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Abstract

Of the many and varied applications of quantum information the-
ory, perhaps the most fascinating is the sub-field of quantum compu-
tation. In this sub-field, computational algorithms are designed which
utilise the resources available in quantum systems in order to compute
solutions to computational problems with, in some cases, exponen-
tially fewer resources than any known classical algorithm. While the
fact of quantum computational speedup is almost beyond doubt, the
source of quantum speedup is still a matter of debate. In this paper I
argue that entanglement is a necessary component for any explanation
of quantum speedup and I address some purported counter-examples
that some claim show that the contrary is true. In particular, I address
Cleve et al.’s solution to Deutsch’s problem, Biham et al.’s mixed-state
version of the Deutsch-Jozsa algorithm, and Knill & Laflamme’s de-
terministic quantum computation with one qubit (DQC1) model of
quantum computation. I argue that these examples do not demon-
strate that entanglement is unnecessary for the explanation of quan-
tum speedup, but that they rather illuminate and clarify the role that
entanglement does play.
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1 Introduction

The significance of the phenomenon of quantum entanglement—wherein the
most precise characterisation of a quantum system composed of previously
interacting subsystems does not necessarily include a precise characterisation
of those subsystems—has been at the forefront of the debate over the con-
ceptual foundations of quantum theory, almost since that theory’s inception.
It is the distinguishing feature of quantum theory, for some (Schrodinger,
1935) For others, it is evidence for the incompleteness of that theory
(Einstein, Podolsky, & Rosen, 1935)B For yet others, the possibility of en-
tangled quantum systems implies that physical reality is essentially non-local
(Stapp, 1997).@ For almost all, it has been, and continues to be, an enigma
requiring a solution.

For most of the history of quantum theory, serious investigation into the
significance and implications of entanglement has (similarly to most other
foundational issues), been conducted mainly by philosophers of physics and
by a few philosophically-minded theoretical and experimental physicists in-
terested in foundational issues. With the advent of quantum information
theory, this has begun to change. In quantum information theory, quantum
mechanical systems are utilised to implement communications protocols and
computational algorithms that are faster and more efficient than any of their
known classical counterparts. Because it is almost surely the case that one
or more of the fundamental distinguishing aspects of quantum mechanics is
responsible for this ‘quantum advantage’, quantum information theory has
precipitated an explosion of physical research into the traditionally founda-
tional issues of quantum theory.

Of the many and varied applications of quantum information theory, per-
haps the most fascinating is the sub-field of quantum computation. In this
sub-field, computational algorithms are designed which utilise the resources
available in quantum systems in order to compute solutions to computational
problems with, in some cases, exponentially fewer resources than any known
classical algorithm. A striking example of this so-called ‘quantum speedup’

For some more recent speculation on the the distinguishing feature(s) of quantum
mechanics, see, for instance, |Clifton et all (2003); Myrvold (2010).

2For further discussion, and for Einstein’s later refinements of the Einstein-Podolsky-
Rosen (EPR) paper’s main argument, see Howard (1985).

3For responses to Stapp’s view and for further discussion, see: [Unruh (1999); Mermin
(1998); IStapp (1999).
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is Shor’s algorithm (Shor, 1997) for factoring integers. A basic distinction,
in computational complexity theory, is between those computational prob-
lems that are amenable to an efficient solution in terms of time and space
resources, and those that are not. Easy (or ‘tractable’; ‘feasible’; ‘efficiently
solvable’; etc.) problems are those which involve resources bounded by a
polynomial in the input size, n (n° time steps, for instance). Hard prob-
lems are those which are not easy; they are those problems whose solution
requires resources that are ‘exponential’ in n, i.e., that grow faster than any
polynomial in n B The factoring problem is believed to be hard, classically,
and indeed, much of current internet security relies on this fact. Shor’s quan-
tum algorithm for factoring integers, however, makes the factoring problem
efficiently solvable.

While the fact of quantum computational speedup is almost beyond
doubtﬁ the source of quantum speedup is still a matter of debate. Can-
didate explanations of quantum speedup range from the purported ability of
quantum computers to perform multiple function evaluations simultaneously
(Deutsch, [1997; Duwell, 2004; Hewitt-Horsman, 2009)E| to the purported
ability of a quantum computer to compute a global property of a function
without evaluating any of its values (e.g. [Steane, 2003; Bub, 2010).

In most candidate explanations for quantum speedup, the fact that quan-
tum mechanical systems can sometimes exhibit entanglement plays an im-
portant role. On Steane’s view, for instance, quantum entanglement allows
one to manipulate the correlations between the values of a function without
manipulating those values themselves. For proponents of the many worlds ex-
planation, on the other hand, though they consider computational worlds to
be the main component in the explanation of quantum speedup, they never-
theless view entanglement as indispensable to its analysis (Hewitt-Horsman,
2009, 889). It is thus somewhat disconcerting that recent physical research

4As this class of problems includes those solvable in, for instance, n!°8™ steps, this
convention abuses, somewhat, the term exponential, hence my use of scare quotes.

5As we will discuss in more detail later, the easy-hard distinction is not meant to reflect
any deep mathematical truth about the nature of computational algorithms, but is rather
meant as a practical characterisation of what we normally associate with efficiency.

6Just as with other important problems in computational complexity theory, such as
the P = NP problem, there is currently no proof, though it is very strongly suspected to
be true, that the class of problems efficiently solvable by a quantum computer is larger
than the class of problems efficiently solvable by a classical computer.

"For criticisms of the version of this view that takes this parallel computation to occur
in many parallel universes, see, for instance, [Steane (2003); [Duwell (2007); (Cuffaro (2011).
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seems to suggest that entanglement, rather than being indispensable, may
be irrelevant to the general explanation of quantum speedup.

Logically, entanglement may play the role of either a necessary or a suf-
ficient condition (or both) in an overall explanation of quantum speedup. In
light of the Gottesman-Knill theorem (Nielsen & Chuang, 2000, 464), it is
clear that entanglement cannot play the role of a sufficient condition. Accord-
ing to this theorem, any quantum computation which exclusively utilises the
elements of a restricted subset of quantum gate@ can be efficiently simulated
by a classical computer. Interestingly, among the quantum informational
protocols which can be so characterised are the teleportation and superdense
coding protocols, and both of these (and others) involve the use of entan-
gled quantum states. As for the assertion that entanglement is a necessary
condition, this has gained wide acceptance and seems to be confirmed by a
result due tolJozsa & Linden (2003), who prove that for quantum algorithms
which utilise pure states, “the presence of multi-partite entanglement, with
a number of parties that increases unboundedly with input size, is necessary
if the quantum algorithm is to offer an exponential speed-up over classical
computation” (2003, p. 2014).

