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Abstract

The geometric trinity of gravity comprises three distinct formulations of general rel-
ativity: (i) the standard formulation describing gravity in terms of spacetime curva-
ture, (ii) the teleparallel equivalent of general relativity describing gravity in terms
of spacetime torsion, and (iii) the symmetric teleparallel equivalent of general rel-
ativity (STEGR) describing gravity in terms of spacetime non-metricity. In this
article, we complete a geometric trinity of non-relativistic gravity, by (a) taking the
non-relativistic limit of STEGR to determine its non-relativistic analogue, and (b)
demonstrating that this non-metric theory is equivalent to the Newton—Cartan theory
and its teleparallel equivalent, i.e., the curvature and the torsion based non-relativistic
theories that are both geometrised versions of classical Newtonian gravity.
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1 Introduction

It has become increasingly well-known that general relativity (GR) constitutes but one
vertex in a ‘geometric trinity’ of gravitational theories [1, 2|. The other two vertices of this
trinity are the ‘teleparallel equivalent general relativity’ (TEGR), in which the curvature
degrees of freedom of GR are traded for spacetime torsion, and the ‘symmetric teleparallel
equivalent general relativity’ (STEGR), in which the curvature degrees of freedom of GR
(and torsion degrees of freedom of TEGR) are traded for spacetime non-metricity. The
actions of all three theories are equivalent up to a total divergence term—in this sense, all
three theories are dynamically equivalent.

In a parallel vein, it has been known since Trautman in the 1960s [3| that standard
Newtonian gravity can be formulated similarly to GR in the sense that (non-relativistic)
gravitational effects become a manifestation of spacetime curvature: this theory is known
as Newton—Cartan (NC) theory, and was first developed in the 1920s by Cartan and
Friedrichs: see [4, 5, 6] for the original sources, and |7] for a recent review of non-relativistic
gravity. (To be clear: in this article, by ‘non-relativistic’, we always mean ‘Newtonian’,
rather than ‘ultra-relativistic’; we will leave the construction of an ultra-relativistic geo-
metric trinity to future work.) In [8|, it was shown that there is a precise sense in which
classical Newtonian gravitation can be understood as the teleparallelised version of NC,
which we will call TENC, in which the gravitational potential can be understood as a
manifestation of the ‘mass torsion” which arises once one gauges the Bargmann algebra
(e.g., [9]). Adding to this, it was shown recently in [10] that TENC can be secured as the
non-relativistic limit of TEGR using a 1/c expansion of the TEGR field equation (in 8]
the same result was shown using null reduction), just as NC is by now well-known to be
the non-relativistic limit of GR (on which see [7] and references therein).

These results invite the following question: can one complete a non-relativistic geomet-
ric trinity, by constructing a non-metric theory equivalent to both NC (understood as a
theory with spacetime curvature) and TENC (understood as a torsionful theory)? In this
article, we answer this question in the affirmative—indeed, we triangulate a non-relativistic
version of Newtonian gravity (which we dub ‘symmetric teleparallel equivalent Newton—
Cartan’ in analogy with its relativistic parent, shortened to STENC) in two ways: (a)
by taking the non-relativistic limit of STEGR (using the same 1/c expansion developed
in [11]), and (b) by proving that it includes classical Newtonian gravity, thereby obtaining
the analogues of the Trautman recovery theorems (see |12, Ch. 4]) for STENC.

The structure of this article is as follows. In Sec. 2, we review the essential details of the
geometric trinity of gravity; in Sec. 3, we construct STENC by taking the non-relativistic
limit of STEGR and show that it is equivalent to the NC formulation; in Sec. 4, we discuss
general properties of the non-relativistic trinity and of STENC specifically. We close in
Sec. 5 with some discussions of the upshots of this work.



2 Background: The Geometric Trinity

The bulk of this section constitutes a review of the relativistic geometric trinity of gravity
(Sec. 2.2). In addition, we review briefly the state-of-play regarding geometric reformula-
tions of non-relativistic gravity (Sec. 2.3).

2.1 Notation

Since we will deal with four different connections, introduced at the relativistic and the
non-relativistic levels, we here define the following notation:

(i) The Lorentzian Levi-Civita connection I'*,4 relative to the Lorentzian metric g,,,
with covariant derivative V, and Riemann tensor R*.g, .

(ii) The general affine connection introduced at the relativistic level "5, with covariant
derivative V, torsion T" o3, and Riemann tensor R" aBu-

(iii) The symmetric Galilean connection I* g (i.e., non-relativistic connection) relative to
(7, W), with covariant derivative V, and Riemann tensor R*,s,. For simplicity, we
will refer to I'*, 3 as a ‘Galilean connection’, dropping the ‘symmetric’ in the name.

(iv) The general affine connection introduced at the non-relativistic level f’“ag, with co-
variant derivative V, torsion T’ uaﬂ, and Riemann tensor R#ag,,.

When considering the non-relativistic limit, both the Lorentzian connection I'*,5 (and
related variables) and the general affine connection I'',,5 (and related variables) are written
as Taylor series of the speed of light. The full series will be denoted by an upper “\”, where

()
A=1/c (eg., f’“ag), and the n-th order will be denoted by an upper “(n)” (e.g., I['*43).

Finally, as will be detailed in Sec. 2.3, a non-relativistic (Galilean) structure does not
possess a metric allowing for raising and lowering indices. Therefore, when introducing
tensors at the non-relativistic level (denominated with a hat), the position of the indices
will be fixed.

Remark 1. Here, we draw attention to the use of the reference connection V, where this denotes
a general affine connection with possible torsion and/or non-metricity. As this article is already
relatively heavy with notation between relativistic and non-relativistic connections, we will not
denote separate connections for a torsionful or non-metric connection; rather, we will flag instances
where the torsion and/or non-metricity have been turned off as we do in e.g. Egs. (16) and (17)
where we explicitly specify that in TEGR and STEGR the respective non-metricity and torsion
have been switched off for those specific theories. This choice of notation carries over to the
non-relativistic level, where I' is replaced by I for TENC and STENC.



2.2 Relativistic gravity

Spacetime theories are typically formulated in terms of a metric tensor g,, and an affine
connection ['*,,. General relativity (GR) is of course the paradigmatic theory of gravity
and makes use of the Levi-Civita connection I'* ,,, setting r* o = I'*4p, with components

1

Fauu = §go¢)\ (g)\u,,u + Gurpy — g,uu,)\) ’ (1)

which is the unique connection that is compatible with the metric and torsion-free. The
metric-compatibility condition is given by V,g,,, = 0 and the torsion-free condition is given

by FO‘[W} = 0 [13, Ch. 3|. Famously, GR describes gravity as a manifestation of spacetime
curvature, as encoded in the Riemann tensor, which has components
oY L « e} o A e} A

R 6#V<F) - aur llﬁ - 8VF Nﬂ +F NAF l/ﬂ - P V)\F H’B' (2)

Spacetime curvature measures the rotation of a vector when it is parallel transported along
a closed curve.

One can alter or otherwise relax the above assumptions in order to construct spacetime
theories that manifest torsion and/or non-metricity. Torsion is given by the antisymmetric

part of the connection
nuv

Ta (f\ale> = 2Fa[uy], (3)

and can be thought of as a measure of the non-closure of the infinitesimal parallelogram
formed by two vectors being parallel transported along each other. Non-metricity is given
by the non-vanishing of the covariant derivative of the metric tensor

Qa;w (Fa,uu) = vozg,uzla (4)

and can be thought of as a measure of how the length of a vector changes when parallel
transported.

We can thus categorize spacetimes as
(i) metric (i.e., Qo (I',m) =0),
(i) torsionless (ie., T*, (I'“.) =0),
(iii) flat (i.e., R*,, (T%.u) = 0).

