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Abstract

Albert Einstein’s journey to formulate the theory of general relativity
involved significant shifts in his approach to gravitational field equations.
Starting in 1912, he collaborated with Marcel Grossmann and initially ex-
plored broadly covariant field equations. However, in 1913, Einstein dis-
carded these equations in favor of the non-covariant Entwurf field equa-
tions. This shift was a crucial step in his path to the final theory of
general relativity, which he eventually achieved in 1915. This analysis ex-
plores Einstein’s evolving ideas and decisions regarding the mathematical
framework of his theory of gravity during the critical period 1912-1916.
My findings in this paper highlight that Einstein’s brilliance did not exist
in isolation but thrived within a vibrant scientific discourse. His work was
significantly enriched through contributions and discussions with friends
and colleagues, notably Michele Besso and Marcel Grossmann, illustrat-
ing the collaborative essence of scientific advancement. Nevertheless, it is
essential to recognize that while these individuals made substantial con-
tributions, they did not share an equal role in shaping the fundamental
framework of general relativity, which remained predominantly Einstein’s
intellectual creation. This nuanced perspective enhances our grasp of
the pivotal role played by collaborative dynamics in the development of
groundbreaking theories.
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1 Introduction

In the winter of 1912-1913, Einstein began working on his new gravitational theory,
aiming to develop field equations that describe gravity in a way consistent with his
theory of relativity. He used a small notebook, the Zurich Notebook, to jot down
gravitational equations during this period [CPAE4], Doc 10. Collaborating with his
friend Marcel Grossmann, Einstein gradually gained access to new mathematical tools
that would help him in his quest.

In his early collaboration with Grossmann, Einstein’s gravitational field equations
were closely related to the ones he would eventually present in his November 1915
theory of general relativity . These early equations exhibited broad covariance,
indicating their general applicability.

In the spring of 1913, Einstein discarded what he later considered correct grav-
itational field equations. He abandoned the calculations in the final pages of the
Zurich Notebook, representing equations with broad covariance. Instead, he adopted
the non-covariant Entwurf field equations in 1913, collaborating with Grossmann on
this formulation [Sta].

I examine Einstein’s evolving approach to gravitational field equations, tracing his
journey from the early stages of collaboration with Grossmann and the exploration
of general covariance in the Zurich Notebook to his subsequent abandonment of it in
favor of adopting the Entwurf field equations, which he worked on with Grossmann and
solved with Michele Besso. Additionally, I delve into his challenges in disentangling
himself from the constraints of the Entwurf theory and his eventual return to the
principle of general covariance in 1915.

2  From the Zurich Notebook to the Entwurf the-
ory

During the early stages of developing his theory of gravitation, Albert Einstein con-
ducted research focused on static gravitational fields. This research ultimately led to
the formulation of a non-linear equation in 1912, as documented in reference :

cAc — %(Vc)2 =rilo . (1)




On the left-hand side, ¢ represents the speed of light; A is the Laplacian operator,
representing the second spatial derivative (V?). Ac represents the Laplacian of the
gravitational potential c. Ve represents the function’s gradient; x is a constant related
to the gravitational constant. i (Vc)2 is a term that Einstein referred to as the energy
density of the gravitational field. o represents the energy density associated with the
matter in the gravitational field; co is the product of the speed of light and the mass
density. Equation () shows that the Laplacian of the gravitational potential Ac is
related to both the energy density associated with matter (co) and the energy density

associated with the gravitational field itself [5-(Vc)?].

Starting in the summer of 1912, Einstein embarked on a journey to explore the
correct form of the field equations for his new theory of gravitation. His quest led him
to delve into the realm of tensors and the intricacies of gravitational fields. During
the winter months of 1912-1913, he diligently recorded his gravitational equations in a
small notebook that has since become known as the Zurich notebook. Throughout this
pivotal period, Einstein received invaluable assistance from his old schoolmate turned
mathematics professor, Marcel Grossmann. This collaboration marked the beginning
of their partnership, with a second significant collaboration occurring a year later when
they jointly authored the Entwurf paper [EGI13].

During his time as a student at the Zurich Polytechnic, Einstein encountered chal-
lenges when studying subjects that did not pique his interest. He predominantly
devoted his hours to solitary pursuits, embarking on a self-guided journey through
physics. This involved conducting experiments and immersing himself in the works of
the pioneering figures in the field. Einstein was, in essence, an autodidact. Einstein’s
approach to his education at the Polytechnic diverged from the conventional path.
He often bypassed lectures, refrained from diligently taking notes, and "regrettably"
missed numerous mandatory classes, particularly in mathematics. For instance, he
never attended Professor Adolf Hurwitz’s mathematical seminars, even though the
opportunity for a solid mathematical foundation under Hurwitz’s tutelage was within
reach. Einstein’s lack of enthusiasm extended to other mathematical courses at the
Polytechnic, which he habitually skipped, much like he did with Hurwitz’s classes. For-
tunately, before facing the crucial examinations mandated during his four-year course,
Einstein turned to the notes of his dedicated friend and classmate, Grossmann. When
Einstein found himself in dire need of employment, Grossmann’s father intervened and
secured him a position at the patent office in 1902.

In the summer of 1912, Einstein again sought Grossmann’s assistance, the man who
had come to his rescue before. Einstein confided in Grossmann about his predicament
and asked him to investigate whether there was a suitable geometry to address the
questions. The following day, Grossmann returned with the revelation that Rieman-
nian geometry was the appropriate choice. Thus, Einstein, the autodidact, embarked
on yet another self-guided educational journey, this time delving into the mathematical
tools developed by luminaries such as Riemann, Ricci, Christoffel, and Levi-Civita.

In the Zurich notebook, we witness Einstein’s tireless search for field equations
that bore a striking resemblance to the ones he would eventually unveil on November
4, 1915, as part of his general theory of relativity [E1-15]. These early gravitational
field equations possessed a broad covariance, indicating their encompassing nature.
However, in the spring of 1913, Einstein made a fateful decision. He discarded what
he later claimed to be the fundamentally correct gravitational field equation, which
he had meticulously worked on in the final pages of the Zurich notebook. Instead,
he adopted the non-covariant Entwurf field equations of 1913 in collaboration with



Grossmann [EGI3|. This decision had profound consequences and set the stage for
what would be referred to as Einstein’s fall into the Entwurf trap, discussed in section
But first, I will discuss the Zurich notebook.

Throughout the Zurich notebook, Einstein presented equations without offering any
explanations or derivations. Consequently, comprehending the methodology behind his
equations in the Zurich notebook requires extrapolation and educated guesses [E2-12].

Einstein initiated his work on gravitational field equations with equation (2. On
page 19L of the notebook, he formulated field equations based on the Ricci tensor in
a first-order approximation [E2-12]:

Dgik = Kpo . —7_ = HTik. (2)

The left-hand side contains the d’Alembertian operator [J, a wave operator that mea-
sures the second derivatives of the metric tensor components, a generalization of the
Laplacian operator in flat spacetime. On the right-hand side, we have k (the constant
related to the gravitational constant) times the contravariant stress-energy tensor T,
which describes the distribution of matter and energy in spacetime. Equation (@) is
a linearized equation that captures the gravitational effects of matter and energy to
first-order approximation.

On page 19R, Einstein imposed three coordinate conditions. He aimed to obtain
field equations consistent with energy-momentum conservation. He also sought to
recover the Newtonian limit, corresponding to classical gravity in weak-field conditions
[E2-12], [JRSNS]. The coordinate conditions are:

1) The linearized harmonic coordinate condition.

89m 89&& _
Z;m (28—% - 8—xi> =0. (3)

In equation (B)), vk« represents the components of the inverse metric tensor (the con-
travariant metric tensor). gi» and ge. are components of the metric tensor (the co-
variant metric tensor). %{fj: and 85’;: are the derivatives of these metric components
with respect to spacetime coordinates.

Utilizing the linearized harmonic coordinate condition, represented by equation
@), and working with the Ricci tensor, referred to as "Grossman’s tensor" in Ein-
stein’s notebook (as seen in equation (I31I))), Einstein derived the field equations for
gravitation, denoted as equation (2)). Furthermore, Einstein was motivated to ensure
that his theory would converge to Newtonian gravity under the appropriate conditions.
To move closer to this objective, he enforced the harmonic coordinate condition.

2) The linearized "Hertz" condition.

> en @ij’:) =0. (4)

K

This condition imposes a further constraint on the metric tensor and its deriva-
tives. It effectively restricts how the metric tensor components can vary for spacetime
coordinates. This condition was called by scholars the linearized "Hertz" condition
because Einstein later mentioned it in a letter to Paul Hertz [JRSNS].

The linearized "Hertz" condition, as expressed in equation (), plays a role in
simplifying the linearized field equations. Like the linearized harmonic coordinate



condition, the linearized "Hertz" condition contributes to the consistency of the field
equations with energy-momentum conservation.
3) A condition on the trace of the metric.

ny,mgm = const. (5)

K

In this equation, g, are the diagonal components of the covariant metric tensor.

Einstein imposed a condition on the weak-field metric tensor, specifically its di-
agonal components. By setting the trace of the metric equal to a constant, Einstein
ensured that the total energy and momentum associated with the metric tensor re-
mained constant. In other words, by controlling the trace of the metric, Einstein aimed
to prevent violations of energy-momentum conservation.

By setting the sources T to zero in equation (2)), Einstein studied the behavior
of %{fc—i: in the absence of external sources. He imposed the linearized Hertz condition
on equations () without sources. I will proceed with the derivation, illustrating the
steps that Einstein likely followed. He applied the "Hertz" condition (@) to the metric
component g;;, and took the second derivative of this equation with respect to x; using

the box operator [I:
o>~ 99in ) ) _ 0. (6)
. KK 850&

The right-hand side is zero because J(0) = 0:

892‘& _
O <2K:fym (8%)) =0. (7)
The d’Alembertian operator distributes across the sum:
892‘& _ agm _ 892& _
| <2K: VYek <8$H >> = zﬁ: O <7m€ axﬁ ) - zﬁ: (D’Ymﬁ) 817,1 =0. (8)

We end up with the following result:

897111 _ 897,11 _
5 O 8 = e (222) =0, .
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Now we assume that 7.. = 1, and the equation simplifies to:

m (g?:) =0. (10)

This assumption reflects a flat metric. In the weak-field limit, the spatial metric of
a weak gravitational field was assumed to be approximately flat. This assumption
was crucial for Einstein to obtain results consistent with Newtonian gravity in the
appropriate limit. In special relativity, the metric tensor reduces to the Minkowski
metric 7., which has diagonal elements of (+1, —1, —1, —1), where the speed of light
c is treated as a constant and plays a crucial role. This metric accurately describes the
behavior of spacetime in the absence of gravitational fields. In this context, y.x = 1
because spacetime is considered flat. In the weak-field limit, Einstein aimed to recover
Newtonian gravity in a weak gravitational field. The ~., = 1 reflects the apparent




coincidence in using the same metric form in both the special relativity and the weak-
field limit. The similarity in form between the Minkowski metric and the metric in the
weak-field limit arises because both situations describe spacetime when it is nearly flat.
However, there is a fundamental difference: In special relativity, spacetime is flat due
to the absence of gravitational fields, while in the weak-field limit of general relativity,
spacetime is effectively flat because gravitational effects are small. In this context,
when 7., = 1 for the spatial components of the metric, it reflects the assumption that
the spatial part of spacetime is nearly flat.

Einstein modified equation (@) to include an additional term on the right-hand
side involving the trace of the stress-energy tensor [E2-12]. This modification was
an attempt to ensure energy-momentum conservation within the framework of these
equations.

Suppose we have a cloud of pressureless dust. In that case, the energy-momentum
tensor for pressureless dust is given by:

Tik = poukuk7 (].].)

where po is the mass density, and u; is the four-velocity of the dust.
In this case, the trace of the energy-momentum tensor is:

T =T} = pouru”, (12)

So, equation ([2) becomes:

Ogix = K oukulc = const. 13
g 14

Now, it is important to notice that it is not that g;x is constant; rather, the
equation describes the linearized gravitational response to a constant mass density of
pressureless dust. The solution for g;x will depend on the specific distribution of dust
and the boundary conditions of the problem [E2-12].

Einstein obtained the result equation (I3) in his calculations, and it suggested to
him the presence of an additional term on the right-hand side of the equation (@) to
account for this constant. On page 20L, Einstein writes the following equation [E2-12]:

dx; drk 1 dxk dxe

dr dr —Zpo dr dr’

The term involving the trace of the stress-energy tensor (7') is given by T = TF, which
represents the sum of the diagonal components of the tensor. It can be considered
a measure of the total energy density associated with matter and fields in a given
region of spacetime. The right-hand side of equation (4] involves terms related to the
stress-energy tensor and its trace. The first term on the right (npo%d;—j) accounts
for the energy-momentum associated with matter moving through spacetime. The
additional term on the right —%mpo%ﬁ”—j is introduced specifically to account for
the contribution of the trace of the stress-energy tensor to the gravitational field.
The additional term involving the trace of 7" guarantees that the energy and mo-
mentum associated with the gravitational field are properly included in the theory’s
overall conservation of energy and momentum. By adding this term, Einstein wanted
the equations describing how matter and energy interact with the curvature of space-
time to account for the contribution of the trace of the stress-energy tensor. This was
crucial for maintaining energy-momentum conservation in the presence of gravity.
Researchers have noted that Einstein discarded equations (I4)) due to their in-

compatibility with the condition presented in equation (@) [JRSNS|. This setback

O(gix) = po (14)



prompted Einstein to revise equation (2)) once more, introducing an additional term
involving the trace of the metric on the left-hand side of the equation. This demon-
strates a shift in Einstein’s approach, as he had previously introduced a term involving
the trace of the stress-energy tensor on the right-hand side in equation ([I4) [W1-§].
The new equations introduced by Einstein take the following forms, with the first
equation presented as [E2-12]:

1
A(gll — §U) = T11. (15)

This linearized field equation represents a relationship involving the Laplacian operator
A, the metric component g11, the scalar field - the gravitational potential U, and the
component of the energy-momentum tensor 711.

Here are the second, third, and fourth equations [E2-12]:

Agi2 = Th2,Agis = Tiz, Agia = Tha. (16)

These equations are similar to the first one but involve the metric components gi2,
g13, and gi4, and the components of the energy-momentum tensor 712, 113, and T14.
They represent other relationships derived under the same conditions.

Using the Kronecker delta 4, equation (3] can be written in compact form:

O <gik — %(LJU) = HTik. (17)

Scholars have noted a remarkable similarity between equation (7)) and Einstein’s
tensor [JRSNS]:

R— %g,WR. (18)

R is the Ricci scalar and g, is the metric tensor.
However, equation ([I7) is linearized. The linearized version of the 1915 Einstein
field equations ([I74) takes the form:

Ohpw — %nWDh = kT v, (19)

where, 7, is the Minkowski metric, and h is the trace of the perturbation h,, .

The linearized form of the Einstein field equations [equation ([IJ)] is used to de-
scribe small perturbations around a flat spacetime. In his Entwurf theory, Einstein
considered an equation of this nature; see equation (74)). To ensure comparability
between both equations (7)) and (3], it is necessary to state that in equation (7)),
the perturbation is represented by U. Then, the equation describes the linearized
behavior of gravitational perturbations in the presence of a source represented by T;.
The term g;x — %5ijU is then the perturbed metric tensor, where U represents the
gravitational potential. This perturbation to the metric accounts for deviations from
the background (i.e., flat) metric. The equation describes how these perturbations
interact with the source term Tk in a linearized approximation.

Einstein then simplified the left-hand side of the first equation () by noticing
that the Laplacian of U is —2AU. Finally, he recognized that [E2-12]:

“2AU =Y Tew=> T. (20)



This equation represents the Laplace operator applied to the scalar field U, equal to
the sum of the diagonal components of the tensor T, which is also equal to the sum
T, the trace of Ty, over the index k.

He plugged equation (20)) into equation (I3 and obtained for the first equation:

1
Agir =T — 3 ZTm. (21)

This equation represents the Laplace operator applied to the component gi1, which is
equal to 711 minus half of the sum of the diagonal components of the tensor T, (the
trace of tensor Ty ).

Using the Kronecker delta 4, equation (4] can be written in compact form:

This equation describes the behavior of the metric tensor components g;; in a gravi-
tational field. It relates the Laplacian of the metric components to the components of
the stress-energy tensor 7;; and the trace of the stress-energy tensor. Equation (22])
and the standard form of Einstein’s field equations in the covariant form, equation
([I74), share a similar form. In hindsight, the linearized equation (22]) represents a
simplified version of the Einstein field equations [W1-8].

Einstein ultimately abandoned the equations (ZI]) for the same reason he had
previously discarded the other linearized field equations (see [W1-8]).

Next, Einstein imposes a fourth condition [E2-12]:

4) The O;kx condition.

1 <3gik + Ok + 39,\1') . (23)

Oirx = =
ke 2 8$A 8131 aick

Scholars called equation (23]) the "theta condition" [JRSNS]. This expression sig-
nificantly influenced Einstein’s derivations and manipulations, particularly in elimi-
nating unwanted terms from equations (B0).

The expression ([23) involves partial derivatives of the metric tensor components
gir concerning the coordinates xx. The 60;xx condition is defined similarly to the
Christoffel symbols ([25]). It involves partial derivatives of the metric components g;x
with respect to the spacetime coordinates xx, x;, and, x., and it has a similar form to
the expression for I';,. So, while it is not exactly the Christoffel symbol, it shares a
close resemblance and serves a similar purpose in describing the connection coefficients
associated with the metric tensor g;g.

In Einstein’s calculations dealing with equation (B0), unwanted terms involving
second-order derivatives of the metric could arise. The "theta expression" ;1 is used
to manipulate and simplify these terms, by canceling out unwanted contributions. The
expression is constructed to transform as a tensor under coordinate transformations
(i-e., covariant).

Einstein titled page 22R "Grossmann". He derived a tensor, representing the
gravitational field in terms of the Christoffel symbols and their derivatives. Initially,
Einstein considered specifying a covariant differential tensor of the second rank and
second-order for the Ricci tensor on page 22R [E2-12]:

=3 o (1) = 5 () = (1) (PR = (1) 30| (20




i1 represent the Christoffel symbols:

v _ 1 ox(0gx | Ogix  Ogu
=59 <8xi + ozt dx* ) (25)

In these expressions: 4, [, and  are spacetime indices. g™ represents the components
of the inverse metric tensor. gx;, gix, and g, are components of the metric tensor.

el (‘99M )7 0 (ag“ ), and a,% (65’“ ) are the partial derivatives of the metric tensor

ozt \ Ozt ozl \ ozl oz
with respect to spacetime coordinates. We can represent I'), and I'§; using similar
notation. T'}. represents the Christoffel symbol with the indices 4, s, and A. T%,
represents the Christoffel symbol with the indices A, [, and x.