Jozsa & Linden’s result does not seem to extend to mized states, however,
for |Biham et al.! (2004) have shown that it is possible to achieve a modest
(sub-exponential) speedup using unentangled mixed states, while Datta et al.
(2004, 2008) have shown that it is possible to achieve an exponential speedup
using mixed states that contain only a vanishingly small amount of entan-
glement. In the latter case, further investigation has suggested to some that
quantum features other than entanglement may be playing a more important
role. One quantity in particular, quantum discord, appears to be intimately
connected to the speedup that is present in the algorithm in question. In lieu
of these results, it is tempting to conclude that it is not necessary to appeal
to entanglement at all in order to explain computational speedup and that
the investigative focus should shift to the physical characteristics of quantum
discord or some other such quantum correlations instead.

I will argue that this conclusion is premature and misguided, for as I will
show below, there is an important sense in which entanglement can indeed be
said to be necessary for the explanation of the quantum speedup obtainable
from both of these mixed-state quantum algorithms. In the case where sub-

8These are the Clifford group of gates, which include the Hadamard, phase, controlled-
not, and Pauli measurement gates.
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exponential speedup has been demonstrated with unentangled mixed states,
this has been accomplished through the use of so-called pseudo-entanglement.
But while pseudo-entangled states are separable by definition, I will argue
that there is nevertheless a clear sense in which entanglement plays a role
in the computational work done by such states. Further, it can be shown
that in order to turn the sub-exponential speedup into exponential speedup
in [Biham et al’s example it is necessary to move from a pseudo-entangled
state to an entangled state.

As for the concept of quantum discord, while it is indeed a useful information-
theoretic concept, perhaps as useful as the concept of entanglement for the
study of certain mixed-state quantum computational algorithms, I will ar-
gue that it is nevertheless misleading and indeed that it is likely erroneous to
view it as a resource that is essentially distinct from quantum entanglement.
Rather, one should view both discord and entanglement as manifestations of
the same underlying physical resource, and indeed that entanglement is the
more fundamental of these. In support of this conclusion I will appeal to
recent work done by [Fanchini et al! (2011)), Brodutch & Ternd (2011), and
Devi et _al! (2011) who show, respectively, that there is a conservation relation
between discord and entanglement in tripartite settings; that entanglement
must be shared between two parties in order to bilocally implement any bi-
partite quantum gate; and that a generalisation of the measurement scheme
employed in the analysis of quantum correlations results in a collapse of the
distinction between quantum discord and quantum entanglement.

This paper will proceed as follows. After introducing the concept of
entanglement in §2, I will consider the role it plays in pure state quantum
computation in §3] and I will show how what looks like a counter-example to
the claim that entanglement is a necessary component of the explanation of
speedup for pure states—the fact that certain important quantum algorithms
can be expressed so that their states are never entangled—is instead evidence
for this thesis. The main concern of the paper will be taken up in §4] where
I examine the more serious challenges posed by the cases of sub-exponential
speedup with unentangled mixed states (§4.1]) and exponential speedup with
mixed states containing only a vanishingly small quantity of entanglement

($2.2).
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2 Quantum Entanglement

Consider the following joint state of two qubitsﬂ
) =10) ®[0) +10) ® |1) + |1) ® |0) + [1) @ |1).

This expression for the overall state of the system represents the fact that the
two qubits are in an equally weighted superposition of the four joint states
(a)-(d) below:

q Q2
(a) |0) [0)
(b) 10) 1)
(c) [1) 10)
(d) (1) 1)

This particular state is a separable state, for it can, alternatively, be expressed
as a product of the pure states of its component systems, as follows:

[¥) = (10) + 1)) @ (|0) +[1)).

Not all quantum mechanical states can be expressed as product states of
their component systems, and thus not all quantum mechanical states are
separable. Here are four such ‘entangled’ states{]

1y _ 00) +11)
|00y —[11)
1y _ [01) + [10)
gy = 00 =110

V2

9A qubit is the basic unit of quantum information, analogous to a classical bit. It can
be physically realised by any two-level quantum mechanical system. Like a bit, it can be
“on”: |1) or “off”: |0), but unlike a bit it can also be in a superposition of these values.

19From now on, I will usually, for brevity, omit the tensor product symbol from expres-
sions for states of multi-particle systems; i.e., |@8) and |a)|8) should be understood as
shorthand forms of |a) ® |5).
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The skeptical reader is encouraged to convince himself that it is impossible to
re-express any of these states as a product state of two qubits. They are called
the Bell states, and I will refer to a pair of qubits jointly in a Bell state as a
Bell pair Maximally entangled states such as these, completely specify
the correlations between outcomes of experiments on their component qubits
without specifying anything regarding the outcome of a single experiment
on one of the qubits. For instance, in the singlet state (|¥~)), outcomes of
experiments on the first and second qubits are perfectly anti-correlated with
one another. If one performs, say, a 24+ experiment on one qubit of such a
system, then if the result is |0), a Z+ experiment on the other qubit will,
with certainty, yield an outcome of |1), and vice versa. However any single
Z+ experiment on just one of the two qubits will yield |0) or |1) with equal
probability, for the marginal probabilities are completely mixed.

We have been discussing pure states, but the concepts of separability and
of entanglement are applicable to mixed states as well. Imagine that one
draws a ball from an urn into which balls of different types have been placed,
and that the probability of drawing a ball of type 7 is p;. After drawing the
ball, we inform our friends Alice, Bob, Charles, and so on, that the outcome
of the draw was i, after which they all locally create their own individual
quantum states pX (where p¥ is the density matrix representation of X’s
state corresponding to outcome 7). After creating these states they then
discard the information they were given about the result of the draw. The
resulting state of the overall system will be:

PABC- IZPi/f?@Pf@piC@'” (1)

If all of the p;* are either pure or separable, then so is the overall state.
In general, however, determining whether a mixed state of the form () is
entangled is more subtle, because in general the decomposition of mixtures is
non-unique. For instance, the reader can verify that a mixed state p, which

These are also sometimes referred to as ‘EPR pairs’. EPR stands for Einstein, Podol-
sky, and Rosen. In their seminal 1935 paper, EPR famously used states analogous to the
Bell states to argue that quantum mechanics is incomplete.