Curvature, torsion, and non-metricity are all possible geometric properties of an affine
connection in relation with a Lorentzian metric. A completely general affine connection
I, can be decomposed in the following way [14]:

r = I‘O‘W + KO‘W + LO‘W, (5)
where ]
KQW = iTa‘“’ + gaUTVU(u )y (6)
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is referred to as the ‘contortion tensor’, and

1 ag ag
L% = 59 Qo = 9% Qo (7)
is referred to as the ‘distorsion tensor’. Consequently, the difference tensor I'*,5 — r o
between the Levi-Civita connection and a general affine connection has the form

1_

T o v J oV
Mag = TMap = g" (V(agma - §Voga@> — 57" = 9T o (a 9oy (8)

This formula, equivalent to (8), will be useful when taking the non-relativistic limit in
Sec. 3.

We can use Eq. (5) to facilitate translations between different spacetime theories with
different connections (and associated different geometrical properties). As we have seen,
GR is a spacetime theory that is metric and torsionless, but non-flat as the Levi-Civita
connection in general possesses curvature. In this article, we will also be concerned with two
other spacetime theories: the ‘teleparallel equivalent general relativity’ (TEGR) and the
‘symmetric teleparallel equivalent general relativity’ (STEGR). The connection of TEGR
is metric and flat but in general possess torsion; the connection of STEGR is torsionless
and flat but in general possess non-metricity. Both TEGR and STEGR are dynamically
equivalent to GR, in the sense that the actions of all three theories are equivalent up to
total divergence terms [see Eqs (12)—(13)]; thereby, these theories are capable of modelling
the same empirical phenomena, and constitute a ‘geometric trinity’ of gravity—see [1, 15,
16, 17, 18, 19| for further discussions.

For example, we can find GR’s torsionful and non-metric equivalents by taking the
expressions for the Riemann curvature and Ricci scalar in GR in terms of the Levi-Civita
connection, and re-expressing these in terms of the torsionful connection of TEGR or
the non-metric connection of STEGR. Consider that we can express a generic Riemann
curvature tensor R®j,, as [20]:

Sa _ pa @ @ o a e B
Ry, =R + VM5 =V, M 5 —l—MVVﬁMw —MVMIBM vy T 5, M5, (9)

Buv
where R%  is the standard Riemann tensor from the Levi-Civita connection V, and
Me,, = K<, + L%, This formula is the heart of the trinity of GR. One can choose

to work with TEGR and the contortion tensor (i.e., K¢, # 0 and L%, , = 0) or with
STEGR and the distorsion tensor (i.e., K¢, = 0 and L, # 0). Upon index contraction,
one constructs the curvature scalar and finds:

1- —auy 1= %1% S 7 A :
R = TouT" 4 S Tap T = T°0, T g™ + 29T, with Quas =0, (10)
and
—R=g" (L L o — LapL%w) + Va (@71 = QN)  with 1%, =0. (11



Importantly, this shows that the scalar expressions of curvature, torsion, and non-metricity
are equivalent up to a boundary term.! This justifies the above claim that GR, TEGR,
and STEGR can be formulated in terms of dynamically equivalent Lagrangian expressions,
respectively as

,CR = g'LWRuy, <12)
1- - 1 - - - —

£T = ZTa/u/TauV + ETOAMVTMQV - Taa,uT/Bﬁl/gMV + ()\NVQIBRMVO@B + )\wjanWa) ’ (13>

Lo = g" (LsLP o — L%agL? ) + (VPR yos + N T (14)

where the \ tensors are Lagrange multipliers setting the reference curvature and the non-
metricity (or torsion) to zero. Note that we could remove the need for these multipliers
by writing V as a pure gauge connection (see [1]), or by choosing a specific gauge (e.g.
[*,5 = 0). We choose not to do so in this article in order to avoid the need to introduce
additional variables such as tetrads which might impair the readability of the paper.?

From the Lagrangians (12)-(14), the same equation of motion is found, but written
as a function of either the Levi-Civita Ricci curvature R, , the contortion K*,g, or the
distorsion L*,4:

e T,
GR: R, = — <TW — —gu,,> (15)
C 2
)
VoK% + VK0 — KK’ + K* 03K,

87G T,
(T, -

TEGR : + TaﬁpKﬂau = A Tgl“/) ) (16>

with R',3, =0 and Quap =0,
T

- . - . o o 81G T,
STEGR : —Val v + V#L va — L #ﬁLﬁaV + L 04,6’[/6/“’ - c_4 (TW N Tgw) ’
with R'.5, =0 and T%, =0,

(17)

where T}, is the energy momentum tensor. These equivalences are a direct consequence of
relation (9), relating the Riemann tensors of two different connections.

While these particular theories are empirically equivalent to each other, there are a
number of reasons why physicists are interested in investigating such alternative geometric
representations. One reason has to do with the fact that these theories possess different
gauge structure. In particular, TEGR and STEGR can be understood as gauge theories of
translations |19, 24], which allows one to formulate the theories in a language more closely

1 See |21, 22, 23] for some discussions concerning the role and significance of these boundary terms.
2 This is especially relevant since we will focus mainly on the non-relativistic equivalent of STEGR and
that the non-relativistic equivalent of TEGR has already been developed in [10], in which tetrads were
used.



resembling other fundamental interactions and potentially suggests different routes towards
quantisation. Another reason can be found in resolving cosmological puzzles. Despite the
incredible successes of the current ACDM model, there are a number of unresolved issues
that are the subject of heated debate, including our modeling of both early and late time
expansion of the universe [25, 26, 27, 28, 29|. While the theories within the trinity are in-
deed equivalent, their geometric structures based on curvature, torsion, and non-metricity
suggest different routes to modifying gravity. Indeed, the equivalence is broken when we
move to modifications that consist in higher order scalar invariants of the relevant geomet-
ric quantities. That is, e.g., f(R), f(T'), and f(Q) theories are not equivalent to each other,
and this has motivated exploring this theory space as possible novel realisations of dark en-
ergy, inflation, the astrophysics of black holes, and bouncing cosmologies [30, 31, 32, 33, 34].

Note that in formulating this geometric trinity of gravity, we are following the lead
of |1, 2, 18, 24, 33| and use the metric formalism rather than the tetrad formalism. We
emphasize that to work in the metric formulation rather than the tetrad formulation is
perfectly legitimate as both formalisms are physically equivalent; however, it is worth
noting that insofar as one might seek to study the status of the nodes of the trinity as gauge
theories of gravity, it might be more congenial to work with tetrads and spin connections—
see e.g. [19, 35 in the relativistic case. We expect this to be true of the non-relativistic
geometric trinity also, and indeed see [36] for some initial explorations in this direction
using the formalism of tetrads and spin connections. However, since our primary concern
in this article is the construction of the non-relativistic geometric trinity, it suffices for us
to use the formalism of metrics and affine connections. Furthermore, much of this article
concerns taking the non-relativistic limit of STEGR, which as a theory whose gravitational
degrees of freedom are encoded in its non-metricity, is primarily presented using the metric
formalism (e.g. see the discussion in [2, Sec. B.4|). Working in this formalism allows us to
more clearly align with the prevailing literature on this particular node of the trinity as
well as render transparent the geometric degrees of freedom present in this theory.

2.3 Non-relativistic gravity

So much by way of background on the relativistic geometric trinity of gravity; what is
the current state-of-the-art with respect to non-relativistic physics? It has been known
since the 1960s that standard, flat-space classical Newtonian gravity can be formulated
as a curved spacetime theory known as ‘Newton—Cartan theory’ (NC), in a way closely
resembling GR. The geometric structure involved in the NC formulation is known as a
‘Galilean structure’, defined by degenerate spatial and temporal metrics h*” and 7, (as-
sumed in this paper to be exact) that are orthogonal, i.e. 7,A*” := 0, and equipped with
a Galilean connection f“w that is separately compatible with both spatial and temporal
metrics such that V A" = 0 and @oﬂ'ﬂ = 0. Similarly to GR, the dynamical degrees of



freedom of NC theory are captured by its curvature tensor }?O‘BW, with the field equations

fiw = dmpT,T), (18)
Rayﬂﬁ — R“Baw (19)
vV, T =0, (20)

where p is the mass density. The first equation is known as the Newton—-Cartan equation,
and encodes, in particular, the Newton-Poisson equation (see e.g. [12, Ch. 4]). The second
equation is a condition (due to Trautman) that the curvature tensor must satisfy such that
inertial frames, a defining feature of Newtonian theory, exist. The third equation is the
conservation of the energy-momentum tensor. Contrary to the GR case, the first equation
does not implies the third, which, therefore, is an additional independent equation.

