On the geometric trinity of gravity,

non-relativistic limits, and Maxwell gravitation

Eleanor March? William J. Wolf! & James Read?

Abstract

We show that the dynamical common core of the recently-discovered
non-relativistic geometric trinity of gravity is Maxwell gravitation. More-
over, we explain why no analogous distinct dynamical common core exists
in the case of the better-known relativistic geometric trinity of gravity.
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1. What is the ‘correct’ spacetime setting for Newtonian gravity, especially
in light of Newton’s Corollary VI?! (On this topic, see e.g. Dewar (2018),
Knox (2014), Teh (2018), Wallace (2020), and Weatherall (2016, 2018).)

2. Are there spacetime theories which are in some sense or other ‘equivalent’
to general relativity, and what would be the philosophical significance of
such theories, were they to exist? (On this topic, see e.g. Wolf, Sanchioni,
and Read (2023), Wolf and Read (2023), Knox (2011), Duerr and Read
(2023), Rosenstock, Barrett, and Weatherall (2015), and Bain (2006).)

3. How is one to take the non-relativistic limit of general relativity, and what
is the resulting theory? (On this topic, see e.g. Fletcher (2019), Malament
(1986), and H. P. Kiinzle (1976).)

Until now, discussions of these questions have, broadly speaking, been isolated
from one another. Our purpose in this article is to show that these questions
(and answers to said questions) are in fact related to one another in intimate
and significant ways.

To explain what we mean here, begin with question (1). (For the time being
a qualitative account will suffice; the mathematics to substantiate the claims
made here will follow later in this article.) Typically, Newtonian gravitation
theory (NGT) in its potential-based formulation chez Laplace and Poisson is
taken to be set in a flat spacetime; gravitational effects in this spacetime are
encoded in the gravitation potential which leads to test bodies not traversing
geodesics of the flat, compatible connection. This being said, NGT has a hidden
symmetry (sometimes referred to as ‘Trautman symmetry’ (Teh 2018)): if one
(a) subjects all material bodies to an additional constant gravitational field,
and (b) changes one’s standard of straightness (i.e., one’s derivative operator)
to compensate for this, then in fact no physical change ensues. (This is related
to Newton’s Corollary VI, as we will explain below; cf. Read and Nicholas J
Teh (2022).) When one moves to a new formalism purged of this additional
symmetry,? one arrives at the structure of Newton-Cartan theory (NCT): a
non-relativistic spacetime theory in which gravitational effects are—just as in
the case of general relativity (GR)—manifestations of spacetime curvature.

This much is well-known. But there remains some ambiguity in the literature
as to how NGT relates to another spacetime theory known as ‘Maxwell gravita-
tion” (MG), also developed in light of Newton’s Corollary VI. (On this theory,
see Saunders (2013), Dewar (2018), Chen (2023), and March (2023b, 2023a).)
Moreover, recently NGT has been shown to in fact admit of an interpretation
whereby it is a theory with a torsionful geometry (Read and Nicholas J. Teh
2018; Schwartz 2023), in the sense that the gravitational potential can be associ-
ated with the torsion of the ‘mass gauge field” which arises when one gauges the

1. Recall that Newton’s Corollary VI reads as follows: “If bodies are moving in any way
whatsoever with respect to one another and are urged by equal accelerative forces along
parallel lines, they will all continue to move with respect to one another in the same way as
they would if they were not acted on by those forces.” (Newton 2014, p. 99).

2. Here, we set aside the differences between what are known as ‘reduction’ and ‘internal
sophistication’ about symmetries: see Dewar (2018) and Martens and Read (2021).
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Figure 1: Maxwell gravitation as the common core of the non-relativistic geo-
metric trinity of gravity.

Bargmann algebra (for more on the mass gauge field, see Andringa et al. (2011),
Teh (2018), Read and Nicholas J. Teh (2018), and Wolf, Read, and Teh (2023)).
We shall refer to this torsional interpretation of NGT as TENC, or the ‘teleparal-
lel equivalent of Newton-Cartan theory’, for reasons which will become apparent
shortly. Even less well-known (indeed, we might say, almost unknown!) is that
both TENC and NCT are equivalent to an alternative non-relativistic theory, re-
cently dubbed the ‘symmetric teleparallel equivalent of Newton-Cartan theory’
(STENC), in which gravitational effects are manifestations neither of curvature
(as in NCT) nor of torsion (as in TENC), but of spacetime non-metricity (Wolf,
Read, and Vigneron 2023).% Here, we demonstrate that these pieces fit together
in the following way: NCT, TENC and STENC constitute a ‘non-relativistic ge-
ometry trinity’; the structure common to all said theories (the ‘common core’,
in the sense of Le Bihan and Read (2018)) just is the structure of MG (see
Figure 1).*

Already, this illuminates quite substantially the connections between these
four non-relativistic theories of spacetime and gravity. And yet, that is only
the beginning of the story. Taking now together questions (2) and (3) in our
above list, it is becoming increasingly well-known to philosophers of physics
that there exists a ‘geometric trinity’ of relativistic theories of gravitation, of
which GR constitutes but one node (see e.g. Jiménez, Heisenberg, and Koivisto
(2019) and Capozziello, De Falco, and Ferrara (2022) for recent reviews in the
physics literature). The other two nodes are ‘teleparallel gravity’ (TEGR), in
which gravitational effects are a manifestation of exclusively spacetime torsion,
and ‘symmetric telelparallel gravity’ (STEGR), in which gravitational effects are
a manifestation of exclusively spacetime non-metricity. Recently, Wolf, Read,
and Vigneron (2023) have shown that the above-discussed non-relativistic trinity

3. To remind the reader: ‘curvature’ quantifies the extent to which parallel transport of a
vector along a closed loop doesn’t preserved angles; ‘torsion’ quantifies the extent to which
parallel transport in two directions doesn’t commute; ‘non-metricity’ quantifies the extent to
which parallel transport of a vector along a closed loop doesn’t preserve the length of that
vector. For further background, see e.g. Hehl et al. (1995).

4. The same notion of a common core is also discussed in e.g. De Haro and Butterfield
(2021).
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Figure 2: The relativistic geometric trinity and the non-relativistic geometric
trinity as its non-relativistic limit.