12Not all entangled states are maximally entangled states. For instance, the state

@) = 1/ £]01) + 1/ 2|10), though entangled, is not a maximally entangled state. For more
3 3 g g y g

on the theory of entanglement measures, see [Plenio & Virmani (2007).
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is prepared as a mixture of pure states in the following way:

3 1
p = 210)(0]+ 7141,

can also be equivalently prepared as:

1 1
p = SI0) 01+ 51oNel,

o=+ 3. 10 =20,

since the two preparations will yield identical density matrices. In particular,
as we will see in more detail later, a state that is prepared as a mixture
of entangled states can sometimes be rewritten (and hence prepared) as a
mixture of pure product states[

The phenomenon of entanglement has deep implications for our under-
standing of the physical world. Consider an alternative theory of quantum
mechanics in which A is an assignment to a set of hidden variables deter-
mining the outcomes of experiments on the two subsystems of a Bell pair.
Suppose A satisfies the condition that it assigns probabilities to outcomes
of experiments on the first subsystem that are independent of experimental
outcomes on the second subsystem (and vice versa); i.e.,

where

Pi(%ala, b) = pX(zala, b, zs). (2)

This condition has variously been called completeness (Jarrett, 1984), out-
come independence (Shimony, 1993), and separability (Howard, 1997). Bell’s
inequalities imply that any theory consistent with the predictions of quantum
mechanics which satisfies (2]) must assign different probabilities to outcomes
of experiments on the first subsystem depending on the choice of test that is
performed on the second subsystem; i.e., it must violate the condition that

PA(Tala, b) = p}(zala, ). (3)

Jarrett and Howard call this second condition locality, while Shimony calls it
parameter independence. It turns out, in fact, that Bell’s inequalities imply

13The questions of which mixed states are entangled states, and of how much entangle-
ment is present in a given state, are fascinating ones and the interested reader is encouraged
to consult [Plenio & Virmani (2007) for a more detailed discussion.
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that any theory that is consistent with the predictions of quantum mechan-
ics must violate either (2) or ([B). In particular, a fully deterministic hidden
variables theory, which the reader should convince herself must necessar-
ily satisfy (2), must therefore necessarily violate (B)). On the other hand,
standard quantum mechanics obviously violates (2)), but satisfies ([3]). It is
worthwhile to note that a violation of (B]) necessarily brings one into conflict
with Special Relativity, but that it is not obvious that a mere violation of
(@) does so (Shimony, 1993), even on a dynamical collapse interpretation of
quantum mechanics (Myrvold, 2002).

We will have to forego a detailed consideration of the fundamental phys-
ical significance and interpretation of quantum entanglement, as such a dis-
cussion would bring us far beyond the issues relevant to this paper. Instead,
in the remainder of the paper we will focus on the use that is made of entan-
glement as a quantum information theoretic resource, in particular, within
the quantum computer. For these purposes my intention is to continue to
characterise entanglement as neutrally and uncontroversially as possible.

3 Entanglement in the quantum computer

3.1 The Deutsh-Jozsa algorithm

Deutsch’s problem (Deutsch, 1985) is the problem to determine whether a
given function f : {0,1} — {0, 1} is constant or balanced. Such a function
is constant if it produces the same output value for each of its inputs; it is
balanced if the output of one half of the inputs is the opposite of the output
of the other half. Thus, the constant functions from {0,1} — {0,1} are
f(x) =0 and f(x) = 1; the balanced functions are the identity and bit-flip
functions.

A generalised version of this problem enlarges the class of functions under
consideration so as to include all of the functions f : {0,1}" — {0,1}. Its
quantum solution is given by the Deutsch-Jozsa algorithm (Deutsch & Jozsa,
1992). In [Cleve et all’s improved version (Cleve et all, [1998), the algorithm
begins by initialising the quantum registers of the computer to [0™)|1), after
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which we apply a Hadamard transform to all n 4+ 1 qubits, so that:

) 2 (S0 1) (1)

(w S ) (L), @

The unitary transformation,

Ur(l2)|y)) =ar [2)|y ® f(2)), ()

is then applied, which has the effect {1

= <2i/ Z_<—1>f<x>|x>> (P0). )

T

If f is constant and = 0, this, along with a Hadamard transformation
applied to the first n qubits, will result in:

f=0: <2n/22|x>|— 2 o)),

where |—) =4 |0>\;§‘1>. Otherwise if f is constant and = 1, then this, along

with a Hadamard transformation applied to the first n qubits, will result in:

F=1: (2n/22_|x>|— L ).

In either case, a measurement in the computational basis on the first n qubits
yields the bit string z = 000...0 = 0" = 0 with certainty. If f is balanced,
on the other hand, then half of the terms in the superposition of values
of z in (6) will have positive phase, and half negative. After applying the

14 Given the state |2)(]0) —|1)) (omitting normalisation factors for simplicity), note that
when f(z) = 0, applying Uy yields |z)(|060) —|160)) = |z)(|0) —|1)); and when f(z) =1,
applying Uy yields |z)(|0® 1) = [1 @ 1)) = [z)([1) - [0)) = —[)(|0) — |1)).

10
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final Hadamard transform, the amplitude of |0™) will be zero[d Thus a
measurement of these qubits cannot produce the bit string z = 000...0 =
0™ = 0. In sum, if the function is constant, then z = 0 with certainty, and if
the function is balanced, z # 0 with certainty. In either case, the probability
of success of the algorithm is 1, using only a single invocation. This is
exponentially faster than any known classical solution.

It is often suggested that the entanglement present in states like (@) is a
necessary component of any explanation of quantum speedup I will call
this the necessity of entanglement thesis (NET), and it has been defended, for
instance, by [Ekert & Jozsa (1998) and [Steane (2003). Consider the individ-
ual state spaces of two quantum mechanical systems, Hfl and 7—[32, where d;
and dy are the dimensionality of the first and second system, respectively. In
quantum mechanics, the overall state space of the combined system is given
by the tensor product of the two systems, ”Hfl ® ’HSQ, with dimensionality
dy-dy. Thus the state space of a combined system of n two-dimensional qubits
is @"H?, with overall dimensionality 2". In classical mechanics, on the other

hand, the total state space of two individual subsystems w‘lh,wgz is given

by the cartesian product, wfl X wéb, with dimensionality d; + ds. Thus the
dimensionality of the state space of a classical system of n two-dimensional
subsystems is 2n.

As [Ekert & Jozsa note, the possibility of entangled quantum systems is
what is responsible for this difference in the allowable state space. To illus-
trate, consider how one would go about representing a general superposition

of n two-dimensional systems classically. It is possible to describe certain

15To illustrate, consider the case where n = 2. After applying Uy, the computer will be
in the state: (]00) — |01) 4 |10) — |11))|—). Applying a Hadamard transform to the two
input qubits will yield:

((100) +[01) + [10) + [11)) = (00) — [01) + |10) — [11))

+ (/00) +101) — [10) — [11)) — (|00) — [01) — [10) + |11>))|—>
= (0]00) +...)|—).

6The attentive reader who has noticed that there is actually no entanglement in (@)
when n = 1 will be somewhat puzzled by this statement. In fact, as we will see, entangle-
ment will only appear for n > 3. In what follows I will argue, however, that this turns out
to be evidence for, not against, the necessity of entanglement thesis. This will be clarified
shortly.