Let us derive Einstein’s gravitational tensor from the Ricci tensor. We start with
the original Ricci tensor as given in equation (24). Now, let us use the relation from
page 22R [E2-12]:

E)log\/—_g:ni,17 (26)
81’7;
to rewrite some of the Christoffel symbols.

The presence of the square root of the determinant of the metric tensor /—g in the
expression (26]) is related to unimodular transformations. Unimodular transformations
refer to coordinate transformations that preserve the determinant g of the metric
tensor. In other words, if we perform a coordinate transformation, the new metric
tensor g, in the new coordinate system should have the same determinant as the
original metric tensor g,., i.e., ¢’ = g. Equation (28] relates the partial derivative
of the logarithm of the square root of the determinant of the metric tensor with
the Christoffel symbols (I""), which describe the connection between covariant and
contravariant derivatives in curved spacetime.

Now, using equation (26]), we can express the first and second terms in equation
@), T3, differently:

9] " o} Ky i dlog\/—g _ 9] "
91, (T5) — 9z, (Tq) = o (78131- ) D (T') - (27)

Using equation (26)), we can express the third and fourth terms in equation ([24)), T3,
differently:

() (50 = () @050 =| (rh) 5 - () (Z26=0). | e

Next, we will substitute equations ([27) and (28)) into the expression for T and simplify:

7= 3 g (T8 ) | g i) = (02) o |- (1) (7952 - 9

Recall that Einstein employed unimodular transformations, where /g = 1. Con-
sequently, when /g = 1, the logarithm of \/—g approaches zero. This leaves the Ricci
tensor with the second and third terms in equation (23]). These two terms constitute
Einstein’s gravitational tensor:



9w

Ti = 5 (06 = (1) (5. (30)

Scholars coined the term the "November tensor" to describe equation (B0). The
reason it is referred to in this manner is that when we set the November tensor equal
to the stress-energy tensor, multiplied by « (the constant related to the gravitational
constant), we obtain the field equations (I35]) of Einstein’s first paper on general
relativity of November 4, 1915, see [W1-§|.

Einstein later abandoned the November tensor approach [E2-12]. However, he
thoroughly examined the November tensor in the Zurich notebook before doing so.
Let us take a moment to analyze this briefly,

Einstein used the "theta condition" 6;xx (23] to relate certain terms in the Novem-
ber tensor to derivatives of the metric tensor:

. 9 dgi 9gi 99
il = Z 8—17,1%“1 <9ua - 817;) — VAaVkB <9ika - 87j> <9M,B - 872 : (31)
Kl

In other words, Einstein manipulated the Christoffel symbols (28] I'j; through the
"theta condition" ;% to arrive at the final expression for T;;, equation (BI).

The restrictions and conditions applied, including the Hertz condition, impose
restrictions on the derivatives of the metric components, eliminate unwanted terms
involving second-order derivatives of the metric, and simplify the November tensor.
Arriving at a reduced form of the November tensor involving the metric’s derivatives
and potentially other terms relevant to the gravitational field equations.

By setting 0« = 0 in equation (3I]), Einstein obtained a truncated form of the
November tensor [E2-12]:

02gu 0gir Ogi
3 o gt 1S paip ok e (32)
Ko pa

0%.0%a Ozo Ozg "

Einstein, therefore, imposed equation (23). Recall that this condition is related to
the connection coefficients, i.e., the Christoffel symbols. These symbols are introduced
to simplify the covariant derivative and describe the connection between curves on a
curved manifold. When we set 6,1, = 0 to the expression given in equation (]Z{I), we
are effectively making a specific choice for how the connection coefficients depend on
the metric. This choice simplifies the equations and can be used when seeking the
Newtonian limit. In the limit of weak gravitational fields, this choice for 6;;,x = 0
leads to equations resembling Newtonian gravity’s Poisson equation. The equation
([B2) shows some of the terms contributing to the Newtonian limit of the gravitational
field equations in general relativity.

Equation (3I)) involves terms related to the second derivatives of the metric tensor
and its components. This equation is derived as part of Einstein’s strategy to sim-
plify the November tensor and understand the behavior of the field equations in the
weak-field limit. The goal of the weak-field limit is to recover the Newton-Poisson
equation as a first approximation. With its terms involving second derivatives of the
metric, equation (32]) can be simplified and compared to the Newton-Poisson equation,
which describes the gravitational potential in Newtonian gravity. The Newton-Poisson
equation relates the Laplacian of the gravitational potential (related to the second
derivatives of the potential) to the mass density. Comparing equation ([32) to the

10



Newton-Poisson equation and making appropriate approximations, one can show that
Einstein’s November tensor reduces to Newtonian gravity in the weak-field limit. By
manipulating Equation ([82) and showing its resemblance to the Newton-Poisson equa-
tion, one can demonstrate that, for relatively weak gravitational fields, the November
tensor reproduces the same gravitational effects as those predicted by Newton’s law
of gravitation.

Despite his efforts and the introduction of conditions 1), 2), 3), and 4), Einstein
faced difficulties in achieving both goals (consistency with energy-momentum conser-
vation and recovering the Newtonian limit) with the equations (@), (Id]), equation (2II),
(30D, and ([B32). It appears that he could not demonstrate energy-momentum conserva-
tion satisfactorily within this framework. Additionally, the recovery of the Newtonian
limit posed challenges. Due to these difficulties, Einstein eventually abandoned the
November tensor (B0]) and the associated field equations. He moved on to the Entwurf
field equations, which were non-covariant and different from the November tensor
[W17], [W1-8].

Grossmann collaborated with Einstein again, this time on the Entwurf theory.
Einstein’s collaboration with Grossmann resulted in a joint paper titled "Draft of a
Generalized Theory of Relativity and a Theory of Gravitation" [EGI13|. This col-
laboration involved Einstein contributing to the physical aspects of the theory while
Grossmann worked on the mathematical aspects.

Grossmann reasoned that while it was possible to define the Ricci tensor 24)), it
could not be reduced to the Poisson equation of Newton’s theory of gravitation in the
case of an infinitely weak static gravitational field. This realization raised questions
about the connection between the Ricci tensor equation ([24) and the gravitational
equations, particularly in arbitrary transformations. The key issue was whether the
field equations allowed for arbitrary transformations or only a certain group of trans-
formations (linear transformations). Grossmann was uncertain about this distinction,
which led to a lack of clarity regarding the role of the Ricci tensor equation (24]) in
the gravitational field equations [EGI3|. Notably, Grossmann seemed to adopt some
of Einstein’s misconceptions.

In their joint paper of 1913, Einstein formulated the covariant form of the Entwurf
vacuum field equations (33), which describe the gravitational field in the absence of
matter and energy, as follows [EG13]:

D,.(g9) =0. (33)

He also expressed the covariant form of the Entwurf field equation with sources as
follows [EG13]:

| D (9) = K (T + ty)- (34)

The Entwurf field equations are about the relationship between the matter content
in spacetime - described by the stress-energy tensor 7)., and the energy-momentum
carried by the gravitational field itself - described by the stress-energy pseudo-tensor
of the gravitational field ¢,,. x is a constant that relates the metric curvature to the
stress-energy tensor. It is related to Newton’s gravitational constant and the speed of
light: k = 8:—45". The above equations describe how spacetime curvature (as captured
by the operator D,.(g) acting on the metric g) relates to the distribution of matter
and energy. D, (g) represents an expression related to the curvature of spacetime. It
involves the metric coefficients vo3:
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D, (g) is a differential operator acting on the metric tensor g,.. ¢ is the determi-
nant of g,,. Dy (g) includes derivatives of the metric tensor and terms involving the
connection yog, which is not the Christoffel symbol found in the final formulation of
general relativity.

The Entwurf field equations (34)) are the covariant form of the Entwurf field equa-
tions (B8). In a 4-dimensional spacetime, the symmetric rank-2 tensors used in the
Entwurf field equations have 10 independent components due to their symmetry. This
symmetry property means that the components are equal when their indices are ex-
changed [D,.(9) = D..(g)]. Therefore, the number of independent equations is re-
duced to 10.

Einstein then wrote an equation representing t,., the covariant form of the stress-
energy pseudo-tensor ¢, for the gravitational field:

_ 09rp OVrp 1 99+, a’YTﬂ
26ty = Z <8:c# oz, g Jurias Oxo Oxp )’ (36)

afBTp

Equation (B6) consists of two terms: The first term involves products of derivatives
of the metric tensor g,, and the metric coeflicients 7,,. The second term in equation
B8] involves products of the metric tensor g,., and the metric coefficients v,s and
their derivatives, with a factor of %

We plug equation (B3] into equation ([B34)) to replace D, (g) on the left-hand side:

a v 8 T a v,
Z \/_a:c (’Ya,@\/ In > Z VaB’YTp g# o _ —6(Tpr + tuw). (37)

57 o Oxp

Einstein wrote the Entwurf field equations in their contravariant form:

Ap(7) = KO + buv). (38)
A, () is related to the curvature of spacetime, given by the metric coefficients yaz3.
O represents the energy-momentum tensor, and 6,, is the pseudo-tensor related to
the gravitational field itself.
The contravariant form of the A, (v) which relates to the curvature of spacetime
Yags is given by:

Z Ve T (wr ”“") - S e g e )
aBTp
The first term mvolves derivatives of the metric coefficients .5 with respect to space-
time coordinates x,. The second term involves products of metric coefficients and
their derivatives.
Einstein wrote the contravariant form of the pseudo-tensor 6,,; the relationship
between the pseudo-tensor of the gravitational field and the metric coefficients [EG13]:

. o 8g-rp 877/) _ l ag‘rp 8770
2H9HV - a;p <’Yau7ﬁ'/ ax 81’ 27}‘«” af axa 81’[3 (40)
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The pseudo-tensor 8, of the gravitational field is related to the metric coefficients
Yo and derivatives of the metric tensor g-,. The equation consists of two terms: The
first term involves products of metric coefficients va,vs., and their derivatives. The
second term involves products of the metric coefficients v,.vas and their derivatives,
with a factor of %

The Entwurf field equations are not generally covariant, i.e., they do not retain
their form under arbitrary coordinate transformations. The absence of general co-
variance in the Entwurf theory can be seen when trying to transform the equations
under a general coordinate transformation. The D, (g) operator, which is part of the
gravitational field equations, as defined in the Entwurf theory, will not maintain its
form under such transformations.

When Einstein and Grossmann worked together on developing the general theory
of relativity, Einstein was the driving force and significantly influenced the project.
Einstein was primarily responsible for physical concepts and developing the theory’s
foundations. He provided the initial ideas and insights that guided their collaboration.
Conversely, Grossmann was crucial in providing mathematical expertise and tools
to formulate the theory mathematically. He translated Einstein’s physical insights
into the language of tensor calculus and differential geometry, which was essential for
developing the theory’s equations. While both Einstein and Grossmann contributed to
the collaboration, Einstein’s influence and ideas were more prominent in shaping the
project’s direction. Einstein’s authority and vision in physics were significant factors
in their work together.

3 1913: The Perihelion of Mercury

In June 1913, Einstein’s closest friend, Besso, a proficient engineer with an understand-
ing of physics and mathematics, visited Einstein in Zurich. Together, they attempted
to solve the Entwurf vacuum field equations to determine Mercury’s perihelion ad-
vance in the Sun’s static field.

The derivation starts with assuming a weak gravitational field far from the Sun,
which the Minkowski flat metric of special relativity can approximate. The metric
components are represented by g.., where p and v are indices. Einstein kicks things
off with the calculations in the FEinstein-Besso manuscript. He uses his field equation
from static gravitational fields theory (a form of Poisson’s equation) [CPAE4], Doc 14:

o

Equation (I]) relates the Laplacian of gas, which is the component of the metric tensor
corresponding to the time-time component (1 = v = 4), to the static dust cloud’s mass
density po. ¢@ is the speed of light in vacuum.

Einstein reduces equation () to equation (I]). In equation (), the speed of light
c is interpreted as the speed of light co, representing the same constant. The term o
in equation () is considered as the mass density po in equation (@Il), and so equation
(@ is reduced to equation (1) [W17].

Einstein uses equation ([@I)) to find the metric field of the Sun(g) to first-order ap-
proximation when considering a spherically symmetric, static gravitational field pro-
duced by the Sun [CPAEA4], Doc 14:

gaa = ¢§ (1 - é) . (42)

r
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A represents a correction factor in the above metric component g44 that considers the
gravitational effects in a spherically symmetric gravitational field of the Sun:

A:(1+%). (43)

The term £ in the metric represents the deviation from flatness due to the Sun’s
gravity. « in this term is represented by:

kM 2GM
Ar 2
Here, k is Einstein’s gravitational constant, GG is the Newtonian gravitational constant,
M is the mass of the Sun, and c is the speed of light.

To account for more accurate results, Einstein calculates the second-order metric
for the gravitational field of the Sun through successive approximations, leading to a
more complex metric field:

. (44)

5 A 5 A2
gasa = Cp (1_?+§T_2> (45)

The metric field of the static Sun, as obtained through the Entwurf theory, in-
cluding second-order corrections, determines the geometry of spacetime around the
Sun. This metric field describes how the Sun’s mass and gravity affect the curvature
of spacetime in its vicinity.

So, Einstein substitutes the first-order metric [equation ([#2])] into the Entwurf vac-
uum field equations ([34)). By substituting the first-order metric into these field equa-
tions and performing calculations and approximations, Einstein derives the second-
order metric [equation (@H))]. This second-order metric more accurately describes the
Sun’s gravitational field in the Entwurf theory.

As shown above, the first-order metric [equation ([@2] is derived using the static
field equations [equation (4d])]. These static field equations describe a spherically
symmetric gravitational field and are used to find an approximate solution for the
metric component, gssa. This metric describes the gravitational field near the Sun. The
second-order metric is then derived by applying the Entwurf vacuum field equations,
which provide a more refined description of gravity in the Entwurf theory.

Now, Besso takes over and handles the calculations. The motion of a planet (in this
case, Mercury) within this gravitational field is described using equations of motion
for a mass point, which include the following four equations [CPAE4], Doc 14:

ds
E.
Equation (@6) equates two different expressions 2 f and ¢r® that describe angular
momentum. The constant B is introduced on the right-hand side, specifically in the
expression % as a proportionality constant to relate the angular velocity ¢ and the
squared radial coordinate r? on the left-hand side to the rate of change of %7 ie.,
the velocity component in the fourth coordinate direction (representing time). This
equation describes the relationship between the rate of change of the area swept out
per unit time ( f) and %. It represents the conservation of angular momentum in
polar coordinates for a planet orbiting the Sun. The angular momentum is conserved
as the planet moves in its orbit. f represents the rate of change of the area swept out

by the radius vector from the Sun to the planet per unit time.

2f =pr* =B (46)

2
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dt
FE = g44£ and J, = (47)

T
ds
dat

xJy = (48)
These equations represent the expressions for energy (E), angular momentum in the
z-direction (J;), and the product of  and J, in Einstein and Grossmann’s Entwurf
theory of 1913 [EG13].

Besso derived an equation representing angular momentum conservation, which
he called the "area law." However, it does not directly represent the planet’s motion
under gravity’s influence. This law differs from Kepler’s second law because the rate
of change of the area swept out by the radius vector from the Sun to Mercury (%) is

not constant in the Entwurf theory [CPAE4], Doc 14:

d (zy—yz)\ _
‘() o »

dt

Besso defined an area constant (B) and the area speed (f) [CPAE4], Doc 14:

: ds
=i —yi = B—. 50
f=ay—yt =B (50)
This equation represents the relationship between the rate of change of the area swept

out per unit time (f), the coordinates z, y, and their time derivatives &, and y.
Now, we substitute (’”y*y’b) with B from equation (B0):

s
dt

% =0, or using equation ({f): (51)

d [ or?
o < = ) =0. (52)
dt

Besso’s "area law" equation (@3] is a key component of Besso’s calculations of the
precession of Mercury’s perihelion.
Besso then combined the first equation [@T), E, with equation (@8] and derived the
resulting equation:

Ef = Bgua. (53)
He then inserted equation (@3] into equation (B3]). The equation obtained is:
A 5A?
E(¢r®) = Bgu=Bcj (1 - =+ == ). 54
(ort) = Bow = Bt (1- 2+ 35 ) (51)

The left-hand side of the equation, E(gbrz), represents the energy of an orbiting planet
(i.e., Mercury) in polar coordinates. It is the product of the angular velocity ¢, the
square of the radial distance (r?), and Mercury’s energy (E). On the right-hand side

of the equation, Bc2 (1 - é + %%)7 we have the constants, i.e., B and ¢Z, as well as

the parameter A, which is defined by equation ([@3]). Recall that these constants and
corrections account for the effects of gravity on the object’s energy. Equation (54)
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relates (E) [equation )], (¢) [equation ({G)], (r) and B [defined in equation (@6)],
gaa, ¢§ and A [equation (@3))].

Besso derived equation (B4]), which represents the conservation of energy for Mer-
cury moving in the Sun’s gravitational field, where the geometry of spacetime is de-
scribed by the metric field gssa according to the Entwurf theory. Einstein and Besso
wrestled with the last set of equations across several pages in the FEinstein-Besso
manuscript ([CPAE4], Doc. 14), ultimately reaching a rather disheartening outcome.
When equation (54) is integrated over the entire orbit (from perihelion to aphelion),
it yields the accumulated change in the angle ¢, which corresponds to the precession

of Mercury’s perihelion:
2 5 A
dy = 14— ). 55
[1 v 7r< +8a(1_62)> ( )

This equation describes how the angle ¢ changes as the planet Mercury moves along its
elliptical orbit. Specifically, f:f de represents the integral of the angle ¢ as Mercury
moves along its elliptical orbit from perihelion (r1) and aphelion(r2). In other words,
the angle swept out by the radius vector from the Sun to Mercury as the planet orbits
the Sun between its perihelion and aphelion.

We want to calculate how much the angle swept out by the radius vector during
one complete orbit of Mercury changes from one orbit to the next. This change in the
angle:

T2
Ap = / de. (56)
1

gives us the total change in the angle over one orbit. To find the change per orbit in
terms of the precession, we divide it by the number of orbits per revolution.
Substituting the expression for Ay [Equation (BH)] back into the equation (B4]), we
get:

5 A
T4 a(l —e2)’
This equation represents the precession of Mercury’s perihelion, giving us the amount
by which the perihelion of Mercury advances in its orbit per revolution.