(sans any mention of MG) is indeed the non-relativistic limit (in the sense of a
1/c? expansion a la Schwartz (2023)) of this relativistic geometry trinity. More
specifically, the torsional non-relativistic theory TENC arises when one takes
the non-relativistic limit of the torsional relativistic theory TEGR, while the
non-metric non-relativistic theory STENC arises as the non-relativistic limit of
non-metric relativistic theory STEGR. The web of connections is, therefore, as
presented in Figure 2 (in that figure, for clarity, we omit MG).

What we add to this discussion in the present paper is an answer to the
following question: does there exist a ‘common core’ of the relativistic geometric
trinity in the same sense that MG is the common core of the non-relativistic
trinity, and if so is it the case that MG is the non-relativistic limit of said
relativistic common core? Although we address both parts of this question,
we should be clear that our answer to the first part is partly in the negative:
there is not a dynamically distinct common core of the relativistic geometric
trinity in the same sense that MG is the dynamically distinct common core of
the non-relativistic trinity.

To elaborate: we concur with the recent verdict of Wolf, Sanchioni, and Read
(2023), who argue that the common core of all three of GR, TEGR, and STGR
simply is just GR. This is because one can always use the metric to build GR’s
defining affine structure, as the Levi-Civita connection is the unique torsion-
free, metric compatible derivative operator; using this derivative operator one
can then write down the Einstein equation as usual. In the non-relativistic
case there is again a common core—this time, its kinematics include what has
been dubbed in the recent philosophical literature a ‘standard of rotation’ (see
Weatherall (2018))—; however—and quite differently to the relativistic case!—
that common core leads to dynamics which are distinct from those of the the
geometric trinity from which they arise. Later in this article, we will explain
exactly how this asymmetry between the relativistic and non-relativistic cases.

To summarise, then, in this article we (a) identify MG as the dynamical com-
mon core of the recently-discovered non-relativistic geometric trinity of gravity,
and (b) explain how it can be that no analogous common core exists in the



case of the relativistic geometric trinity of gravity. In so doing, we (i) clarify
questions in (1) regarding the ‘correct’ spacetime setting for Newtonian gravity,
(ii) connect that entire literature up to the geometric trinity of gravity and its
Newtonian limit, which has also aroused recent philosophical interest.

More specifically, the structure of the article is this. In §2, we remind the
reader of the mathematical details of both the relativistic geometric trinity and
the non-relativistic geometric trinity. In §3, we present MG as the common core
of the non-relativistic trinity, and connect our discussion to that of the ‘correct’
spacetime setting for Newtonian gravity. In §4, we address the matter of the
existence (or otherwise) of a relativistic common core. We close in §5.

2 Geometric trinities

In this section, we recall the mathematical details underlying the existence
of the relativistic geometric trinity of gravitation theories (§2.1) and the non-
relativistic geometric trinity of gravitation theories (§2.2).

2.1 The relativistic geometric trinity

The ‘geometric trinity’ of gravity refers to a family of three relativistic theories
of gravitation: general relativity (GR), the ‘teleparallel equivalent to general
relativity’ (TEGR), and the ‘symmetric teleparallel equivalent to general rela-
tivity” (STEGR). These theories are all ‘equivalent’ to each other in the sense
that they share equivalent dynamical equations of motion, but distinct in the
sense that these shared dynamics result from entirely different geometric degrees
of freedom that manifest in each respective theory (see e.g. Jiménez, Heisenberg,
and Koivisto (2019), Capozziello, De Falco, and Ferrara (2022), and Heisenberg
(2019)).

Kinematical possibilities of general relativity are typically presented as tuples
of the form (M, gup, ), where M is a four-dimensional differentiable manifold,
Jap 1s a Lorentzian metric field on M, and ® represents material fields. The dy-
namical possibilities of the theory are encoded by the Einstein equation, which
governs the behavior of these spacetime and material fields. However, the geo-
metric degrees of freedom responsible for sourcing the dynamics of the respective
theories in the geometric trinity are properties of the affine connection. We will

(&
thus take GR to be a theory given by models of the form (M, gap, V, @), where
C
V refers to the familiar Levi-Civita derivative operator with non-vanishing cur-

c
vature. Typically, V is not included explicitly in the models of GR, for it is
fixed uniquely by gap-
Spacetime curvature is defined by

R%, 48" = =2V V&2, (1)

where £% is a smooth vector field. However, curvature is not the only geometric
property that a connection can manifest. An affine connection can also possess



torsion or non-metricity. The torsion tensor is given by
Tcab Vca = QV[aVb]a, (2)

where « is a smooth scalar field; torsion thereby encodes the antisymmetry
of a connection. Non-metricity is given by the non-vanishing of the covariant
derivative of the metric tensor

Qabc = vagbc~ (3)

Heuristically, curvature measures the rotation of a vector when it is parallel
transported along a closed curve, torsion measures of the non-closure of the
parallelogram formed by two vectors being parallel transported along each other,
and non-metricity measures how the length of a vector changes when parallel
transported (see e.g. Figure 1 in Jiménez, Heisenberg, and Koivisto (2019) or
Hehl et al. 1995). Note that while curvature and torsion are properties intrinsic
to a connection, non-metricity is a relational property between a connection and
a metric.

The Levi-Civita connection of GR is special in the sense that it is the
unique derivative operator which is both torsion-free (i.e. 7%, = 0) and metric-
compatible (i.e. Qupc = 0), but with generically non-vanishing curvature (i.e.
R, # 0). However, in order to build a viable relativistic spacetime theory, it

C

is not necessary to use V. Indeed, one can decompose a general affine connection
as

V= (V, Kabc + Labc)7 (4)

where K¢ is known as the ‘contorsion tensor’ and L%, is known as the ‘dis-
torsion tensor’ (here, we use the notation of Malament (2012, p. 53)). The
contorsion tensor can be understood as the difference tensor between the Levi-
Civita connection and the torsionful (but flat and metric-compatible) connec-
tion of TEGR. The disorsion tensor can be understood as the difference tensor
between the Levi-Civita connection and non-metric (but flat and torsionless)
connection of STEGR.

If—as above—we take GR to be a theory with kinematical possibilities of

the form (M, g, %, ®), then TEGR can be taken to be a theory with kinematical

t t c
possibilities given by (M, g, V, @), where V = (V, K¢, .) refers to the TEGR con-
nection with vanishing curvature and non-metricity, but non-vanishing torsion.
n

Likewise, STEGR is a theory with kinematical possibilities given by (M, g, V, @),

where V = (%, L%,.) refers to the STEGR connection with vanishing curvature
and torsion, but non-vanishing non-metricity.