11
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classical systems in terms of superpositions; for instance, the state of motion
of a vibrating string can be characterised as a superposition of its two lowest
energy modes, in the same way that the state of a qubit can be characterised
as a superposition of the states |0) and [1). The joint state of a system of
n strings, however, will always be a product state; general superpositions, of
which there are 2" possibilities, and which include, in particular, entangled
states, cannot be physically represented using n classical systems in this way.
As an alternative, one may use a single classical system which allows for the
discrimination of 2" resource levels within it. The cost of such a represen-
tation scales exponentially with n, however, either (if the spacing between
resource levels is kept fixed) in terms of the total amount of resource required,
or (if the total amount of the resource is kept fixed) in terms of the increas-
ing precision required to discriminate the different resource levels. Thus,
because quantum mechanical states can be entangled with one another, they
allow us to fully exploit the representational capacity of Hilbert spaces, and
it is this capacity for efficient representation that is required for quantum
computational speedup, according to the NET.

At first sight, however, the following consideration seems to be problem-
atic for the NET. Consider the Deutsch-Jozsa algorithm for the special case
of n = 1. This case is essentially a solution for Deutsch’s problem. Deutsch’s
(1985) original solution to this problem is regarded as the very first quantum
algorithm developed and as the first example of what has since come to be
known as quantum speedup. If one considers the steps of [Cleve et al.’s im-
proved version of the algorithm, however, then the reader can confirm that at
no time during the computation are the two qubits employed actually entan-
gled with one another. The thesis that entanglement is a necessary condition
for quantum speedup thus seems false. But the situation is not as dark for
the NET as it appears, since for the case of n = 1, it is also the case that the
problem can be ‘de-quantised’, i.e., solved just as efficiently using classical
means.

One method for doing this (cf. |Abbott, 2010) is with a computer which
utilises the complex numbers {1, ¢} as a computational basis in lieu of {|0), |1)}.
A complex number z € C can be written as z = a + bi, where a,b € R, and
thus can be expressed as a superposition of the basis elements in much the
same way as a qubit The algorithm proceeds in the following way. We

1"Regarding the physical realisation of such a computer, note that complex numbers
can be used, for instance, to model the impedances of electrical circuits and that we can

12
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first note that the action of Uy on the first n qubits in (@) can, for the case
of n =1, be expressed asl'd

Z5 (1710 + -/ )

= ——(10) + (-1 ).

We now define an operator Cy, analogously to Uy, that acts on a complex
number as follows:

Cyla+bi) = (1)@ (a+ (~1)/ O W),

When f is constant, the reader can verify that C¢(z) = £(a + bi) = +z.
When f is balanced, Cf(z) = £(a — bi) = £z*. Multiplying by z/2 so as
to project our output back on to the computational basis, we find, for the
elementary case of z =1 + 4, that

f constant : %z 2=+
f balanced : %z cd2t =41

Thus for any z, if the result of applying C is imaginary, then f is constant,
else if the result is real, then f is balanced; indeed, the sign will tell us which
of the two balanced or two constant functions f is. This algorithm is just as
efficient as its quantum counterpart.

It can similarly be shown (cf. [Abbott, 2010) that no entanglement is
present in (B) when n = 2, and that for this case also it is possible to solve
the problem efficiently using classical means. When n > 3, however, (&)
is an entangling evolution and ([6]) is an entangled state. Unsurprisingly, it
is no longer possible to define an operator C; analogous to U; that takes
product states to product states, and thus it is no longer possible to produce
an equally efficient classical counterpart to the Deutsch-Jozsa algorithm (cf.
Abbott, 2010).

Indeed, for the general case, |Abbottl has shown that a quantum algo-
rithm can always be efficiently de-quantised whenever the algorithm does
not entangle the input states. Far from calling into question the role of

apply the superposition theorem to their analysis.
18Note that, since f(0) = £(0), (—=1)7(OSFOF1) = (_1)F V),

13
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entanglement in quantum computational speedup, the fact that Deutsch’s
algorithm does not require entanglement to succeed for certain special cases

actually provides (since in these cases it can be de-quantised) evidence for
the NET.

4 Quantum computing with mixed states

In their own analysis of de-quantisation, lJozsa & Linden (2003) similarly
find that, for pure quantum states, “the presence of multi-partite entangle-
ment, with a number of parties that increases unboundedly with input size,
is necessary if the quantum algorithm is to offer an exponential speed-up
over classical computation.” In the same article, however, \Jozsa & Linden
speculate as to whether it may be possible to achieve exponential speedup,
without entanglement, using mized states. In fact, as we will now see, it is
possible to achieve a modest (i.e., sub-exponential) speedup using unentan-
gled mixed states. As I will argue, however, entanglement nevertheless plays
an important role in the computational ability of these states, despite their
being unentangled by definition.

4.1 The mixed-state Deutsch-Jozsa algorithm

We will call a ‘pseudo-pure-state’ of n qubits any state that can be written
in the form:

Pk =g e|W) (W + (1 —€).7,

where [¢)) is a pure state on n qubits, and .# is defined as the totally mixed
state (1/2™)Iyn. It can be shown that such a state is separable (cf. §2)) and
remains so under unitary evolution just so long as
< 1

1+ 22n—1"
Now consider the Deutsch-Jozsa algorithm again (cf. §3.11). This time,

however, instead of beginning with the pure state |0")|1), we begin with the
pseudo-pure state:

£

p = el0))0"[{1] + (1 —&).7. (7)

9Multi-partite entanglement is entanglement between multiple parties (in general, more
than two). See [Plenio & Virmani (2007) for a more detailed discussion.

14
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The algorithm continues as before, except that this time our probability of
success is not unity.

To illustrate: imagine that we write some of the valid boolean functions
f:40,1}" — {0, 1} onto balls which we place into an urn, and assume that
these consist of an equal number of constant and balanced functions. We
select a ball from the urn and then test the algorithm with this function to see
if the algorithm successfully determines f’s type. Consider the case when f is
a constant function. In this case, we will say the algorithm succeeds whenever
it yields the bit string z = 0. We know, from §3.1], that the algorithm will
certainly succeed when p is in its pure partfie., |07)]1)(0™[(1]. This occurs
with probability €. When p is in its completely mixed part, on the other
hand, then since there are 2™ possible values that can be obtained for z, the
probability of successfully obtaining z = 0 in this case is 1/2". The overall
probability of success for the initial state p when f is constant is thus:

P(z =0|f is constant) = € + (1 — g)/2". (8)

The probability of failure is:

n

2n

P(z # 0|f is constant) = 2 (1 —e). (9)

In the case where f is balanced, a result of z # 0 represents success, and the
respective probabilities of success and failure are:

2n—1
P(z # 0| f is balanced) = ¢ + ST (1—2¢), (10)

P(z =0|f is balanced) = (1 —¢)/2". (11)

Now consider performing classical function calls on f with the object
of determining f’s type. The reader should convince herself that a single
such call, regardless of the result, will not change the probability of correctly
guessing the type of the function f. Thus the amount of information about
f’s type that is gained from a single classical function call is 027 On the

20As we noted in §2) mixed states such as (7)) can be prepared in a variety of ways. In
order to see clearly why (BHIT) hold, however, it is easiest to assume that the state has
been prepared as in ().

