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Abstract

It is well-known that the conformal structure of a relativistic space-
time is of profound physical and conceptual interest. In this note, we
consider the analogous structure for Newtonian theories. We show that

the Newtonian Weyl tensor is an invariant of this structure.

1 Conformal Leibnizian spacetimes

We begin by introducing a Leibnizian spacetime, which is a triple (M7 ta, h“b),
where (i) M is a differentiable manifold; (ii) ¢, is a non-vanishing, closed 1-form;
and (iii) h is a positive semidefinite symmetric tensor such that h*t, = 0. A

connection V on M is said to be compatible with this spacetime if and only if

Vaty =0, (1a)
V.h = 0. (1b)

We will confine our attention to spacetimes which are spatially flat: that is,
which are such that the Riemann tensor R%,,; of any compatible connection
obeys hrbhschth“bcd = 0. (One can show that if this holds of any one compat-
ible connection, it holds of all of them.)

Because of the separation of the spatial and temporal metrical structure, we
have scope to vary conformally the spatial and temporal structure independently
of one another (although as we shall see, there are reasons to couple the two

kinds of conformal transformation). Consider, first, a conformal transformation
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of the temporal structure
ta = %, (2)

where £ is a nowhere-vanishing and spatially constant scalar field. To say that
¢ is spatially constant means that h®dy¢ = 0. This is equivalent to ensuring
that the conformally transformed temporal 1-form is still closed and thus that
there exists a global time function (and so a notion of Newtonian absolute time)
in the conformally-transformed modelﬂ If we replace the temporal 1-form in
a Leibnizian spacetime with a conformal equivalence class thereof, we obtain
Machian spacetime.

Second, consider a conformal transformation of the spatial structure,
hab — /\Zhab, (3)

where )\ is, again, a nowhere-vanishing and spatially constant scalar field. This
time, we require that A be spatially constant in order to preserve spatial flatness
of the spacelike hypersurfaces. If we replace the spatial metric in a Leibnizian
spacetime with a conformal equivalence class of spatial metrics, then we obtain
spatially conformal Leibnizian spacetime.

Finally, we may consider joint conformal transformations of the spatial and
temporal structure:
(4a)

1
to — ﬁta,

R s X2hab, (4b)

where A is a nowhere-vanishing and spatially constant scalar field. As we will
show in the next section, it is conformal transformations of this kind which
preserve the Newtonian analogue of the Weyl tensor. A spacetime equipped
with a conformal equivalence class of (4, h) pairs will be referred to as a

conformal Leibnizian spacetimeﬂ

1Cf. (Malament} [2012] ch. 4), Bekaert and Morand| (2016)). Note that throughout this work
we assume that the manifold M is simply connected.

2For definitions of Newtonian conformal structure complimentary to our own, see
(2015)); [Ewen and Schmidt|(1989);|Duval and Horvathy| (2009); Duval et al.| (2017). The former
two of these papers define a notion of Newtonian conformal structure in order to generalise

the constructive axiomatics of |Ehlers et al.| (1972) to the case of Newton-Cartan theory.




2 Invariance of the Newtonian Weyl tensor

Consider a relativistic spacetime (M, gqp). From gq, and its associated Levi-
Civita derivative operator, one can define the Weyl tensor of this spacetime,

which is the trace-free part of the Riemann tensorf]

1 1
C%ea = Rycq — 9 (6a[dRc]b + gb[cRd]a) - gR‘Sa[cgd]b- (5)

This object is invariant under conformal transformations of g.; thus, it will be
the same for all points in the affine space of connections compatible with a given
conformal structure.

Now consider a Leibnizian spacetime endowed with a Newtonian connection.
At (Dewar and Weatherall, 2018, p. 574), the authors proposed the following

Newtonian analogue of the Weyl tensorﬁ

a a 2 a
C bed — R bed — 55 [dRc]b' (6)

Dewar and Weatherall| (2018) were not the first to construct a Newtonian Weyl

tensor—Ehlers and Buchert|(2009)) apply ‘frame theory’ (a unified framework for

both relativistic and classical Spacetimeﬁﬂ) in order to take the non-relativistic

limit of the general relativity Weyl tensor; the result isﬂ

81G
C%ea = Ryeq — Tptbfsa[ctd]' (7)

On-shell in Newton-Cartan theory—so that the geometrised Poisson equation
Rap = 4nGptaty (8)

holds—@ is identical to . This gives us confidence that @ is indeed the
correct object to represent a Newtonian Weyl tensor. We should flag, though,

3For the generalisation to arbitrary spacetime dimensions, see e.g. l, 1984] p. 40).
4The generalisation to arbitrary spacetime dimensions is straightforward: one replaces the

denominator of the second term on the right hand side with (n — 1).

claims that a topology can be introduced on the space of solutions of
frame theory, such that Newton-Cartan theory can be understood as the non-relativistic limit
of general relativity; this (he claims) affords a precise sense in which Newton-Cartan theory
can be reduced to general relativity. Though we concur with these results, we wish to flag that
there are other senses of the reduction of Newton-Cartan theory to general relativity which
do not involve taking limits—for example null reduction, in which Newton-Cartan theory is
directly embedded into (certain solutions of) five-dimensional general relativity.