Einstein and his close friend Besso, in 1913, grappled with the Entwurf vacuum
field equations to discern the perihelion advance of Mercury. This feat encountered
miscalculations and subsequent corrections, resulting far from the observed discrep-
ancy. According to the Entwurf theory, the field of a static Sun produced an advance
of Mercury’s perihelion per revolution, equation (57, corresponding to 18",

(57)

4 Rotation and Mach’s principle

On pages 41-42 of the Einstein-Besso manuscript, Einstein probed if his Entwurf the-
ory conflicted with the rotation concept [CPAE4], Doc. 14. He performed a series
of calculations to bridge his understanding of general relativity (as per the Entwurf
theory at this stage) with Mach’s principle. He was trying to see if the effects of a
rotating universe, as embodied by a rotating metric, could be derived from his Entwurf
field equations. The analysis concludes that, with some approximation methods, the
rotating metric is a valid solution to the Entwurf equations, giving some credence
to the notions inspired by Mach’s principle. Intriguingly, the rotation challenges and
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the anomaly in Mercury’s perihelion advance were interrelated. For diminutive an-
gular velocities, a rotating system’s metric field largely mirrors the Sun’s metric field
— the metric examined in the 1913 FEinstein-Besso manuscript to deduce Mercury’s
perihelion advance [W17], [W1-§].

Consider the line element given by [CPAE4], Doc. 14:

ds® = dz® + dy® + 2wydadt — 2wrdydt — (1 — wr?)dt?, (58)

where, 1% = 2% + 2.
This is the spacetime for a rotating system in terms of Minkowski spacetime. Here, w
represents the angular velocity of the rotation, and r is a radial coordinate.

Einstein then writes down the covariant and contravariant components of the met-
ric tensor for this rotating spacetime. Einstein wishes to determine if the rotating
metric is a solution to the Entwurf field equations. He uses an approximation method
similar to the one he used for the perihelion advance of Mercury. By plugging in the
first-order approximation of g, into the Entwurf field equations (B3], Einstein aims
to see if this metric describes a vacuum spacetime. Recall from section ] that the
operator Dy, (g) is used in the Entwurf field equations ([33). Einstein derived the
following equation [CPAEA4], Doc. 14:

D44(g) = —Ag44 — 8w2. (59)

The above equation describes the effect of the rotating metric on D, (g). The term
Auyq is related to the Laplacian of the gss component, which describes how much it
deviates from a flat spacetime value.

Einstein made a calculation error regarding the terms proportional to w? and a
sign error. specifically, Einstein considered t44, the 44-component of the stress-energy
pseudo-tensor of the gravitational field. He believed the result for xtss was [CPAEA],
Doc. 14:

Kt44 = —4w2. (60)

Equation (36) [section 2] represents ¢,,. For p = v = 4, this equation takes the form:
1 0grp Oyrp 1 9grp Ovrp

tas = - - = o —-— . 61

=g Z <8:c4 Oxs 917 P 0t Oxp (61)

aBTp
The first term in equation (I]) does not contribute to second-order terms proportional
to w? because it involves derivatives with respect to a spatial coordinate z4. The second
term yields:

1/1 0914 0714 1 2
- <2944,y22 - 8:02) g w)? (62)

Hence, ts4, in the rotating system is proportional to w?, where recall that w is the
angular velocity of the system.
Plugging equations (59) and (60) into the Entwurf field equation:

D44(g) + ktaq = 0. (63)
Einstein obtained [CPAE4], Doc. 14:

D44(g) + Ktaa = —Agas — 8w2 + 4% = 0. (64)
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In other words:
Ag44 = —4w2. (65)

This equation indicates a sign error on Einstein’s part. Einstein mistakenly omitted
the minus sign in equation (B0) and wrote +4w? instead of —4w?. Agas is a term
that arises when the Da4(g) operator is applied to the metric. So, from Einstein’s
perspective, the —8w? term comes from applying the Dy4(g) operator to the metric.
ktas contributes an additional +4w?. When we sum up the w? contributions, we get a
net contribution of —4w?.

Einstein, still unaware of the mathematical error he had committed, then proposed
a solution for gss in the form of a term proportional to the squared distance from the
axis of rotation:

sz(xz + yz), (66)

where C is a constant. In two-dimensional polar coordinates (r,6),r* is given by
r? = (2% + y?). Hence:

Agas = Cw?Ar?. (67)
Ar? in polar coordinates is given by:
2 10 ( 0(r? 1 9%(r?)
Art= r Or (r or ) T a0 (68)
Now, we calculate the derivatives:
a(r?)
=2 69
or " (69)
82 (7,2)
07 = 0. (70)
We substitute these derivatives back into the expression:
2 10 1 10, 4 1 _
Ar _rar(r 2T)+r2 O_rﬁr(Qr)_r 4r = 4. (71)

So, Ar? = 4, and equation (B7) becomes:

Ag44 = 4C’w2. (72)

Equating equation (72) to equation (G3)), results in: C' = —1. This ultimately led
Einstein directly to the desired outcome he had been seeking [CPAE4], Doc. 14:

g11 =1 -’ (@ +¢%). (73)
This equation represents the time-time component of the metric for the rotating sys-
tem. Notably, this result matches what one would obtain through a direct transfor-
mation from a non-rotating to a rotating frame. Given the squared terms in x and v,
it shows the influence of rotation, particularly as one moves further out radially from
the center of rotation [W17].
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5 The Entwurf Theory and the Newtonian limit

In 1913, Einstein provided a sketch illustrating how Poisson’s equation and the Newto-
nian equation of motion can be derived in the weak-field approximation in the Entwurf
theory [E13].

Einstein starts with the Entwurf field equations, equations (34)). He considers
a linear approximation of these field equations. In this approximation, the metric
tensor g, deviates slightly from the flat spacetime metric 7,,, and this deviation is
represented by g,

Guw = N + G- (74)

Einstein notes that in this weak-field approximation, the spatial part of the metric
tensor (n,,) remains approximately flat, representing special relativity.
Einstein makes several assumptions:

1) He assumes that the gravitational field is static, i.e., it does not change with
time. This assumption simplifies the time derivatives in the equations.

2) Einstein assumes that the perturbation in the metric (g,,,) goes to zero at
infinity, i.e., the spacetime approaches a flat Minkowski spacetime.

3) Einstein considers a pressureless and static cloud of dust characterized by the
mass density po. This dust distribution serves as the source of gravity. He identifies
the time-time component of the stress-energy tensor Tys with po. This identification
is crucial for relating the gravitational potential to the mass distribution.

4) In the weak gravitational field, Einstein neglects off-diagonal terms in the metric
tensor (u # v) because they are assumed to be small. In the weak field limit, the
diagonal components of the metric tensor are the dominant ones. These diagonal
components are associated with the gravitational potential and have a direct physical
interpretation. On the other hand, off-diagonal components describe smaller effects in
a weak gravitational field. Neglecting off-diagonal terms and working with a diagonal
metric is consistent with Newtonian physics in the weak field limit.

5) Finally, Einstein assumes that all components of the metric tensor g, other
than the time-time component (1 = v = 4) are negligible (g;;, = 0). In other words,
he is simplifying the metric to a diagonal form where only the time-time component
is nonzero. By simplifying the metric, we greatly reduce the number of terms and
equations in the field equations, and the dominant term is the gravitational potential
gy, Which is directly related to the Newtonian gravitational potential.

These assumptions collectively simplify the problem and lead to the derivation of
the Poisson equation for g, which describes how the gravitational potential is related
to the mass density po in a static, weak gravitational field.

The Entwurf field equations (B34) are simplified in the weak-field approximation
and reduce to [E13]:

2 x 2 x 2 %

L 9w O 109w _ KT (75)
Ox? oy? 072 ¢ Ot?

. g,
Ogpw = =

With Einstein’s assumptions, the equation (75 becomes [E13)]:

. 1 9%g;
U9 = = 82;4 = KTa. (76)
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2 . .
The term C% ga* in ([76)) corresponds to the time-time component of the wave equa-

44
tion. The right-hand side of ({6) is kTus. This term is the ¢ — ¢ component of the
stress-energy tensor multiplied by the gravitational constant, K7}, .

According to the aforementioned assumptions, Einstein identifies T44 with the Poisson
equation’s mass density po, and assumes that the spacetime is asymptotically flat (i.e.,
that at spatial infinity, the metric perturbations gy, approach a Minkowski metric
Nuv ). In this limit, the wave operator O reduces to a spatial Laplacian operator as
the time derivatives become negligible compared to spatial derivatives. Hence, with
these assumptions, Ogj;, becomes Agjy and the equation (76l simplifies to the Poisson
equation for gj, [see equation ({I))] [E13]:

(m)

Equation (1) represents Poisson’s equation gj, in this weak-field limit. For compo-
nents other than gi, (i.e., 1, v not equal to 4), the equation states Agy,, = Ty, = 0.
This condition means that for metric tensor components other than the time-time
component, the Laplacian of g, is zero, implying no gravitational potential associ-
ated with these components. Similarly, 7},, = 0 means that the stress-energy tensor
components (7),,) associated with these spacetime points are zero. In other words,
those points have no matter or energy density.

The solution to the Poisson equation represents the metric g;,,, in this static, weak
gravitational field.

In the weak-field approximation, and assuming non-relativistic velocities (v << ¢),
the geodesic equation reduces to the equation [E13]:

r __1ov
2 2 oz’

which relates the acceleration of a test particle’s position to the spatial gradient of
the gravitational potential gj4. Equation (T8) represents the equation of motion for a
particle moving in a spacetime described by the metric perturbation gj3,.

The left-hand side represents the acceleration of a test particle’s position vector =
for time ¢t. This describes how the position of a particle changes under the influence
of gravity. The right-hand side involves the derivative of the gravitational potential
gia with respect to the spatial coordinate x. This derivative characterizes the spatial
gradient of the gravitational potential.

However, in formulating equation (78) in 1913, Einstein took a different approach
as he had not yet written the geodesic equation, which he would only pen a year
later. The geodesic equation describes the motion of particles under the influence of
gravity. While equation (Z8)) captures the motion of a particle influenced by gravity,
it is a simplified form in the context of Hamiltonian formalism. Einstein applied the
principle of stationary action, which states that the variation of the spacetime interval
[ ds is set to zero [ET3]:

(78)

5 / ds = 0. (79)

He then expressed (in the weak-field approximation) the spacetime interval f ds in
terms of the metric tensor g,, and the coordinate differentials dzx,:
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ds® = gudr.dz,. (80)

pv

He considered the variation of the Hamiltonian H:

ds
H= _E7 (81)

for time ¢, as indicated by:

5 / dHdt = 0. (82)

This variation is related to the equations of motion of particles in the weak gravita-
tional field.

Combining the principles of stationary action [equation ([[9)], spacetime interval
[equation (80)], and the variation of the Hamiltonian [equation (§I])], Einstein derived
equation ([78]), equations of motion for particles moving in the weak gravitational field
[E13].

If Einstein had possessed the geodesic equation in 1913, he could have derived
equation (78) in the following manner. Starting with Equation (7)), we can consider
a particle moving in this field in a weak gravitational field. We are interested in
the motion along a single spatial dimension, say . The geodesic equation for the
x-component of motion can be written as:

2
% +TIi, =0. (83)

Where: %2”5 is the acceleration of the particle in the x direction; I'}, is the Christof-
fel symbol associated with the xz-coordinate and the time coordinate ¢, and % is the
velocity of the particle in the z-direction.

Now, considering that g3, represents the gravitational potential (specifically, the
time-time component of the metric perturbation), and we are interested in motion in
the z-direction, we can relate I'f, to gis:

1 0gia
2 0
This is a connection between the Christoffel symbol and the metric perturbation.
Substituting this into the geodesic equation (B3], we get equation (8). The accelera-

T
1_‘4=4= =

(84)

tion % of the particle is influenced by the gravitational potential gj, and the square

of its velocity (%)2. Einstein derived this equation in his general relativity in 1916.
See equation (I94)) in Section [7]

The derivation of equation (8] indicates the development stage of Einstein’s grav-
itational theory during that period. Einstein’s journey toward the development of
general relativity involved a series of steps and refinements in his understanding of
gravity and the mathematical framework to describe it. In the early stages, as seen
in his 1913 Entwurf theory, he was still working within the framework of special rela-
tivity and classical mechanics. He was heavily influenced by the equations of motion
from Newtonian gravity. As he continued to explore and refine his theory, he departed
from the special relativitsic and classical mechanics framework. He moved toward the
more elegant and comprehensive framework of differential geometry, which ultimately
led him to the geodesic equation and the final formulation of general relativity [W17].
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Einstein studied the linearized Entwurf field equations in a weak-field limit. He
was looking for solutions describing how a small perturbation in the metric g, affects
the motion of particles and light. The perturbation gj, was related to the gravitational
potential, and he was interested in how it is influenced by mass and energy. Einstein’s
equations in the weak-field approximation involve the wave operator O [equation (73]
and describe the behavior of metric perturbations gj,,, [equation (74))] in a weak gravita-
tional field. Given these equations, one might ponder whether Einstein had previously
considered gravitational waves within the framework of his Entwurf theory. While
these equations share some mathematical similarities with the equations of gravita-
tional waves in Einstein’s general relativity, the appearance of the wave operator [J
in [equation (73] is a mathematical feature of the weak-field approximation in the
Entwurf theory. It represents how perturbations in the metric evolve in response to
matter sources. However, at this point, Einstein did not explicitly interpret these
equations as describing gravitational waves as he did later in 1916. In 1913, during his
work on the Entwurf theory, Einstein was primarily focused on developing a theory
of gravity consistent with the principles of special relativity and Newtonian gravity.
While exploring the behavior of metric perturbations and their propagation, he had
not yet fully recognized the concept of gravitational waves as distinct propagating
disturbances in spacetime.

6 Einstein falls down the hole and climbs back

In 1914, Einstein refined the 1913 Entwurf theory, demonstrating the validity of its
field equations, particularly in adapted coordinate systems, as detailed in reference
[E1-14]. Einstein commenced this refinement by considering the energy-momentum
balance for matter in a gravitational field, as presented in reference [EI-14]:

0Tov 1 Oguv
== T/TUr- 85
D T =52 g (85)
v %
Tov represents the energy-momentum tensor of matter in the gravitational field:

,7:7V = Z \Y4 _ggo',u,e/,u}- (86)
n

Equation (85]) describes how this tensor relates to the derivatives of the metric v and
the components of 7.

Einstein derived a less general form of what he referred to as "the "Entwurf’ equa-
tions" [EI-14]:

0 Oguv
Y 5 (V=97a890u5 2 ) = =K(Tow + tov). (87)
0T Oxg
afp

tov, the stress-energy pseudo-tensor of the gravitational field is represented by the
equation:

toy = Z V _ggouauu« (88)
"

This new form represents the curvature of spacetime as a function of the metric
coefficients 74, the metric tensor g,., and the tensors 75, and ts..
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Einstein wrote the equation, which relates the stress-energy pseudo-tensor of the
gravitational field ¢, to the derivatives of the metric and ~:

0gpr Opr 1 99pr OVpr
—2Ktor =/ — v - = SovYa -— . 89
Rloy g ;;;7% axa 3x5 2(3;; vaB 8xa axB ( )

Equation (B9) represents the stress-energy pseudo-tensor ¢, [equation (88)]. Einstein
expresses to, in two different ways and uses either equation depending on the context
of his calculation. Substituting ¢, from equation (B8] into equation (B9) you get
equation (B8] back.

In equation (89), when o and v are equal, the Kronecker delta d,. is equal to 1, and
when they are not equal, d,, equals 0. d,, is used in the second summation term.
When o = v, then §,, = 1, and the term simplifies to:

1 9957 D90
_- 1+ Ya ZIpT
2 Z Vb O0ro Oxg (90)

aBpt

When o and v are equal, §», becomes 0 and the term disappears from the sum.
So, the Kronecker delta d,, acts as a switch that selects certain terms in the equation
based on whether o and v are equal or not. When they are equal, it selects the term;
when they are not equal, it sets the term to zero.

Recall that equation ([@0) and equation (B8] represent expressions for 2x6,, and
2kt respectively, in terms of various derivatives of the metric coefficients v, and
the metric tensor g,..

In equation [36], the stress-energy tensor component is calculated using the metric
tensor gu.. In equation (89), we have the Kronecker delta 05, and the square root of
the determinant of the metric tensor /—g appearing instead of the metric tensor g,.
that is present in the expression ([B8). In equation [89] we replaced the metric tensor
guv with the Kronecker delta d,.,. The difference between equation (89) and equation
(B4 is related to the properties of the metric tensor and the determinant of the metric
tensor. These properties play a crucial role as Einstein defined them in 1914:[E2-14]:

> 9ueg” =6, (91)

This equation expresses the orthogonality of the metric tensor and its inverse. It tells
us that the contraction of the indices of the metric tensor with its inverse gives the
Kronecker delta 6,;, which is a diagonal matrix with elements equal to 1 on the diagonal
and 0 off the diagonal:

1 ifpu=
=9, Y (92)
0 if u#v,
and, according to the multiplication theorem for determinants:
> Gueg”’| =101 = 1. (93)
From this, it follows:
lguw| - 1" = 1. (94)
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This equation states that the product of the determinant of the metric tensor and the
determinant of its inverse is equal to 1.

The difference between equation ([89) and equation (36) arises from the use of the
Kronecker delta §,, and the square root of the determinant of the metric tensor \/—_g
in equation (89), as opposed to the metric tensor g, used in equation (B6). This
difference is related to equations (@I and (@4]),

Einstein states that the ""Entwurf’ equations," referring to the Entwurf equations
for the stress-energy pseudo-tensor, namely equation {Q) 2x6,, and equation (3]
2kt,, lead to the derivation of equation (89) [E1-14]. His objective is to establish
that his Entwurf field equations maintain the conservation of energy-momentum in
adapted coordinate systems.

Einstein proceeds by indicating that he conducted a differentiation with respect
to z, (he took the partial derivative for x,) on both sides of the equation (87)). Con-
currently, he considered the following expression:

0
EV: 8—%(7:7V + to—u) - 0 (95)

This equation represents the conservation of energy-momentum in the Entwurf the-
ory, which states that the covariant divergence of the stress-energy-momentum tensor
is zero. In simple terms, equation (O5)) tells us how energy-momentum changes in
response to the curvature of spacetime. In a generally covariant theory, the vanishing
divergence of the energy-momentum tensor is a direct mathematical consequence of
the field equations rather than an additional requirement. Yet, in his attempts to build
a bridge between the conservation laws and his gravitational field equations, Einstein
found apparent inconsistencies when his field equations were not generally covariant.
This led him to look for compensating terms to ensure conservation, affecting the
mathematical form of his proposed Entwurf field equations.