21This information gain is referred to as the mutual information between two variables
(in this case, between the type of the function and the result of a function call). For more on
the mutual information and other information-theoretic concepts, see [Nielsen & Chuang
(2000).
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other hand, as we should expect given (8HIT), for the mixed-state version of
the Deutsch-Jozsa algorithm, it can be shown that the information gained
from a single invocation of the algorithm is greater than zero for all positive
g, and that this is the case even when ¢ < mﬁ? i.e., the threshold below
which p no longer qualifies as an entangled state. Indeed, this is the case even
when ¢ is arbitrarily small (cf. Biham et all, [2004), although the information

gain in this case is likewise vanishingly small.

4.1.1 Explaining speedup in the mixed-state Deutsch-Jozsa algo-
rithm

The first question that needs to be answered here is whether the sub-exponential
gain in efficiency that is realised by the mixed-state Deutsch-Jozsa algorithm
should qualify as quantum speedup at all. On the one hand, from the point of
view of computational complexity theory, the solution to the Deutsch-Jozsa
problem provided by this algorithm is no more efficient than a classical solu-
tion: from a complexity-theoretic point of view, a solution S; to a problem
P is deemed to be just as efficient as a solution S, so long as S requires at
most a polynomial increase in the (time or space) resources required to solve
P as compared with Sg. From this point of view, only an exponential re-
duction in time or space resources can qualify as a true increase in efficiency.
Clearly, the mixed-state Deutsch-Jozsa algorithm does not yield a speedup
over classical solutions, in this sense, when ¢ is small. In fact it can be shown
(Vedral, 2010, 1148) that exponential speedup, and hence a true increase in
efficiency from a complexity-theoretic point of view, is achievable only when
¢ is large enough for the state to qualify as an entangled state.

On the other hand, there is a very real difference, in terms of the amount
of information gained, between one invocation of the black box (7]) and a
single classical function call—which is all the more striking since the amount
of information one can gain from a single classical function call is actually
zero. Further, one should not lose sight of the fact that the complexity-
theoretic characterisation of efficient algorithms is artificial and, in a certain
sense, arbitrary. For instance, on the complexity-theoretic characterisation of
computational efficiency, a problem, which for input size n, requires ~ n!%%
steps to solve is polynomial in terms of time resources in n and thus tractable,
while a problem that requires /&~ 2™/190 steps to solve is exponential in terms

22For more detail on the basic concepts of computational complexity theory, see
Papadimitriou (1994).
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of time resources in n and therefore considered to be intractable. In this
case, however, the ‘intractable’ problem will typically require much less time
to compute than the ‘tractable’ problem, for all but very large nPd Such
extraordinary examples aside, for most practical purposes the complexity-
theoretic characterisation of efficiency is a good one. Nevertheless it is im-
portant to keep in mind that this is a practical definition of efficiency which
does not reflect any deep mathematical truth or make any deep ontological
claim about what is and is not efficient in the common or pre-theoretic sense
of that term.

When one considers the state (7]) and the relations (8HITI]), one can say
that there is an intuitive sense in which entanglement is playing a role in the
computational ability of that state, even when ¢ is small enough so as to make
the state unentangled by definition. To illustrate my meaning, consider the
following, somewhat fanciful, situation. A fisherman in a maritime society
with a largely fish-based economy one day discovers that by painting her nets
yellow she is able to increase her yield of fish by a significant factor. The
practice quickly becomes widespread, but after a time it is realised that the
supply of yellow pigment is quickly becoming depleted and that the society’s
new-found affluence is fast becoming unsustainable. In the face of this, and
with the aim of economising the use of yellow pigment, the society’s best
scientists undertake an investigation into just how yellow a net must be in
order to effect an improvement in catch size. They experiment with various
paint mixes, and find that the average catch size of a net decreases as they
decrease the proportion of yellow pigment in the mixture used to paint it.
Nevertheless, as long as even a small proportion of yellow paint is used, there
is an improvement in catch size over what is possible when no yellow paint
is added to the mixture at all. Amazingly, they discover that there is an
improvement in catch size even when the proportion of yellow paint in the
mixture is vanishingly small-—small enough so that one would not call the
resulting colour yellow on any reasonable criterion of yellowness.

Now if the scientists were to conclude that their experiments demonstrate
yellow pigment is not necessary after all, we would judge them to be gravely
in error. We would say that although it is clear that only a vanishingly small
amount of yellow pigment is necessary to effect an improvement in catch
size, “vanishingly small” # 0; for if no yellow paint at all were added to the

ZFor example, for n = 1,000,000, the easy problem requires (109)1900 = 106000

to complete while the hard problem requires 21990 steps.

steps

17



Michael E. Cuffaro Reflections on the Role of Entanglement

mixture, there would be no increase in catch size. The situation here seems to
be analogous to the case of the mixed-state Deutsch-Jozsa algorithm, with
the pure state |0")[1)(0"|(1| playing the role of yellow pigment and ¢ its
proportion in the mixture. With probability e, the unitary transformation
([B) takes [0™)|1)(0™|(1| to an entangled state and this leads to an increased
probability of success despite the fact that ¢ is small enough to make the
overall state of the system unentangled and despite the fact that £ may be
vanishingly small in principle.

There is an important disanalogy between the two cases, however; in the
case of the paint mixture, we could always consider it to be composed of a
certain proportion of yellow pigment combined with a certain proportion of,
say, uncoloured paint; but in the case of the mixed-state algorithm, () is
only one way of preparing p. It is possible to prepare p in an alternate way if
we so desire, for instance (when ¢ is sufficiently small) as a product of n pure
states. And since such a state remains separable under unitary evolution, it
will be capable of a product state representation throughout the computation.
The pseudo-pure state representation may well function as a tool for finding
mixed quantum states that display a computational advantage—but once
found, it seems as though we may do away with this representation entirely.
Hence there seems to be no need to invoke entanglement in order to explain
the speedup obtainable with this state.

Such a conclusion ignores the nature of the computational process that
is actually occurring in the computer, however. In particular, it ignores the
fact—which we emphasised in our discussion of de-quantisation—that the
unitary evolution (B is, in general, an entangling evolution. If the computer
is more likely than a classical computer to correctly guess the type of a given
function, it is because it takes some of the product states in the ensemble,
those of the form (4l), to entangled states of the form ({@).