The equivalence of this spacetime theory with classical Newtonian gravity is most
easily obtained by projecting along h*” and 7, the above system of equations [37], i.e.,
performing a 3-+1-projection. Recovering classical Newtonian theory is also codified in the
Trautman geometrisation and recovery theorems [12, Ch. 4|, where one can define another
connection V’ such that @500‘ = Vfgva — T/gT,,U”hO‘“V;L@ where ® is the familiar Newtonian
gravitational potential. Upon assuming an isolated system, i.e., no cosmic expansion, one
can then show that this connection is also compatible with the metrics and leads to a flat
spacetime where one recovers the familiar Poisson equation V'*V! & = 47p.

The Newton—Cartan formulation, and non-relativistic gravity more generally, is still
a very active field of research. It has found important theoretical applications in non-
relativistic holography, non-relativistic string theory, and quantum gravity [38, 39, 40, 41,
42] because non-relativistic gravity often provides a more controlled environment where
one can gain greater computational traction, and this can facilitate exploration and under-
standing of the more complicated relativistic counterparts. Furthermore at a more emer-
gent level, non-relativistic gravity has been incredibly useful in modelling condensed matter
systems such as the fractional quantum Hall effect [9, 43, 44, 45] and non-relativistic fluids
and hydrodynamics [46, 47]. A critical realisation is that, despite the utility of General
Relativity and relativistic concepts in so many areas of physics, there are many emergent
non-relativistic systems which do not have the same relativistic symmetries. Consequently,
non-relativistic gravity becomes a crucial tool with which to study them because it has the
appropriate symmetries (see e.g. [43, 44| for some discussions).

Furthermore, introducing torsion in the Newton-Cartan framework has been shown
to be crucial for spurring many of these developments (see e.g. [48] for an overview of
some of the recent literature). In particular, as explained in [41, 49|, the presence of
mass in non-relativistic theories necessarily implies the non-vanishing of temporal torsion.
Similarly (and relatedly), [50, Sect. II.C| explains that conservation of energy requires the
introduction of non-zero temporal torsion in non-relativistic gravity and that temporal
torsion is needed to properly define an energy current for such non-relativistic systems.
Additionally, the existence of torsion is important due to symmetry considerations in non-
relativistic holography [42].



c—00 STEGR c—00

Figure 1: The geometric trinity and its (conjectured) non-relativistic limit.

What constitutes very recent knowledge in torsional Newton—Cartan theory is that
it is possible to obtain a teleparallel equivalent Newton—Cartan theory (TENC) [8, 10],
similarly as TEGR for relativistic gravity. In this TENC formulation, the gravitational
field present in the classical Newtonian formulation can be understood as the torsion of
the mass gauge field m, obtained by gauging the Bargmann algebra [8]. In other words,
the torsion of the flat-torsionful-metric connection V present in TENC is sourced by the
mass gauge field. Moreover, TENC can be obtained by taking a 1/c? expansion of TEGR
[10].

Therefore, in view of the relativistic trinity presented in Sec. 2.2 and the aforementioned
developments, this invites the following questions: (a) can one construct a non-metric non-
relativistic theory of gravity by taking a 1/c* expansion of STEGR, and (b) is that theory
equivalent to the NC theory, thereby retrieving the classical Newtonian theory? In the
remainder of this article, we answer in the affirmative both (a) and (b), obtaining, as a
result, a symmetric teleparallel equivalent Newton—Cartan theory (STENC). Thereby, we
fill in the dotted lines in the Figure 1, and so complete for the fist time a non-relativistic
geometric trinity of gravity, which we summarise in Sec. 3.5.

3 The Non-Relativistic Limit of the Trinity

The goal of this section is to perform the non-relativistic limit of the STEGR field equa-
tions. For this, we will first define what is, in general, a contortion K Fop and a dis-
torsion D‘aﬁ relative to a Galilean connection V (Sec. 3.1). We will then define the non-
relativistic limit using Lorentzian and Galilean structures (Sec. 3.2), and apply this limit to
a relativistic contortion K*,g, distorsion L*,5 and difference tensor '3 — I3 (Sec. 3.3).
Finally, in Sec. 3.4, we perform the limit of the relativistic trinity, hence rederiving the
TENC formulation, but most importantly, obtaining the STENC formulation.



3.1 Distorsion and contortion tensors with respect to a Galilean
connection

In this section, we define the notion of distorsion [:Hocﬁ and contortion K kg relative to a
Galilean connection f’“ag and a general affine connection f‘“aﬁ.

Contrary to the Levi-Civita connection of a Lorentzian metric, a Galilean connection
defined with respect to a spatial metric 2*” and a temporal metric 7, is not unique. Two
freedoms exist: (i) in the choice of a timelike vector B* defined such that B*7, = 1; (ii) in
the choice of a 2-form r,, called the Coriolis field. The connection coefficients F“QB have
the form

R 1
", = h"? (8(0[[)@0 — §8Jba5) + B“@((ﬂ‘g) + QT(a/{g)yhlw, (21>

where b, is the spatial projector orthogonal to B* defined such that b,,B" = 0 and
h*bg,, = 05 — 753B*. For a given Galilean connection, I'*,5 the tensors B and k,, are
not unique and are related by x,, = ba[V@M}B" (see Appendix A for more precision).

We now consider an additional general affine connection r w Whose torsion is denoted
T w = or® (] Usmg the general formula (21) for a symmetric Galilean connection, the
difference tensor [*,3 — 45 takes the form

. . _ 1 .
"5 —[ag = b0 (V(abﬁ)a - QVUW) + BV (aTp) + 27(akig h"”

1 v

— §T”a5 — BT (absy (22)
From this formula, we can define what is a Galilean contortion tensor K o3, by assuming
metricity, i.e., assuming V" =0 and V,7, = 0:

~

“Rtap =Ty =Ty (with Vo™ =0, V7, =0) (23)
. 1 1 )
- (V(abﬁ)a - §Vaba6) + 20k h” = 5T o = W71 o(abyy

We can also define the Galilean distorsion tensor f}“aﬁ, by assuming V to be torsionless,
. =
ie, T o5 =0:

~

L =D — T s (with T 5 = o) (24)

= hH° <@(abg)g — %@Ub(w) + B’u@(oﬂ'g) + QT(alﬁi/g)l,hMV
Note that, contrary to the Lorentzian case, the relation f‘”aﬂ — f‘“ag = —I:“a/g — K”aﬁ
does not hold, as the definitions of K*,5 and LF,4 are only valid if the other one is set
to zero. This means that the notion of contortion and distorsion in the Galilean case is
ill-defined for a general affine connection. Another Way of seeing this is from the relation
T,,TPW = —2V (uTy), Which shows that the torsion T’ w and the non-metricity of 7, i.e.

V.7, are not independent.
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3.2 The non-relativistic limit

In this section, we define the non-relativistic limit we will use to obtain STENC from the
relativistic trinity. The limit begins with an expansion of the relativistic objects in terms of
powers of ¢, the speed of light. As there is no absolute velocity in non-relativistic physics,
one takes ¢ — 0o, which can be thought of as ‘flattening’ the null cones at all spacetime
points. Essentially, “in the limit the cones are all tangent to a family of hypersurfaces, each
of which represents “space” at a given “time”, which corresponds to the standard Newtonian
picture of spacetime” [51]. More precisely, the fundamental ansatz of the non-relativistic
limit is to consider a Lorentzian metric admitting of a Taylor series in terms of X := 1/c?
given by the following [11]:

9= B NG 4 A2 0 (M), (25)
1
ﬁuu = _XTMTV +(.g]1u/ + >\(.§1]L1/ +0 <)‘2) ) (26)

where h*" is a tensor whose kernel is 1-dimensional and 7, is a 1-form. The leading orders
of this Taylor series are degenerate, contrary to the full Lorentzian metric.?