One can use (4) as a dictionary by which to translate between these theories.
That is, one can rewrite the geometric objects of interest in one theory in terms
of the geometric objects of one of the other trinity theories, and thereby witness
their equivalence. For example, one can take the curvature tensor for a generic
affine connection and use (4) to relate the curvature of the Levi-Civita connec-
tion to that of the TEGR connection (and the associated contorsion tensor), or



to that of the STEGR connection (and the associated distorsion tensor). One
then finds that the geometric scalar quantities have the following relationship:

~R=T+Br=Q+ B, (5)

where R is the curvature scalar, T is the torsion scalar, @) is the non-metricity
scalar, and By/q refers to boundary terms of the respective theories (Jiménez,
Heisenberg, and Koivisto 2019). This also illustrates that these theories are
dynamically equivalent, as the Lagrangian expressions for all of these theories
can be written using the geometric scalars (in the case of GR, recall the Einstein-
Hilbert action). Upon utilizing standard variational procedures, the boundary
terms that arise in (5) vanish, resulting in the Einstein equation for all theories
(but of course expressed in their particular geometric languages).®

2.2 The non-relativistic geometric trinity

It was shown recently by Wolf, Read, and Vigneron (2023) that there is a
non-relativistic analogue of the geometric trinity, whereby standard Newtonian
gravity can likewise be reconceptualised and/or reformulated as a theory of
curvature, torsion, or non-metricity. This non-relativistic trinity is obtained by
taking the non-relativistic limit of the relativistic trinity. That is, the respective
relativistic theories are expanded in powers of A := 1/c?. The three nodes
of the non-relativistic geometric trinity of gravity are ‘Newton-Cartan theory’
(NCT), the ‘teleparallel equivalent of Newton-Cartan theory’ (TENC), and the
‘symmetric teleparallel equivalent of Newton-Cartan theory’ (STENC).
Following the presentation of the relativistic theories above, we take NCT

to be a theory with kinematical possibilities of the form (M, t,, h% V,®). As
is by now well known, this theory emerges as the non-relativistic limit of GR
(H. P. Kiinzle 1976). As before, M is a four-dimensional differentiable manifold,

c
® represents material fields, and V is a torsion-free and compatible (now in the
sense that Vgt = V ho¢ = 0) derivative operator with non-vanishing curvature.
Some important features of NCT are as follows:

1. The metrical structure of non-relativistic theories is notably different from
that of relativistic theories, because t, and h® refer to degenerate tem-
poral and spatial metrics on M: see Malament (2012, Ch. 4).° Metric
compatibility applies separately to both metrics; in addition, ¢, and h
are orthogonal to each other, so that t,h% = 0. Loosely speaking, t, is
supposed to represent Newtonian absolute time, and h’¢ is supposed to
represent Newtonian absolute space.

5. For more on the significance of these boundary terms, see Wolf and Read (2023) for
philosophical discussion on concerning their implications for theory equivalence and theory
structure, and see Oshita and Wu (2017) for further physics discussion.

6. Through this article, we assume temporal orientability, in the sense of Malament (2012,
ch. 4).



2. This NCT connection is given by the following:”
A N 1 4
Iy = gaa(btc) + h® (a(bhc)s - Qashbc) + hant(bfc)na (6)

Here, h is the spatial metric, ¢t is the temporal metric, h is the spatial
projector orthogonal to a choice of timelike vector field & (i.e., {“ﬁab =0),
¢ is a scalar field defined from the so-called Newton-Coriolis two-form
fab = tja ¢y (i-e., the compatibility conditions do not uniquely single out a
connection in contrast with the relativistic connection and this represents a
further freedom in choice of connection). See, e.g., Malament (2012), Wolf,
Read, and Vigneron (2023), Schwartz (2023), and H. P. Kiinzle (1976) for
some further discussion of Newton-Cartan connections and these objects.

3. The dynamical possibilities for NCT are encoded in the ‘geometrised Pois-
son equation’:

Rab - 47Tptatb7 (7)

where R, is the Ricci curvature of the NCT connection %; moreover,
one typically includes the following curvature conditions in one’s presen-
tation of NCT (we will discuss these curvature conditions more later in
the article®):

Rabcd = Rcdaba (8)
R4 =0. 9)

Moving beyond curvature-based theories, we are now interested in investi-
gating the torsion and non-metricity based analogues of NCT. One can shift
between the theories by introducing a change in connection just as is done in
the relativistic trinity. One helpful way of seeing this is to consider the gen-
eral non-relativistic limit of (4), which gives the difference tensor between the
standard NCT connection f“bc (which is the non-relativistic limit of the GR
Levi-Civita connection (H. P. Kiinzle 1976)) and a general affine connection
I'%. (Wolf, Read, and Vigneron 2023, Eq. 32):

~ ~ o 1 o
Fabc - Fabc = h% (v(bhc)s - 2vshbc> + gav(btc)

1 A
- §Tabc - hasTgs(bhc)g + 2hant(bfc)n + O(/\)a (10)

where V,t, = Qqp and Vafzbc = Qe refer to the temporal non-metricity and the
non-metricity of the spatial projector (the other non-metric degrees of freedom
are given by V,h" = Q¢ and V,£° = QP but do not explicitly appear in this

7. In abstract indices, ‘0, denotes a coordinate derivative operator, in the sense of Mala-
ment (2012, Ch. 1).

8. See also Malament (2012) and Teh (2018) for further discussion of the physical signifi-
cance and meaning of these conditions.



version of the expression—see Wolf, Read, and Vigneron (2023, Sect. 3.4)), T
is the torsion, and fu is a two-form (restricted to satisfy fup = t[,Vy ¢ from
the non-relativistic limit—see Wolf, Read, and Vigneron (2023)). In order to
obtain the fully generic version of TENC obtained in Schwartz (2023), one sets
the non-metricities in the above formula to zero, thereby obtaining a contorsion
tensor:

1 ~
Kabc = 7§Tabc — haSTgs(bhc)g —+ 2hant(bfc)n. (11)

Similarly, in order to obtain the fully generic version of STENC in Wolf, Read,
and Vigneron (2023), one sets all the torsions to zero to obtain the distortion
tensor:

