Against Empirical Platonism and Aristotelian Realism

Abstract
In this paper, I argue that the constrains operating in some cases of so-called mathematical explanations of physical phenomena (MEPPs) are not strictly speaking mathematical. For this reason, the existence of explanations by constraint in science does not justify mathematical realism, not even in its Aristotelian version. I illustrate this with the now-classic case of the Bridges of Königsberg, as well as the case of the carbon molecules known as buckyballs (buckminsterfullerene). 
§1. Pure Platonism, Empirical Platonism, Aristotelianism, and Antirealism
Mathematical Realism is the view that mathematical statements quantify over real existing objects or properties. Some Realist views allow for physical instantiations whereas others don’t. Pure Mathematical Platonism is the view that the objects of mathematics are real but have absolutely nothing to do with the physical world. Instead, they exist solely in an abstract realm, a realm of ideas. One famous challenge to Pure Mathematical Platonism is what has been called ‘the epistemic access problem’, which consists in explaining how is it that concrete physical organisms like us came to know about such an abstract realm of mathematical objects. This way of understanding mathematics, it is argued, does not sit well within the framework of naturalized psychology. Empirical Mathematical Realism, on the other hand, doesn’t have this problem because it holds that mathematics possesses an empirical character (Colyvan 2001, p.142). This can be understood from either a Platonist or an Aristotelian perspective. The Empirical Platonist would say that mathematical objects exist in a different level of reality, but they are also instantiated physically. The Aristotelian Realist would argue that, although the physical world does have mathematical properties, this does not mean that abstract mathematical objects exist. If the physical world were to disappear, so would all mathematical properties (along with all physical properties such as ‘being red’ or ‘having a certain length’). 
	Against this, Mathematical Antirealists hold that the objects and properties over which mathematical statements quantify do not exist. Fictionalists, for example, argue that when a mathematical statement is true, this is not in virtue of the existence of its objects, like when we say that ‘emeralds are green’ is true. Rather, the statement is true only within the story of mathematics, like when we say that the statement ‘Bilbo and Frodo are relatives’ is true within the story of The Lord of The Rings.[footnoteRef:1]  [1:  One way of making sense of Empirical Platonism is in terms of Ante Rem mathematical structuralism. On this view, mathematics is the study of abstract structures that can be instantiated by other abstract structures, but also by physical systems (Shapiro 1997; Resnik 1997). Uninstantiated abstract mathematical structures are ontologically on a pair with the instantiated ones. As Mark Colyvan puts it, structuralism can explain “why we’re inclined to think that either all of the natural numbers exist or none of them exist – for the natural numbers, like other structures, come as a package” (Colyvan 1998, p.652). Aristotelian Realism can be understood in terms of In Re Structuralism. The physical world instantiates mathematical structures, but, technically, uninstantiated mathematical structures don’t exist (but some would exist if there were enough physical structures to instantiate them, and, crucially, it is possible for those physical structures to exist). Some argue that In Re Structuralism can be interpreted as an Antirealist view, but I believe that, if mathematics was, say, a fiction, then it wouldn’t make sense to call any structure mathematical (just like you wouldn’t say that a cosplayer is the actual instantiation of Bilbo). And the only way of understanding that it’s possible for there to be infinite physical structures is to take these structures as inherently mathematical, which would undermine the possibility of taking this view as realist. ] 