The defining relation ﬁ“aﬁﬂg = 43 for the Lorentzian metric implies the orthogonality

relation 7,h*” = 0, along with the following formulae for (g])/“/ and ?}LV:

g" = —BrB” + kM, (27)

©

Guv = b,uu - 2Tu Tl/‘b? (28)
where k* 7, = 0, and B* and b,, are defined after Eq. (21). Finally, ¢ is an arbitrary
scalar (see e.g. [11, 37| for further discussion related to these objects). Both B* and ¢
have some gauge freedom coming from the infinitesimal gauge freedom in the definition of
the Taylor series (see Appendix F in [53] for a detailed discussion).

The non-relativistic expansion series defined in Eqgs. (25)—(26) in orders of A imply that
\ cy @
the standard Levi-Civita connection expands as I'*,,, = I'*,, +I'*,,, + O (\). However, it is

only the zeroth order of the expansion of this connection that transforms as a connection,

so it is only this order that can properly serve as a connection for the theories that emerge
(=D

in this limit [54]. Consequently, I'*,,, must vanish, which happens when we impose that
dr =0 [7, 11]; or in other words, when 7 is closed, which gives us a notion of absolute time
inherent in standard Newtonian spacetime theories. The zeroth order of the expansion of
the Levi-Civita connection then defines a (symmetric) Galilean connection V,, compatible
with A and 7,, as introduced in Sec. 2.3.

It should be noted that this is not the only way one can proceed. As detailed in [49, 55],
one can take the non-relativistic limit of GR using a more general connection that does not
force us to impose any conditions on 7. When we do impose dr = 0, we recover familiar

3 Rendall [52] showed that there is not much other choice than this ansatz for the leading orders, but also
that odd orders in ¢ should be considered. However, for the first few orders that we consider, these odd
orders are purely gauge. Therefore, not considering them should not change the result of the paper.

11



NC, which has been dubbed ‘Type I' Newton—Cartan theory in these papers, whereas
relaxing this condition to 7 A d7 = 0 leads to ‘Type II’ Newton—Cartan theories. Here we
will adopt the condition that 7, is closed, even exact, thereby staying within the realm of
traditional Newtonian spacetime theories with a notion of absolute time. We proceed now
to take the non-relativistic limit of STEGR, which will involve taking the non-relativistic
limit of the distorsion tensor L“,, that distinguishes this theory from GR.

3.3 Distorsion and contortion in the non-relativistic limit
3.3.1 General formulae

If the Galilean connection f‘“a/j derives from the non-relativistic limit (as defined in the
A

previous section) of a Lorentzian connection I'*,4, assuming 7, to be closed, then it has

the form:

A

© 1
F“ag = F“ag = hH? <(9(ab5)0 — §8oba5) + B“a(oﬂ'g) + TaTﬁh“V&,¢. (29)

Compared to a general Galilean connection (21), the connection deriving from a non-
relativistic limit has an exact Coriolis field, as x,, = 7,0,)¢.
A
Now the goal is to take the limit of the contortion K", [defined by (6)], the distorsion

A _
LFop [defined by (7)], and the difference tensor .5 — I'"5. As for the Levi-Civita
connection, the general affine connection I'* op should, a priori, have a Taylor series as a

function of \. Let us assume that the leading order of this series is the zeroth order, i.e.,
A ()

a5 = T + O (X). We will discuss this hypothesis in Sec. 3.3.4. We obtain for the
contortion

9 0) 0) (¢Y]
— §T”a5 — h”UTFyU(a(E]ig),y —|—(§)0“T70(a7’5)%y + hU“T’YU(Oﬂ'g)T,y + O ()\) , (30)
and for the distorsion
A 1 0) (@)
—L*.5 = X [haﬂ <Tav[g7'5] + Tgv[UTa]):|
eN W © o)
— W7 5Ty Ty + <2¢h”“ + 9”“) (TaV[aTm + TBV[aTa])

© ©) ©)
#100 (Viabing = 500bs ) + B o7+ Tl 0,0+ O, (31)
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© ©
with V := 0+ T'. These two formulae imply that the limit of the relativistic formula (8) is

\ N © 1© ©
F'uag — F'U“a/g = hoH (V(abg)a — §V0.ba/3> + BWV(aTﬂ) + TaTﬁthaUQb

1© o
— §T“aﬂ — W7 5 abgyy + O (N), (32)
©) ©)
where we used the fact that 7, is closed, implying V,75 = —%Tﬁw .

We see that, in general, the contortion and the distorsion tensors have negative orders
in the limit. However, the difference tensor (32) only has positive orders. Furthermore,
this tensor does not depend on first orders of the torsion tensor contrary to the contortion

and the distorsion. The formula (32) is very similar to the general Galilean formula (22)
o .
when associating the zeroth order V with V, the only difference being the exactness of the

Coriolis field.

3.3.2 Non-relativistic limit with torsion and metricity

A
We assume that I'*,5 is metric. In the limit, this implies

V,hP =0 ; V,r, =0, (33)

© N

implying 77, 7, = 0. Using L*,3 = 0, we also have

&N (0) 1©
WT y(oTsyTy = hF (v(abﬁ)a - 5vc,l)(,ﬁ) + TaTsh 70,6, (34)

Finally, the contortion tensor in the limit is

A © (0)
—Kuaﬁ = ho* (V(abg)a — §nga5) + TaTghWUaanﬁ

1© ©
= 5T"ap = WT o(abay, + O (). (35)

Compared to the general formula (23) for Galilean contortion, the one obtained in the limit

features an exact Coriolis field. That form of the contortion tensor at zeroth order of the

non-relativistic limit is in agreement with the one derived by Schwartz [10, Eq. (2.33a)|.
© © ©

His “(T(afﬁ)”)” is replaced by “%T“ag — hoH <V(abﬁ)a — %ngag> — T,73h770,¢” in our

case, which has the same properties when projected along h*” and 7,. From the metricity

relations (33), we can also show that

©) ©)

THosry=0 5 T, hPrpe =o0. (36)
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3.3.3 Non-relativistic limit without torsion and with non-metricity

A 0) (1)
We assume that I'*,4 is torsionless, which implies 7%, = 0 and T#,3 = 0. Then the
distorsion tensor becomes in the limit

A © 1© ©
—LFop = B (v(abﬁ)g - 5v(,baﬁ) + BUV (oTh) + TaTsh"" 0,0 + O(N).  (37)

Compared to the general formula (24) for a general Galilean distorsion tensor, the one
obtained in the limit features an exact Coriolis field.

3.3.4 Limit of a flat (reference) connection

The specificity of taking the non-relativistic limit of TEGR or STEGR compared to GR
is that there is an additional field, namely V, whose behaviour in the limit needs to be
understood. In the previous sections, the formulae derived and depending on V are valid
regardless of the Riemann curvature of that connection. However, in the case of interest
for this paper, the connection I' is flat. Therefore, each order of its Riemann tensor

must be zero. Since we assumed that the leading order of the connection is the zeroth
©
order, then that order is a connection whose Riemann tensor R*.g, is zero. In other

A

words, this implies that the zeroth order of the connection I'*,4 is also flat. Therefore,
©

the connection V appearing in the distorsion and contortion tensors in the non-relativistic

limit is flat. This was expected of course, but not direct considering the fact the reference
connection has, in general, a Taylor series. This zeroth order will correspond to the flat
affine connection present in the non-relativistic trinity, and will be denoted by V.