~ 1 N
L% =1 (V<bhc>s - 2vshbc> +EVpte + 20 fen- (12)

t
TENC is then a theory given by models of the form (M, t,, h%, V, ®), where

t
V is a flat, metric-compatible derivative operator with non-vanishing torsion.
As discussed above, one can translate between NCT and TENC is given by the

following shift of connection % = (%, K% ). It has been well-known since the
work of Trautman (1965) that one can translation between NCT and NGT (in
the form of the the famous ‘geometrisation’ and ‘recovery’ theorems—(see also
Malament (2012, Ch. 4)); however, it was much more recently shown by Read
and Nicholas J. Teh (2018) that standard Newtonian gravity can be understood
as the ‘teleparallel equivalent’ of NCT in much the same way that TEGR is
the teleparallel equivalent of GR. In order to see this, one can ‘fix’ the various
torsional degrees of freedom. In particular, there are torsional degrees of freedom
in temporal torsion, spatial torsion, and ‘mass’ torsion (i.e., the ‘mass gauge
field” m, is obtained by gauging the Bargmann algebra (Andringa et al. 2011)).
As discussed by Schwartz (2023, Sect. 4.1), one can ‘fix’ purely spatial torsion to
vanish, while imposing some additional constraints on the temporal and mass

¢
torsions (i.e., t,7", = 0 and T(M) = fu = t[,Vyo). After doing so, we
formally recover the dynamics of NGT from TENC:

t t
VoV = dmp. (13)

In other words, TENC interprets Newtonian gravity as a result of a torsional
connection.
Even more recently, STENC has been constructed by Wolf, Read, and Vi-

gneron (2023). This theory is then given by models of the form (M, t,, h%,V, ®),

13
where V is flat and torsion-free, but possesses non-vanishing non-metricity. Sim-
ilarly, one can translate between NCT and STENC by introducing the difference

tensor V = (V, L%.). As with NCT and TENC above, one can obtain an equa-
tion formally equivalent to NGT, but with the gravitational field resulting from



a connection that is flat and torsionless, but that encodes non-metricity. In
STENC, there are non-metricity degrees of freedom in the non-metricities of
the temporal metric ¢, spatial metric h, the spatial projector h, and the velocity
vector field v. As discussed by Wolf, Read, and Vigneron (2023, Sect. 4.3), one
can ‘fix’ the non-metricities of the spatial projector and velocity vector field to

vanish (i.e., Vahoe = Qave = Vo = Q,’ = 0), which as before recovers the
familiar dynamics:

VaVeé = drp. (14)

As promised, this is formally equivalent to NGT, but results from a connection
with non-metricity.

This ‘non-relativistic geometric trinity’ mirrors the more familiar relativistic
geometric trinity in that one can present three gravitational theories that are
dynamically equivalent to familiar Newtonian gravitational theory, formulated
in the geometric languages of curvature, torsion, and non-metricity.® While in
the relativistic case this is apparent at the level of the action, NCT, TENC,
and STENC by contrast cannot be formulated using an action principle (for
the reasons underlying this, see Hansen, Hartong, and Obers (2019)), so we
can only demonstrate their equivalence at the level of equations of motion.'°
However, the non-relativistic trinity bears another important relationship to
the relativistic trinity. All of the theories in the non-relativistic trinity can be
obtained by taking an appropriate non-relativistic limit (typically in terms of
a 1/c? expansion in the style of Schwartz (2023)). That is, NCT is the non-
relativistic limit of GR (H. P. Kiinzle 1976), TENC is the non-relativistic limit
of TEGR (Schwartz 2023), and STENC is the non-relativistic limit of STEGR
Wolf, Read, and Vigneron (2023). This completes all the legs of Figure 2.

3 Maxwell gravitation and the non-relativistic
trinity

As emphasised in the previous section, the three nodes of each of the relativis-
tic and non-relativistic geometric trinities are all empirically equivalent theo-
ries, which nevertheless appear to disagree fundamentally on the geometrical
structure which they attribute to the world. For instance, according to GR
the gravitational behaviour of matter is to be understood as a manifestation
of spacetime curvature, whereas according to TEGR and STEGR spacetime is
necessarily flat. This means that the relativistic and non-relativistic theories

9. To shore this up, one would like to see geometrisation/recovery theorems a la Trautman
for all three nodes of the non-relativistic trinity. This turns out to be a delicate business,
which we will address in a companion paper. The lack of explicit presentation of any such
theorems in this article does not detract from the technical or conceptual points which we
seek to make.

10. Off-shell non-relativistic equivalence would require recourse to the ‘type II’ versions of
these theories, which we discuss in §5.

10



present a case of strong underdetermination—distinct theories between which
no possible evidence could be expected to decide.'!

Faced with such cases of strong underdetermination, philosophers have sug-
gested several approaches to dealing with the problem (on this see e.g. Le Bihan
and Read (2018)). Famously, one of these is the common core approach. The
common core approach advocates identifying the invariant kinematical structure
of the theories, and then showing that this structure is sufficient to formulate
a distinct, ontologically viable theory in its own right; one which, moreover,
retains the empirical content of the original theories. Moving to this new inter-
pretative framework alongside a judicious invocation of Occamist reasoning (on
which see Dasgupta (2016)) then allows one to ‘break’ the underdetermination
by interpreting the theories in such a way that they completely agree on the
structure they attribute to the world. The aim of this section is to show that
in the case of the non-relativistic geometric trinity, such a common core theory
exists, and it is a theory known as ‘Maxwell gravitation’ (MG): a theory which
has quite independently attracted philosophical interest (for reasons to do with
(1) as presented in the introduction).

To do so, we begin by recalling some facts about Maxwellian spacetime.
This is a structure (M, t,, h®, O), where ¢,, h%® are orthogonal temporal and
spatial metrics as introduced in the previous section, and O is a standard of rota-
tion compatible with ¢, and h%. This was introduced originally by Weatherall
(2018): if 4, h? are compatible temporal and spatial metrics on M, then a
standard of rotation ¢) compatible with ¢, and ~?" is a map from smooth vector
fields € on M to smooth, antisymmetric rank-(2,0) tensor fields ©° £ on M,
such that

1. O commutes with addition of smooth vector fields;

2. Given any smooth vector field £ and smooth scalar field a, 0% (a€?) =
o Oagb + g[bda}a;

3. O commutes with index substitution;

4. Given any smooth vector field £¢, if d,(£"t,) = 0 then 0% &P is spacelike
in both indices; and

5. Given any smooth spacelike vector field o, 0% o® = Dlogt,

where D is the unique Levi-Civita connection induced by h% on each spacelike
hypersurface. We will say that a connection and a standard of rotation are
compatible iff ©% n® = Vleptl for all vector fields n* on M. It follows that
any metric compatible, torsion-free connection V on M determines a unique
compatible standard of rotation—namely, the map O: 7% — VI3 (Weatherall
2018).