One major challenge for Mathematical Antirealists is to explicate the applicability of mathematics in science, because it seems that, if mathematical objects were not real (say, if they were fictional), this applicability would not make sense. After all, no one expects fictional stories to end up being useful in science in the way mathematics is. To explain this applicability, Antirealists rely on a model-based approach. On this view, successful applications of mathematics in science are due to the representational power of mathematics, explained in turn by the vastness of the mathematical realm, the fact that the physical world is often properly idealized before any successful application, and the existence of selection bias in scientific practice, in the sense that scientists prefer to work with phenomena amenable to mathematization (see, e.g., Humphreys 2004, p.90-91). Once we take all this into consideration, we see that there will always be a structure that is homomorphic to some suitably idealized physical structure (Bueno & French 2018). 
Interestingly, Pure Mathematical Platonism also faces the applicability problem. This is because it is unclear how mathematics would be so useful in science if its objects were so disconnected from the physical world. Both Pure Mathematical Platonism and Mathematical Antirealism have the applicability of mathematics a phenomenon in need of explanation, unlike Empirical Mathematical Realism (Platonist or Aristotelian), which use this applicability as justification. Crucially, both Pure Mathematical Platonism and Antirealism are indifferent to the actual success or failure of a given instance of mathematics used in science. As James Robert Brown puts it:
On the representationalist (or modeling) view of applied mathematics… an empirical upset would simply make us look for a different mathematical model to represent things; it would not lead us to change our mathematical theories themselves (Brown 2008, p.61). 
	Given this landscape, even if the model-based approach ends up being the correct one, this would not imply the failure of the realist program because the model-based approach is compatible with both Antirealism and Pure Mathematical Platonism. But if (1) the model-based approach is correct and (2) the applicability of mathematics in science turns out to be the best realist shot at defending their position, then all realists would be in trouble. The rest of the paper will focus on defending only the first claim against both Empirical Platonism and Aristotelian Realism. 
§2. Platonist and Aristotelian versions of the Enhanced Indispensability Argument
The original Indispensability Argument (as introduced by W.O. Quine and Hilary Putnam and presented by Mark Colyvan (Colyvan 2001)) holds that, if we accept the naturalist premise that science should be the guide for our ontological commitments, the fact that mathematics is indispensable in science would entail that scientific realists should also be mathematical realists. In his review of Colyvan (2001), Joseph Melia pointed out that the model-based approach can account for the alleged indispensable role of mathematics in science, and that if the Indispensability Argument was to get off the ground, its defendants should provide cases where mathematics played an indispensable role in scientific explanation (Melia 2002). Although Colyvan (2001) does provide at least one such case, the Indispensability Argument got revitalized when Baker (2005) proposed a new version that explicitly appealed to these so-called Mathematical Explanations of Physical Phenomena (MEPPs).  The idea is that, in MEPPs, mathematical statements track down the real mathematical properties responsible for the occurrence of the explanandum. In other words, the reason why MEPPs indispensably depend on citing certain mathematical statements would be that those statements are describing genuine mathematical features of the empirical situation to be explained. A model-based approach, it is argued, would not be capable of making sense of these cases. 
	A recent version in this argument focuses not so much on the existence of mathematical objects per se, but on the alleged mathematical properties that the physical world instantiates. Aristotelian realists like James Franklin (2014), for example, hold that there are mathematically necessary facts in the physical world, and some scientific explanations work precisely by appealing to those facts. In a similar vein, Marc Lange (2021) holds that mathematical properties of the physical world constrain physical behavior, and that some scientific explanations obtain their explanatory power from citing those constraints. On this view, when you use mathematics in MEPPs, (which Lange calls Distinctively Mathematical Explanations) you are referring to these mathematical properties, which confer mathematical necessity to some empirical phenomena[footnoteRef:2]. On Lange’s view, mathematical properties limit (that is, constrain) the possibilities physical systems may adopt, rendering some physical arrangements mathematically impossible (Lange 2021) The existence of MEPPs in science would therefore justify the view that mathematical relations hold in the physical world, that physical properties or events can hold relationships that are mathematically necessary, but it would not justify commitments to independent abstract objects. Thus, whereas originally the EIA was supposed to defend mathematical Platonism, this new version interprets it as supporting only Aristotelian Realism. According to the Aristotelian Realist, therefore, it is in fact possible to make sense of MEPPs without appealing to abstract mathematical objects, but not without appealing mathematical properties. Just like Baker’s original EIA, however, it is argued that the model-based approach cannot explicate how these cases work.  [2:  Lange does not positively endorse Aristotelian Realism. His point is that this view is one way of making sense of the role of mathematics in Distinctively Mathematical Explanations in science. ] 

