
How to move an electromagnetic field?

Márton Gömöri and László E. Szabó
Department of Logic, Institute of Philosophy

Eötvös University, Budapest
http://phil.elte.hu/logic

Preprint (12 September 2011)

Abstract

As a first principle, it is the basic assumption of the standard relativis-
tic formulation of classical electrodynamics (ED) that the physical laws
describing the electromagnetic phenomena satisfy the relativity principle
(RP). According to the standard view, this assumption is absolutely un-
problematic, and its correctness is well confirmed, at least in a hypothetico-
deductive sense, by means of the empirical confirmation of the conse-
quences derived from it. In this paper, we will challenge this customary
view as being somewhat simplistic. The RP is actually used in exceptional
cases satisfying some special conditions. As we will see, however, it is
quite problematic how the RP must be understood in the general case of a
coupled particles + electromagnetic field system.

1 Introduction

As a first principle, it is the basic assumption of the standard relativistic for-
mulation of classical electrodynamics (ED) that the physical laws describing
the electromagnetic phenomena satisfy the relativity principle (RP). According
to the standard view, this assumption is absolutely unproblematic, and its cor-
rectness is well confirmed, at least in a hypothetico-deductive sense, by means
of the empirical confirmation of the consequences derived from it. In this pa-
per, we will challenge this customary view as being somewhat simplistic. In
the majority of cases these results are, in fact, derived merely from the covari-
ance of the corresponding equations, by means of the transformation rules. The
RP is actually used in exceptional cases satisfying some special conditions. As
we will see, however, it is quite problematic how the RP must be understood
in the general case of a coupled particles + electromagnetic field system.

Einstein’s (1905) derivation of the relativistic Lorentz equation of motion
of a charged particle, or, in the same paper, the derivation of the relativistic
Doppler effect are good examples for the first group of situations in which the
results are obtained merely from the covariance and the transformation rules.

According to the standard schema, the covariance of the equations of elec-
trodynamics is taken as a straightforward consequence of the RP and the trans-
formation rules for the basic electrodynamical quantities are derived from the
required covariance. There are several problems to be raised concerning these
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derivations, and certain steps are questionable (Gömöri and Szabó 2011b). This
is however not our main concern here. We do not question the transformation
rules of the electrodynamical quantities—and, therefore, the covariance of the
Maxwell–Lorentz equations—as they can be derived from the laws of electro-
dynamics in one single frame of reference, independently of the RP (Gömöri
and Szabó 2011b). Our concern in this paper is whether the Maxwell–Lorentz
electrodynamics satisfies the RP.

It is generally true that covariance is a logical consequence of the RP, at least
under some plausible conditions (Gömöri–Szabó 2011a). It must be clear how-
ever that the opposite is not true: covariance of the equations is not sufficient
for the RP. In Bell’s words:

Lorentz invariance alone shows that for any state of a system at rest
there is a corresponding ‘primed’ state of that system in motion. But
it does not tell us that if the system is set anyhow in motion, it will
actually go into the ’primed’ of the original state, rather than into
the ‘prime’ of some other state of the original system. (Bell 1987,
p. 75)

While it is the very essence of the RP that it is about the connection between
two situations: one is in which the system, as a whole, is at rest relative to one
inertial frame, say K, the other is in which the system shows the similar behav-
ior, but being in a collective motion relative to K, co-moving with some K′. In
other words, the RP assigns to each solution F of the equations, stipulated to
describe the situation in which the system is co-moving as a whole with inertial
frame K, another solution MV(F), describing the similar behavior of the same
system when it is, as a whole, co-moving with inertial frame K′, that is, when
it is in a collective motion with velocity V relative to K, where V is the velocity
of K′ relative to K. And it asserts that the solution MV(F), expressed in the
primed variables of K′, has exactly the same form as F in the original variables
of K.1

To put the problem we address in this paper in perspective, let us focus on
the fact that the RP is about the relationship between two states of the physical
system in question: One is in which the system, as a whole, is at rest relative to
K; the other is in which the system is at rest relative to K′, that is, in which the
system is in motion with constant velocity relative to K. Consequently, a minimal
requirement for the RP to be a meaningful statement is the following :

Minimal Requirement for the RP (MR) The states of the system in question
must be meaningfully characterized as such in which the system as a whole is at rest
or in motion with some velocity relative to an arbitrary frame of reference.