11. Knox (2011) argues that there is in fact no strong underdetermination here; see Mulder
and Read (2023) and Wolf, Sanchioni, and Read (2023) for responses, and §4 for further
discussion in this article.

11



However, in light of the discussion of the previous section, this invites a nat-
ural further question: are there non-metric or torsionful connections which are
also associated with metric compatible standards of rotation in the above sense?
It turns out that the answer to this question is ‘yes’, and a characterisation of
such connections is given by the following two propositions:

Proposition 1. Let (M, t,, h® V) be a non-relativistic spacetime, where t, and
he are compatible, tq is closed,"> and where Vg ty = Qup and Vo hb = Qabc.
Then the map ©O: n® — Vet is a standard of rotation compatible with t, and
hab iff hm Q= hn[aan]C —0.

Proof. First, suppose that h®"Q,;, = h"[“an]c = 0. That O satisfies conditions
(1)—(3) is immediate from properties of derivative operators. For condition (4),
note that if d,(n"t,) = 0 we have

0= va(nntn) = tnvann + annaa (15)

so that
mln aly _ 1 ma n
tn (W™ V™) = =5 K"V

1

— _pmapn o
" Q

=0

= tn(hm[avmn”])

and O%n® is spacelike in both indices. Finally, consider condition (5). We know
that V{eptle = h”[aan]c = 0. So let £% be a unit timelike vector field on M, Roab
the spatial metric relative to ¢%,'3 and D the unique spatial derivative operator
such that D,h = 0. Then for any spacelike vector field ¢® on M,

hn[aDnO'b] _ hn[aﬁnmﬁb]TvaT _ hn[olvna.b]7 (16)

where the first equality follows from the proof of (Weatherall 2018, Proposition
2), and we have used the fact that since h**Q,, = 0, V*(t,n") = t,Vn™ for
any smooth vector field n* on M.

Conversely, suppose that the map O: n% — V0ep® is compatible with ¢, and h.

12. The temporal metric being closed is a standard assumption in much of the non-relativistic
gravity literature. This is due to a technical fact that it is only the zeroth order in the
expansion of the Levi-Civita connection that transforms as a connection. One can then impose
that dt = 0 so that the minus-first order vanishes; the zeroth order of the expansion then
becomes the leading order and can serve as a proper connection for the Galilean theory (see
e.g. H.-P. Kiinzle (1972) and Van den Bleeken (2017)). While this is not the only option,
the choice of dt = 0 is the most straightforward way of taking the non-relativistic limit of
GR. Furthermore, this choice preserves a notion of absolute time, which will be the case with
theories of non-relativistic gravity that can be understood to geometrise standard Newtonian
gravity, which are precisely the kinds of theories with which the present work is concerned.

13. That is, the unique symmetric tensor field on M such that ﬁanfn = 0 and ha”ﬁnb =
8% — tp€.
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Then we must have for all smooth vector fields n* on M that if d,(n"t,) = 0,
O%nb is spacelike in both indices. If d,(n"t,) = 0 then (15) holds with respect to
n® so that t, (A" V,,n%) = 1/2h™%Qmnn™ = 0. But this can only be the case
for arbitrary n® if h*" Q. = 0. Moreover, given condition (5) we must then
also have that the equality (16) holds with respect to V. Now, we know that
the action of D on spacelike vector fields ¢® is defined as follows: h™%D,, 0% =
helafy, Y. V'm o for any V' such that V/¢h%¢ = 0.1 In particular, this is the
case for V' = (V, =1/2hpnhem (A7 Q™ — h™"Q,o™ — h™"(Q, ")), Thus

0= hn[ahnmhb]rhmsﬁstﬁvu(herwtu o hthwru o huwatr)Uv
— h[athb]rﬁvu(herwtu _ hthwru o huwatr)O_U
— 26[at (Sb]r iLvuhw[Tth]qu

= BY [waa] uo,u

for any covector o, where we have used that the metrics are orthogonal (so
that t,Q" vanishes if Q%, does) and that @, is symmetric in the upper two

indices. But this can only be the case for arbitrary o, if h"[“an]c =0. O

Proposition 2. Let (M, ta,hab,V) be a non-relativistic spacetime, where t,
and h®® are compatible, t, is closed, and V is compatible with the metrics but
possibly torsionful. Then the map O: n* — Ven® is a standard of rotation
compatible with t, and h®® iff T = (.

Proof. First, note that since V is compatible with ¢, and ¢, is closed, t,T" 4 =
0. That the map ©: 7 — Vet satisfies conditions (1)-(3) is again immediate
from properties of derivative operators. (4) follows from the fact that V is
compatible with t,, using that d,a = V,«a for any O-form field «. Finally,
consider (5). Let £&* be a unit timelike vector field on M, and hap the spatial
metric relative to £€*. We know that the action of D on spacelike vector fields is
defined as follows: Dgo? = flanizb,nV’ g™, where V'’ is an arbitrary torsion-free
derivative operator such that V/®h’ = 0. Moreover, we know (equation (11))
that V = (V/, K%,.) for some such V’'. Hence

D[aa_b] — h[anﬁb]mv/nam
_ h[anilb]m(vno,m _ hansto,s)
— V[ao_b] _ K[ab]no,n
1
— V[ao_b] _ §fz-vnabo_n
for some covector o,, where we have used the fact that o% is spacelike and

tnT"ap = 0. Thus if 79 = 0, then (5) is satisfied. Conversely, if the map
O:n® — Vlen satisfies (5), it follows that T2 = 0. O

14. This follows from the proof of proposition 2 of Weatherall (2018).
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Propositions 1 and 2 are tantalising, because they show that non-relativistic
affine connections which exhibit either torsion or non-metricity may—under
certain conditions—be associated with a compatible standard of rotation, just
as with curvature based connections. This raises the prospect that Maxwellian
spacetime might be the invariant kinematic structure of the non-relativistic
geometric trinity. We isolate the sense in which this is so in the following
proposition:

Proposition 3. Let (M, t,, h?®) be a non-relativistic spacetime, with t, and h®®
deﬁned as above, and consider three connectzons a curvature based connection

V a non-metricity based eonnectzon V with V tb = Qup and V hbe = Qb

and a torsion based connection V. Let V = (V,Labc) = (V,K“bc), where
L%, and K%, are given in (12) and (11) respectively. Suppose that h**Q,, =

h"[aan]c =0 and T = 0. Let £* be the unit timelike vector field with respect
to which L%, and K%, are defined. Then if £ is twist-free with respect to V,
t

n
§* 1s twist-free with respect to NV and NV iff fap = tjaPp) for some covector ¢,.