A

Remark 2. That results obtained in the limit hold only if I' has positive orders. If we allow for
A

negative orders, then the flatness condition R#,g, = 0 implies the constraint

) (V) N) ()

f‘a,u)\f‘/\uﬂ = Fau)\FA,uﬁa (38)

where N < 0 is the leading order, which is here, by definition, strictly negative. As for the Levi-
A

Civita connection I'*, 3, because only the zeroth order of the connection is not a tensor, all the
(N)

other orders are tensors, then I' is a tensor. Therefore, the above condition is a tensor equation.
(N)

We suspect that this constraint implies I' = 0, which would mean that the reference connection
necessarily has positive orders once it is considered flat, hence justifying the hypothesis. But
we have not been able to prove such a result.

3.4 Non-relativistic limit of STEGR

In the case of taking the non-relativistic limit of TEGR, the prescription followed in [10]
is the following one: (a) write the Einstein equation of GR in terms of the TEGR con-
tortion (and associated torsion); (b) take the non-relativistic limit—constructed in the
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above way—of that equation. Following the same prescription for the non-relativistic limit
of STEGR, we first recall the expression in Eq. (17), and take the non-relativistic limit.
Taking the non-relativistic limit of the rhs gives [11]:

(G T,
G (g,

a Tg,w) — 4rGpT,T,. (39)

The validity of this formula requires the leading orders of the energy-momentum tensor

A
T to be positive [53|. Cases where these orders are negative have been studied in [55],
dubbed “strong gravity”. In the present paper, we will not consider this possibility.

We proceed now to take the limit of the lhs of the field equation (17), which is the
Ricci tensor of the Levi-Civita connection expressed in terms of the distorsion and the
non-metric connection. As mentioned earlier, when taking the non-relativistic limit of the

connection, we will be seeking the zeroth order term in the expansion. This means that
A © © ©) ~ .
we will be searching for L%, = L* =1, —-T% = aW — I'*,,, which is given by the

leading order term in Eq. (37). Consequently, the non-relativistic limit of the field Eq. (17)
of STEGR is:

+ VL%, = L% 51",

vo m

+ I:O‘aﬂfﬂw = 4nGpT,T), (40)

where
. N 1= .
L*,, =—-h" (V(Hbl,)7 — ivwbw,> — BV (1) — 1T, h7 040, (41)

This is the field equation of STENC.

As it is formulated in Eq. (41), the non-relativistic distorsion tensor is not written
explicitly as a function of a single non-metricity tensor as in the relativistic case (7).
There are two reasons for this: first, we do not have a single metric like in GR, and second,
this distorsion tensor does not depend only on these two metrics, but also on B* and b,,,.
This means that there are four different non-metricities that can naturally be defined in
the STENC formulation:

Q,uaﬁ = Vuhaﬁ ) Qw/ = v;ﬂ_u ) Qaw/ = vab,uu ) Quy = VMBV' (42>
We recall that since there is no duality between forms and vectors with Galilean structures,
i.e. no way of raising and lowering indices, then Q#” and QW (as well as Qw/g and Quaﬂ )
have to be understood as different tensors.

While the expression given above in Eq. (41) for the distorsion tensor is the most
straightforward one to write down from the non-relativistic limit, it would be desirable
to be able to express the distorsion tensor mostly, or exclusively if possible, in terms
of the non-metricities encoded in the metric data 7, and h*”. It turns out that this is
mostly possible and that one can equivalently write Eq. (41) as (see Appendix B for a full
derivation):*

T N o a o A 1 el A o ~ oca
L = —bJ(MQy) + B*B T(MQV)J + ah )‘bo—#b,,pQ)\ P +2 [T(,u/iy)a - T(Mliy)g} h y (43)

4 We are very grateful to Philip Schwartz for pointing this out to us. See [36] for further discussion.
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where k,, = bo[V@M]B” = 7,0, ¢ is the standard Coriolis field (in the non-relativistic limit)
defined with respect to the Galilean connection, and &, = ba[V@M]B is 2-form defined
similarly but with respect to the general connection r’ v (see Appendlx A for more details).

This expression mostly makes reference to the “true” non-metricities QW and Q,ﬂﬂ defined
in terms of the fixed temporal and spatial metrics that define the Galilean structure. But
it also depends on the non-metricity of B*, through the tensor &,,, illustrating the fact
that one cannot express the distorsion tensor solely as a function of the non-metricities of
7, and h*”. Equivalently, one cannot express the distorsion tensor solely as a function of
the non-metricities of the (gauge-dependent) tensors B* and b,,. From (41), we have the
expression

~ 1 A ~
L% = =" (Q(MV §Qw’/) — B*Quw) — 11 h*7 059, (44)

Compared to (41), the expressions (43) and (44) for the non-relativistic distorsion tensor are
closer inline with its relativistic cousin (7) explicitly written in terms of the Lorentzian non-
metricity. However, for formulating STENC, the original expression (7) has the advantage
of explicitly showing where the gauge freedom relative to B* is present. Still, for the
purpose of making specific choice of non-metricities (done in Sec. 4.3), expressions (43)
and (44) will be of interest, especially for the recovery of standard Newtonian gravity in
the Poisson equation formulation.

3.5 The non-relativistic trinity

To summarise, then, the non-relativistic limit of the trinity of general relativity gives the
three following equivalent systems of equation for non-relativistic gravitation:

(i) the curved-torsionless-metric formulation (NC) is

]A% = 47TG/)7'#7'1,,
. 1
F“ag = h* <(9(abg)# — §8Mba5) —+ BW(QT@ + TaTgh'Wau¢,
(ii) the flat-torsionful-metric formulation (TENC) is
(VoK + VK% — KK + K0 KP + T7 5, K%, = 4nGpr,T,,
vV, T+ — 2T @RKM =0,
(46)

. - 1~ 1~ N
—Kt5 = hot (v(abﬁ)a - 5v(,baﬁ) + TaTsh 0y — §T“a5 — WP T (abs)y

with R'ys, =0 ; V,h%°=0 ; V,7r, =0,
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(iii) the flat—torsionless—non-metric formulation (STENC) is

( —@aﬁaw + @#f/am — I:augﬁﬁa,, + I:aaﬁf/ﬁw = 4dnGp1,T,,
vV, TH = 2T =0,

. - 47
—LF,5 = ho" (V(abmg — §Vaba5) + BV (oTg) + TaT3h7 050, 47)

with Ruaﬁy =0 ) Tuaﬁ =0.

\

We recall that T* is the energy-momentum tensor.

There is a gauge freedom in terms of how to express the Galilean connection f‘“ag,
contortion tensor A .5 and distorsion tensor i“ag. That gauge is related to the observer
4-velocity B* with respect to which b, is defined, and in ¢. The origin of this freedom can
be traced back to the gauge freedom in the Taylor series of the Lorentzian metric when
considering the non-relativistic limit [53, Appendix F.|. This type of gauge is also the one
present in cosmological perturbation theory. The three field equations and their solution
is of course independent on the choice of B*.

In each case, the Coriolis field is exact, which implies the existence of vorticity-free
observers and the absence of gravitomagnetism, two necessary features for the theory to
be considered “Newtonian”. Furthermore, since the first equations in each case are equiv-
alent (considering the definition of V along with the formulae for K Hop and E“aﬁ), and
correspond to the Newton—Cartan equation, then each of these systems of equations are
equivalent and lead to the classical Newtonian theory (for an isolated system) [56] and to
the cosmological Newtonian theory (if closed boundary conditions are considered) [37], as
explained in Sec. 3.6. The first system has been known since Trautman [56], while the
second was derived by Read and Teh [8] and Schwartz [10]. What is new in the present
paper is the third system, defining the STENC formulation. Hence, this completes the
construction of the non-relativistic trinity of gravity, as summarised in Figure 2.

Remark 3. Similarly to the relativistic case, we expect the last equations constraining the reference
connection V in the systems (46) and (47) to arise from Lagrange multipliers. However, at the non-
relativistic level, no well-posed Lagrangian is known that leads to the fields equations of Newton-
Cartan, and more generally to the three nodes of the non-relativistic trinity. Therefore, while, in
theory, similar Lagrange multipliers should be present at the non-relativistic level compared to
the relativistic one, the full Lagrangian is not known.