Following the differentiation of equation ([87) with respect to z, and taking into
consideration equation (@3], Einstein derived the following relations [E1-14]:
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B is a set of four differential conditions for the metric tensor g,v. The B, differ-
ential conditions are nothing but coordinate restrictions because they specify certain
relationships that must hold between the second partial derivatives of the metric com-
ponents for the spacetime coordinates x, and z,. These restrictions impose additional
constraints on the metric tensor g,, and ensure that the Entwurf theory’s solutions
conform to these restrictions. B, means that equation (87) is modified and adapted
to satisfy the coordinate restrictions B, [W17].

In 1913-1914, Einstein also presented several versions of the hole argument against
general covariance, implying that generally covariant field equations were impermissi-
ble [E2-14].

Suppose g, represents the metric tensor in the coordinate system K, and g:w
represents it in another coordinate system K’. Einstein imagined a certain region
of spacetime (a hole) where we do not know the exact values of the metric tensor.
Outside this hole, g, [the field G(z)] and g, [the field G'(z")| describe the same
gravitational field, i.e., they are just different coordinate representations of the same
physical reality. Inside the hole, however, they might differ. Einstein’s clever insight or
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maneuver trick was the following: he proposed swapping the coordinates for the values
inside the hole. He took the expressions for the gravitational field in K’ (described by
g:”,) but evaluated them at the coordinate points of K. So, even though it is the field
from K’, it is being described in the coordinates of K. Mathematically, this involves
replacing z’ (coordinates of K') with « (coordinates of K) for the values of g,,,, inside
the hole. This results in a new field, which we can denote as G'(z). The maneuver
implies that there can be two different solutions [G(z) and G’(z)] for the gravitational
field outside the hole, even though they are based on the same coordinate x in the
region of the hole. This raised a concern: if general covariance were true, and the field
equations were generally covariant, then there would not be a unique solution for the
metric inside the hole.

The "hole" restricts the usable coordinate systems to only adapted ones. These
adapted systems justify the restricted covariance of Einstein’s Entwurf equations and
explain why fully generally covariant equations could be problematic: they allow too
much freedom and ambiguity in their solutions. By 1914, Einstein demonstrated
the compatibility of his hole argument with the constraints of adapted coordinate
systems. This framework justified the constrained covariance of the field equations and
Einstein’s Entwurf gravitational tensor [equation ([I03])] and provided a rationale for
generally rejecting covariant field equations [E2-14], [W17], [W1-8|. The hole argument
was a challenge that Einstein posed against the concept of general covariance in his
developing Entwurf theory. It demonstrated, to Einstein’s thinking at the time, that
if the field equations were generally covariant, then they could admit multiple, distinct
solutions (different metric tensors) that represented the same physical situation inside
of a given region (the hole), but different situations outside that region. One could
posit that Einstein’s continued defense of the Entwurf theory had shades of dogmatism.
But not quite. While Einstein was deeply committed to testing his theories, trying to
salvage the Entwurf theory, he leaned on the crutches of adapted coordinate systems
and the hole argument.

In 1914, the hole argument provided Einstein with a refuge against the constraints
of general covariance. It allowed him to delve into the intricacies of the Entwurf field
equations. This pursuit continued until November 1915, when a sudden realization
prompted him to reconsider his approach, acknowledging the limitations of his previ-
ous path. While ensnared by the clutches of the Entwurf theory, Einstein authored
a comprehensive review article dedicated to this theory. In this article, Einstein pre-
sented the action, which is a functional integral, as represented by [E2-14]:

J= / LV=gdr. (97)

The integral includes the Lagrangian density of the gravitational field, L.

Einstein wrote equations for the stress-energy pseudo-tensor of the gravitational
field, which necessitated a coordinate restriction S,, = 0. He proposed a specific
Lagrangian based on derivatives of the metric tensor:

L=-Y g™ Th,. (98)
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This Lagrangian is not represented in terms of the Christoffel symbols. I'}, in
equation (O8] represents the components of the gravitational field, which are defined
as the gradient of the metric tensor:
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In the Entwurf theory, Einstein initially expressed the components of the gravi-
tational field in terms of the gradient of the metric tensor, as described in equation
@9). 1t is based on just one term of the three that comprise the full Christoffel sym-
bols, indicating the simplification Einstein employed at that stage. In 1912, in the
Zurich notebook, Einstein had already written the Riemann-Christoffel tensor using
the Christoffel symbols but gave it up in favor of the Entwurf theory, see section
He needed to go through the Entwurf theory to understand the full value of the
Christoffel symbols in his theory. In 1915, Einstein used the Christoffel symbols to
represent the connection coefficients. The Christoffel symbols define the covariant
derivative, geodesic equations, and the Riemann curvature tensor. This reflects how
Einstein’s understanding and the mathematical framework he used evolved. In the
Entwurf theory, Einstein formulated a theory of gravitation without resorting to the
full machinery of Riemannian geometry, which is why there were differences in the con-
nection used. However, as Einstein continued his work in November 1915, he moved
towards using the full Christoffel symbols and the Riemann curvature tensor in his
final general relativity formulation, recognizing Riemannian geometry’s significance in
describing curved spacetime (see discussion in section []).

Given its specific form, Einstein believed that the Lagrangian equation (@8] would
naturally lead to his Entwurf field equations under adapted coordinate systems. The
fact is that Einstein assumed that this Lagrangian was the only one leading to the
Entwurf field equations satisfying the coordinate restriction S5, = 0. He thought that
deriving the field equations through the variational approach reinforced the validity
of his Entwurf gravitational tensor. However, it was eventually discovered that this
assumption was incorrect.

In the 1914 Entwurf theory, Einstein employed tensor densities. These mathemat-
ical objects behave similarly to tensors under coordinate transformations but include
an additional scaling factor associated with the volume element, represented by the
determinant of the metric tensor, denoted as g. This extra factor allows them to ac-
count for changes in volume. In essence, tensor densities do not transform in the same
manner as tensors; rather, they incorporate an extra factor tied to the volume element
of the manifold.

FEinstein began with the Lagrangian, denoted as L, which depends on the con-
travariant fundamental metric tensor g"” and its first derivatives, g4”. The expression
gkt = %g;: represents the components of the metric tensor’s derivative with respect
to the coordinate z,. Einstein considered a scenario where the gravitational field as-
sociated with g"” is varied by an infinitesimal amount, resulting in the replacement
of the metric tensor components g"* by ¢g"” + dg"”. Importantly, the perturbation
dg"¥ vanishes at the boundaries of an infinitesimal local region in spacetime. In this
context, the Lagrangian L transforms to L+ 6L, and the action J transforms to J+4J.
The variational principle, as described in [E2-14], is expressed as follows:

§J = / dry 69" G, (100)
v

In this equation, §J represents the variation of the action associated with the metric
tensor g"¥.

26



Einstein recognized that the integrand, when divided by the square root of the
determinant of the metric tensor, denoted as \/—g, remains invariant. This insight led
to the formulation of the invariant expression:

1
—— 69" G- (101)
/=5 2

This invariant form accounts for the transformation properties of the metric tensor
and its associated variations.
FEinstein derived the following equation:

57 = /dT%:ag“" (82;{; Z — (85;{;)) , (102)

which represents the variation of the action for the metric tensor components dg"”,
corresponding to the Euler-Lagrange equations for the Entwurf Lagrangian density
L. These equations describe how the metric tensor components g“” must behave to
extremize the action.

Einstein defined the term in the brackets of equation (I02]) as the Entwurf gravi-
tational tensor G, [E2-14]:

G, — OV Z

g

(aL\/_) . (103)
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This equation defines G,,,,, which characterizes in the Entwurf theory the curvature of
spacetime due to the distribution of mass and energy. G, is defined in terms of the
variational derivatives of the action, equation (@7) concerning the metric tensor g,

and its first derivatives. \/—gL is the Lagrangian density and the square root of the
9(/=gL)

aghv

the Lagrangian density \/—gL with respect to the components of the metric tensor.

determinant of the metric tensor. The derivative is the partial derivative of

The term 2 3 WL) represents a partial derivative of /—gL with respect to g4", where

recall that ¢g£" = 689 (the metric tensor’s derivative with respect to the coordinate

To)-

However, when we take variational derivatives with respect to g,. and its deriva-
tives, the resulting expression can have the property of a standard tensor rather than
a tensor density. Given G, is derived from /—gL, but due to the variational dif-
ferentiation, it is a tensor rather than a tensor density. The factors of /=g in the
derivative terms are canceled out in forming the field equations, producing an object
with tensorial transformation properties.

Einstein imposed the divergence-free condition to restrict the covariance of the
Entwurf field equations. He stressed that the Entwurf gravitational tensor [equation
([@03)] is covariant only in adapted coordinate systems [E2-14] [see equation (@G])]:

0 va 0L/ =g
7= Z 0250Ta ( gk ) (104)

Alternatively, Einstein wrote equation (I04]) as follows:
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Einstein’s Entwurf field equations prior to imposing the restriction B, are listed
below [E2-14]:

G = —KT5 . (106)

Equations (I06]) involve the correlation between Einstein’s Entwurf gravitational ten-
sor density equation ([I03) G,. and the stress-energy tensor density 7, .
We can fully contract (i.e., summing over repeated indices) the Entwurf field equations

(15):
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Equation (I07) is derived from the variation of the action with respect to the metric
components g7 and the second term involves first derivatives with respect to the
coordinates z..

We can take the divergence of both sides of the equation ([I07). To do this, we
apply the divergence operator % to each term on both sides of the equation. We,
therefore, impose the condition B. [equation ([@6)]. This condition simplifies the left-
hand side of the equation, making it equal to zero. This simplification is represented

as:

i I./Ta —g _
EV: B <g gggT ) =0. (108)

The divergence of the term on the left-hand side of the equation ([I07) is set to zero
under the condition B,. Equation ([I07) yields the divergence of this term:

Z _ I./T 8L\/ QZTL V=g + Kﬁu —0. (109)
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We then obtain the equation:
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We can rewrite equation (II0) by introducing ¢y :

_ta7;Z< 89 Ll dgg” > ()
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Einstein replaced equations (I07) by the following equation [E2-14]:

> 3% (\/__gg“ﬁrg[,) = —r(Ty +tg), (112)
B
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where, T, is the stress-energy tensor density and t;, is the stress-energy pseudo-tensor
density of the gravitational field [E2-14]:

v -9 vT 1 v 7!
= _VH > g rhery, - 5029 ., T ). (113)
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We can rewrite equation ([I07) in the form of equation (II2]). To rewrite equation
({@I07) in the form of equation (II2), we introduce t,, rearrange terms and combine
them, and finally obtain equation (I12).

Einstein wrote the covariant formulation of the energy-momentum balance for
matter in a gravitational field [E2-14]:
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The stress-energy tensor of continuously distributed masses neglecting the effects of
surface forces 7" is represented by:

v dz, dz,
T = pov=g— %:gw T (115)

When surface forces are ignored, 7, describes the bulk properties of the continuous
mass distribution, including its energy density, momentum density, and stress. This
simplification is used to focus on 7" without considering the details of how it interacts
with external boundaries and surfaces.

Equation (II4) states that the divergence of the stress-energy tensor 7} with re-
spect to the spacetime coordinates x, vanishes. On the right-hand side, we have a
term involving the metric tensor ¢”* and its partial derivatives for spacetime coordi-
nates zo, as well as the stress-energy tensor 7. Compare to equation (8E)). Without a
gravitational field (¢"” = const.), the term on the right-hand side of the equation (14
simplifies because the metric tensor and its derivatives do not vary for spacetime coor-
dinates. This simplification results in the equation resembling the energy-momentum
conservation law in special relativity.

The choice made by Einstein to include the gradient of the metric tensor ?991—": on
the right-hand side of equation (II14]) was a key insight in the development of Einstein’s
theory of gravitation. It led him to choose the metric tensor gradient '], equation
[@I)] to represent the gravitational field’s components in his Entwurf theory. Einstein
had already formulated equations (II4]) and (IIZ) on page 5R of his Zurich Notebook
[E2-12]. Einstein stated that the Entwurf gravitational tensor G.. [equation (I03))]
follows the same equation form as equation (I14]) [E2-14]:

agTV 1 agul/

—Gor + = —Gu =0, 116
— oxy g 2 T 0xs G (116)
The second term on the left-hand side of the equation (II6]) involves the components
of the gravitational field I'], which are defined as the gradient of the metric tensor
according to equation ([@9). This term involves the derivatives of the metric tensor g"”
with respect to spacetime coordinates and the Entwurf gravitational tensor G.
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With the condition (I04]), Einstein rewrote equation (I03) as a new coordinate
condition C, = 0 intended to restrict the choice of coordinates to those that satisfy
the condition [E2-14]:

sy
Co = By Z 5o =0 (117)

C, = 0 is a coordinate restriction rather than a consequence of the Entwurf field
equations. Einstein believed that when this condition was satisfied, the form of the
theory was simplified and made valid for adapted coordinate systems [E2-14]. Using

equations (@7), (I00), and (I03) Einstein derived Sy:
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Now, we can define:
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Einstein emphasized that satisfying his Entwurf field equations (I06]) necessitates
fulfilling two conditions (or restrictions) B, = 0 and:

SY = 0. (120)
If SY =0, then the equation (IIT) simplifies to:

a0
B, — Z 5o =0 (121)

Since the derivative of zero with respect to any variable is zero, the equation becomes:

- 0=B,-0=B,=0. (122)

So, if S5 = 0, it implies that B, must also be zero for the equation to be satisfied.

Einstein divided equation (II9]) into two parts:

1) The first and second terms on the right-hand side of the equation (II8]) represent
a stress-energy pseudo tensor t7,, (I11).

2) The third and fourth terms on the right-hand side of the equation (II8]) represent
a stress-energy pseudo tensor t;:

_ <5VL\/_ Z ghr 8;;1?) . (123)

The 64 is the Kronecker delta, which equals 1 when ¢ = v and 0 otherwise.
With the newly introduced pseudo tensor equation (I11l), we can bring equation
(II0) into the form:

8 v v
> e (TY +t5) = 0. (124)
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This equation represents the result of taking the divergence of both sides of the equa-
tion (I07) and imposing the two conditions B, = 0 and Sy = 0 on the left-hand
side. The first term on the left-hand side ) 0xoT, represents the divergence of the
stress-energy tensor. The second term on the left-hand side > Oxaty represents the
stress-energy pseudo tensor. Under this limitation, this equation represents energy-
momentum conservation in the Entwurf Theory. Einstein believed that the conditions
B, =0 and S,, = 0, combined with his Entwurf field equations, would guarantee the
energy-momentum conservation law for both matter and the gravitational field.

With the equation for the Lagrangian (equation ([@8])), Einstein expressed equation
([@23) in the form of equation ([II3)). By expressing the left-hand side of equation
([I13) in this way, we are rewriting the terms involving I'], [the components of the
gravitational field [defined as the gradient of the metric tensor in equation (@9))] in
terms of the metric tensor and its derivatives.

Einstein believed (incorrectly, as it later turned out) that enforcing certain math-
ematical conditions, like the divergence-free condition equations (I05]), would lead to
a restricted form of the field equations that would be covariant only under certain
transformations, i.e., the adapted ones.

Einstein eventually recognized in 1915 that he had selected an unsuitable La-
grangian function; see equation ([@8) 4+ equation (@J). The Entwurf Lagrangian func-
tion did not consistently yield Entwurf field equations invariant for adapted coordinate
systems. Einstein found that the variational formalism applied to the Entwurf La-
grangian did not have a unique solution as he initially believed. Taking the variational
derivative of the Lagrangian equation (@8) concerning the metric might lead to mul-
tiple possible field equations. Among those are the covariant Einstein field equations
of general relativity. It is important to note that the Lagrangian in the 1915 general
relativity looks structurally similar to equation ([@8). However, the two underlying
meanings and implications are significantly different due to the definitions of the con-
nection terms. In the 1915 Lagrangian, I' is the Christoffel symbol derived from the
metric tensor. This meant to Einstein in the autumn of 1915 that covariance concern-
ing adapted coordinate systems was misguided, prompting Einstein to require general
covariance. [W17], [WI1-§].

Between 1914 and 1915, the Entwurf theory came under intense scrutiny from
Einstein’s peers. They argued that his inability to produce generally covariant field
equations stemmed from inherent flaws in his gravitational theory. Yet Einstein felt his
approach was justifiable, chiefly due to possessing the clever hole argument. However,
in the autumn of 1915, Einstein realized that the issue also affected other calculations
and derivations related to his Entwurf theory. He surmised there must be a miscalcu-
lation in his work on rotation. He believed that the same error that impacted rotation
also caused Mercury’s perihelion to be affected, as he conveyed in letters to Erwin
Freundlich and Otto Naumann [CPAES|, Doc. 123, [CPAES|, Doc 124. Einstein had
already linked these two issues in the Finstein-Besso manuscript.

In the fall of 1915, Einstein revisited the calculations from pages 41-42 of the
Einstein-Besso manuscript [CPAE4], Doc. 14. Upon revisiting his previous calcula-
tions, Einstein realized that the rotating system’s description was incompatible with
his Entwurf vacuum field equation (G3]) [CPAES]|, Doc. 123. Einstein found that:

Kitas = —w®. (125)
In 1913, Einstein thought that xt44 had the following relation to w?: xtss = (—)40.)2
[equation (60]), section M].
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Einstein aimed to guarantee that equation (63)) held for a rotating system. He
plugged in equation (I25)) to get a relation for the Agaa:

Agas — 2w° — W°. (126)

In 1913, Einstein held the belief that Agsq = —4w? (as indicated in equation (G3),
section [)). However, in 1915, he realized that his initial assumption regarding Aga4
was incorrect, and it differed from his subsequent findings:

Ag44 = —3w2, (127)

Einstein proposed a solution for g44 in the form of a term proportional to the
squared distance from the axis of rotation, equation (G6]) [section H]. By equating
equation ([2) and equation (I27)), we can determine the value of the constant C:

Agas = 4Cw* = —3w°. (128)

Consequently, Einstein found that the constant C' has a value of —%. In other words,

C' is not equal to 1. This marks the culmination of Einstein’s calculation, where he
provides a solution for the metric component g4 for a rotating system:

3
Jaa =1— sz(x2 + 7). (129)

Einstein’s above-derived solution for the gss component from the Entwurf field
equations differed from the one achieved by directly transforming the Minkowski metric
into the rotating coordinate system, i.e., equation (73).

7 Einstein returns to the November tensor

In November 1915, after much reflection, Einstein distanced himself from the Entwurf
field equations. He omitted any reference to the hole argument in his November 1915
theory, realizing its objective was not achieved. This argument neither protected
the Entwurf theory from criticism nor from being debunked through observation and
experiment.