	In the next sections I will present two alleged cases of MEPPs: the now-classic example of the Bridges of Königsberg, and the explanation of the number of pentagonal faces in the (relatively) recently discovered new allotrope of carbon known as the fullerene family. I will show how even these cases can be nominalized. Because of this, I argue, they do not support these Indispensability-based Realist views.  
§3. The Bridges of Königsberg
Consider the explanation of the impossibility of performing a continuous walk over all seven bridges of Konigsberg (as arranged in 1736) without retracing one’s steps. As discovered by Leonard Euler, this walk cannot be performed because the bride structure has four odd vertices (that is, four landmasses connected by an odd number of bridges) which renders the walk impossible because such a walk is possible if, and only if, the system has either zero or two odd vertices.     
Realist Interpretation     
Empirical Platonists would say that this is because the bridge system is an instantiation of an abstract mathematical graph, which exists in a Platonic realm, and will continue to exist even if all physical objects disappeared. Aristotelian Realists would also say that such a walk is impossible due to the mathematical structure of the bridge system, but they would add that, although this implies that the bridge structure is mathematical in a strong sense, this doesn’t mean that it is an instantiation of an abstract one. If physical objects were to disappear, so will the mathematical property. Both the Platonist and the Aristotelian would say that it is only when we understand this structure as mathematical that we can account for the superior modal strength conveyed by this explanation, a superiority that gets lost under a nominalist interpretation which would reduce the impossibility to a mere coincidence (it would just happen that none of the available routes are Eulerian walks). 
Defendants of the model-based approach counter that not even in this case mathematical statements are indispensable. Mathematics is used to represent or highlight the real physical properties responsible for the impossibility. Yes, we use Euler’s views about graphs in the explanation of the impossibility of performing the desired walk over the bridges, but it is the actual system of bridges understood as a physical structure that explain the impossibility. 
Both Empirical Platonists and Aristotelian Realists reject this approach. For example, addressing the specific case of fictionalism, Lange says:
“[A] fictional entity’s possessing certain properties in its fiction cannot explain why we are unable to carry out a construction [e.g., carry out a certain walk]. A fiction cannot constrain, and I have taken math to explain by constraining” (Lange 2021, p.51).
The idea is that, if mathematical objects are not real (or, I may add, exist in a different plane of reality), they cannot constrain the physical world. Regarding the bridges of Königsberg case, Lange adds:  
“The explanation is that a necessary and sufficient condition for a network’s traversability is that it have zero or two nodes having an odd number of edges touching them (Euler’s theorem) and that Königsberg bridges have four nodes of odd degree, so it is impossible to traverse them, so no one did… an Aristotelian realist regards Euler’s theorem as a mathematical truth “both necessary and about reality” in supplying necessary and sufficient conditions for a physical system’s traversability. Being non-traversable and having all four nodes of an odd degree are both properties of the bridge arrangement itself.” (2021, p.51). 
Antirealist Response
I argue, however, that all the goods provided by Lange’s explanations by constraint (which is, in his view, the distinctive explanatory power MEPPs bring) can also be accounted for from a model-based perspective.  Both Empirical Platonists and Aristotelian Realists are correct when they say that, in the bridges case, the desired walk is not possible, and that this is independent of many contingent physical properties such as the material bridges landmasses are made of, their length, areas, etc. They are also right when claiming that this impossibility is stronger than any physically impossible event (e.g., modally stronger than the impossibility of travelling faster than light). But this is not necessarily because the bridge system has mathematical properties; rather, the impossibility depends on the way ‘bridge’ has been defined, namely, as a thing that connects a pair of extremes. This perfectly nominalist paraphrase is responsible for the overall impossibility of performing an Eulerian walk over the bridges, but in principle an explanation of the impossibility could have been figured out by an attentive observer, without using mathematics. That explanation would convey the same modal strength. Mathematics then becomes pragmatically indispensable, but not in an ontologically committing way. This can be seen in a reconstruction of Euler’s proof of the cited theorem about graphs. It shows that it depends on the simple fact that a bridge connects two extremes (the “two” here can be easily paraphrased away). In other words, from the fact that a bridge connects two pieces of land, it follows that any road system that allows a Eulerian walk must have either zero or two landmasses connected by an odd number of bridges:

1) 	Every time you cross a bridge, two letters feature in the path-sequence, the starting point and the ending point. 
2) 	If a connected system has n bridges, a successful Eulerian path-sequence will have n+1 letters 										       (1)
3) 	Every odd letter will feature  times in a successful Eulerian path-sequence.      (1)
4) 	If the path starts in an even landmass, its letter will feature  +1 times in a successful Eulerian path-sequence. 							       (1)
5) 	If the path does not start in that even landmass, its letter will feature  times in a successful Eulerian path-sequence. 						       (1)
6) 	Define r as a binary variable that takes value 1 if the path starts on an even landmass and 0 if it does not.  
7) 	The number of letters in any path-sequence is:
#letters =   +  + r 						    (3-6)
8) 	In a successful Eulerian path sequence the following holds: 
 +  + r = n+1                  					   (7+2)
9) 	 +  + o + 2r = 2n+2 						       (8)
10) 	Every bridge has been counted twice, so:  +  = 2n 
11)	2n + o + 2r = 2n + 2           							 (9+10)
12)       o + 2r = 2                      							    (11)  
13)[footnoteRef:3] 	o1 = 2 ; r1 = 0  [3:  This should be read thus: if a connected system has two odd landmasses, a successful path is possible, and it must start in one of the odd landmasses; if a connected system does not have odd landmasses, a successful path is possible, and (evidently) must start in an even landmass. ] 