Proof. First, we note that the expression (12) for L%, can equivalently be
rewritten as (see §A for details):

1. - .
Labc — _ihbnhcm (haranm _ thTQram _ hmrana) + Ent(bhc)anma

- gafnt(ch)n + 2t(bfc)nhna + 2t(bgc)nhnav
where gqp = ﬁn[bva]gn. Thus

1. N

LI, = =5 (hneh™4QM" — €7tchl?,, Q™ + €761t Q",, — 21 14 — 2togle®)
1 . n
45"5[%61&”@”“1’” —€".Q,1% — 2t £ + 2t b, [P Vem)

= 1 (Vlogh — gnelel — pob)
—to(Viegh — faby,

where we have used in the second equality that ha"an h”[“Q = 0 and that

fab is antisymmetric, in the third equality that Qa = 0 and that h*"Q,;, =0
implies ¢,h*"Q,,"" = 0, and in the fourth equality again that h®"Q,; = 0.

But if %[agb] = 0, then %[agb} L[ab]nfn _ _(%[agb] _ fab) and hence

Vieghl = 1 fab Tt follows that VIe¢¥ = 0 iff f%* = 0. But this is equivalent to
the requirement that f., = t[4¢p) for some covector ¢,.
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Next, note that

1
K[ab]c = i(Tcab + 2tcf[ab])

1 .
- §(hcme“b + 2t.f)
= tcfab

where we have used again that fg;, is antisymmetric in the second equality and

c t
that 7% = 0 in the third. So if Viogtl = 0, Viogtl = gl en — fab which
completes the proof by the same reasoning as above. O

Corollary 3.1. Let (M, t,, h®) be a non-relativistic spacetime, with t, and h®®
deﬁned as above, and consider three connectzons a curvature based connection

V, a non-metricity based connectzon V with V tb = Qu and V hbe = Qbe,

and a torsion based connection V. Let V = (V,Labc) = (V,K“bc), where
L%, and K%, are given in (12) and (11) respectively. Suppose that h**Q,, =
h"[aan]C =0, 7% =0, and fa = tla®y) for some covector ¢,. Let & be the
unit timelike vector field with respect to which L%, and K%, are defined, and
C C
suppose that Vel = £§h“b = 0. Further suppose that h® is flat.'> Then O,

n t n c t

O, O are standards of rotation compatible with the metrics and O=0O=0.

Proof. This follows immediately from propositions 1, 2, 3 and proposition 1 of
(Weatherall 2018), using that flat, compatible, torsion-free connections always
determine the same standard of rotation. O

Our claim that Maxwellian spacetime is the invariant kinematic structure of
the non-relativistic geometric trinity then rests on the status of four conditions:
(i) that A is flat, (ii) that fo» = t[o¢y, (iil) that the unit timelike vector field £
with respect to which the contorsion and distortion tensors are defined satisfies

Viagh — £¢h% =0, and (iv) that h*"Q,, = hn0Q,"° = 0, T = 0. We will
now remark on each of these conditions in turn.

Beginning with (i), this is entailed by the geometrised Poisson equation of
NCT (Malament 2012, proposition 4.1.5), and so holds automatically in all
three nodes of the non-relativistic geometric trinity. For (ii), we have already
noted in 2.2 that the tensor f,; is restricted to take this form from the non-
relativistic limit; thus, restricting to the versions of TENC and STENC that can
be understood as the non-relativistic limits of TEGR and STEGR (respectively)
is sufficient to ensure that this condition is satisfied.

For (iii), the fact that there exists a unit timelike vector field such that

Viegt = £:h% = 0 follows from the second Trautman condition (9) of NCT,
so (iii) can always consistently be imposed. As justification for (iii), note

15. In the sense that for all spacelike hypersurfaces S, D commutes on spacelike vector fields,
where D is the unique spatial derivative operator such that D,hb¢ = 0.
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that the unit timelike vector field with respect to which the contorsion and
distorsion tensors are defined receives (roughly) an interpretation as an ‘iner-

(& N n
tial’ observer, which experiences a four-acceleration "V, £* — h%,,£"V,,M =

f”%nfa —fnénga = 26" frumh™® = ¢® due to gravitational interactions in NCT.
So insofar as (iil) is supposed to define what we mean by an inertial observer
in NCT (see, e.g. Wolf, Read, and Vigneron (2023), Teh (2018), and Schwartz
(2023)), this restriction is well-motivated.

Finally, consider the condition (iv). One can show (see appendix B) that

necessary and sufficient for % and % to agree with the unique compatible
torsion-free spatial derivative operator D when projected onto each spacelike
hypersurface S are the conditions h?"Q,;, = h"*Q,> = 0, T*¢ = 0. In turn,
this agreement with D is necessary for the recovery of the Poisson equation in
TENC or STENC. So insofar as one understands TENC and STENC as theo-
ries in which one can derive the Poisson equation, (iv) must be included as an
additional assumption.

To summarise the results of this section so far, then: we’ve isolated a
Maxwellian spacetime structure as the common core of the non-relativistic ge-
ometric trinity. The next point to note is that this structure is sufficient to
formulate the dynamics of Newtonian gravity. This was first shown by De-
war (2018), and recently given an ‘intrinsic’ formulation by March (2023b) and
Chen (2023); the resulting theory—Maxwell gravitation’—has models of the
form (M, t,, h®®, O, ®). Together with propositions 1, 2, and 3, and corollary
3.1 this substantiates our earlier claim that MG constitutes the dynamical com-
mon core of the non-relativistic geometric trinity. It also paves the way for an
interpretation of Newtonian gravity on which the structure it attributes to the
world is strictly less than that of a connection.

This takes us to the connection with Corollary VI and the Trautman sym-
metry, to which we alluded in Section 1. As articulated by Jacobs (2023), the
‘dynamic shift’ symmetry of potential-based Newtonian gravity a la Corollary
VI and the Trautman symmetry in which the connection and gravitational po-
tential are altered simultaneously can be understood as being two sides of the
same coin: both consequences of the invariance of the Newtonian dynamics
under the Maxwell group. But Maxwell transformations produce a linear, time-
dependent acceleration of the matter content of the original solution. Prima
facie, one might think that purging the theory of this symmetry would involve
excising the structure needed to make sense of such linear accelerations—to wit,
a connection—leaving only the standard of rotation.