In his review article of 1914, Einstein further developed his hole argument. He
showed that two different solutions, G(z) and G’(z), can coexist outside the "hole" (in
spacetime), but inside the hole, they coincide. This suggests that generally covariant
field equations alone cannot uniquely determine what happens inside the hole, as the
choice of coordinate systems matters. By November 1915, upon returning to general
covariance, Einstein grasped that two distinct gravitational fields in the same space-
time region were implausible.

After dissociating himself from the field equations of the Entwurf theory, Einstein
recognized that there are no preferred structures or features, such as the "hole" in
spacetime. He understood that until a specific metric tensor field is defined, there is
no well-defined spacetime. In other words, spacetime has no inherent structure; its
geometry is determined by the distribution of matter and energy described by the
metric tensor field. This realization led Einstein to the conclusion that you cannot
specify a structure on the spacetime manifold a priori. In essence, there is no pre-
existing "hole" or other features in spacetime that are independent of the metric
tensor field. Einstein’s key insight is that no spacetime framework exists until the
gravitational field equations (which determine the metric tensor field) are solved. The
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metric tensor field defines the geometry of spacetime, and different solutions to these
equations can describe different spacetime geometries.

The lengthy and intricate journey from 1912 culminated with Einstein revisiting his
original concept—the 1912 November tensor. Instead of discarding his 1914 Entwurf
theory, Einstein refined it in the first relativity paper he submitted on November 4,
1915, to the Proceedings of the Royal Prussian Academy of Sciences, Berlin. His 1916
review article, The Foundation of the General Theory of Relativity further elaborated
this refinement [E1-16]. Analyzing the Entwurf theory, one can find that it already
encompasses the foundational mathematical structure of general relativity, except for
its field equations. Notably, Einstein’s November submissions heavily drew from the
1914 Entwurf theory’s formalism.

So, what refinements did Einstein introduce? Einstein proposed that his gravi-
tational tensor be invariant under unimodular transformations. Einstein recognized
that the square root of the determinant of the metric tensor, \/—g, equals 1. By
postulating \/—g = 1, Einstein effectively restricted his attention to transformations
with a determinant of 1. These are unimodular transformations. By considering only
unimodular transformations, Einstein sought a middle ground between full general
covariance and the simpler special relativistic invariance. Under unimodular transfor-
mations, the determinant of the metric tensor remains constant and, in Einstein’s first
November paper, it is equal to —1. In the Entwurf theory, he introduced the concept
of tensor densities, which are like tensors but have an extra factor of /—g. Consider-
ing only unimodular transformations, this factor disappears from many fundamental
equations, simplifying calculations [E1-15].

In his 1914 Entwurf theory, Einstein described the Riemann tensor with the help
of the Kronecker delta (which can take values +1 or —1 based on permutations of its
indices). While the Kronecker delta is mathematically straightforward, its use as a
representation for the Riemann tensor is non-standard and is bound to introduce com-
plications when performing tensor operations. There were, therefore, inconsistencies in
Einstein’s representations of the Rieman tensor [E2-14]. By 1915, when Einstein pos-
tulated v/—g = 1, these problems were resolved. He could ignore the effects of volume
scaling on his equations by focusing on unimodular transformations. The equations
retained their form under unimodular transformations, simplifying the mathematics
and eliminating inconsistencies.

The main issue with the Entwurf theory was that its field equations were not
generally covariant, i.e., that the field equations did not take the same form in all
coordinate systems. General covariance is a property that Einstein believed a proper
theory of gravitation should possess. But, at the time, he thought that achieving such
covariance would lead to equations that did not conserve energy and momentum or
lead to the Newtonian limit. Thus, he initially settled for the restricted covariance of
the Entwurf theory. The revolutionary aspect of the November 4, 2015 paper and the
main difference of the new paper compared to the previous Entwurf theory lies in the
field equations.

In the first November 1915 paper, Einstein focused on the Ricci tensor, derived
from the Riemann-Christoffel tensor [see equation (24))]:

Ry = 000 — 0,10 + 5 (szrﬁa - ngrfw) . (130)
A

This fourth-rank tensor is expressed in terms of Christoffel symbols, which are func-
tions of the metric tensor and its derivatives. Einstein wrote a formula that provided
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the components of this tensor. By contracting the Riemann-Christoffel tensor, we get
the Ricci tensor, a second-rank tensor:

{pp, W} = Zgup ( 0pT0e =T Iy | +| IO\, — 0,15, ) ) (131)
P

When we multiply the contravariant metric tensor components g"? with the co-
variant metric tensor components g,,,, we obtain the Kronecker delta 46%:

9" gup = 65 (132)

Following this relationship, Einstein wrote equation (I31I)) in the following form
[E1-15]:

‘ {op, A} = Gy = Ruw + Sy,

which shows this contraction resulting in the tensor G,,. In this equation, R,, and
Suv represent components of this tensor. Specifically, R, is determined by the first
and second terms of the equation ([29) [see section [, while S,, is defined by this
equation’s third and fourth terms. Einstein grasped that the two parts of G, had
distinct physical meanings [E1-15]. Indeed, Einstein’s Zurich Notebook from 1912
indicates that he was already working on the decomposition of GG, into the Ricci
tensor R, and the other part, S,,. Furthermore, equation (I30) is the 1912 equation
@4 Remember that Einstein had already worked with transformations that kept the
determinant of g equal to 1 in 1912 [E2-12] (see section[2)). Under such transformations,
all the quantities G, Ry, and Sy, behaved as tensors. Einstein recognized that
the two parts of S, were tied to the derivative of the logarithm of /—g. When he
postulated ,/g = 1, this term went to zero, leaving the Ricci tensor R, as the primary
curvature measure. Once again, he had performed this derivation three years earlier
[E2-12], see section Plequations (29]) and @B0). If S, = 0, the equation (I33)) simplifies
to the following form:

(133)

Guv = Ry = 8,10, — T2, T, (134)

Einstein postulated that this Ricci tensor R,, was his new gravitational tensor
and was directly related to the distribution of matter and energy in the universe,
represented by the energy-momentum tensor 7),,. His new field equations give this
relationship:

Ry = —KT . (135)

The constraint /g = 1 meant that the field equations were not generally covariant.
Recall that general covariance is the principle that the laws of physics should be the
same in all coordinate systems. Einstein realized this was a limitation and actively
worked to generalize his theory further [EI-15], [W17], [W1-§].

Einstein derived his field equations using a variational approach. He started with
an action (an integral of a Lagrangian density £ over spacetime). The variation of
the action for g,. is zero for the physical trajectory. The Euler-Lagrange equations
are then applied to this action to obtain the equations of motion, leading to Einstein’s
field equations. Einstein formulated his field equations in a Lagrangian form and then
established that they respect energy-momentum conservation.
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In November 1915, when Einstein formulated his general relativity, he used a
Lagrangian similar to the one from the 1914 Entwurf paper, equation ([©8). How-
ever, there were crucial differences in how he treated certain terms and applied the
variational principle. These changes allowed Einstein to derive the now-famous field
equations. In 1915, Einstein’s Lagrangian involved the Christoffel symbols in modern
notation:

A 1 Ao
Pl = 59 uge + 009 — Orgur). (136)

In Einstein’s notation, which uses different conventions for index placement and

summation, the Christoffel symbols are [see equation (25)), section 2]: [EI-15]:
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Einstein incorporated into equation (BE) the Christoffel symbols, equation (I37):

> g? == T5sT8. (138)
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In Einstein’s 1915 general relativity formulation, the Lagrangian he used for the
gravitational field is derived from the Riemann curvature tensor and the Christoffel
symbols. \/—g guarantees that the Lagrangian is a scalar density, which is necessary for
the action to be invariant under general coordinate transformations (diffeomorphisms).
In 1915, Einstein assumed that /=g = 1, which simplified the form of equation (@7]).

Einstein derived from the Euler-Lagrange equation with the inclusion of the stress-
energy tensor on the right side the following equation [E1-15]:

0 oL oL
5. (aar) g~ )

Einstein then delved into the structure of the energy-momentum content of the grav-
itational field. He contracted equation (I39) and obtained [E1-15]:

9] L, 0L oL v
Z % <9§ aggu) - Er = —HZngg . (140)
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He defined the stress-energy pseudo-tensor of the gravitational field [E1-15]:

oL
Ogh””

—2nty =065L— Y gh” (141)
j%

The pseudo-tensor is not unique; its exact form can differ depending on the def-
inition. Still, its divergence should always yield a conservation law for the combined
energy-momentum of matter and the gravitational field. This is crucial for the conser-
vation of energy-momentum in general relativity. The term involving d5 £ can be seen
as a trace term involving the value of £ itself. The term involving the derivatives of £
for the components of g, captures how the Lagrangian responds to small variations
in the metric. These terms come from applying the Euler-Lagrange equation to the
action based on £ and g,..

If we take the divergence of both sides of the equation (I4I]) with respect to the index
a, we get:
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Plugging equation (I42]into equation (I40]) brings it to the following form:

> o2 =| 3 Z X T (143)
agh”

where remember that, S = = gh".
Now, Einstein reformulated his Entwurf [equation (B3] energy-momentum balance
for matter in a gravitational field as follows [E2-14]:

ZGT;\ :__ZagHVTHV (144)
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Inserting equation ([I44) into (I43]) leads to the conservation of total energy-
momentum in a gravitational field [E1-15]:

> %(T; +t4) = 0. (145)

This expression includes a summation over all spacetime indices v, indicating that
the energy-momentum conservation holds in all spacetime directions. Einstein em-
phasizes here the idea that energy-momentum conservation applies at each point in
spacetime.

In his papers of 1915 on general relativity, Einstein took inspiration from his ear-
lier Entwurf theory and equations [E2-14] to formulate the field equations using the
Christoffel symbols and pseudo-tensors. This suggests a certain continuity in his think-
ing and the development of his gravitational theory. Equation (ITI]) from the Entwurf
theory represents a pseudo-tensor and includes derivatives of the Lagrangian density
for the metric components. In his paper of 1915 [EI-15], Einstein derived an equation
resembling (ITI)) but expressed it with the Christoffel symbols equation (I37):

u_lzz Vo Vo u
ta—iéazg“F D N Y o (146)
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Equation (I23) from the Entwurf theory also represents a pseudo-tensor and de-
scribes the relationship between the metric, the Lagrangian density, and the gravi-
tational field. In his paper of 1915 [E1-15|, Einstein derived an equation resembling
equation (I23): equation (IZI]).

Let us delve into the contrast between Einstein’s general theory of relativity, sub-
mitted on November 4, 1915 [E1-15|, and his earlier Entwurf theory [E2-14] regard-
ing energy-momentum conservation. In Einstein’s earlier Entwurf theory, energy-
momentum conservation, equation ([45)), was guaranteed only in adapted coordinates,
a restrictive condition that makes the theory limited. If we can only express a physical
principle in specific coordinate systems, it is arguably not a truly universal law of
physics [E2-14]. Now, recall that equation (II2]) can be considered the field equations
that account for both matter and the gravitational field. Equation (II3]) provides a
specific expression for the pseudo-tensor of the gravitational field, and equation (I03])
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is a condition for the conservation of energy-momentum in the Entwurf theory. Still, it
is only valid in adapted coordinates. In Einstein’s November 4, 1915, general theory of
relativity, energy-momentum conservation is derived without the adapted coordinates
constraints on the coordinate system. However, Einstein still restricted the covariance
of his field equations to the subclass unimodular transformations. Unlike the adapted
coordinates, the restriction to unimodular coordinates was Einstein’s attempt to sim-
plify the formulation of his gravitational theory, avoiding certain complexities and
achieving a conservation law for energy and momentum.

After demonstrating his field equations satisfy the principle of energy momentum,
Einstein dedicated himself to deriving the weak-field limit. He wrote his field equations
in the following form:

ory;,
0xq

+) Thsla = kT (147)
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First, Einstein contracted the field equations (I47): he multiplied the field equa-
tions (IZ7) by the inverse metric ¢g* and then summed over both indices p and v to
obtain a scalar equation:

829aﬁ oTTQ B a aﬂalog vV —9
g{; m — Z g FJﬁFTQ + gﬁ: % <g TZC;—} = —kT. (148)
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This scalar equation is the contracted field equation. It represents a scalar equation
for the metric components ¢g®* and involves several terms: the Laplacian of the metric
92 o8

Ox o Ox 8"

components Terms involving products of the metric components g°” and the

Christoffel symbols I'g5 and I'2,. A term related to the derivative of the determinant

of the metric tensor % (gaﬁm% e
a s

metric tensor and its derivative. The right-hand side is a scalar multiple of the energy-
momentum tensor 7.

Second, Einstein multiplied the original field equations (I47) by the inverse metric
g"” and summed only over index v to obtain another form of the contracted field
equations:

), which arises from the determinant of the

Za% (9°T5) =| 329" T8l [= =Ty (149)
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This equation involves the divergence of a quantity (g"AFij) and the connec-

Ox o
tion terms Zaﬁy g”BF‘JMFga. The right-hand side represents the components of the
energy-momentum tensor T; .

Einstein then plugged the left-hand side of the stress-energy pseudo-tensor [equa-

tion ([I48)]:

v 1 v Vo B Vo v
to - 550 Z g# FMBFua = _Zg# Fp,orua' (150)
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into equation (I49):

8 v a 1 Vo
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Now, he took the divergence of equation (I5I]) with respect to the spacetime co-
ordinate x,:

3%“ ; % (gu W) —S0p Y g T | = —n%(Tj +t).  (152)
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We take the derivative inside the parentheses with respect to x, by applying the
product rule and summing over indices p, v, «, and S:

82 afB . N 1 8 .
81’# Z 0200z Z g AFWF@ - 5 Z 8—% <gﬂ Fuaffa) =0. (153)
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I would like to offer two comments regarding this equation:

1) According to the conservation of momentum and energy, equation (I45]), the
divergence of the stress-energy tensor should be zero. This means that the source
terms on the right-hand side do not contribute to the divergence on the left-hand side,
and the equation simplifies accordingly.

2) The divergence of the Kronecker delta takes the following form:

iy — 8_:&
ox, " 0Oz,
However, we do not need to take the divergence of the Kronecker delta because the
Kronecker delta term on the left-hand side of the equation (IEI) is already in its
final form and does not involve differentiation with respect to coordinates. Hence, the
Kronecker delta 62 only equals 1 when = X\ and equals zero otherwise (i.e., when
p# A).
Thus, the equation (I53]) simplifies to the following equation involving the second
derivatives of the metric and derivatives of the Christoffel symbols [EI-15]:

(154)

82 op oTQ B
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The above equation implies that the entire expression enclosed within the paren-
theses should equal zero:

82 of oT o
Z oz 81}ﬁ Z g FBJFQT = 07 (156)
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Einstein wrote the first term of the equation ([I56]), while disregarding the second
term [E1-15]:

82 af
Zax 305 = (157)

This equation relates to the second mixed partial derivatives of the metric tensor
components g“ﬁ and represents a condition on the curvature of spacetime itself. It is a
simplified form that only includes the second-order derivatives of the metric tensor g®*
for the coordinates x,. It does not involve the Christoffel symbols or their derivatives.
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Einstein contends that equation (I57) serves as a first-order approximation of
equation (I56). He asserts that, when considering the first approximation of (I%7), we
possess the liberty to impose the following condition [E1-15]:

> (%{:ﬁ) =0. (158)

This is the familiar Hertz condition, denoted as equation (@), which Einstein res-
urrected from his 1912 Zurich notebook, rescuing it from obscurity. It is a condition
on the first partial derivatives of the metric tensor components for the coordinates. If
we take the derivative of this equation for z, we obtain equation (I57).

Einstein then derived the equation:

0% g
—Z 8z;‘ = KTy, (159)

from his field equations (I47).
Let us derive this equation. Starting with the following equation:

ors,
Z@x = KTy, (160)

can we derive equation (I59)7

First, we will take the derivatives of the Christoffel symbols I'j;,, in equation (I37) and
use the Hertz condition equation (I58]). We start with equation (I60) and take the
derivative of the Christoffel symbols with respect to xq:

O, 1 0 ( up (0950 , 9950 g
oo~ 20, (9 (axu B, 0y ) ) (161)

Now, we use the product rule for derivatives. The result we obtain is the following.
Here we have the first term on the right-hand side:

99°"\ | (99pw , D9y Oguv
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Here we have the second term on the right-hand side:

1 a8 0 99su 0 99gsv 0 Oguv
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Now, we can simplify the first term on the right-hand side using the Hertz condition
from equation (I58]):

g™P
> < o ) =0, (164)
B
which means that the first term drops out, and we are left with the second term:

l af i agﬁl/« i agﬁl’ a ag,u,u
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Now, we can rewrite this in a more compact form:

39



2 2 2
Fa _l af 0 9Bu 1 af 0 9gpv 1 af 0 Guv (166)

w =99 Bzadr, 2 0xadz, 29 OxaOxs’
This expression was not the one Einstein used now. These are the second derivatives
of the metric tensor, and this expression is the derivative of the Christoffel symbols
I';, with respect to the coordinates z,. Einstein would opt for this path in a few
months [E1-16].
So, let us pursue an alternative path. Let us expand the Christoffel symbols I';,
in terms of their components. Starting with equation ([I37]), we will first work on the

first term involving: Bag f L We expand the first term using the product rule for partial
derivatives:
1 af agﬁ#
— g 2L " 167
29 oz, 9pu, vV (167)

agﬁu .
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We expand the second term using the product rule for partial derivatives:

Now, let us work on the second term involving

1 as99s0

= vy L 1
59 B, I H (168)
Now, let us rewrite the Christoffel symbols with these expanded terms:
1 1 19g
re, == —gpu, b —| =2, 169
L L b e (169)

To express the third term as the second partial derivative of the metric tensor compo-
nents with respect to xo, we take the derivative of the third term:

1 829W
- . 170
2 za: ox2 (170)
Despite Einstein’s efforts, he could not yet deduce the Newtonian limit from his
field equations (I47). However, unlike in 1912, he did not dismiss the November tensor.

On the contrary, he had confidence in it and sought to enhance the covariance of his
field equations and expand them.