o2 = 0 ; r2 = 1 									(12+6)
14)	A road system allows a walk that covers all its bridges if and only if it has either zero or two landmasses connected by an odd number of bridges.  			     (13)
15) 	The bridges of Königsberg system has neither zero nor two landmasses connected by an odd number of bridges
C) 	It is impossible to walk over the bridges of Königsberg system without retracing one’s steps.	
From this reconstruction, it is evident that Euler’s theorem logically follows from premise (1), namely, that a bridge connects two landmasses. As Mary Leng put it:
“The constraints placed on the world by the mathematical premises in these explanations are thus logical constraints: such explanations show that, given structural features of the physical system, their explananda were inevitable as a matter of logic” (2021, p.10416).
Mathematics in MEPPs is not genuinely explanatory but (merely) representational because mathematical statements feature in MEPPs not qua mathematical statements but as proxy for physical systems that satisfy certain logical relations. The result, therefore, can then be perfectly interpreted in physical terms. This may give the impression that the explanation is purely mathematical, but what’s really going on is that the graph is just a way to learn about the impossibilities in the physical bride system. Given how bridge is defined, it is logically impossible to cross a bridge and be in a landmass that is not one of the extremes of the bridge. From this, it follows that, given the structure of the Königsberg system, such a walk will not be possible. 
This is similar to what occurs in Lange’s often cited Strawberry case. The fact that a person cannot distribute 23 strawberries among 3 people is not explained by the impossibility of dividing 23 by 3. Rather, this is a consequence of strawberries falling under the constraints of the law of no-contradiction: the impossibility of dividing 23 strawberries among three people has the same modal strength as the impossibility of a single strawberry being given to two people at the same time. To see this, imagine that every person who gets a strawberry eats it immediately. At some point there will be one strawberry and two people waiting for it, which is what makes such an even distribution impossible. 
§4. The Buckyball Case
Let’s examine a more scientific case. In 1985, Astro chemist Harry Kroto and his colleagues were studying the possible cause of the diffuse interstellar bands, identified in the 1920s by Astronomer Mary Heger. In their experiments, they vaporized graphite sheets (carbon atoms arranged as hexagonal grids) and found that many carbon atoms rearranged in clusters of 60, forming molecules that were remarkably stable (Kroto et al. 1985). This unexpected result became the most important outcome of the experiment: almost by accident they had discovered a third allotrope of carbon (apart from graphite and diamond). The result let them with the task of putting together the following puzzle: 
· The molecule contained only and exactly 60 carbon atoms. 
· Carbon atoms have a valence of 4, which means that they can form 4 atomic bonds with other atoms. When arranged cyclically, as in the case of graphite, only three dangling electrons remain available. In other words, in the molecule, each atom must bond with other three. 
· To explain the stability in the resulting molecule, all these bonds must be satisfied, that is, no dangling, unbonded electrons should remain. 
· The resulting molecule would have graphite sheets at its origin, which means that it would have to have hexagons as faces. 
Based on these considerations, Kroto et al. hypothesized a closed cage of hexagonal faces, with 60 vertices, each of which were connected to three other vertices. However, they soon realized that this was an impossible structure, and that such a hexagonal grid will close only if you introduce exactly 12 pentagons (like in a football). They first found this empirically, actually trying (and failing) to build a model with cut paper consisting only of hexagons. It was only when they introduced 12 pentagons that the cage closed (see Fig 1).
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Fig. 1.
Kroto 1996, p. 60 & p. 62.
	Later on, they learned that such a geometrical structure is called Truncated Icosahedron, which, being a polyhedron, follows Leonard Euler’s polyhedral formula: F + V – E = 2, where D is the number of faces, V is the number of vertices, and E is the number of edges. They named the molecule Buckminsterfullerene, honoring the American architect Buckminster Fuller, who created the geodesic dome, a similar structure consisting of hexagons and pentagons. Informally, the molecule is known as ‘Buckyball’. It turns out that there are other molecules with a similar structure (hexagonal and pentagonal faces, three connections per atom) but with different number of atoms. These family of carbon molecules constitutes a new form of pure carbon which is known as the fullerenes. Although fullerenes vary in the number of hexagonal faces, all closed fullerenes have exactly 12 pentagonal faces. This is a consequence of (the relationships described by) Euler’s polyhedra formula: 
1) # Edges connecting to each node:		3 
2) # Pentagons: 				P
3) # Hexagons: 				H 
4) # Faces: 					P + H
5) # Vertices: 				
6) # Edges:					
7) Leonard Euler’s Polyhedra Theorem: 	F + V – E = 2