In that sense, that MG should be the dynamical common core of the non-
relativistic geometric trinity was already suggested by the dynamical symmetries
of Newtonian gravity. On the one hand, the irrotational degrees of freedom of
the connection were already known to be superfluous to the internal dynamics of
the matter distribution. On the other hand, agreement on the rotation standard
is necessary for empirical equivalence to standard Newtonian gravity.

What, then, to make of the fact that one can also use Trautman symmetry
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to motivate the move to NCT? One way to think about this is that while we
are always free to define a connection from the standard of rotation and matter
distribution by coupling the degrees of freedom of the connection to the matter
distribution, there is necessarily a certain amount of slack in how this connec-
tion is constructed. This is because the projective degrees of freedom of an
affine connection far outstrip the degrees of freedom of the matter distribution.
Taking up this slack in different places allows us to express Newtonian gravity
as a theory of curvature, or torsion, or non-metricity—in some cases, we can
even specify the connection uniquely! That we can specify the curvature-based
connection uniquely under certain weak conditions on the mass density field is
(&

what ensures that V, as well as the rotation standard, is also an invariant of
Trautman gauge symmetry. But the fact remains viz-a-viz Corollary VI that
the full structure of an affine connection is not needed to support the dynamics,
and so, if one introduces such a connection, one has to reckon with the fact
that—again, necessarily—there are multiple distinct ways of doing so.

4 GR as the relativistic common core

Recall that the projective structure of a spacetime theory identifies a certain
subset of worldlines as the (unparameterised) geodesics; the conformal structure
of a given relativistic spacetime theory specifies a lightcone at every spacetime
point (see e.g. Matveev and Scholz (2020)). Famously—a result going back to
Weyl (1921)—a Lorentzian spacetime is fixed by its associated projective and
conformal structure: see Malament (2012, ch. 2); the corresponding existence
result was proved by Ehlers, Pirani, and Schild (2012), and is discussed further
by Adlam, Linnemann, and Read (2024). Wolf, Sanchioni, and Read (2023)
identify that one can move between nodes of the relativistic geometric trinity
by modifying projective structure while leaving conformal structure unchanged
(for all three theories leave lightcone structure unmodified); in a similar manner
(one ultimately irrelevant to our purposes here, but perhaps nevertheless worth
pointing out) one can move to non-relativistic theories by ‘widening the light-
cone’, thereby changing conformal structure (this constitutes a geometrical way
of thinking about taking the non-relativistic limit: see Malament (1986)).

The three nodes of the relativistic geometric trinity then all agree on confor-
mal structure. But the reason for this is that they all agree on metric structure
(see §2.1). This means that the invariant kinematical structure of the relativis-
tic geometric trinity is (M, gqap, @). Is this structure sufficient to formulate the
dynamics of the relativistic trinity—i.e. a dynamical common core?

We claim that the answer to this is ‘yes’, on at least one plausible way of un-
derstanding what the ‘structure’ associated to a theory is. For this, recall that
the Levi-Civita connection of GR is definable from the metric. So if one under-
stands the ‘structure’ of a theory to include (a) all those structures to which
the theory is explicitly committed—i.e. which show up between the angle brack-
ets of its models—and (b) any structures which are definable therefrom, then
the relativistic geometric trinity does indeed have a dynamical common core,
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which is just GR—unlike the non-relativistic geometric trinity (the dynamical
common core of which is MG), the common core is not a distinct theory.

Several points are in order here. First one might question whether the above
claim about the structural commitments of theories is correct. Second, given
that (M, gap, @) is the invariant kinematical structure of the relativistic geo-
metric trinity, one might quite reasonably ask whether it is the case that the
structure of MG can be, in some sense, seen to arise as the non-relativistic limit
of this. (This is especially pressing given that in §2.2 we identified NCT, rather
than MG, as the non-relativistic limit of GR.) Third, if the dynamical common
core of the relativistic trinity is GR, then one might wonder about the connec-
tion to Knox’s apparently similar claim that in TEGR, “the old entities from
GR appear to be waiting in the wings” (Knox 2011, p. 273). We’ll now address
each of these in turn.

Beginning with the first, we claim that the above characterisation of ‘struc-
ture’ (which follows the lead of Barrett (2017)) is indeed a natural and plausible
one, and one which, moreover, is assumed throughout philosophical discourse
on the structure of theories. To expand on what we mean here, consider the
following representative statements:

(i) A cotangent bundle T*M comes canonically equipped with a symplectic
form, so a cotangent bundle has the structure of a symplectic manifold.

(ii) From the electromagnetic 1-form A, on (M, 14} we can define the Faraday
tensor F;, but not vice versa, therefore this 1-form has more structure than
the Faraday tensor.

(iii) Full Newtonian spacetime (M, t,, h®?, £%) has more structure than Galilean
spacetime (M, t,, h®, V); it has all the structure that Galilean spacetime
does, but also has a standard of rest.

These statements are intuitively compelling, and moreover, strike us as true.
But unless our claim about what one should take the structure of a theory to
include is correct, it is difficult to make sense of this. E.g., on (i), nowhere
in writing down ‘T*M’ did we explicitly write down a symplectic form w on
T*M! On the other hand, our claim about the structure of theories offers an
elegant explanation of why we should think these statements are true. E.g., on
(iii), the fact that full Newtonian spacetime has all the structure that Galilean
spacetime has (despite the connection not showing up explicitly in its models)
can be seen by noting that the Galilean connection is definable from the metrics
and standard of rest (see Malament (2012, Proposition 4.2.4)).

Turning now to the second, consider the non-relativistic limit of (M, gap, ®).
In the non-relativistic limit, the metric degenerates (see Malament (1986)), leav-
ing us with (M, t,, h®®, ®). This structure is certainly not sufficient to formulate
the dynamics of Newtonian gravitation theory—hence it is standard to take the
non-relativistic limit of the formulation of GR presented in §2.1 which explic-
itly includes the connection, which gives us NCT. However, once we have taken
this limit—which gives us the geometrised Poisson equation and (8)—we still
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need to impose (9) for full empirical equivalence with Newtonian gravity. What
happens if we also impose (9) on the spacetime (M, t,, h% ®)?