6 Another definition of the Newtonian Weyl tensor, equivalent to that of

Weatheral] 2015), can be found in Duval e al] 20L7).




that it is not obviously appropriate to use the on-shell version of the Weyl tensor
, for the Poisson equation is not invariant under conformal rescalings (just
as the Einstein equation in general relativity is not invariant under conformal
rescalings of the metric field gab)m Thus, in the remainder we focus upon
the version of the Weyl tensor @—our goal now is to show that this object
is invariant under conformal rescalings of t, and h%, and thus is (one might
say) a gauge-invariant quantity in any theory set in a conformal Leibnizian
spacetime. One further benefit of using (@ rather than is that we do not
commit ourselves to working with the dynamics of Newton-Cartan theory.

We now show that this object, in analogy with the Newtonian case, is in-
variant under (an important class of) conformal rescalings of ¢, and h®. We
begin with a spatially flat classical spacetime (M, t4, h®, V), where M is simply

connected and V satisfies the curvature condition
Ry = R 9)

In light of these factsﬁ we may introduce an observer field N*: a unit timelike

field which is geodesic and twist-free with respect to V, i.e. which satisfies

N°V,N* =0, (10a)
hV,N¢ = h**V,N®. (10b)

Relative to this field, we may introduce a spatial metric h,p, which is the unique

symmetric field satisfying the conditions

hayN® = 0, (11a)
h®hpe = 6% — N°,. (11b)

"To see this, one need only take , conformally transform both t, and h??, and substitute
for R,y with , where U?, _ is the difference tensor associated with the derivative operator
compatible with t, and h?®?, and the derivative operator compatible with their conformally
transformed versions (see below). Note, in particular, that is not invariant even under the
specific class of conformal transformations given by and .

8 (Malament), 2012, Proposition 4.3.7)



Now suppose we apply the conformal transformationsﬂ

1
ta — ta = ﬁta” (12&)
het s R = A2pab, (12b)

where \ is a spatially constant, nowhere-vanishing scalar field: h**V,\ = 0. It
followﬂ that there is a scalar field s such that V,\ = kt,; explicitly,

k= NV, (13)

Note that &, too, is spatially constant: for, V5 = V,(N*V ) = t,,(N°V,k).
We will use this observation below.

We now wish to find the ‘conformally transformed’ version of V. Unlike in
the relativistic case, we do not obtain such a transformed connection merely from
having transformed the temporal and spatial metrics, since they do not uniquely
determine the connection. However, the metrics together with a unit timelike
field do uniquely determine a connection: namely, the unique connection with
respect to which the timelike field is an observer field (i.e., is geodesic and
twist—free)E We therefore deﬁnﬂ

N := X\2N¢, (14)

which is a unit timelike field relative to ¢,. We then define V := (V,U%,),

where
2K

Uabc = \

t,0%- (15)

Some straightforward computations verify that V is compatible with 7, and

9These are not quite the transformations one would have expected: purely on dimensional
grounds, one might have expected that h® — A*hab (given tq = A2t,). Our reason for using
the transformations presented in the main text is simply that this choice yields invariance of
the Newtonian Weyl tensor; unfortunately, we don’t have a good explanation of why invariance
is guaranteed by this choice, rather than by the more natural one. (Thanks to Jim Weatherall
for raising this concern.)

It does bear mentioning, however, that the above two ‘expected’ transformations yield
invariance of the Newtonian Weyl tensor, without itmposition of the restriction of spatial
constancy, but at the price that the transformed derivative operator compatible with the
rescaled h% and t, need not be torsion-free. If one desires the conformal transformations
retain torsion-freeness, then one must choose the transformations discussed in the main body of
this text, and also impose the spatial constancy condition (which guarantees spatial flatness).

10(Malamentl, 2012 Proposition 4.1.1)

11 (Malament), [2012, Proposition 4.3.4)

12This condition can be interpreted as a conformal transformation of the derivative operator
V—cf. (Duval et al. [2017, §4.2).