Let us show a well-known electrodynamical example in which a particles
+ electromagnetic field system satisfies this condition. Consider one single
charged particle moving with constant velocity V = (V, 0, 0) relative to K and

1For a more precise formulation of the relativity principle and covariance, see Gömöri–Szabó
2011a.
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the coupled stationary electromagnetic field (Jackson 1999, pp. 661):

MV(F)



Ex =
qX0(

X2
0 + (y− y0)

2 + (z− z0)
2
)3/2

Ey =
γq (y− y0)(

X2
0 + (y− y0)

2 + (z− z0)
2
)3/2

Ez =
γq (z− z0)(

X2
0 + (y− y0)

2 + (z− z0)
2
)3/2

Bx = 0

By = −c−2VEz

Bz = c−2VEy

(1)

where where (x0, y0, z0) is the initial position of the particle at t = 0, X0 =

γ (x− (x0 + Vt)) and γ =
(

1− V2

c2

)− 1
2 . In this case, it is no problem to charac-

terize the particle + electromagnetic field system as such which is, as a whole,
in motion with velocity V relative to K; as the electromagnetic field is in collec-
tive motion with the point charge of velocity V (Fig. 1) in the following sense:2

E(r, t) = E(r−Vδt, t− δt) (2)
B(r, t) = B(r−Vδt, t− δt) (3)

that is,

−∂tE(r, t) = DE(r, t)V (4)
−∂tB(r, t) = DB(r, t)V (5)

where DE(r, t) and DB(r, t) denote the spatial derivative operators (Jacobians
for variables x, y and z); that is, in components:

−∂tEx(r, t) = Vx∂xEx(r, t) + Vy∂yEx(r, t) + Vz∂zEx(r, t) (6)
−∂tEy(r, t) = Vx∂xEy(r, t) + Vy∂yEy(r, t) + Vz∂zEy(r, t) (7)

...
−∂tBz(r, t) = Vx∂xBz(r, t) + Vy∂yBz(r, t) + Vz∂zBz(r, t) (8)

2It must be pointed out that velocity V conceptually differs from the speed of light c. Basically, c
is a constant of nature in the Maxwell–Lorentz equations, which can emerge in the solutions of the
equations; and, in some cases, it can be interpreted as the velocity of propagation of changes in the
electromagnetic field. For example, in our case, the stationary field of a uniformly moving point
charge, in collective motion with velocity V, can be constructed from the superposition of retarded
potentials, in which the retardation is calculated with velocity c; nevertheless, the two velocities
are different concepts. To illustrate the difference, consider the fields of a charge at rest (9), and in
motion (1). The speed of light c plays the same role in both cases. Both fields can be constructed
from the superposition of retarded potentials in which the retardation is calculated with velocity
c. Also, in both cases, a small local perturbation in the field configuration would propagate with
velocity c. But still, there is a consensus to say that the system described by (9) is at rest while the
one described by (1) is moving with velocity V (together with K′, relative to K.) A good analogy
would be a Lorentz contracted moving rod: V is the velocity of the rod, which differs from the
speed of sound in the rod.
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Figure 1: The stationary field of a uniformly moving point charge is in collec-
tive motion together with the point charge

The uniformly moving point charge + electromagnetic field system not only
satisfies condition MR, but it satisfies the RP: Formula (1) with V = 0 describes
the static field of the particle when they are at rest in K :

F



Ex =
q (x− x0)(

(x− x0)
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(9)

By means of the Lorentz transformation rules one can express (1) in terms of
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the ‘primed’ variables of the co-moving reference frame K′:
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(
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)2
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(
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)2
)3/2
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(
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(
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)3/2
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q′ (z′ − z′0)((
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)2

+
(
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)2
+
(
z′ − z′0

)2
)3/2

B′x = 0

B′y = 0

B′z = 0

(10)

and we find that the result is indeed of the same form as (9).
So, in this well-known particular textbook example the RP is meaningful

and satisfied. In accordance with the standard realistic interpretation of elec-
tromagnetic field (Frisch 2005, p. 41), the states F and MV(F) can be mean-
ingfully characterized as such in which both parts of the physical system, the
particle and the electromagnetic field, are at rest or in motion with some veloc-
ity relative to an arbitrary frame of reference. We will show, however, that this
is not the case in general.

2 How to understand the RP for a general electro-
dynamical system?

What meaning can be attached to the words “a coupled particles + electro-
magnetic field system is in collective motion with velocity V” (V = 0 included)
relative to a reference frame K, in general? One might think, we can read off
the answer to this question from the above example. However, focusing on the
electromagnetic field, the partial differential equations (4)–(5) imply that

E(r, t) = E0(r−Vt) (11)
B(r, t) = B0(r−Vt) (12)

with some time-independent E0(r) and B0(r). In other words, the field must
be a stationary one, that is, a translation of a static field with velocity V. But,
(11)–(12) is certainly not the case for a general solution of the equations of ED;
the field is not necessarily translating with a collective velocity. The behavior
of the field can be much more complex. Whatever this complex behavior is, we
believe that the following general metaphysical principle holds:

Humean Supervenience of Motion (HSM) If an extended object as a whole is at
rest or is in motion with some velocity relative to an arbitrary reference frame K, then
all local parts of it are in motion with some local instantaneous velocity v(r, t) relative
to K.