The basic point here is that for it even to make sense to talk of imposing
(9), we still need to introduce some extra structure to (M, t,, h®, ®). But since
(9) is equivalent to the condition that (a) h?® is flat, and (b) there exists a
unit timelike vector field on M which is twist-free and rigid (Malament 2012,
Proposition 4.2.4), this structure is strictly less than that of a connection—we
only need the standard of rotation. So by taking the non-relativistic limit of
(M, gap, D), and then imposing the most minimal structure needed to make sense
of the conditions for empirical equivalence to Newtonian gravity, one arrives
naturally at the structure of Maxwellian spacetime. It is in this sense that
the invariant kinematical structure of non-relativistic trinity—i.e. Maxwellian
spacetime—can be seen as the non-relativistic limit of the invariant kinematical
structure of the relativistic trinity (M, gap, @).

Finally, we move to our third point—uwiz., the connection with Knox (2011).
On this, it is worth emphasising that Knox’s aims are somewhat different to
ours—Knox is primarily concerned with whether GR and TEGR are in some
sense equivalent theories, rather than with identifying their common mathe-
matical structure. Nevertheless, there is a close relationship between Knox’s
argument and our own. For example, whereas Knox takes the fact that the
metric and Levi-Civita connection are still definable in TEGR (and moreover,
that matter still couples to the Levi-Civita connection) to suggest that TEGR
is a mere notational variant of GR, we have argued that this means that GR
can be seen as the dynamical common core of the relativistic trinity—in which
case, the dynamics of GR are indeed somehow ‘contained’ in the dynamics of
TEGR, which is very much in the spirit of Knox’s point. Yet, contra Knox, and
as argued by Mulder and Read (2023) and Wolf, Sanchioni, and Read (2023),
there are still important reasons to regard GR, TEGR, and STEGR as distinct
theories and not merely notational variants of each other—the ‘surplus’ struc-
ture that is present in TEGR and STEGR is seen by many as important for
theoretical and physical reasons that lead them to be actively pursued as viable
gravitational theories.

5 Conclusions

In this article, we’ve shown that Maxwell gravitation constitutes the mathemat-
ical common core of the recently-discovered non-relativistic geometric trinity of
gravity (first presented by Wolf, Read, and Vigneron (2023)); we’ve also ex-
plained why the common core of the relativistic geometric trinity is GR, but
this common core interpretation is less compelling than in the case of the non-
relativistic trinity. In undertaking this work, we take ourselves to have made
good on the exhortation of Lehmkuhl (2017) to explore and chart the ‘space of
spacetime theories’—at least with respect to this small (albeit philosophically
important!) corner of the landscape.

There are many future prospects; here we mention just two. First: one
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might be interested in whether (a) there exists an extended non-relativistic
geometric trinity for the off-shell Newtonian limit presented by Hansen, Hartong,
and Obers (2020) (this question was also raised by Wolf, Read, and Vigneron
(2023)), and (b) if so, whether there exists a dynamical common core to this
non-relativistic trinity. And second: one might wonder whether (a) there exists
an wultra-relativistic geometric trinity obtained by taking the ultra-relativistic
(i.e. roughly speaking, ¢ — 0) limit of the relativistic geometric trinity, and (b)
again whether there exists a dynamical common core to that trinity also.
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A Alternative expressions for the non-relativistic
distorsion

In this appendix, we show that the non-relativistic distorsion tensor can be
written in a couple of different ways. First, note that

S (H7Q,™ — Q™ — Q)
= e B Q™ — (5~ 18 Ve @, (5.7 — 16 )hon Q™)
= 2 e h Q™ = 2h Q™ 4 287 ey @),
But
L%, =h* (V(bilc)s - ;vshbc) + £V ptey + 20"t foyn
= *%hmhbmﬁchnmr + iLn(ch)m — 9"t Qeyn + 20"t foyn + R Gy
(see Appendix B of Wolf, Read, and Vigneron (2023) for derivation), so that

1. - .
L(lbc — *ihb"hcm (haranm _ hTL’l"QTam _ hmrana) + gnt(bhc)anma

- fagnt(ch)n + 2t(bfc)nhna + 2t(bgc)nhna~
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B Restriction of torsionful and non-metric con-
nections to spacelike hypersurfaces

In this appendix, we prove two propositions regarding the restriction of torsion-
ful and non-metric connections to spacelike hypersurfaces. The first is this:

Proposition 4. Let V be a torsionful connection on (M,t,, h®), and let D
denote the induced spatial derivative operator on each spacelike hypersurface S.
Then D is torsion-free iff T = 0.

Proof. Let a be an arbitrary scalar field. We have that
2D, Dyjo = 2hn[ahmb]vnvma
=17 Vo = 2t,8"V i, Vya = 2tV Vi,
so that Dy, Dy =0 iff T, Voo — 28,67V Vo — 2t 6"V Vi = 0. But
(T Via — 2,6V, Vga — 2t,6"V, Vo) =0
and
RTE(T", Vo — 2t,.6"V 1 Vg — 2t," Vi Vi)

=T Va+ bV, Vea — RV, Vo
=T Va — "R T™ Vi«

_ gsTnas VnOé _ fnTma" VmOé
= O’

so this is equivalent to the requirement that A"*h®(T" Voa—=2t,."V |, Vga—
2t,6"V, Vya) = TV, a = 0 for all . But this will be true just in case
Tabc =0. O

The second proposition is this:

Proposition 5. Let V be a non-metric connection on (M, ta,hab>, and let D
denote the induced spatial derivative operator on each spacelike hypersurface S.
Then D 1is metric compatible iff Q%) = Qe = 0.

Proof. First, we have
Dahbc _ Enavnhbc — iLnaanc — Qabc _ tagnanc7

so that D, ht¢ = 0iff Q% —t,£"Q,%¢ = 0. Since £™(Q,,*° —tm&"Q,,°¢) = 0, this
latter condition is equivalent to the requirement that h“m(meC — tmannbc) =
Qabc =0.

Next, we have

Datb = ﬁnaﬁmbvntm = Vatb - fntavntb - gmtbvatm + tatbgnfmvntmv
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so that Duty = 0 iff Vot — "o Vaty — EMtyVaty + tatp"EMVut,, = 0. But

Er(vrtb - gntrvntb - gmtbvrtm + trtbgngmvntm)
= grvrtb - fnvntb - frgmtbvrtm + tbgné.mvntm
=0

so this is equivalent to the requirement that h™*(V,t, — ", Vty — M, Vit +
Lt EMVnty) = Vo — £M V%, = R™,Q%,, = 0. Since h%, is nowhere
vanishing, this will hold just in case Q%, = 0. O
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