8 Einstein expands the Covariance of his theory

Let us revisit equation (I48 If the divergence of the left-hand side of the equation
(@50) is zero, it implies that the sum of the terms on the left-hand side must be equal
to zero for all values of indices « and 3. In other words, each term in the sum must
be zero. Therefore, the second term involving the Christoffel symbols must also be
zero for each combination of indices o, 7, a, and 5. Mathematically, this is expressed
as equation (I56]). If these conditions are met, it will result in Einstein’s derivation
encountering difficulties because equation (I4§] reduces to the following form:

Z 9 (g(wi{?log v —g> = —xT. (171)
7 0T
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In an Addendum to the November 4, 1915 paper, submitted on November 11, 1915,
Einstein showed that the equation (ITI)) cannot be satisfied for all coordinate systems
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because if y/—¢ = 1 in a coordinate system, then log1 = 0, and the right-hand side of
the equation becomes kT" = 0. This would imply that the trace of the stress-energy
tensor ) T, must vanish in that coordinate system. Hence, equation (I7I)) is a kind
of coordinate condition that cannot be satisfied in all coordinate systems. Einstein
then wrote the full Einstein field equation (in the presence of matter and energy). He
showed that when the field equations are expressed in terms of the determinant of
the metric tensor \/—g, they become coordinate-independent, i.e., they have the same
form in all coordinate systems [E2-15]:

am

In a vacuum (where T}, = 0), this reduces to:

am

which represents spacetime curvature due to gravitational fields in the absence of mat-
ter. In the final paper (|[E4-15]), Einstein mentioned that he had previously considered
equations (IT2) with Grossmann three years earlier in the Zurich Notebook[E2-12].
Grossmann provided Einstein with the necessary mathematical tools, specifically the
Riemann—Christoffel tensor and the Ricci tensor [24]. In turn, Einstein utilized these
tools to derive the November tensor (B0 and other derivations, which are documented
in his Zurich notebook. These details are elaborated upon in section

As his work progressed, Einstein realized the November 11, 1915 restrictions were
unnecessary. He discovered that the full, unrestricted theory naturally ensured the
conservation of energy-momentum, provided he included the trace of the energy-
momentum tensor 7" in his field equations. This realization led him to the generally
covariant field equations under the restriction of unimodular coordinates [E4-15]:

1
G’Hy = —K (Tp,u - Egul/T> 7\/__9 =1 (174)

G v is the Einstein tensor, T}, is the energy-momentum tensor (describing the distri-
bution of matter and energy), and g, is the metric tensor. The trace of the stress-
energy tensor 7}, is represented by:

T=> g"TH=> T7. (175)
po o

The left-hand side Zpg 9°°T,s uses the indices p and o to sum over all components
of the stress-energy tensor T),, with the metric tensor ¢g”° contracting the indices.
This notation reflects Einstein’s use of the summation symbol > at the time. It is
worth noting that Einstein had not yet introduced the Einstein summation convention,
which he would invent less than a year later. With the summation convention, repeated
indices imply summation. The second part > Ty is a simplified way to express the
same trace by summing over the diagonal components of T,,, where o appears as both
indices. It emphasizes that we are summing only over the components where p and v
are equal, which correspond to the diagonal elements of the tensor.

Einstein simplified the determinant of the metric tensor \/—g and imposed an
unimodular condition /=g = 1. He chose coordinates in which /=g is set to a
constant value 1. Choosing unimodular coordinates ensures that the volume element in
these coordinates remains constant and does not change as we move through spacetime.
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It can be viewed as a choice of gauge in general relativity. Gauge choices do not affect
physical observables, but they can simplify the form of equations.

As mentioned in section [2 Einstein had previously formulated an equation (22])
in his Zurich notebook of 1912 that bears a striking resemblance in form to his field
equations (IT4) of 1915. Whether Einstein retained this knowledge from 1912 or had
completely forgotten about it, one cannot deny that his act of formulating such a field
equation in 1912 indicates his thought process.

On November 20, 1915, David Hilbert presented a paper titled "The Foundations of
Physics" to the Gottingen Academy of Sciences, in which he included his version of the
gravitational field equations of general relativity. Just five days later, on November
25, 1915, Einstein presented his version of the gravitational field equations ([70).
There have been claims that Hilbert published the correct form of the field equations
just days before Einstein did. There has been much debate surrounding whether
Hilbert outpaced Einstein in the race to derive the correct final form of the field
equations. People have argued that what is noteworthy is that six days earlier, on
November 20, 1915, Hilbert derived the same field equations that Einstein had been
searching for over an extended period. Some have asserted that the brilliant and highly
skilled mathematician elegantly arrived at the correct form of these equations, unlike
Einstein’s path, which involved various restrictions, conditions, approximations and
challenges.

Scholars in the history of science have dedicated significant effort to scrutinizing
Hilbert’s manuscripts and publications. They meticulously examined the equations in
his handwritten documents, compared them with those in his published works, deter-
mined publication dates precisely, and analyzed the consistency between manuscript
equations and their counterparts in his published papers. To streamline the discus-
sion, I will provide a concise summary of the overarching findings resulting from this
extensive research. It is important to note that Hilbert’s presentation on November
20 did not initially contain a generally covariant theory. His paper was only officially
published on March 31, 1916 [Hil]. Notably, in his published paper, Hilbert made
corrections based on Einstein’s final field equations from November 25, 1915, which
were published in his paper on December 2, 1915 [E4-15]. Hilbert revised his Novem-
ber 20, 1915, paper sometime between December 1915 and March 1916, incorporating
the gravitational field equations in terms of the Einstein tensor [equation (I8T])| after
reading Einstein’s November 25, 1915 paper. In the published version of his paper
from March 1916, Hilbert added a reference to Einstein’s November 25, 1915 paper,
acknowledging that the resulting field equations of gravitation appeared to align with
the theory of general relativity established by Einstein in his recent papers [Stal; [Cor].

In his November 25, 1915 paper, Einstein wrote equations (I74]) as follows [E4-15]:

Let us stick to Einstein’s original notation. FEinstein rewrote his field equations as
follows [E4-15]:

art . 1
tm I, I* 0 = —k(Tim — =gimT), —g=1. 177
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He contracted his field equations ([I76). He contracted the indices ¢ and m, sum-
ming over them. He rearranged the terms to separate the Christoffel symbols and the
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metric tensor terms. He then obtained the contracted form of equations (I76) in the
particular coordinate system where /—g =1 :

oTQ _Q_ aﬁalOg( _g) _
Z 8xa mﬁ Z g7 T2, +§; o (g 78;3 = kT (178)

Remember that Einstein wrote in the Zurich notebook the condition equation (20]).
If \/=—g = 1 the condition in equation (28] becomes zero. Hence, the third term drops
out, leaving us with the following equation:

82 b oT T
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The second term in this equation equals the derivative of the stress-energy pseudo
tensor [equation (I46)) [see explanation in section [7]. Equation (I79)) is brought to the
following form:

82 afB
Z@:c a5 — k(T +1t)=0. (180)

Now, let us proceed in accordance with Einstein’s guidance [E4-15]:

1) We multiply equation (IT7) by 85’;:1 and sum over ¢ and m:

dg'™ o, g™ o) = g™ 1
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2) Equation (I44]) reads: [E4-15]:

A
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3) Einstein plugged the right-hand side of equatlon ({IZ4) into the right-hand side of
(IZT). He then took the derivative of equation (I46] and plugged it into the left-hand
side of equation (IRI)). This manipulation, which is not straightforward, led him to
the energy-momentum conservation equation (I45]).

A few months later, Einstein no longer required the above manipulations as he was
able to achieve conservation of energy-momentum straightforwardly [E1-16].
Einstein wrote his field equations in the form of equations ([T7):

Oy +Iy 5F =—K (TW - 1gWT) V—g=1. (183)
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In the 1916 paper, Einstein introduced the summation convention [E1-16]. Equa-
tion (I83)) uses the summation convention where necessary, particularly in the repeated
indices within the Christoffel symbols and their derivatives. The indices p and v on
the left-hand side are free indices and do not imply summation: the first term on

the left-hand 51de ”a“ contains the index «, which is repeated as a subscript and a
superscript. This 1ndlcates summation over . So, the summation convention applies
to the first term. In the second term Fﬁﬁffa the indices a and § are repeated as
both subscripts and superscripts, implying summation over these indices as well. The
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right-hand side of the equation contains expressions with indices p and v (7, and
guv)- These indices are free, not repeated, and not subject to summation.

In his first November 4 paper, Einstein contracted his field equations leading to equa-
tion (I49) [E1-15]. In his 1916 paper, "Foundations of General Relativity," he con-
tracted equations (I83) and then substituted the equation ([4G) (the pseudo stress-
energy tensor) into the obtained result. The final result is [E1-16]:

g o « 1 o A a o o
o (g °Tis — 309 *BFA/B> =—k (T +17). (184)
Einstein took the derivative % of equation (I84):
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and demonstrated that the left-hand side of equation (I8F) is an identity:
20Ty (g Bruﬁ - §5Mgwl“w> =0. (186)

Hence, if the identity in equation (I86) vanishes, the field equations (I83) satisfy
equation (I4f), i.e., the conservation of energy-momentum [E1-16].

Equation (I86) involves the second partial derivatives of the terms g7 I's and
%529’\51"15 with respect to xo and z,. There are valid reasons to question whether
equation (IR6]) is the contracted Bianchi identity. Equation (I86]) resembles the con-
tracted Bianchi identity. In the contracted Bianchi identity, we have a contraction
of the Riemann tensor and its derivatives. Equation ([I86) involves derivatives of the
metric and Christoffel symbols. However, equation (I8G) represents the contracted
Bianchi identity in unimodular coordinates /—g = 1.

In his paper of March 1916, "The Foundations of Physics", Hilbert provided the
following field equation [Hill:

1 0gL 1
o = K = 39 K. (187)

If we set the left-hand side (what is now known as the Einstein tensor) of the equation

([I&1) to zero:

Ko — %ng — 0. (188)

and then take the derivative of this equation, we would obtain the contracted Bianchi
identities, valid for unimodular coordinates.

As I show in section [ in a subsequent short paper [E2-16] to the March 1916 one
[E1-16], Einstein provided further evidence to support his previous findings and showed
that the contracted Bianchi identity arises as a consequence of the variational principle
associated with the Einstein-Hilbert action [equation (208])]. Einstein demonstrated
that there is no need for the unimodular restriction when deriving the contracted
Bianchi identity from equation (205]). The contracted Bianchi identity equation ([220])
holds without the requirement of using unimodular coordinates or any specific coor-
dinate system restrictions.

In the same review paper [E1-16], Einstein finally achieved his long-awaited goal.
He demonstrated that his new general theory of relativity connects to Newtonian
physics in the weak field and slow-motion limits. In this limit, the theory reduces to
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the familiar Newtonian gravitational equations. Still, it provides a more comprehensive
framework for understanding gravity near massive objects or at high speeds. Einstein
demonstrated that when you consider the weak-field approximation and slow-moving
particles (i.e., velocities much less than the speed of light), the geodesic equation leads
to Newton’s equations of motion as a first-order approximation.

The geodesic equation determines the path a free-falling particle would trace as it
moves within this gravitational field [E1-15], [E1-16]:

dQZCT_ T ﬂd‘ru
ds2 ~ "™ ds ds

(189)

2 . . .
where ddf; represents the acceleration of a particle along a geodesic, I'},, represents

the Christoffel symbols, and (dz“) (dz—:) represents the 4-velocity of the particle.

ds d
Equation (I89) relates the curvature of spacetime (described by the Christoffel sym-
bols I') to the motion of particles. The Christoffel symbols in the geodesic equation
encapsulate the information about the curvature of spacetime due to the presence of
mass energy.

Comparing the predicted orbits from these geodesic equations with the classical
Newtonian mechanics’ predictions, Einstein could highlight the corrections introduced
by general relativity. Specifically, he focused on the perihelion precession of Mercury,
which had a known discrepancy when using Newtonian mechanics (see discussion in
section [I0).

When p = v = 4 (representing the time component of spacetime), we get the
following three equations [EI-16]:

1) The geodesic equation (I89)) reduces to the geodesic equation for a particle’s ac-
celeration along a geodesic, specifically dealing with the 44 component of the Christoffel
symbols:

Az,
ds?
x, takes the values from 0 to 3, corresponding to the different spacetime coordinates.

—T7,. (190)

ddzs‘"{ represents the second derivative of the coordinate x, with respect to the proper
time s along the geodesic. This describes how the coordinate x, changes as the par-
ticle moves on a geodesic through spacetime. I'j, indicates the time component of
the Christoffel symbol, i.e, it represents how the curvature of spacetime in the time
direction (z*) affects the acceleration of a test particle along the 7** coordinate (7).

Setting s = t in equation (I90]) brings it to the form:

2
% =TI, (191)
This is the first equation.

2) The second and third equations are the same as equation (I91]) but modified to
the weak-field approximation (and non-relativistic velocities) by incorporating gravi-

tational effects:

d2£C7— _ 44 o _1 894T _ 894T + 8g44
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and:
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These three equations correspond to the Newtonian equations of motion for a particle
under the influence of gravity.

The first and second terms in equation ([I92)) cancel each other out, and the equa-
tion (I92) simplifies to [E1-16]:

d2$-r o _38g44
dt2 20z,

(194)

In this specific case, equation ([I92) results in a simplification where the terms
involving %9;7 cancel out.
Equation represents the equations of motion for a material point in the Newto-
nian theory of gravity. It is derived from the geodesic equation in the weak-field limit,
where velocities are much smaller than the speed of light. d;‘"”{ represents the acceler-
ation of a particle with respect to time. The particle is accelerated in the gravitational
potential (25%).

Next, Einstein writes the relationship between the 44 component of the stress-
energy tensor (T44) and the density of matter (p) in the weak-field approximation

[E1-16]:

d:E4

Tuy = <—t)2p—p—T. (195)

In this equation ddit“ represents the square of the component of the 4-velocity with
respect to time and T represents the trace of the stress-energy tensor. Equation (I93])
is essentially the same as the equation for pressureless dust equation (1) that Einstein
had formulated in 1912 (see section [2]). So, the content of both equations is quite the
same. There is a component (T44) of the stress-energy tensor where z4 corresponds to
time, and p is the energy density of the dust, which is assumed to be constant in the
specific case of the weak field approximation.

Einstein derives Poisson’s equation from the field equations (I83) in the Newtonian
approximation. The terms with I" are Christoffel symbols and their derivatives. The
right-hand side represents the distribution of energy and momentum in spacetime with
a modification by subtracting half the trace T of the energy-momentum tensor. Ein-
stein derives Poisson’s equation by focusing on the specific component p = v = 4 and
under the conditions of the weak-field approximation. In the weak-field approxima-
tion, Einstein simplifies the left-hand side of the equation (I83]) for the 44 component.
Simplifying and calculating the left-hand side of the equation (I83] involves taking
partial derivatives of the Christoffel symbols I'Y, for spacetime coordinates.

Einstein first provides a general representation for the left-hand side of the equation

([I83), where 7 can take values 1, 2, 3, or 4 |[E1-16]:

O pr O ) 0 \pw| 0 \uv| O |uw
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for r=1,2,3,4.

He focuses on the specific component 1 = v = 4 of equation ([I96]), representing the

92944
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calculation of and similar terms:
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He obtains an equation that only involves spatial derivatives and removes the time

components entirely. This equation involves derivatives of gs4 for spatial coordinates
[EI-16]:

1 (8%gaa = 0%gaa  0%gas 12
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It represents the final result for the left-hand side of equation (I83]), which simplifies to
% (82534 + B;i%“ — 82534 ), corresponding to the 44 component of the metric tensor.
2 3

After the above intermediate steps are used to calculate the left-hand side of the
field equations ([I83), for the specific component u = v = 4, we calculate the right-
hand side. Plugging equation (I95) into the right-hand side of the field equations (I83])
gives:

k <p - %p) : (199)

So, considering the Newtonian limit, combining (I98) and ([I99) leads to the Poisson

equation [EI-16]:
-

This equation is equivalent to equation [I) (the speed of light is set to ¢ = 1).
Equation (200) is the final result, where the Laplacian V2gia of the gravitational
potential gs4, and kp is related to the mass density, consistent with the Newtonian
theory of gravity.

9 Einstein generalizes his theory

Einstein’s journey to his general relativity was one of multiple detours and changes in
approach. His equations during 1915-1916 show various stages in the mathematical
formulation of the gravitational theory, especially as it transitioned from the older
Entwurf theory to the 1916 general relativity [E2-16].

Einstein’s development of the general theory of relativity involved iterating through
several of his previous mathematical formulations. It is interesting to note the parallels
between the 1914 Entwurf theory and the 1915 and 1916 forms of Einstein’s general
relativity. In some sense, Einstein’s Entwurf theory was a stepping stone. It was an
intermediate theory, which, while not being the final correct theory of gravity, helped
Einstein refine his thoughts and ideas. As demonstrated in the previous sections and
as will be further illustrated here, there is a remarkable resemblance between Einstein’s
equations in the Entwurf theory and equations in his 1915 and 1916 general relativity.
The resemblance between the two suggests that Einstein’s early ideas were not com-
pletely abandoned but evolved and refined. The transition from using tensor densities
in the Entwurf theory to using tensors (components change, but the geometric entity
they represent remains invariant) in the 1915 theory was crucial. This shift allowed
for more general coordinate systems, abandoning the need for adapted coordinates for
unimodular ones.
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The action integral in the Entwurf theory was in the form of an equation (@7). L
is the Lagrangian density and d7 is the spacetime volume element. This formulation
made it so that the action would be invariant under coordinate transformations, a
crucial feature. However, the equations were limited to specific coordinate systems
when Einstein imposed /=g = 1 in 1915. Indeed, in his general theory of relativity of
1915-1916, Einstein derived the field equations through a metric variational principle.
However, his treatment was unsatisfactory because it relied on the coordinate condition
v/—g = 1. In his review paper, "The Foundation of the General Theory of Relativity"
|[E1-16], Einstein apologized for developing covariant field equations with respect to a
coordinate system where \/—g = 1.

In the manuscript of the 1916 review paper titled "The Foundation of the General
Theory of Relativity," this apology can be found in a note on page 40a, which is only
partially written, with the bottom half remaining empty. In it, Einstein mentioned
that the most general laws governing the gravitational field and matter had been
derived, but only for a coordinate system where /=g = 1. This approach led to
significantly simplifying formulas and calculations without sacrificing the requirement
of general covariance. This was achieved by specializing the coordinate system from
generally covariant equations. Einstein still pondered whether the field equations
could be formulated without assuming /=g = 1 to achieve conservation of energy
and momentum. He eventually found that both conservation principles held, but
he chose not to include these comprehensive considerations in the 1916 review paper
because they did not contribute anything objectively new. The detailed considerations
that Einstein decided not to communicate in the 1916 review paper [E1-16] were
contained in an unpublished five-page appendix to part D of [E1-16] titled "Appendix:
Formulation of the Theory on the Basis of a Variational Principle" |[CPAEG6|, Doc.
31. This five-page Appendix forms the core of Einstein’s short paper of 1916 titled
"Hamilton’s Principle and the General Theory of Relativity" [E2-16].

In March 1916, Hilbert published his paper on the foundations of physics. Hilbert’s
approach extensively employed a metric variational principle using a Lagrangian den-
sity. Hilbert expressed the action integral as [Hil|:

/L\/—gdw7 i=1,23,4. (201)

Where L. /—g represents the Lagrangian density.
Hilbert illustrated that the Ricci tensor K, allows the following invariant [Hill:

K=¢g"K,.. (202)
Where K,,, is the Ricci tensor, and K is the Ricci scalar.