Combining HSM with MR, we obtain the following:
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Local Minimal Requirement for the RP (LMR) The states of the extended phys-
ical system in question must be meaningfully characterized as such in which all local
parts of the system are at rest or in motion with some local instantaneous velocity
relative to an arbitrary frame of reference.

Consequently, in case of electrodynamics, a straightforward minimal re-
quirement for the RP to be a meaningful statement is that (2)–(3) must be satis-
fied at least locally with some local and instantaneous velocity v(r, t): it is quite
natural to say that the electromagnetic field at point r and time t is moving
with local and instantaneous velocity v(r, t) if and only if

E(r, t) = E (r− v(r, t)δt, t− δt) (13)
B(r, t) = B (r− v(r, t)δt, t− δt) (14)

are satisfied locally, in an infinitesimally small space and time region at (r, t), for
infinitesimally small δt. In other words, the equations (4)–(5) must be satisfied
locally at point (r, t) with a local and instantaneous velocity v(r, t):

−∂tE(r, t) = DE(r, t)v(r, t) (15)
−∂tB(r, t) = DB(r, t)v(r, t) (16)

In other words, if the RP, as it is believed, applies to all situations in electro-
dynamics, there must exist a local instantaneous velocity field v(r, t) satisfying
(15)–(16) for all possible solutions of the following system of Maxwell–Lorentz
equations:

∇ · E (r, t) =
n

∑
i=1

qiδ
(

r− ri (t)
)

(17)

c2∇× B (r, t)− ∂tE (r, t) =
n

∑
i=1

qiδ
(

r− ri (t)
)

vi (t) (18)

∇ · B (r, t) = 0 (19)
∇× E (r, t) + ∂tB (r, t) = 0 (20)

miγ
(

vi (t)
)

ai(t) = qi
{

E
(

ri (t) , t
)
+ vi (t)× B

(
ri (t) , t

)
−c−2vi (t)

(
vi (t) ·E

(
ri (t) , t

))}
(21)

(i = 1, 2, . . . n)

where, γ(. . .) =
(

1− (...)2

c2

)− 1
2
, qi is the electric charge and mi is the rest mass

of the i-th particle. That is, substituting an arbitrary solution3 of (17)–(21) into
3Without entering into the details, it must be noted that the Maxwell–Lorentz equations (17)–

(21), exactly in this form, have no solution. The reason is that the field is singular at precisely the
points where the coupling happens: on the trajectories of the particles. The generally accepted an-
swer to this problem is that the real source densities are some “smoothed out” Dirac deltas, deter-
mined by the physical laws of the internal worlds of the particles—which are, supposedly, outside
of the scope of ED. With this explanation, for the sake of simplicity we leave the Dirac deltas in
the equations. Since our considerations here focuses on the electromagnetic field, satisfying the
four Maxwell equations, we must only assume that there is a coupled dynamics—approximately
described by equations (17)–(21)—and that it constitutes an initial value problem. In fact, Theo-
rem 1 could be stated in a weaker form, by leaving the concrete form and dynamics of the source
densities unspecified.
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(15)–(16), the overdetermined system of equations must have a solution for
v(r, t).

However, one encounters the following difficulty:

Theorem 1. There is a dense subset of solutions
(
r1 (t) , . . . rn (t) , E(r, t), B(r, t)

)
of

the coupled Maxwell–Lorentz equations (17)–(21) for which there cannot exist a local
instantaneous velocity field v(r, t) satisfying (15)–(16).

Proof. The proof is almost trivial for a locus (r, t) where there is a charged point
particle. However, in order to avoid the eventual difficulties concerning the
physical interpretation, we are providing a proof for a point (r∗, t∗) where there
is assumed no source at all.

Consider a solution
(
r1 (t) , . . . rn (t) , E(r, t), B(r, t)

)
of the coupled

Maxwell–Lorentz equations (17)–(21), which satisfies (15)–(16). At point
(r∗, t∗), the following equations hold:

−∂tE(r∗, t∗) = DE(r∗, t∗)v(r∗, t∗) (22)
−∂tB(r∗, t∗) = DB(r∗, t∗)v(r∗, t∗) (23)

∂tE(r∗, t∗) = c2∇× B(r∗, t∗) (24)
−∂tB(r∗, t∗) = ∇× E(r∗, t∗) (25)
∇ · E(r∗, t∗) = 0 (26)
∇ · B(r∗, t∗) = 0 (27)

Without loss of generality we can assume—at point r∗ and time t∗—that oper-
ators DE(r∗, t∗) and DB(r∗, t∗) are invertible and vz(r∗, t∗) 6= 0.

