local
algebra of observables are constructed through the choice of a preferred state on
that algebra (GNS-construction), like the Poircavariant vacuum state, giving
rise to thevacuum sector The superselection structure is restricted by putting
certain selection conditions on such states, like e.g. the Doplicher-Haag-Roberts
(DHR) selection criterion for theories with mass gap (there are various generali-
sations [8]), according to which any representation should be unitarily equivalent
to the vacuum representation when restricted to observables whose support lies in
the causal complement of a sufficiently large (causally complete) bounded region
in spacetime. Interestingly this can be closely related to the existence of gauge
groups whose equivalence classes of irreducible unitary representations faithfully
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label the superselection sectors. Recently, a systematic study of SSRs in ‘Locally
Covariant Quantum Field Theory’ was started in [6]. Finally we mention that SSRs
may also arise as a consequence of non-trivial spacetime topology [3].

Environmentally Induced SSRs

The ubiquitous mechanism of decoherence effectively restrictbtiad verifica-

tion of coherences [10]. For example, scattering of light on a particle undergo-
ing a two-slit experimentlelocalisesthe relative-phase information for the two
beams along with the escaping light. Hence effective SSRs emerge locally in a
practically irreversible manner, albeit the correlations are actually never destroyed
but merely delocalised. The emergence of effective SSRs through the dynamical
process of decoherence has also been cailestlection[15]. For example, this

idea has been applied to the problem of why certain molecules naturally occur in
eigenstates of chirality rather than energy and parity, i.e. why sectors of different
chirality seem to be superselected so that chirality becomes a classical observable.
This is just a special case of the general question of how classical behaviour can
emerge in Quantum Theory. It may be asked whettleESRs are eventually of

this dynamically emergent nature, or whether strictly fundamental SSRs persist on
a kinematical level [10]. The complementary situation in theoretic modelling may
be characterised as follows: Derivations of SSRs from axiomatic formalisms lead
to exact results on models of only approximate validity, whereas the dynamical
approach leads to approximate results on more realistic models.

SSRs in Quantum Information

In the theory of Quantum Information a somewhat softer variant of SSRs is defined
to be a restriction on the allowed local operations (completely positive and trace-
preserving maps on density matrices) on a system [4]. In general, it therefore leads
to constraints on (bipartite) entanglement. Here the restrictions considered are usu-
ally not thought of as being of any fundamental nature, but rather for mere practical
reasons. For example, without an external reference system for the definition of an
overall spatial orientation, only ‘rotationally covariant’ operati@s p — O(p)

are allowed, which means thé& must satisfy

O[U(g)pUi(g)] = U(g)O(p)UT(g) Vg € SO(3), 12)

whereU is the unitary representation of the gro§f(3) of spatial rotations in
Hilbert space. Insofar as the local situation is concerned, this may be rephrased
in terms of the original setting of SSRs, e.g. by regarditj3) as gauge group,
restricting local observables and states to those commutingSgi3). On the

other hand, one also wishes to consider situations in which, for example, a local
bipartite system (Alice and Bob) is given a state that has been prepared by a third
party that isnot subject to the SSR.
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