Subsequently, Einstein revisited the problem in his short paper titled "Hamilton’s
Principle and the General Theory of Relativity" of 1916 [E2-16]. In this paper, he pre-
sented the "comprehensive considerations" as promised in his 1916 review paper, "The
Foundation of the General Theory of Relativity" [E1-16]. Through this work, Einstein
successfully relinquished the restrictive unimodular coordinate condition /—g = 1,
allowing him to treat the variational principle without this restriction [E2-16]; [W15].

In the brief paper published in 1916, Einstein derived the field equations of general
relativity employing a variational principle. Einstein formulated the equations without
the restriction /—g = 1, instead expressing the Lagrangian as related to the Ricci
scalar R [E2-16]:

L£=+/—gR. (203)
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Here, R is the Ricci scalar (a contraction of the Ricci tensor):

R=g""Ry.. (204)

This is equation (202).

In 1915, Einstein assumed that /—¢g = 1, which simplifies the form of the La-
grangian density to just: £ = R. The equations were limited to specific coordinate
systems. Inspired by Hilbert’s approach published in his paper of 1916 [Hil| [equation
[203) equals Hilbert’s equation (201))], Einstein reconsidered his original equations.
Instead of his Entwurf action equation (@7)), he defined a new action involving only
the Ricci scalar, now known as the Einstein-Hilbert action [E2-16]:

L
S /EdT, where L = (205)
This action is invariant under all coordinate transformations, not just those for which
v/—g = 1. Upon varying this action for the metric tensor, Einstein derived the Einstein
field equations in their now-familiar form without the unimodular restriction.

As Hilbert demonstrated and Einstein realized the Ricci scalar, K (represented
by R in modern notation) is a natural candidate for the Lagrangian when it comes to
gravitational action, especially since it is an invariant under coordinate transformations
[Hil].

In his paper |[E2-16], Einstein possibly was inspired by the formalism of the 1914
Entwurf theory [E2-14] by circumventing the need for adapted coordinate systems.
It can be seen as Einstein taking the core ideas from the Entwurf theory of 1914
[E2-14], correcting its shortcomings, and combining them with newer insights from
the November 1915 theory [EI-15] and[E4-15], to arrive at the final theory of the
1916 general relativity [E2-16]. Specifically, the Entwurf gravitational tensor [equation
([I03))] is covariant only in adapted coordinate systems [E2-14] [see equation ([@8])| under
the restriction (I04). Einstein wrote the variational principle equation (I00), and he
recognized that the integrand divided by /—g would remain invariant, leading to the
invariant form equation (I0I). Recall that Einstein’s Entwurf field equations were
equations (I06). In these equations G, is the gravitational tensor density defined
by equation (I03), while 7} is the stress-energy tensor density. And equations (IIT)
and ([I23) both represent the stress-energy pseudo-tensor of the gravitational field
in the Entwurf theory. They are derived from the Lagrangian equation (@8) and
its derivatives for the metric tensor. Einstein imposed two conditions or restrictions

equations (I04) and (I20)) which led him to equations (I23)) and ([I11) [E2-14].
In 1916, Einstein introduced a modified version of the gravitational tensor [E2-16]:

g
G=—, (206)
V=
which he argued to be invariant under arbitrary transformations.
So, Einstein wrote the action (205)) in the form [E2-16]:

S:/ng:/g*dT—&—R (207)

and showed that the variations of these two actions are equivalent, i.e., that the action
remains invariant under coordinate transformations.

Einstein then derived an expression for G*. His starting point was the infinitesimal
coordinate transformation x,, which he had already written in his Entwurf review
paper of 1914 [E2-14], [E2-16]:
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z, =z, + Az, (208)

Equation (208) represents how the coordinates z, transform under an infinitesimal
change Azx,. These transformations are localized, i.e., they only affect a limited region
of spacetime. Ax, vanishes outside some arbitrarily chosen region of spacetime.
Einstein derived the transformation laws for the components of the metric tensor
g"”, and their derivatives g4” under the coordinate transformations [E2-14], [E2-16]:

pa 08Ty | va OAZL

Ag™ = 2
g 9 o ER (209)
dAgH 0Az,
Agv =229 g . 21
95 Er o s (210)

Equations ([209) and (2I0) represent the variations in the metric tensor components
due to the coordinate transformations given by Ag"” and Agh”.
Einstein then wrote the expression:

g
VA (—) , (211)
V=g
which represents the variation of % [equation (206])| with respect to the metric tensor

components ¢"¥. To understand how —Z varies with changes in the metric tensor

components, Einstein introduced the variation operator A. The result of applying A
to % involves terms that account for changes in both the metric components and G.

The result of the variation of % with respect to the metric components is the
equation below, equation (2I2]). This equation includes terms that account for changes
in the metric components Ag"” and Ag4” as well as the variation of the coordinate
changes Az, with respect to the coordinates z, [E2-16]:

L O0AT, 0G* . *Azo

2 . 212
S dz, + 995”7 Bw, 014 (212)
Einstein derives Sy, which is defined as follows [E2-16]:
0g* 0G* oG*
Sy =2 v g7 ) +0,G" — == gh”. 213
( g T 9 Y ) +00G" = 5 =9 (213)

Recall that Einstein considered transformations (208) that only affected a limited
region of spacetime and vanished in an infinitesimal neighborhood of the boundary. He
argued that the value of the integral of the action [equation (207])] over the boundary
does not change during the transformation (A(F) = 0). Einstein concluded that the
invariance of the action under coordinate transformations implies that:

A(/gdr>:A</g*dr>. (214)

In the equation (2I4]), Einstein is considering the variation of two integrals with respect
to the coordinate transformations, the left-hand side: A (f QdT) and the right-hand
side: A (f g” dT). Einstein’s goal is to show that the left-hand side must vanish, i.e.,
that the variation of the integral on the left is zero under coordinate transformations.
The reasoning behind Einstein’s statement is the following. Since both \/% and \/—g7
(the infinitesimal proper time interval) are invariants, any variations in these quantities
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due to coordinate transformations should cancel out when we take the variation on
both sides of the equation. If the left-hand side of equation (2I4)) vanishes (A ([ Gdr)),
the action remains invariant under coordinate transformations. In short, equation
2I4)) expresses the invariance of the action under coordinate transformations. It
states that the change in the action on the left-hand side equals the change in the
action on the right-hand side when we change coordinates.

The variation of the action involves how G* changes due to coordinate transfor-
mations, which is described by equation (2I2]). This is where the terms related to
AG™ (the change in G* due to coordinate transformations) and derivatives of G* come
into play. SY from equation (2I3]) plays a role in understanding how G* and the
metric tensor components interact during these transformations. The fact that BBAT?
can be represented as the Kronecker delta §, simplifies some of the calculations and
demonstrates that the variations are localized to specific coordinates.

Einstein defined the gravitational pseudo-tensor ¢y in terms of G* and its deriva-
tives for the metric tensor. He derived two equivalent forms of the stress-energy
pseudo-tensor of the gravitational field from equation ([2I3]). He first obtained Sy =0
from equation (2I2). Einstein showed that the right-hand side of the equation (2I2))
must vanish when all gjﬁ;;‘; are allowed to vary freely. In other words, for any arbi-
trary variations of the coordinates Az, the equation should hold. This means that
both terms on the right-hand side must independently vanish. This leads to the con-
clusion that the first term of equation (2I2)) Sf,’aaATxy" must vanish for any arbitrary
variations. Therefore, it implies that S} itself must be identically zero. This results
in the identity condition:

SY =0. (215)
In this context, equation (2I3)) takes the following form:
oG* oG* 1 oG”
— | ¢" By == (6G" — gb” . 216
(S + e ) =3 (05 - 0355 (210)

The term on the right-hand side of equation (2I6]) leads to the following form of the
stress-energy pseudo-tensor equation [E2-16]:

1 0G*
teg == | 65G" — gh“ 217
t= g (006 o oo ). (217)
The term on the left-hand side of equation (2I6) is also ¢y, and represents the second
form of the stress-energy pseudo-tensor t; [E2-16]:

oo ( s+ i 895"> . (218)

The Sy = 0 terms [equations (2I5)| encapsulate constraints and conditions that
the theory must satisfy. These terms are derived from the variation of the G* [equation
2I4))], a scalar invariant. They ensure that the theory meets the principles of invari-
ance under coordinate transformations, S, = 0 encapsulates aspects of how the action
integral of G* varies under infinitesimal coordinate transformations. It quantifies how
changes in the metric tensor affect G* and its derivatives. S, characterizes how G*
varies when the metric is changed. These equations provide insights into the relation-
ship between metric variations and the corresponding changes in the gravitational field
represented by G*. Equation (ZI5) implies that the change in G* is zero:

o1



AG" =0. (219)

This is a significant outcome because it demonstrates that under infinitesimal
coordinate transformations, G* remains invariant. The equation (2I5]) shows that
under infinitesimal coordinate transformations, the quantity G* remains invariant. In
other words, when S, = 0, it means that the terms and conditions that arise from the
variation of the action, as expressed by Sy, are satisfied and result in identically zero
equations. This, in turn, supports the assertion that both sides of equation (214) are
equal to each other, implying the invariance of G* under coordinate transformations.
So, equation (2I)) is consistent with and supportive of the conclusion that equation
(214)) demonstrates the invariance of G* under infinitesimal coordinate transformations
).

Sy are instrumental in deriving the Bianchi identity. Using S5 = 0 [equation
[2I5))], Einstein derives an equation for the second derivatives of the metric changes.
This is an essential step towards deriving a form of the contracted Bianchi identity
[E2-16]:

> w 997\ _
02,0z (g 8gﬁa> =0 (220)

Let us perform a brief derivation. We start by using equations (2I2) and (2I9).
Since AG* = 0, we have:

OANG* . 0G" ., Az,

= 2 . 221
0= 92w, %0479 52,00 (z21)
Now, let us isolate the Sy term:
0G” 9’Azx, 1
Sg = -2 o . . 222
o 8950‘ g 81}1,850(1 <88A%> ( )

However, the term in parentheses on the right-hand side can be simplified further.
BBA;”J" represents how the new coordinates z, change concerning the infinitesimal co-
ordinate changes Ax,, and this can be approximated as a Kronecker delta:

0Nz,
Oxy

So, we can replace ﬁ with §;. Now, the equation becomes:
dxy

~ 0. (223)

* 2

SY = _Qaia gwm .
Ogh 0x,0Tq

Since the Kronecker delta J, equals 1 when o = v and 0 otherwise, this equation

simplifies to:

5. (224)

0G* ., 0*Ax,

Sy = o g L 0o 225
7 Ogh’ 9 92,024 (225)
And finally, we have:
og* Az,
Sy =-—2——g""— 226
o 979 9ry0n. (226)
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This is the expression for S when AG* = 0 is satisfied.
But since Sy = 0, then the last equation simplifies as follows:

0G* ., 0*Az,

0=-2—"1 _— 227
Ogh’ g 0x,0Tq (227)
and since Sy = 0, the left-hand side is zero, and this implies:
oG* P Az,
0= —=g""=—"= 228
9579 Dr.om. (228)
According to the invariant f G*dr this is rewritten as:
* 2
Az,
0= [ 99 w0 BTs \ (229)

dgk’ g 02,0Tq

In other words, Einstein performed two successive partial integrations with respect to
7 and then defined:

_ 96"
= W‘g .
So, with this definition, Einstein obtained the Bianchi identity equation (220 from
equation (229).

I want to offer a comment on this matter: The contracted Bianchi identities that
relate the Riemann curvature tensor to the Ricci tensor ensure the theory’s internal
consistency and energy-momentum conservation. Through the contracted Bianchi
identities, Einstein showed that the Sy = 0 terms directly relate to the gravitational
field’s energy and momentum.

Equation (2I3) bears a resemblance to equation ([II8) from Einstein’s 1914 En-
twurf paper [E2-14]. However, it is important to note that the derivation of both
equations differs significantly despite the presence of some common transformations
and equations, as extensively discussed in this section. Therefore, I will refrain from
reiterating the points discussed in this section and focus on the identities.

The contracted Bianchi identity ([220) and the 1914 Entwurf B, = 0 equation
({@I04) have a similar mathematical form. They both involve second derivatives of
the metric and some functional of the metric for the coordinates. However, they
serve a different purpose. B, = 0 equation (I04]) was introduced as a coordinate
restriction in the Entwurf theory. When equation (I04]) is satisfied, it ensures that the
integral equation ([I05)) is invariant under coordinate transformations that leave B, =
equation (I04) unchanged. In 1914, Einstein introduced a coordinate condition Co =
0, equation (I05]) intended to restrict the choice of coordinates to those that satisfy the
condition [E2-14], see equation (II7). On the other hand, in Einstein’s 1916 general
theory of relativity [E2-16], the equation Sy = 0 [equation (ZI5))] arises in the context
of the derivation of equations (212)), and the contracted Bianchi identity [equation
20)]. Equation (220)) is an expression that arises as a consequence of the variational
principle. In contrast to his 1916 work on general relativity, Einstein’s derivations
in the 1914 Entwurf paper revolved around reconciling the two constraints: B, = 0
[equation ([I04)] and Sy = 0 [equations (I20)], while preserving energy-momentum
conservation. In his 1916 paper, he transformed these constraints into the contracted
Bianchi identities and the condition S; = 0.

In the Entwurf theory, equations (I20) and ([I04) can be seen as a precursor to
the conservation equations (231]). In general relativity, one obtains conservation laws

Az, (230)
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from the contracted Bianchi identities and the Einstein field equations. The Bianchi
identities ensure the Einstein field equations’ left-hand side automatically satisfies the
energy-momentum conservation equation (I45]).

Indeed, at first glance, the equations of the Entwurf theory [E2-14] and Einstein’s
1916 theory [E2-16] may seem very similar, especially when comparing the pseudo-
tensors for gravitational field energy from both the Entwurf theory and the 1916
equations. However, there are notable differences in interpretation. The 1916 formu-
lation ties the curvature of spacetime directly to the presence of energy and momentum,
making it a foundational element.

In the 1916 paper [E2-16], Einstein writes the generally covariant equations repre-
senting the energy-momentum balance for matter in a gravitational field:

T

oxy
v

_ 1 uvagw v
=3 ;g B T, (231)

In equation (231]), 7 represents the components of the energy-momentum tensor,
and ¢g"” represents the components of the metric tensor in general relativity. The
equation describes how the components of the energy-momentum tensor relate to the
derivatives of the metric ¢ in Einstein’s generally covariant field equations. Compare
equation (23I) to equation (BH) from section [fl Equation (80 is written in a covari-
ant form, where the indices are in lower positions. Equation (231)) is written in a
contravariant form, where the indices are in upper positions. When Einstein transi-
tioned from the Entwurf theory to general relativity, the primary change was in the
field equations. The key difference between the two theories lies in the field equations
used to describe how gravity is generated and how it affects spacetime geometry. So,
equation (8B) from the Entwurf theory and equation (231)) from general relativity
are equivalent and describe the same physical processes in a covariant manner [W17],
[W17].

10 1915: The Perihelion of Mercury

In 1915, Einstein correctly explained the anomalous perihelion precession of Mercury
|[E3-15]. He started with his vacuum field equations in the absence of matter and

energy [equations ([I73))]:

org, 5
Tt g,; 9,0, = 0. (232)

The special theory of relativity uses the flat spacetime metric, known as the
Minkowski metric. A simple coordinate system can represent this by the diagonal
matrix (—1,—1,—1,1). Einstein’s approach was to look at perturbations around this
flat metric. So, rather than solving the complex equations for an exact metric, he
solved it for a metric close to the flat Minkowski metric, especially where the grav-
itational field is weak. These perturbations can be considered small changes to the
Minkowski metric.

Einstein put forward conditions for the Sun’s gravitational field: It is static, i.e., it
doesn’t change with time. It is spherically symmetric: To a good approximation, the
Sun is a perfect sphere, and its gravitational field should mirror this symmetry. It is
asymptotically flat: far away from the Sun (or at infinity), spacetime should look flat,
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i.e., like Minkowski spacetime. Under these conditions and to the first approximation,
Einstein found the metric [E3-15]:
Tplo

a
Gpo = —0ps — 30 gaa =1— T (233)

r is the radial distance from the Sun, and « is a parameter defined by equation (@4]).
Einstein examined the Christoffel symbols as the gravitational field’s components.

With the first-order metric, equation (233)), these symbols indicate how vectors change

as they move around in curved space-time.

Einstein derived the given formula [E3-15]:

zr 3 :cp:ch7> 7 (234)

15 = (35~ 5752
In the first-order approximation of the Christoffel symbols, which represent the compo-
nents of the gravitational field, Einstein considered indices p, o, 7 € 1,2, 3. Specifically,
for the gravitational field’s time components, denoted by I'7,, the following equation
applies:

ri=-3%, (235)
where o takes on values from the set 1,2, 3. Equation (233]) describes the behavior of
the time components of the gravitational field, characterized by I'7,, and reveals their
relationship to the variables «, ., and r.

Einstein then plugged the known components of the gravitational field into the
vacuum field equation ([232)) to derive further insights about the gravitational field
in the vicinity of the Sun. By only considering terms where 4 = v = 4 on the left-
hand side of equation ([232)), and inserting the results from equation ([235]), he derived
[E3-15]:

o 2
3 Oy _ o (236)

Or,  2rt

This led to the second-order approximation:

r;@:—%f—g (1—%). (237)

After obtaining the necessary gravitational field components, Einstein utilized the
geodesic equation (I83) to describe the motion of a point mass (i.e., a planet) in the
curved space-time around the Sun [E3-15].

FEinstein assumed that the planet’s velocity was much less than the speed of light.
Hence, dx1,dzs, dxs are considered smaller than dxs4. dxs refers to the time compo-
nent, and this assumption is equivalent to saying that the spatial velocities are much
smaller than the speed of light.

Using the previously derived gravitational field components I'},, equation (233])
Einstein arrives at the equations of motion [E3-15]:

d2ZCu v o Ty
d,92 = F44 = _57’_3 (238)
for v =1,2,3, and
d2:c4
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These equations represent how a test particle (or planet) would move under the influ-

ence of the gravitational field near the Sun. The equation ddsz;‘ = 0 signifies that there
is not any acceleration in the time component. Einstein derives a relativistic version
of Newton’s second law for gravitational force, in which the potential ® is given by
® = —7-. If we set s = x4 to first-order approximation, then this simplifies equations

[238) to a form resembling classical Newtonian gravity:

d’z, . dx,
a2 r2

(240)

x, represents the position of a particle, r represents the distance between the center
of mass and the particle, and the equation describes the motion of a particle under
the influence of a spherically symmetric gravitational field.