3.6 Recovering the (classical) Newtonian theory

Classical Newtonian theory is described by a system of equations defined on a 3-manifold.
Therefore, recovering that theory from the Newton-Cartan formulation requires obtaining
spatial equations from one of the Newton-Cartan systems of the non-relativistic trinity.
The most general way of performing such a recovery is through a 3+1-projection where
the 4-dimensional spacetime equations are projected along the time metric 7, (or along a
timelike vector V#) and the spatial metric h*”. In the relativistic case, such a projection
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leads to the so-called 3+1-GR formulation, a way a describing the Einstein equation with
equations defined on a 3-manifold, allowing for, in particular, numerical resolution of that
equation [57].

When performing the 3+ 1-projection on the NC system, one does not directly ob-
tain the classical Newtonian equations (in which, in particular, the Poisson equation is
Ao = 4nGp, with A, the spatial Laplacian), but similar equations featuring additional
fields that depend on the choice of boundary conditions [37].° Only when the physical
fields are considered integrable and the space infinite, in other words choosing an isolated
system, then the 3+1-projection of the NC system leads to the classical Newtonian the-
ory. However, if closed boundary conditions are chosen, which is more representative of
a cosmological setup, then, instead, the cosmological Newtonian theory is retrieved, in
which expansion is present. This was first studied by [58] in the homogeneous case, and
fully derived in the general (inhomogeneous) case by [37]; see [59] for related foundational
discussions.

The fact that the NC formulation naturally features expansion is usually missed in
references studying the recovery of (classical) Newtonian theory. The main reason is that
the spatial metric is, in general, assumed to be J;; in some coordinate systems, i.e. inde-
pendent of time, which imposes the vanishing of expansion. In other references [e.g., 10],
a covariant condition is taken by assuming the existence of observers whose 4-velocity u*
satisfies h“(‘”@uuﬁ) = 0. This is exactly the covariant condition for vanishing expansion in
NC, as shown in [37] (see also Sec. 4.1).

Now, with regard to the recovery process from STENC, since that system of equations
is equivalent to the NC formulation, the same recovery is therefore possible. This means
that STENC leads to either the classical or the cosmological Newtonian theory, depending
on the choice of boundary conditions.

4 Discussion

Having now constructed the non-relativistic geometric trinity of gravity, in this section we
discuss (i) observers in the non-relativistic trinity (Sec. 4.1), (ii) the special case of Weylian
(i.e., pure trace) non-relativistic non-metricity (Sec. 4.2), and (iii) different possible choices
for non-relativistic non-metricity in relation to the Poisson equation (Sec. 4.3).

4.1 Observers in the non-relativistic trinity

In non-relativistic theories, a (timelike) observer is defined by a 4-velocity u* unit with
respect to the time metric, i.e. u#7, = 1. Two types of observers are of major importance:
geodesic observers and inertial observers. The former are related to the equivalence prin-

5 This paper refers to ‘1+3’ instead of ‘3+1’ for the projection. In general relativity these two procedures
differ depending on whether the time vector is vorticity free or not. However, in non-relativistic theories
with an exact 7,, 3+1 and 1+3 projections become degenerate. We choose to use the ‘3+1" denomination
in the present paper.
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Figure 2: The geometric trinity of gravity, its now-constructed non-relativistic counterpart,
and the relations of both to the 3 + 1 formulations of GR and NC, respectively.

ciple while the latter to the concept of inertial frames of Newtonian theory as well as the
gravitational field:

(i)

Geodesic observers: As for GR, in non-relativistic gravitation an observer subject
only to gravity follows the geodesics (related to the Galilean connection) of spacetime.
In the trinity, this translates into the following three equations:

NC: ufV,u® =0, (48)
TENC: u"V,u® = v'u’K*®,,, (49)
STENC : u!V,u® = u'u’ L%, (50)

These three equations are all equivalent. However, for TENC and STENC, we can
change the point of view and say that, from (49) and (50), particles are deviated
from the geodesics of the reference flat connection by a force coming, respectively,
from the Galilean contorsion and the Galilean distorsion. Such an interpretation can
likewise be made in the relativistic case.

Inertial observers: As shown in [37], the NC equation implies the existence of an
inertial observer (called Galilean observer in that paper) which is defined by a 4-
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velocity G* with the following constraints:

eV G = xhP + 28, (51)
hlev 6P = 0, (52)

where y is a scalar field (imposed to be a spatial constant by the Newton—Cartan
equation), representing global expansion, and =Z*" is a traceless-harmonic spatial
tensor (with respect to the spatial metric h*") representing anisotropic expansion.
The value of the expansion fields y and =Z*” depend on boundary conditions. For an
isolated system, where y = 0 and =" = 0 (i.e. no expansion), the first condition
implies that in a coordinate system adapted to the 7-foliation and such that 9i" = G*,
the spatial metric components are independent of time. If expansion is present with
X # 0 or = # 0, one or several scale factors appear. The second condition means
that G* is vorticity free.

The gravitational field g* in the Newton—Cartan formulation is elegantly defined as the
opposite of the 4-acceleration of an inertial observer:

G GG (53)

From the Newton—Cartan equation and the exactness of the Coriolis field, we can show
that g* is vorticity free (i.e. no gravitomagnetism), and that its potential, i.e. g* = h**0,®,
is the scalar field ® entering into the Poisson equation [37]. These properties also follow
from the definition of an inertial observer. In the language of the non-relativistic trinity,
the gravitational field can be written in the following forms:

TENC: ¢%=-G"V,G*+ G'G"K®,,, (54)
STENC: ¢%=—G'V,G* + G*G"L*,,. (55)

Remark 4. We suspect that in both cases the gauge freedom in the definition of V allows
us to assume G*V,G* = 0, with the elegant interpretation that inertial observers are not
accelerating with respect to the flat connection. However, we were not able to prove this

property.

4.2 The Weylian special case

As we have been concerned with theories that exhibit general non-metricity, we consider
now the special case of ‘Weylian’ non-metricity, of the form

Qa,uu = O0aGuv, (56)

where ¢ is a 1-form. In other words, we consider now the case in which the non-metricity
is ‘pure trace’. This form of non-metricity is of both historical and modern interest.

6 In terms of a (unique) scalar-vector-tensor decomposition of symmetric tensors, the first condition means
that the expansion tensor A*(*V,G# of G* has no gradient part [37].
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Historically, Weyl famously generalized Riemannian geometry by relaxing the metric com-
patibility condition in a failed attempt to unify gravity and electromagnetism [60]. While
this particular attempt was unsuccessful, Weyl geometries and Weyl-inspired gravitational
theories themselves are still an active field of research (see, e.g., [61, 62, 63, 64| for some
recent work related to Weyl-inspired gravity). These theories are particularly interesting
in how they manifest scale-invariance as they are invariant under the well-known ‘Weyl
transformations’ [65, 66]: ;

1% —f uv

gomeng (57)

Oa > 06 — Vaf.
Furthermore, Weyl geometries have been attracting renewed interest following recent foun-
dational work that demonstrates that they do not, in fact, suffer from the second clock
effect once one properly models matter fields in such a theory |67, 68|.

Most relevantly to us, [65] shows how to formulate GR in the language of Weyl geometry

by adopting the condition in Eq. (56). This leads to a distorsion tensor given by:

1
L® 005+ 50" G- (58)

/.Ll/

In the following, we proceed to take the non—relatwlstic limit of this ansatz in the same
way as before, using the Taylor expansion defined in Sec. 3. First, we must consider the
Taylor expansion of o:

Oy = 0u+ A0y + O (1?). (59)
The non-metricity in this Weylian case then becomes
~ ~ 1
Vol = =0l 5 V7, = 50,7, (60)

©) .
where, again, we denote V by V which is flat and torsionless. (Note that this is consis-

tent with [69].) We see that in the limit the Weylian form in the ansatz (57) remains
present for V,h*? and V,7, as these two derivatives are both proportional to the 1-form

<‘70)u obtained in the limit. This suggests that conformal gravity theories should have a non-
relativistic limit preserving the conformal symmetry, but it is transfered to the spatial and
the temporal metrics.