Assume the computer is more effective than a classical computer at guess-
ing the type of a function that it has been given, and let pp = >, pipt ®
pP@pf®@. .. be amixed product state representation of the computer before
the application of the transformation Uy and p, = Zj D p;.A ® p;.B ® p;_c R...
be a mixed product state representation of the computer after Uy has been
applied. The significance of the fact that Uy is an entangling transformation
is that when it is applied to pp, the state will not evolve to p—rather, it will
evolve to the state p’;, which is a mixture of entangled states. Since both
pp and pf; share the same density matrix representation, pz can then be
re-ezpressed as the mixed product state, pls; but we cannot directly obtain

18



Michael E. Cuffaro Reflections on the Role of Entanglement

p'p from an application of Uy to pp

To make the same point but from a different perspective, consider the
density matrix representation of the state of the computer, p;,;, before the
application of the unitary transformation U;. This representation subsumes
various preparation procedures, including the pseudo-pure preparation ([7);
and a unitary transformation applied to any of these preparations will yield
a state whose preparation can be subsumed under the density matrix rep-
resentation pyr;,,. Now we know that Uy evolves the pure product state (4
to the pure entangled state (@), and thus we know that Uy will evolve the
pseudo-pure state (7]) to a mixture of entangled states. But because the den-
sity matrix representation of the computer’s final state, py;;, must subsume
all evolutions from preparations associated with p;,;, after evolving p;,; it will
be possible to express pyi, as a mixture of entangled states; i.e., py;, will be
a pseudo-entangled state. Thus because Uy is an entangling transformation,
prin Will be a pseudo-entangled state, and our situation will be analogous
to the situation of the scientists in our imaginary maritime society—and we
should come to a similar conclusion, for we, like them, have been given no
reason to abandon the NET.

4.2 The power of one qubit

In the last subsection we saw that it is possible to achieve a sub-exponential
speedup for the Deutsch-Jozsa problem with an unentangled mixed-state.
We concluded that this does not constitute a counter-example to the NET,
since the computational algorithm in question is successful only when the
evolution of the state of the computer is an entangling evolution; therefore
the final state of the computer will always contain some entanglement (i.e.,
the state will be pseudo-entangled) despite the fact that the overall state will
be unentangled.

We now consider another purported counter-example to the NET. This

241 am indebted to Wayne Myrvold for suggesting this line of thought, and also to
the discussion in |Jozsa & Linden (2003, §5). I should also note that [Long et all (2002)
make a similar point; but in making it they unnecessarily rely on interpreting the density
matrix of a system as representing the average values of a physical ensemble (i.e. of an
actual collection of physical systems). The objection is equally forceful, however, whether
one thinks of the mixed state as representing a physical or a statistical ensemble, and
whether one thinks of the probabilities as ignorance probabilities or as representing relative
frequencies.
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is the deterministic quantum computation with one qubit (DQC1) model of
quantum computation, which utilises a mixed quantum state to compute the
trace of a given unitary operator and displays an exponential speedup over
known classical solutions. As we will see, the claim sometimes made to the
effect that the DQC1 achieves this speedup without the use of entanglement
is false. The NET, however, is not the claim that any state that displays
quantum computational speedup must be entangled; it is, rather, the differ-
ent claim that entanglement must play a role in any ezplanation of quantum
speedup. We saw in the last section how it is possible for the first claim to
be false and the latter (the NET) to be true. In this section I will address
the objection that the NET is false even if it is the case that the state of
the quantum computer is always entangled. Those defending such a view
claim that another measure of quantum correlations, quantum discord, is far
better suited for the explanatory role. I will argue that this conclusion is mis-
guided. Quantum discord is indeed an enormously useful theoretical quantity
for characterising mixed-state quantum computation; nevertheless, I will ar-
gue that quantum discord is but a manifestation of and not conceptually
distinct from entanglement.

In the DQCI, or as it is sometimes called: ‘the power of one qubit’, model
of quantum computation (cf. [Knill & Laflamme, 1998) a collection of n
unpolarised qubits in the completely mixed state [,,/2" is coupled to a single
polarised control qubit, initialised to 1/2(I + «Z). When the polarisation,
@, is equal to 1, the control qubit is in the pure state |0)(0] = 1/2(I + Z),
otherwise it is in a mixed state. The problem is to compute the trace of an
arbitrary n-qubit unitary operator, Tr(U,). To accomplish this, we begin by
applying a Hadamard gate to the control qubit@ which is then forwarded as
part of the input to a controlled unitary gate that acts on the n unpolarised
qubits (see figure [Il). This results in the following state for all of the n + 1
qubits:

1
Prs1 = W(|O><O| ® I, + [1)(1| @ I, + a|0)(1| @ U + a[1)(0| ® U,,)
1 I, aU}
S (aUn v ) _ (12)

25In this exposition of DQC1, I am closely following (Datta et al., 2005).
26This will yield, for instance, when the control qubit is pure, |0)(0] 2, 2(joy(o] +
10) (L] + [1){0] + [1)(1]).

20



Michael E. Cuffaro Reflections on the Role of Entanglement

I +a2)
I,/2n { U,

Figure 1: The DQCI1 algorithm for computing the trace of a unitary operator.

The reduced state of the control qubit is

pe= (aTrl(Un) aTrgUn)T) :

thus the trace of U,, can be retrieved by applying the X and Y Pauli operators
to p.. In particular, the expectation values of the X and Y operators will
yield the real and imaginary parts of the trace, (X) = Re[Tr(U,)]/2" and
(Y) = —Im[Tr(U,)]/2", respectively; so in order to determine, for instance,
the real part, we run the circuit repeatedly, measuring X on the control
qubit at the end of each run, while assuming that the results are part of a
distribution whose mean is the real part of the trace.

Classically, the problem of evaluating the trace of a unitary matrix is
believed to be hard, however for the quantum algorithm it can be shown that
the number of runs required does not scale exponentially with n, yielding an
exponential advantage for the DQC1 quantum computer. When a < 1, the
expectation values, (X) and (Y), are reduced by a factor of o and it becomes
correspondingly more difficult to estimate the trace. However as long as the
control qubit has non-zero polarisation, the model still provides an efficient
method for estimating the trace (and thus an exponential speedup over any
known classical solution) in spite of this additional overhead.

We might ask whether, in a way analogous to the mixed-state Deutsch-
Jozsa algorithm, we can make a small enough so that the overall state of the
DQCT1 is demonstrably separable. The answer seems to be no. On the one
hand, for any system of n 4+ 1 qubits there is a ball of radius r (measured by
the Hilbert-Schmidt norm and centred at the completely mixed state), within
which all states are separable (Braunstein et all, [1999; |Gurvits & Barnum,
2003). On the other hand, the state of the DQCI is at all times at a
fixed distance a2~ ("*Y/2 from the completely mixed state. Unfortunately
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(a) ° (b) =
DI e e e

(©) (@) @ (e)
e X ®

Figure 2: Some of the bipartite splits possible in the DQC1 for n = 4. No entanglement
can ever occur amongst the n unpolarised qubits (a) or between the polarised qubit and
the rest (b); however, bipartite splits such as (c), (d), and (e) can exhibit entanglement
(Datta et all, 12005).

the radius of the separable ball decreases exponentially faster than 2-(+1)/2,
(Datta et all, 2005, 2).