Now, consider a 3× 3 matrix J such that

J =

 ∂xEx(r∗, t∗) Jxy Jxz
∂xEy(r∗, t∗) ∂yEy(r∗, t∗) ∂zEy(r∗, t∗)
∂xEz(r∗, t∗) ∂yEz(r∗, t∗) ∂zEz(r∗, t∗)

 (28)

with

Jxy = ∂yEx(r∗, t∗) + λ (29)

Jxz = ∂zEx(r∗, t∗)− λ
vy(r∗, t∗)
vz(r∗, t∗)

(30)

by virtue of which

Jxyvy(r∗, t∗) + Jxzvz(r∗, t∗) = vy(r∗, t∗)∂yEx(r∗, t∗)
+vz(r∗, t∗)∂zEx(r∗, t∗) (31)

Therefore, Jv(r∗, t∗) = DE(r∗, t∗)v(r∗, t∗). There always exists a vector field
E#

λ(r) such that its Jacobian matrix at point r∗ is equal to J. Obviously,
from (26) and (28), ∇ · E#

λ(r∗) = 0. Therefore, there exists a solution of the
Maxwell–Lorentz equations, such that the electric and magnetic fields Eλ(r, t)
and Bλ(r, t) satisfy the following conditions:4

Eλ(r, t∗) = E#
λ(r) (32)

Bλ(r, t∗) = B(r, t∗) (33)
4E#

λ(r) and Bλ(r, t∗) can be regarded as the initial configurations at time t∗; we do not need to
specify a particular choice of initial values for the sources.
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At (r∗, t∗), such a solution obviously satisfies the following equations:

∂tEλ(r∗, t∗) = c2∇× B(r∗, t∗) (34)
−∂tBλ(r∗, t∗) = ∇× E#

λ(r∗) (35)

therefore
∂tEλ(r∗, t∗) = ∂tE(r∗, t∗) (36)

As a little reflection shows, if DE#
λ(r∗), that is J, happened to be not invert-

ible, then one can choose a smaller λ such that DE#
λ(r∗) becomes invertible (due

to the fact that DE(r∗, t∗) is invertible), and, at the same time,

∇× E#
λ(r∗) 6= ∇× E(r∗, t∗) (37)

Consequently, from (36) , (30) and (22) we have

−∂tEλ(r∗, t∗) = DEλ(r∗, t∗)v(r∗, t∗) = DE#
λ(r∗)v(r∗, t∗) (38)

and v(r∗, t∗) is uniquely determined by this equation. On the other hand, from
(35) and (37) we have

−∂tBλ(r∗, t∗) 6= DBλ(r∗, t∗)v(r∗, t∗) = DB(r∗, t∗)v(r∗, t∗) (39)

because DB(r∗, t∗) is invertible, too. That is, for Eλ(r, t) and Bλ(r, t) there is no
local and instantaneous velocity at point r∗ and time t∗.

At the same time, λ can be arbitrary small, and

lim
λ→0

Eλ(r, t) = E(r, t) (40)

lim
λ→0

Bλ(r, t) = B(r, t) (41)

Therefore solution
(
r1

λ (t) , . . . rn
λ (t) , Eλ(r, t), Bλ(r, t)

)
can fall into an arbitrary

small neighborhood of
(
r1 (t) , . . . rn (t) , E(r, t), B(r, t)

)
.

Thus, the meaning of the concept of “electromagnetic field moving with
a local instantaneous velocity v(r, t) at point r and time t”, that we obtained
by a straightforward generalization of the example of the stationary field of a
uniformly moving charge, is untenable. We do not see other available rational
meaning of this concept; which would be, however, a necessary conceptual
plugin to the RP. In any event, lacking a better suggestion, we must conclude
that the RP is a statement which is meaningless for a general electrodynamical
situation. So it is hard to understand how the RP can be the first principle of
relativistic electrodynamics.

Finally, notice that our investigation has been concerned with the general
laws of Maxwell–Lorentz electrodynamics of a coupled particles + electromag-
netic field system. The proof of the theorem was essentially based on the pre-
sumption that all solutions of the Maxwell–Lorentz equations, determined by
any initial state of the particles + electromagnetic field system, corresponded
to physically possible configurations of the electromagnetic field. It is some-
times claimed, however, that the solutions must be restricted by the so called
retardation condition, according to which all physically admissible field con-
figurations must be generated from the retarded potentials belonging to some
pre-histories of the charged particles (Jánossy 1971, p. 171; Frisch 2005, p. 145).
There is no obvious answer to the question of how Theorem 1 is altered under
such additional condition.
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