Regarding the distorsion tensor, as before, when taking the non-relativistic limit, we
N © © . ~ . _
are searching for L% = L%, =1, —-TI%, = Faw — I'*,, while assuming V to be
torsionless, but with the ‘Weylian’ versions of the non-metric objects. One obtains a (-1)-
(—1)
order term LO‘ = —%h‘lﬁ (gﬁmn which has to vanish to obtain a Galilean connection in
the limit. ThlS gives us h*’ g')g = 0. In other words, o, is proportional to the time metric,

ie., 0, = ¥ 7,, where v is an arbitrary scalar. This implies
© © L (s o)
La,uy = _U(Még) - 5 (gaﬁ op + h o ﬂ) TuTy

— 7,0, + 5 (wBa pos ) ) T Ty (61)
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Using this result and @[N(UO)V] = 0 (that o is closed is implied by the non-metricity condition),
the field equations under the Weylian assumption for non-metricity are given by

o loo

= ( (1)
- V,0, — §O'u0',, +

1=~
§va [(é)aﬂ gg + hoP 05] .7y = 4nGpT,T,. (62)

4.3 Choice of non-metricity and the Poisson equation

In this section, we show that there are two mirror ansatzes that can be imposed on the non-
relativistic non-metricity tensors defined in Eq. (42), such that the field equation of STENC
becomes explicitly the Poisson equation written in terms of a spacetime connection. The
two conditions are:

(i) Quasp =0 and Q,” =0,
(it) Q,*° =0 and Q,, = 0.

Both of these approaches restrict the possible physical solutions as spatial expansion is
set to zero with Quaﬂ =0 or Quaﬁ = 0, meaning that only an isolated system can be
considered. The goal of these ansatzes is mainly to illustrate how the physical degrees of
freedom can be shifted between the different non-metricities.

With the first choice, the distorsion tensor from Eq. (44) becomes
L%, = =BV (1) — 1,1 h*0,0, (63)
which implies that [A/O‘Cw = B“Q(au) = @u (B%7y) — Quara = 0. Consequently, the field

equation simplifies to: o o
—Vol®,, — L% sL°,, = 4nGpr,T,. (64)

Carrying through the calculations, we have that

—Val® = 200, h V0 + 1T,V (W?m) ,

. . . (65)

—L% 5L, = —2Qau ATV, .

The field equation of STENC then takes the form
TMTZ,@O[ (h‘”’@vcb) = 4rGpT,Ty, (66)

which is the Poisson equation expressed in terms of a curvature-free, torsion-free space-
time connection that also possesses non-metricity (with respect to 7, and h*"), related by
Vb = QB(“QMh”)V. A similar equation was obtained in [8, Eq. 31] and [10, Eq. 4.20]
in the torsional case. These papers fixed both the expansion and spatial torsion to vanish,
and obtained the ‘standard’ formulation of Newtonian gravity in terms of a torsional con-
nection rather that the non-metric connection here. See e.g. |70] for further discussion of
these versions of Newtonian gravity that result from such geometric considerations.
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In the second choice, the distorsion tensor takes the form

A

La;u/ = 27-(M/Z:zz)zv'haoé - T,uTVhowa'ygba (67>
implying that ffla# = 0, leading the the field equation
T,J,,haﬂ@a@ﬁ¢ — Qh‘”T(H@a/%l,),y = 4nGpr,T,. (68)

Contrary to the first case, in the second case, all the gauge degrees of freedom have not been
fixed, illustrated by the fact that the B* dependent term &,, remains present in the field
equation. Consequently, the scalar ¢ in that equation is not yet the gravitational potential,
which is a gauge invariant quantity. A natural gauge fixing is to assume B* = G*, i.e.,
the gauge dependent 4-velocity refers to an inertial observer, which is a gauge choice that
can always be taken [37, 53|. This implies that the gauge dependent scalar ¢ becomes the
gravitational potential ® present in the gravitational field g* = h*¥0,® that we defined
in Sec. 4.1, and that 5,, = 0. We then again retrieve the Poisson equation expressed in
terms of a curvature-free, torsion-free spacetime connection.

There is nevertheless a major conceptual difference between the two approaches, as
with the second one, the connection V is a Galilean connection, i.e. it is compatible with
the space and time metrics. In this sense, arguably we lose to some degree the philosophy
of the STENC formulation, where the goal was to have two symmetric connections: one
Galilean and one non-Galilean.

4.4 Gravitational stress-energy

The field equations for TEGR and STEGR [Egs. (16) and (17)], and for TENC and
STENC |[Egs. (46) and (47)] are closely related to covariant conservation laws, of the
form 0, (T, + tw) = 0, where T),, is the stress-energy tensor and ¢,, represents gravita-
tional stress-energy. In GR, t,, is a pseudotensor and suffers from various degeneracies;
however, it appears to be tensorial in TEGR [19] and STEGR [71]. Still in these two cases,
the gravitational stress-energy tensor depends upon the gauge choice on I'. This is related
to the fact that, in GR, there is not a unique way of defining conserved quantities such as
energy or mass (see also e.g. |72, 73] for further discussions).

Given these interpretative difficulties, in addition to the facts that (i) the non-relativistic
versions of such objects often seem to vanish identically (see [74]) and (ii) to make rigorous
sense of such conservation laws one needs to recourse to Noether’s second theorem (see [75]
for a recent review), which is unavailable in the non-relativistic case given the absence of a
suitable action, we set aside this approach in the present work, while acknowledging that it
would be valuable and interesting to explore the matter further in future research. In our
view, the right way to proceed regarding these issues will again be to avail oneself of ‘Type
I’ NC, in which an action principle (and, hence, the resources of Noether’s theorems etc.)
are available.
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5 Conclusion

In this article, we have taken the non-relativistic limit of the symmetric teleparallel equiva-
lent formulation of general relativity (STEGR), and have obtained the symmetric telepar-
allel equivalent formulation of Newton-Cartan theory (STENC). Just as in the relativistic
case, the gravitational degrees of freedom in STENC are in the non-metricity; thereby,
we have triangulated a non-metric alternative theory to Newton-Cartan theory (NC) and
its equivalent teleparallel version (TENC). We have therefore completed a non-relativistic
geometric trinity for gravity—this also makes good on a question raised in [10] as to what
one would obtain on taking the non-relativistic limit of STEGR.

In completing this work, we cast new light and understanding upon the relationship
between the non-relativistic limit and geometrical reformulations of spacetime theories, as
well as come to understand better the geography of the ‘space of spacetime theories’ more
generally (cf. [76, 77]). Moreover, the existence of the non-relativistic geometric trinity
need not be a mere theoretical or philosophical curiosity: it is already known in the case of
the relativistic geometric trinity that different vertices of the trinity are more or less apt to
represent different physical scenarios (e.g., black hole boundaries—see [21]); in principle,
we expect the same to be true in the non-relativistic case, although we will leave such
explorations for future work. There are many future prospects to the present work.

(i) Recently, in [49], a novel version of NC (so-called ‘Type II NC’) has been constructed
by taking a more careful and systematic 1/¢ expansion of the GR dynamics. Type II
NC has revealed several novel features of non-relativistic gravitational theories, in-
cluding that non-relativistic theories can account for many of the strong gravitational
effects previously believed to belong to relativistic theories and can also reproduce
much of the solution space of GR [55, 78|. This raises the question: what would be
the ‘Type II’ equivalents of TENC and STENC? Indeed, finding such theories would
have conceptual payoff, for in this article we have demonstrated equivalence of the
three vertices of the non-relativistic geometric trinity only at the level of equations of
motion, whereas the equivalence of the relativistic geometric trinity can—as we have
seen—be demonstrated at the level of the action. However, action principles for the
‘Type I’ theories provably do not exist [55]; not so for ‘Type II" theories (and, indeed,
an action for Type II NC is explicitly constructed in [55]); therefore, to construct a
non-relativistic trinity using action principles (as in the relativistic case), one would
have to construct and work with the ‘Type II’ theories.