7", and that N" is geodesic and twist-free with respect to V. Since U, is

independent of N?, we may indeed regard V as the conformally transformed

version of V: had we chosen to represent V via a different observer field N'*,

we would nevertheless have obtained the same U ., and hence the same V.
Next, recall thaf™|

R'yq = R%eq + 2V U %, + 2U" Uy, - (16)

Plugging in , we obtain

—a . NV, .
R peqg = R%cq +2 <)\) byl 0 (17)

. . —abed .
Note that it follows from this that B~ =0, i.e. the conformally transformed
spacetime is spatially flat (given that the original spacetime was spatially flat).

From here, it is easy to compute the Ricci tensor Ry, = Eabca

_ NV
Rye = Rpe +3 (/\”“> tot. (18)

It remains only to substitute these expressions into @, from which we obtain
—a
C bed — Cabcd' (19)

Le., the Newtonian Weyl tensor, like its relativistic cousin, is invariant under
these conformal transformations. This nuances a suggestion in (Dewar and
Weatherall, |2018| p. 573) that this object is not conformally invariant, and also
the subsequent suggestion that “conformal transformations just do not have
any physical significance in geometrized Newtonian gravitation”—what we find
is that, under a certain class of conformal transformations (namely, those which
are spatially constant), the Newtonian Weyl tensor is conformally invariantm

Finally, we note that since the symmetries of the Riemann tensor are the
same as those of the Levi-Civita connection in the relativistic case (Malament)
2012, p. 258), we also expect the Newtonian Weyl tensor to vanish identically

in spacetime dimensions D < 3.

13 (Malament), {2012, Problem 1.8.1)

14Note that here the number of dimensions becomes relevant, since we have used the fact
that in four dimensions, ¢, = 4.

15Cf. also footnote@



3 A degeometrised Weyl tensor

Newton-Cartan theory and Newtonian gravitation theory are related via the
Trautman geometrisation and recovery theorems (Malament|, 2012} ch. 4). |Ellis
(1971) remarks that the degeometrised Newtonian analogue of the Riemann
tensor is ViV7¢, and that the trace-free part of this object is (here, we follow
Ellis in using spatial indices)E

. L 1 ..
EY :=V'Vig— gh”vkv%. (20)

A result with the same structural form as Ellis’ E¥ can be derived directly,
and in a coordinate-independent way, using Trautman recovery. First, recall
that a Newton-Cartan connection V is related to a degeometrised Newtonian
connection V via V = (V, C%.), where C% = —t;t.V*¢. The Riemann and
Ricci tensors for the Newton-Cartan connection can then be written in terms

of the degeometrised gravitational potential ¢, adl|

R g = =25tV V6, (21a)

Rye = .V, V" ¢. (21b)

One can then substitute (2Ta)) and (21b) into (6) in order to express the Weyl

tensor in terms of ¢; one finds:
~a a 2 a n
C bed — _tht[dvc]v ¢ - 55 [dtc]tbvnv (b (22)

This is the four-dimensional analogue of Ellis’ object. As shown by [Ehlers and
Buchert/ (2009), is the ‘electric’ part of the Newtonian Weyl tensor (when

expressed in terms of the gravitational potential ¢).

4 Applications

There remains much work to be done with the Newtonian Weyl tensor. For

example:

1. Demonstrate that the Newtonian Weyl tensor is appropriately related to

16See [Buchert and Ostermann| (2012) and [Wallace| (2017) for further discussion of this
object, sometimes called the Newtonian tidal tensor.
17(Malament} 2012, pp. 268-269).



the Newtonian analogues of e.g. the Schouten, Lanczos, and Plebanski

tensors.

2. Use the Newtonian Weyl tensor to construct a non-relativistic analogue
of the Petrov classification ]

3. Use the Newtonian Weyl tensor to explore gravitational waves in Newton-
Cartan theorylfl

4. Use the conformal Newtonian spacetimes to write e.g. shape dynamics in

terms of fields on spacetime@

A more general moral of this work is the following. There are various geometri-
cal sources of non-geodesic motion of test particles, in a given spacetime theory.
One is torsion—as is well-known from the framework of teleparallel gravity (see
e.g.|Aldrovandi and Pereira, (2013))). In Read and Teh| (2018]), it was shown that

Trautman recovery can be understood as a case of teleparallelisation; thus, the

mechanism via which one can source non-geodesic motion in both Newtonian
and relativistic theories by the introduction of torsion is exactly parallel. In this
paper, we have considered another potential source of non-geodesic motion: the
non-metricity naturally associated with conformal rescalings (see e.g.
); again, we have shown that, technically, the introduction of such
non-metricity into both contexts is parallel, for in both cases (e.g.) the Weyl
tensor is an invariant of the associated conformal structure. Thus, the struc-
tural aspects of both Newtonian and relativistic theories, once one introduces
geometrical sources of non-geodesic motion such as torsion and non-metricity,

are closely related.
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