It appears, therefore, that the state (I2]) must be an entangled state; but
it is not obvious where this entanglement is. On the one hand, there is no
bipartite entanglement among the n unpolarised qubits. On the other hand
the most natural bipartite split of the system, with the control qubit playing
the role of the first subsystem and the remaining qubits playing the role of the
second, reveals no entanglement between the two subsystems, regardless of
the choice of U,. When « > 1/2, entanglement can be found when we exam-
ine other bipartite divisions amongst the n+ 1 qubits (see figure [2), however,
besides being exceedingly difficult to detect, the amount of entanglement in
the state (as measured by the multiplicative negativit) becomes vanish-
ingly small as n gets large. Commenting on this circumstance, [Datta et al.
(2005, 13) write “This hints that the key to computational speedup might
be the global character of the entanglement, rather than the amount of the
entanglement. ... what happier motto can we find for this state of affairs
than Multam ex Parvo, or A Lot out of A Little.”

Others have expressed a different viewpoint on the matter. The fact that
only a vanishingly small amount of entanglement can be found in (I2]) even
when « is relatively large seems, for some, to run counter to what one would
expect to be the case if the NET were true. In fact, both DQC1 and the
mixed-state version of the Deutsch-Jozsa algorithm have led many (see for
instance, [Vedral 2010) to seriously question whether entanglement plays a

2TThe definition of multiplicative negativity is given in [Vidal & Wernex (2002).
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role in quantum speedup, at least in these cases. The result has been a
shift in investigative focus from entanglement to other types of quantum
correlations. One alternative in particular, quantum discord, has received
much attention in the literature in recent years (e.g., Merali, 2011).

Quantum discord (Ollivier & Zurek, 2002; Zurek, 2000) quantifies the dif-
ference between the quantum generalisations of two classically equivalent
measures of mutual information,

Z.(A: B)
Je(A: B)

H(A) + H(B) — H(A, B), (13)
H(A) — H(A|B). (14)

These two expressions are not equivalent quantum mechanically, for while
(I3) has a straightforward quantum generalisation in terms of the von Neu-
mann entropy S:

T,(A: B) = S(A) + S(B) — S(A, B), (15)

things are more complex for the quantum generalisation of (I4]). The quan-
tum counterpart, S(A|B), to the conditional entropy requires a specification
of the information content of A given a determination of the state of B. De-
termining the state of B requires a measurement, however, which requires
the choice of an observable. But in quantum mechanics observables are, in
general, non-commuting. Thus the conditional entropy will be different de-
pending on the observable we choose to measure on B. If; for simplicity, we
consider only perfect measurements, represented by a set of one dimensional
projection operators, {Hf}, this yields, for the quantum version of ([I4), the
expression:

J(A:B)=S8(A) — S(A|{Hf}). (16)
We now define discord as the difference:
D(A,B) =4 I,(A: B) — J,(A: B), (17)

which is, in general, non-zero for mixed states. For pure states, quantum
discord is equivalent to the entropy of entanglement, and therefore reduces
to entanglement (Datta et al!, 2008, 3)

ZFor a more detailed discussion of the entropy of entanglement, E(|1)(¢)|) =4
S(traly)(¥]) = S(trp|v)(¥|), see [Plenio & Virmani (2007).
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4.2.1 Explaining speedup in the DQC1

There is no entanglement in the DQCI circuit between the polarised and un-
polarised qubits—the most natural bipartite split that suggests itself—during
a computation, and tests to detect entanglement along other bipartite splits
in the DQC1 when a < 1/2 have (thus far) been unsuccessfull”l When we
consider the correlations between the polarised and unpolarised qubits from
the point of view of quantum discord, however, it turns out that the discord
at the end of the computation is always non-zero along this bipartite split for
any « > 0 (Datta et all, 2008). [Datta et al! (2008, 4) therefore write, and
I agree, that “for some purposes, quantum discord might be a better figure
of merit for characterizing the quantum resources available to a quantum
information processor.” I believe it is a mistake, however, to conclude as
they and others do that entanglement may play no role in the explanation of
the quantum speedup of the DQC1 (Datta et all, 2008; [Vedral, 2010; Merali,
2011).

As is well known, there has been and continues to be debate within the
philosophical community over precisely how to characterise a proper scientific
explanation. On some accounts, all legitimate scientific explanation must ap-
peal to the causal mechanisms that give rise to the phenomena they purport
to explain (e.g., [Salmon, 1984; Humphreys, 1989). Such accounts represent
a somewhat extreme view in that they rule out, as not being true explana-

2The criterion used by Datta et all (2005) to detect entanglement is the Peres-
Horodecki, or Positive Partial Transpose (PPT) criterion (Peres, 1996; Horodecki et al,
1996). The partial transpose of a bipartite system, 3,1, pi|7) (7@ |k) (1] acting on Ha@H p
is defined (with respect to the system B) as:

P17 =g T2 T)p=> pilid (il @ (K)INT = pili) il @ [1) (],
ijkl 1jkl

where T is the transpose map on matrices. The PPT criterion states that, if p is a
separable state, then the partial transpose of p has non-negative eigenvalues. Satisfying
the PPT criterion is a necessary (but not sufficient) condition for the joint density matrix
of two systems to be separable. While [Datta et all were unable to detect entanglement
in the DQC1 (along any bipartite split) for the case of @ < 1/2, they nevertheless note
that it is very likely that both entanglement and bound entanglement are present in the
state. A state exhibits bound entanglement (cf. Hyllus et all, [2004) when, in spite of the
fact that it is entangled, no pure entangled state can be obtained from it by means of
LOCC operations (see [Plenio & Virmani (2007) for a definition and discussion of LOCC
operations). One important characteristic of bound entangled states is that they (at least
sometimes) satisfy the PPT criterion despite the fact that they are entangled.
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tions, mathematical and structural explanations which by their very nature
do not appeal to causal processes. More liberal views (Railton, [1978) allow
that scientific explanation is not always causal explanation, but nevertheless
take a highly reductionist view in holding that all explanations, including
those given in the special sciences, must be given in terms of the concepts
and quantities of physics in order to be classified as true and complete expla-
nationsPd I do not believe that all explanations, regardless of their subject
matter, must be given in physical terms; nor do I believe that all physical
explanations must explicitly refer to causal processes and mechanisms in or-
der to count as true explanations. I do believe, however, that explanations of
physical processes—for instance, the computational process that we are now
discussing—must be given in physical terms, and that when possible, such
explanations must appeal to the fundamental concepts of physical theory
which give rise to the phenomena under investigation

What we are seeking, here, is a physical explanation for the speedup
displayed by the DQC1 circuit. It is not enough, therefore, to point to the
information theoretic measure, quantum discord, as the explanation for this
speedup without first seeking for a physical interpretation of this concept.
Fortunately, we have an important first step toward such an interpretation
with the work of [Cavalcanti et al. (2011). Cavalcanti et al! have provided,
for the first time, an operational interpretation of quantum discord. They
have found that it is possible to characterise quantum discord in terms of the
entanglement consumed in an extended version of the quantum state merging
protocol.