(ii) It has very recently been shown that there exists an ‘extended’ geometric trinity
between f(R), f(T, B) and f(Q, B) theories (for boundary terms B and B) [16, 79—
does a similar extension of the non-relativistic geometric trinity exist? (For further
discussion on this issue in the relativistic case, see [80, 81].).

(iii) It has also been suggested that these non-relativistic theories can be used to develop
coordinate free post-Newtonian expansions of TEGR and STEGR (as well as other
theories in the broader metric-affine gravity framework) [36], which could be espe-
cially useful for theorists working within the theory space of f(7) and f(Q) gravity.
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(iv) Given that both standard and torsional Newton-Cartan theory have been used to
develop non-relativistic string theory and gain insights into string theory and holog-
raphy [39], we are hopeful that developing non-relativistic versions of non-metric
geometries as we have done here will pave the way for further insights—especially
as it relates to exploring fundamental aspects of f(Q) and Weyl gravity theories of
current interest and given that there is already interest in Weyl geometries within
holography [82].

(v) It is possible to understand different nodes of the relativistic geometric trinity as
different gauge theories of gravity: GR can be understood as a gauge theory of the
Lorentz transformations; TEGR as a gauge theory of the translations; and STEGR
as a gauge theory of shear/scale (and—as mentioned above—also the translations)
[35]. This invites the question: can the nodes of the non-relativistic trinity also be
understood as gauge theories of gravity in a similar manner? We are optimistic about
the prospects for an affirmative answer here but, again, we will leave a full study of
this question for future work.

(vi) And finally, we saw earlier (recall Sec. 2.3) that introducing the geometric concept
of torsion into Newton-Cartan theory proved to be incredibly fruitful for modelling
condensed matter systems. Likewise, there are other emergent systems for which non-
metricity seems capture and/or appropriately model phenomena for which curvature
alone is unsuitable. For example, consider nonlinear elastic solids in solid state
physics, where topological defects induce an effective geometry that modifies local
descriptions of length [83, 84|. From this description alone, it should not be surprising
that non-metricity has proved to be a useful geometric concept in these contexts
(see, e.g., [85, 86]). We believe that developing the mathematical framework for
non-metricity in a non-relativistic context as we have done here will have important
practical utility for modeling phenomena in solid state physics because the non-
relativistic framework will be more appropriate these systems than the more well-
known relativistic framework—just as non-relativistic geometry has proven to be
particularly useful for condensed matter systems.
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A Freedom on the Coriolis field

A.1 Non-uniqueness

For a given Galilean connection fauy compatible with 7, and A*”, the Coriolis field x,, is
not uniquely defined. It depends on the choice of vector B* present in the formula (21).
To see this, let us consider a timelike vector G* = B* —v* where v#7, := 0. The projector
orthogonal to B*, which we denoted b,,, can be expressed a function of the projector
orthogonal to G*, denoted by ©b,,, as follows:

b = Gbu,, — 207 Gba(uﬂ,) + %P Gbgp TuTy. (69)

Let us rewrite the Galilean connection (21) as a function of G* and its projector. First,
we consider the connections GFQW and B I'*,, defined as:

1

ore,, = h (a(a “bgye — 50(, Gbaﬁ) + G*0aTp), (70)
1

Brauy = h,LLO' (a(a Bbﬁ)a’ - éao' Bbaﬁ) + Bua(aTﬂ), (71)

where we have ' w = BF‘*W + 27(uk) R, 1.e. the connection B ['*,, is the one entering
into the Galilean connection, and is compatible with 7, and h*”. The difference of these
connections leads to (defining 2V := 9 + BT):

1
2

~ 1 ~
= 7,V G* — 5hm Vo b + 27ty h®

GFa/W o Brawj — —T(MBVV)GQ — _poo ngbej

= TH@[VBC bk]c + TV@[MBC bk}c + QT(MIQV)UhJa
=27, [- Ko + Kuyo] A7, (72)

where we defined “k,,, = Gbo[,,@u]G". Finally we get
R 1
Fauy = pt° (8(a Gbﬁ)g — 5&, Gbag) + G“(‘)(am) + ZT(aGIig),,hwl. (73)

We see that the Galilean connection written as a function of G* has the same form as
when written as a function of B*, but the Coriolis field is different, i.e. G/i,ﬂ, # K-

In conclusion, for a given Galilean connection f“W and a vector B*, the Coriolis
field P r,, relative to B* is given by

B, = Bbg[yﬁ,d Be. (74)

From this formula, when introducing a second affine connection fﬂag, the Coriolis field
can be re-expressed in the form

Ky = Ky + Ogly (fau}p - 1AWMLO) B, (75)
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where we defined the 2-form &, as

/%MV = bo[VVM]BU. (76)

This is a similar definition as (74), but in which the connection involved is not the Galilean
connection but the general affine connection. That definition is useful for expressing the
distorsion tensor of STENC as a function of the non-metricities of 7, and ~A*” in Sec. 3.4.

A.2 Choice of Coriolis field

Space-space part.: The difference between the spatial part of two Coriolis fields related to
the same Galilean connection is

(Pl — k) WRP = Dl (77)

where B* = G* +v*, with v¥7, := 0 and D® is the spatial connection, i.e. induced by h*".
This formula shows that the freedom on choosing the spatial Coriolis field is related to the
gradient of a vector. In other words, we can always find a vector B* such that the 2-form
B, h"*h"? has no exact part in his Hodge decomposition. Therefore, the non-exact part
of the spatial 2-form Coriolis field is gauge invariant. With this regards, the non-relativistic
limit of the Einstein equation constrains this non-exact, gauge-invariant part to be zero.

Time-space part. We have

B va
K B R =

Ba~, (78)

N —

where Ba® .= B“@MBO‘ is the 4-acceleration of B*. So we can always choose a (geodesic)
vector B* such that the time-space part of the Coriolis field related to that vector is zero.
However, in general, this cannot be done in the same time as removing the exact part of
the space-space components of the Coriolis field. In other words, unless a specific physical
solution is considered, there does not exist geodesic observers whose Coriolis field is purely
non-exact, or, more generally, there does not exist observers whose Coriolis field is zero.

B Alternative derivation of the non-relativistic distor-
sion tensor

Here, we derive Eq. (43) expressing the non-relativistic distorsion (mostly) in terms of the
non-metricities of 7, and hA*”. We recall that Q,, = V,7, and Quaﬁ = Vuh‘“ﬁ . We have
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the following identities:
be(uQu)” = be(uVi)h”
= Vi () = 1) B”) = Vb
= =BV () = 1V B = WV by, (79)
B*B 7,00 = B’ B,V 7, (30)
S = L1 bV
_ %hpkbcﬁk (8¢ — 7,B°) — %hﬂkbwhfdmbyd

= %h"’“ b ViB = (0% = 7uBY) Vibyd]
= hok [—bc(,m,ﬁkBC - %@kbw} . (81)
The sum of these three terms gives
¥, = be(uQu) ™ — BPB7(,Quy0 — %hpkbcubukoCd
= (@(Hby)k - %@kbw) — BN u1) — 7,V B? — B*B°1(,V 7. + h**by,m,) V1. B

- 1 - - - -
= —hrk (v(#by)k - §ka,w> — BV 1) — | TV By + r,,v[“B%k]C] hk?, (82)

where we recall that k,, = bU[V@H]B” and so the final term can be expressed as 27, k,) wh*P.
We see that the first two terms of the above expression enter into the distorsion tensor (41).
Consequently, we have

A

A A 1 A ~ o o
L%, = by(uQn)" — B*B1,Qu)s — §ho"\b(wbyp@>\0p + 27(uRu)e hY — 1,1, W7 040, (83)

See [36] for further details, discussion, and elaboration on non-relativistic distortion.
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