Einstein then expressed three key concepts [E3-15]:

1) The "area law" in polar coordinates (i.e., Kepler’s second law) B: This states
that the area swept out by the planet as it orbits the Sun remains constant:

_ 249
B=r 15" (241)

r is the radial distance between the planet and the Sun, and % represents the rate of
change of the angular coordinate ¢ for the path length s of the planet. B is the area
law constant.

Consider Besso’s "area law" (G2). To obtain Einstein’s "area law" (241]), we would
need some additional assumptions. Besso’s equation alone does not directly lead to
Einstein’s equation (24I). We would need more context related to B,r, ¢, and s to
make that connection.

2) The energy E: A combination of kinetic and potential energies:

E= %uQ + . (242)

This equation represents the total energy (E) in terms of the kinetic energy %uz and
the gravitational potential energy ®.

3) The effective velocity of the planet:

S = dr® + r?de?

ds? ’

which describes the effective velocity of the planet in the curved spacetime due to the
Sun’s gravitational field.

After considering the first-order gravitational field components, Einstein incorpo-
rated the second-order components I'Y, as derived previously by equation (237). He
then used the geodesic equation ([I8J) to compute the planet’s motion with these
second-order effects.

Eventually, Einstein simplified the equation of motion for v = 4, reaching the

equation [E3-15]:
d2£C4 o d$4 2
25z = (E . (244)

(243)
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He derived equations indicating how the Sun’s gravitational field influences the
time component of the planet’s motion (connected to its energy).

Using equation (233]), Einstein derives the equation of motion in the first-order
approximation. He then progresses to incorporate second-order effects captured by
the subsequent equations. The motion equations are written in terms of Christoffel
symbols. They are involved in the geodesic equation that describes the motion of
a test particle in a curved spacetime. When Einstein derives the motion equations
in the first-order approximation, he linearizes the problem. The dominant term he
focuses on is T'g, since the component z* corresponds to the time coordinate in a four-
dimensional spacetime, making it crucial for understanding gravitational effects. As
Einstein moves to the second-order approximation, he is accounting for higher-order
terms that capture more subtle effects of the curved spacetime on the planet’s motion.
This includes the linear and second-order contributions of I'j; and other components
of the Christoffel symbols.

Under these approximations, the resulting equations yield Kepler’s laws of plane-
tary motion. This is significant because it ties Einstein’s general relativity to classical
mechanics, showing that under certain approximations, Einstein’s theory reduces to
the previously accepted laws of gravity. Einstein’s derivation also shows that the "area
law" holds even in the second-order approximation.

We compare the relativistic motion equation:

d’z, o Ty B\?
by _ 2y <1+3<?) ) (245)

and the Newtonian motion equation (238). The main distinction is the additional
factors in the relativistic versions, which account for the effects of relativistic gravity.

Equation (243]) is a component of the geodesic equation. The left-hand side rep-
resents the acceleration of the particle’s position, and the right-hand side represents
the gravitational forces acting on it. Specifically, equation (245) describes how the
position =, (where v represents a spacetime coordinate) of a test particle (in this case,
Mercury) changes as it moves along its orbit under the influence of the Sun’s gravi-
tational field. It uses the components of the four-velocity to represent how the
velocity changes along the geodesic path.

Einstein then derives another orbit equation [E3-15|:

LTy

d
ds

2 2 7,2 2
dre +rde¢ :2E+g+aB
ds? r
This equation incorporates on the left-hand side the effective velocity of the planet in
the Sun’s gravitational field u? [equation (243))], and on the right-hand side E [equation
222)], B [equation (241))], and « [equation (44])].
Using the area law, we get from equation (248]) a relativistic version of the equation
that describes planetary orbits in Newtonian gravity:

d (1\\> 26 a 1 a

— | = == 4+ —- =+ —. 247
(dqb (T)) B2 +rB2 r2+r3 (247)
The right-hand side of this equation represents the square of the derivative of % for ¢.
We then integrate equation (247) for ¢:

(246)
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/ <di¢ (%))2 dp = / <2% +rB%a — riz +r3a> dg. (248)

This equation represents the integral of the square of the derivative of % with respect
to ¢ on the left-hand side, equated to the integral on the right-hand side involving
terms related to energy (F) and the area law constant (B).

This integration yields the expression for ¢:

3 o
= 1+ -——m< ). 249
o= (1+ o) 249
This equation shows that 7 represents the angle swept out by the radius vector
from perihelion to aphelion during one orbit. Therefore, the precession of the perihelion
angle per revolution is given by:

3 o 3a
A¢:27T—¢:27r—7r<1+§a(1_62)):ﬁa(l_ez). (250)

Finally, a central achievement of this derivation is the equation (249]), which calcu-
lates the precession of the perihelion of Mercury. This precession was a long-standing
problem in astronomy, and Einstein’s theory of general relativity was able to explain
this discrepancy. The deviation of ¢ and 7 gives the amount by which Mercury’s orbit
precesses every time it orbits the sun, a value that couldn’t be entirely accounted for
with Newtonian physics [E3-15].

On November 18, 1915, just a week after November 11, 1915, Einstein presented
his groundbreaking work on the perihelion motion of Mercury. It was a significant
achievement. The day afterward, on November 19, 1915, Hilbert, the competitor of
Einstein, sent a letter to Einstein congratulating him for his success in explaining
the perihelion motion. In the letter, Hilbert humorously and somewhat cynically
remarked, "If I could calculate as rapidly as you do" [CPAES| Doc. 149. In June 1913,
Besso visited Einstein in Zurich, and together, they embarked on solving the Entwurf
gravitation equations, as detailed in section[3] Their collaborative effort was dedicated
to finding solutions to the perplexing issue of advancing Mercury’s perihelion within
the gravitational field of a static sun. During this endeavor, Einstein guided Besso
through the intricate calculations necessary for this pursuit. The Entwurf theory, at
the time, predicted a perihelion advance of approximately 18”, a notable discrepancy
from the observed 45”. By the close of 1915, Einstein decided to abandon the Entwurf
gravitational theory. Instead, he transitioned to his new 1915 generally covariant
field equations, applying the fundamental framework of calculations derived from the
FEinstein-Besso manuscript.

With his newly formulated general relativity theory, Einstein achieved the correct
precession of Mercury’s perihelion, demonstrating remarkable progress based on the
methods developed during his collaboration with Besso two years earlier. However, it
is worth noting that Einstein did not formally acknowledge Besso’s earlier contribu-
tions in his 1915 paper addressing the anomalous precession of Mercury, omitting any
mention of Besso’s name [W17].

Besso and Einstein used the "area law" as a crucial step in calculating the pre-
cession of Mercury’s perihelion. The "area law" was crucial in explaining Mercury’s
precession in the 1913 and 1915 derivations. While there are similarities between the
two derivations, it is crucial to understand the context and significance of each. To
obtain Einstein’s "area law" (241]) from Besso’s "area law" (52]), we would need some
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additional assumptions. Besso’s equation alone does not directly lead to Einstein’s
equation (241). We would need more context related to B,r, ¢, and s to make that
connection. Now, s is related to Einstein’s geodesic equation, as it represents the pa-
rameterization of the path followed by a particle moving under the influence of gravity,
such as a planet orbiting the Sun. In the Entwurf theory, Einstein did not explicitly
write the geodesic equation. In Besso’s equation (52]), the parameter s is related to
the action and the equations of motion in the Entwurf theory.

Einstein derived the "area law" equation (24I]) as part of his derivation, similar
to Besso’s calculations. However, Einstein used the geodesic equation [equation (245])]
and the Christoffel symbols [equation (234])] to calculate the motion of Mercury in
a curved spacetime caused by the Sun’s gravitational field. Besso derived the "area
law" [equation ([@9) or equation (52)] in the Entwurf theory, which was not generally
covariant. Besso and Einstein, in 1913, integrated this law over the entire orbit of
Mercury and obtained an expression for the precession of the perihelion: Ay, equation
(B3) in terms of constants and parameters of the theory, ultimately yielding a value
of 18" per revolution. Einstein in 1915 developed his general theory of relativity,
which is generally covariant and provides a more accurate description of gravitation.
After incorporating second-order effects, he arrived at an equation for the precession
of the perihelion angle (d¢) [equation (250)], which was also in terms of constants
and parameters. Einstein’s theory ultimately explained the anomalous precession of
Mercury’s orbit, and he obtained a value for (0¢) that matched the observed value.

Einstein’s achievement in the Mercury perihelion paper was built upon earlier
groundwork, the Einstein-Besso manuscript; see section Bl However, the subtle dif-
ferences between the derivation in the two works necessitated careful extrapolation
and adjustment to reach the equations and conclusions presented in Einstein’s famous
Mercury perihelion paper [E3-15].

11 Deflection of light

In his 1916 review article, Einstein computed the deflection of light rays passing
through the gravitational field of the Sun, as predicted by his new theory of general
relativity [E1-16].

Einstein begins with the geodesic equation [see equation ([I89)]:

dx" dx¥
——=0. 251
Guv ds ds (251)
In this equation, g,. represents the components of the metric tensor, and % repre-

sents the four-velocity of the particle. The equation represents the geodesic equation
for null (massless) particles, such as photons. It states that the metric tensor’s con-
traction with the particle’s four-velocity is zero along its path.

Einstein then sets the line element ds? equal to zero for null geodesics, i.e., along
the world lines of light rays [see equation (B0)]:

ds® = Zgwdm“d:c" =0. (252)
I

This reflects that the proper time along a light ray’s path is zero, as light travels at
the speed of light (¢) in a vacuum.
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In his review paper [E1-16], Einstein defined the magnitude of the velocity of light
7 as experienced by an observer on Earth:

del\ 2 d2\ 2 de3\ 2
V= \/<E> + (E) + <E> : (258)

7 is calculated in terms of the derivatives of spacetime coordinates with respect to the

coordinate representing time (dz4). In this equation, dz* represents the infinitesimal

change in the spacetime coordinates (:tcl7 z?, z®, 1:4) along the path of a light ray, where

dz?t
components of the velocity vector of light in a vacuum along the spatial coordinates,
which are normalized by dividing by dz? to obtain a dimensionless quantity. This
equation quantifies how the velocity of light changes in a curved spacetime. v depends
on how the spacetime metric g,,,, varies along the path of the light ray.

Einstein predicts that light should be deflected when passing near massive objects
and writes equation ([44) that relates the angle of deflection () of a light ray passing
near a massive object (the Sun) to the mass of the object (M) and the fundamental
constants Newton’s gravitational constant (G) and the speed of light (c). He calculates
the light ray’s path’s total deflection (B) as it passes by the massive Sun. It is an
integral of the derivative of v [equation (253])] with respect to one of the spatial coor-
dinates (x1), showing how much the light ray’s trajectory is bent due to the curvature
of spacetime [E1-16]:

2 2 33 2
w ranges from 1 to 3. The expression (Z—;z) + (d””2) + (Z—;Z) represents the squared

< 0
_ Y ;2
B = / 1 dz”, (254)

where dz? is the second coordinate component and is a spacetime coordinate dz*. I
am using Einstein’s original notation and trying to use consistent notation.

Einstein then employs the approximation for the components of the metric tensor
Jpo, as given in equation ([233)), in the vicinity of a massive object. These components
describe the curvature of spacetime caused by the mass of the Sun. The specific form
of the metric components g,, and gas in equation ([233)) is derived from the solutions
of the generally covariant vacuum field equations ([232) for the gravitational field of
the Sun. Equation (233) incorporates the Schwarzschild metric, which describes the
spacetime around a spherically symmetric mass like the Sun. However, in his 1916
paper, Einstein deliberately decided not to employ the Schwartschild metric, which
contained a singularity he strongly disliked [W17].

Einstein then calculates v [equation (253])] based on the metric components from

equation ([233):

dz? a4 o x5
VY=o = _9221—5 14-r—2 . (255)

He then calculates the total deflection (B) [equation (254))] of a light ray passing
near a massive object (the Sun) using the expression for v from equation (255):

kM 4AGM 2«

T2tA T A T A
This equation relates the deflection to the mass of the Sun (M) and the distance of
the light ray’s closest approach (A) to the Sun.

(256)
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Finally, Einstein obtained the specific value for the deflection (B) in terms of «
[equation ([@4)] and A, providing a concrete prediction for the angle of deflection of
light rays passing by the Sun [E1-16]:

__ 2a 1.7 seconds of arc
A A

Equation (257)) for light deflection depends on the metric components [equation
[233)] and the metric variations determined by the vacuum field equations ([232]). The
metric variations refer to how the metric components change as one moves through
spacetime. In the case of the deflection of light, these variations in the metric com-
ponents result from the gravitational field’s influence on the path of the light ray.
Light follows the curvature of spacetime, and as it passes through regions of vary-
ing gravitational potential, as determined by equation (233)), its path is bent. So,
in equation (257)), we have B, the deflection of light, which depends not only on the
specific form of the metric components g,- given in equation (233) but also on how
these metric components change along the path of the light ray. The variations in the
metric components capture the effects of gravity on the trajectory of light, leading to
the observed deflection. These variations are an essential part of the calculation and
are a consequence of the solutions to the generally covariant vacuum field equations.

In the Entwurf theory, the calculated deflection angle (B) for the gravitational field
of the Sun is found to be half the value compared to what is predicted by Einstein’s
generally covariant 1915-1916 general relativity [W17]:

B (257)

EN N N . (258)

In his November 18, 1915, paper on the perihelion of Mercury, Einstein discovered
that his newly formulated field equations could account for the deflection of a ray of
light as it passed by the Sun. Employing Huygens’ principle and an approximate cal-
culation method previously used to determine Mercury’s perihelion advance, Einstein
reported a significant finding. By applying Huygens’ principle to equations ([252)) and
[233), and through straightforward calculations (see the calculations in this section),
he determined that a light ray passing near the Sun at a distance A would experience
an angular deflection of magnitude QK“ equivalent to 1.7 arc seconds. This finding
contrasted his earlier calculations from 1907 and 1911, which had relied on the equiv-
alence principle, and his 1913 Entwurf theory calculations. These earlier calculations
had consistently yielded a deflection of half the magnitude, & (equivalent to 0.83 arc
seconds) Therefore, Einstein concluded that a ray of light passing close to the Sun
should undergo a deflection of 1.7 seconds of arc, twice the previously predicted 0.85
seconds of arc.

It is noteworthy that this particular topic was not one that Einstein had worked
on with his close friend Besso. In writing the 1915 perihelion of Mercury paper [E3-15]
and acknowledging Besso’s assistance, Einstein faced the challenge of striking a sub-
tle balance. He needed to explain his substantial contributions while acknowledging
Besso’s valuable support. Given the competitive context with David Hilbert to estab-
lish the correct form of the field equations, which Einstein ultimately achieved before
Hilbert in [E4-15|, Einstein’s time constraints may have limited his ability to provide
a more elaborate acknowledgment to his dear friend.

Nevertheless, Einstein likely harbored a sense of remorse for not mentioning Besso

in his paper on the perihelion of Mercury. In a similar context, before co-authoring

o0 f
B :/ %de _ 2GM | o _ 0.85 seconds of arc

61



a work with Leopold Infeld, Einstein received a suggestion from the latter. Infeld
proposed that they should review the existing scientific literature and acknowledge
the previous work of scientists who had explored similar subjects. In response to this
suggestion, Einstein laughed and exclaimed, "Oh, yes, do it by all means. Already I
have transgressed in this regard on numerous occasions" [Inf].

12 Discussion

Einstein’s theory of general relativity is widely regarded as one of the most signifi-
cant breakthroughs in the history of physics. It challenged established notions and
expanded the boundaries of our understanding, unveiling a new vision of spacetime
and gravity.

Many intriguing questions surround Einstein’s groundbreaking achievements. Was
the theory of general relativity solely the creation of Einstein, the solitary figure who
would seclude himself in an office with his violin, pipe, and a stack of papers? Or
was it the culmination of Einstein’s multifaceted collaborations and interactions with
other scientists? To what extent did Einstein’s close friend Besso and his schoolmate
Grossmann contribute to the mathematics underpinning the general theory of relativ-
ity? Additionally, we can explore broader questions about how scientists engage in
debates and refine their ideas. Was the theory of general relativity a conceptual and
physical innovation emerging from a synthesis of Einstein’s interactions with friends
and colleagues? Or was it the result of debates and conflicts between Einstein and his
contemporaries?

In my book "General Relativity Conflict and Rivalries," which extends from my
Ph.D. thesis under the late Mara Beller’s supervision, I presented an approach that
zooms in on the work of the individual scientist Einstein and his interactions with
friends and colleagues. Beller’s research emphasizes that the scientists with whom
Einstein interacted, either implicitly or explicitly, formed a complex web of collabo-
ration [Bell. In my book, I unearth latent undercurrents that could not have been
exposed by merely tracing Einstein’s intellectual journey toward the general theory of
relativity. The interconnectedness and nuanced meanings unveiled in my book shed
light on the pivotal figures who influenced Einstein during this transformative period.
According to this perspective, the ongoing dialogues and exchanges between Einstein
and his associates significantly contributed to the development of general relativity
[W15].

Conventional historical accounts often downplay the contributions of physicists like
Max Abraham, Gunnar Nordstrém, Gustav Mie, and David Hilbert, who offered dif-
ferent perspectives and engaged in discussions about the theory of gravitation. Works
that did not align with Einstein’s overarching conceptual framework, particularly the
heuristic equivalence principle and Mach’s principle, were often overlooked in favor of
celebrating Einstein’s prodigious scientific accomplishments. In my book, I highlight
the limitations of a simplistic hero-worship narrative and the challenges of tracing
Einstein’s intellectual path to the general theory of relativity. I argue that we should
not dismiss Einstein’s responses to the works of Max Abraham, Gunnar Nordstrém,
Gustav Mie, Tullio Levi-Civita, David Hilbert, and others. Instead, Einstein’s engage-
ment with these works, whether explicit or implicit, represented a dynamic interaction
that significantly aided him in developing the general theory of relativity [W15].

In this paper, I want to emphasize that Einstein’s genius was not isolated but flour-
ished within dynamic scientific discourse. His work was undoubtedly enhanced and
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complemented by contributions and discussions with friends and colleagues, especially
Michele Besso and Marcel Grossmann, demonstrating the collaborative nature of sci-
entific progress. Nevertheless, it is of paramount importance to note that, while these
individuals made significant contributions, they did not hold an equivalent role in shap-
ing the overarching framework of general relativity. This framework remained primarily
FEinstein’s intellectual creation. This balanced perspective enhances our understanding
of the collaborative dynamics crucial in developing groundbreaking theories.
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