In this protocol, three parties: Alice, Bob, and Corey, share a state
|Wapc). Quantum state merging characterises the process,

[VaBc) = [YBBC),

by which Alice effectively transfers her part of the state to Bob while main-
taining its coherence with Corey’s part. It turns out that in order to effect
this protocol a certain amount of entanglement must be consumed. When

30Railton (1981) allows that partial explanations (e.g., explanations given wholly in
terms of the concepts and terms of one of the special sciences) can still convey what he
calls explanatory information, but these nevertheless do not qualify as true and complete
explanations in the proper sense of that term.

31The reader who does not consider my belief in these propositions a sufficient reason
to believe them himself is encouraged to consult |Cuffaro (2008) for an actual argument.
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we add to this the amount of entanglement needed (as quantified by the en-
tanglement of formatio) to prepare the state |t apc) to begin with, the
result is a quantity identical to the quantum discord between the subsystems
belonging to Alice and Corey at the time the state is prepared.

Cavalcanti et al.’s operational interpretation of discord has an affinity
with [Fanchini et all’s own illuminating analysis of the DQCTI circuit (2011).
Fanchini et all show that a relationship between quantum discord and en-
tanglement emerges when we consider the DQC1 circuit, not as a bipartite
system composed of polarised and unpolarised qubits respectively, but as a
tripartite system in which the environment plays the role of the third sub-
system. [Fanchini et al. note that an alternate way of characterising the com-
pletely mixed state of the unpolarised qubits, I,,/2", is to view it as part of
a bipartite entangled state, with the second party an external environment
having enough degrees of freedom to purify the overall system. This yields a
tripartite representation for the DQCI circuit as a whole (see figure [3).

Fanchini et al. show that, for an arbitrary tripartite pure state, there is a
conservation relation between entanglement of formation and quantum dis-
cord. In particular, the sum of the bipartite entanglement that is shared
between a particular subsystem and the other subsystems of the system can-
not be increased without increasing the sum of the quantum discord between
this subsystem and the other subsystems as well (and vice versa). In the
DQC1, after the application of the controlled not gate (see figure [Il), there is
an increase in the quantum discord between B and A. This therefore neces-
sarily involves a corresponding increase in the entanglement between A and
the combined system BFE. From this tripartite point of view, therefore, there
is just as much entanglement in the circuit as there is discord; in particular,
exactly as for quantum discord, there is entanglement in the circuit when-
ever it displays a quantum speedup, i.e., for any a > 0. All of this accords
with what we would expect given (Cavalcanti et al.’s operational interpreta-
tion of quantum discord: an increase in quantum discord requires an increase
in the entanglement available for consumption in a potential quantum state
merging process.

Fanchini et al. speculate that it is not the presence of entanglement or
discord per se that is necessary for the quantum speedup of the DQCI, but
rather the ability of the circuit to redistribute entanglement and discord. This

32G8ee [Plenio & Virmani (2007) for a definition and discussion of the entanglement of
formation.
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(a)

Figure 3: A (pure) tripartite representation of the elements of the DQC1 protocol before
(a) and after (b) the application of the controlled not gate. Black and grey thunderbolts
represent entanglement and discord, respectively. After the application of the controlled
not gate, there is an increase in the discord between A and B and a corresponding increase
in the entanglement between A and the combined system BE.

thought seems to be confirmed by a theoretical result of [Brodutch & Terno
(2011), who show that shared entanglement is required in order for two par-
ties to bilocally implemen any bipartite quantum gate—even one that
operates on a restricted set £ of unentangled input states and transforms
them into unentangled output states. This means, in particular, that entan-
glement is required in order to implement a gate that changes the discord of
a quantum state.

By itself, these considerations already amount to confirmations of the
NET, for entanglement appears to be involved in the very definition of dis-
cord, and it appears that we require entanglement even for the production
of discord in a quantum circuit. I believe, however, that the further case can
be made that we can eliminate quantum discord entirely from the physical
explanation of quantum speedup (though such a characterisation may be less
practical for many purposes), in light of one other recent theoretical result.
Devi et al! (2008; 2011) have pointed out that more general measurement
schemes than the positive operator valued measures (POVM) used thus far
exist for characterising the correlations present in bipartite quantum systems.

POVMs are associated with completely positive maps and are well suited
to describe the evolution of a system when we can view the system as uncorre-
lated with its external environment. When the system is initially correlated
with the environment, however, the reduced dynamics of the system may
not be completely positive. But as[Devi et al. show, from the point of view
of a measurement scheme that incorporates not completely positive maps

33Bilocal implementation means, in this context, an implementation in which Alice and
Bob are limited to LOCC operations. See [Plenio & Virmani (2007).

34For more information on completely positive and not completely positive maps, see
Jordan & Sudarshan (1961)); .Jordan et all (2004); [Carteret. et al) (2008).
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in addition to completely positive maps, all quantum correlations reduce to
entanglement.

In sum, it is, I believe, unsurprising that on the standard analysis the
DQC1 circuit displays strange and anomalous correlations in the form of
quantum discord, for the DQCI is typically characterised from the point
of view of a measurement framework incorporating only completely positive
maps. As [Fanchini et al. have shown, however, the DQC1 circuit is more
properly characterised, not as an isolated system, but as a system initially
correlated with an external environment. The evolution of such a system
is best captured by a measurement framework incorporating not completely
positive maps, and within such a framework, the anomalous correlations
disappear and are subsumed under entanglement. From this point of view the
equivalence of entanglement and discord for pure states is also unsurprising,
for it is precisely pure states for which the correlation with the environment
can be ignored and for which a framework incorporating only completely
positive maps is appropriate.

The use of not completely positive maps to characterise the evolution of
open quantum systems is not wholly without its detractors. The question of
whether not completely positive maps are ‘unphysical’ is an interesting and
important one but I will not address it here (see [Shaji & Sudarshan 2005
for a discussion). But regardless of the answer to this question, it should be
clear, even without the appeal to this more general framework, that entan-
glement has not been shown to be unnecessary for quantum computational
speedup. Far from being a counter-example to the NET, the DQC1 model
of computation rather serves to highlight the crucial role that entanglement
plays in the quantum speedup displayed by this computer.

5 Conclusion

Quantum entanglement is considered by many to be a necessary resource that
is used to advantage by a quantum computer in order to achieve a speedup
over classical computation, but in recent years this idea has faced important
challenges in the form of counter-examples. We examined three such counter-
examples in this paper. Upon closer examination we found none of these
three, neither the lack of entanglement in the original version of Deutsch’s
algorithm, nor the sub-exponential speedup of the unentangled mixed-state
version of the Deutsch-Jozsa algorithm, nor the exponential speedup of the
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DQC1 model of quantum computation, demonstrate that entanglement is
unnecessary for quantum speedup; they rather make clearer than before the
role that entanglement does play, and point the way to a fuller understanding
of both entanglement and quantum computation.
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