Realist Interpretation
The Buckyball case does seem like a perfect example of mathematics playing a genuinely explanatory role in science. As mathematicians Fan Chung and Shlomo Sternberg put it:  
“[M]athematical methods are indispensable in the study of all molecules, but buckminsterfullerene is a special case, where mathematics has proved extraordinarily effective in illuminating the structure and the properties of the molecule. The buckyball is a highly mathematical object” (Chung & Sternberg, 1993, p.56).
Chung and Sternberg’s description fits very well with the history of the Indispensability Argument. They begin mentioning that mathematics is indispensable in science in general (original Indispensability Argument), but that this case is special because mathematics plays a role in illuminating (that is, ‘explaining’) of the molecule (so, this is a genuine MEPP). They conclude that this is because the buckyball is highly mathematical (Empirical Mathematical Realism). 
Antirealist Response
Is the impossibility of a purely hexagonal arrangement the result of intrinsically mathematical constraints? Let’s have a closer look. A truncated icosahedron represents the connections and structure of the fullerenes. Although the mathematical operations just shown apply to other physical systems and not just to carbon (e.g., geodesic domes, footballs, even microorganisms like radiolaria), it is in principle possible to carry out these derivations without mathematics, in the sense that mathematics does not add anything that the physical system itself does not contain: every step in this derivation (and in fact, every step in most proofs of Euler’s theorem) can be perfectly matched to a physical analogue. 
We begin with a definition of a bond, which is a chemical relationship between two atoms. Thus far we are using the word two, but this can be easily paraphrased in first order logic (as all natural numbers can). We also notice that one carbon atom must bond with exactly other three. What we see is a physical structure whose main components can be paraphrased in first order logic without any loss. The reason why buckyballs appear to be ‘highly mathematical’, as Chung & Sternberg put it, is because the mathematical model directly captures the logical consequences of the fact that a bond connects two atoms, along with other empirical considerations such as the fact that each atom has three bonds. The proof then shows that once the physical structure meets those conditions, it follows as a matter of logic that exactly twelve pentagons must be introduced for the cage to close, that is, for all the bonds be satisfied. The crucial point is that, although useful from a practical perspective, there is no need to talk about this situation in terms of physico-mathematical properties, because referring to the structure as mathematical brings more ontological commitments without adding any explanatorily relevant gains. 
§5. Modal Strength

As we have seen, both Empirical Platonists and Aristotelian Realists argue that one distinctive feature of MEPPs is that they convey a certain kind of modal information that would be lost if the explanation was nominalized. For example, Baker argues that:

“A… way in which the stronger mathematical claim may produce a more explanatory [MEPP] is in giving the resulting explanation greater ‘modal reach.’” (2016, p.348, fn26).

Similarly, Lange says that: 

“[A]n “explanation by constraint” explains by providing information about how the explanandum is required by constraints on causal processes and hence is necessary in a stronger way than causal powers could render it” (2021, p.46).
	
	But I do not think this is actually the case. Once you define a bridge as something that connects two extremes, or a bond as something that connects two atoms, or a strawberry as something that can’t be in two places at once, then it follows as a matter of pure logic that you can’t perform an Eulerian walk over the bridges of Königsberg, or close a molecule with only hexagonal faces, or divide one strawberry among two people (and, consequentially, 23 among 3 people). Once the contingent conditions are fixed by the definition, the impossibility follows as a matter of logical necessity. Explaining that impossibility does not require using mathematics, except in the trivial sense that mathematics facilitates the drawing of these inferences. 

§6. Conclusion
In sum, a model-based approach to the applicability of mathematics can perfectly account for alleged cases of MEPPs. These facts-more-necessary-than-ordinary-physical-relations are simply logical entailments of the law of non-contradiction. The distinctive feature of MEPPs is that their explananda depend on structural features of the physical situation, which can be represented without loss by a mathematical model. This may give the impression that mathematics is truly carrying the full explanatory load. But ultimately, we do not really gain anything by referring to these relationships as mathematical. When mathematics is used in science, it does not commit us to believe in the reality of mathematical objects and properties. 
Now, since the model-based approach is also compatible with Pure Mathematical Platonism, my remarks only show that Antirealism is compatible with the existence of so-called MEPPs in science. I have not offered a positive argument in favor of Antirealism.  
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Furthermore a subtle circular argument appeared-if it were true, then clo-
sure demanded that Cy, be stable and that would be, for me, by far the most
convincing support for the fullerene proposal and there was not a hope-in-
hell of an alternative explanation of both the 60 and 70 magic numbers. I
knew from that moment on that one day we would be proven right.

A call to the Galveston group to see whether they could prove the conjec-
ture was in order. To my absolute delight Tom Schmalz told me that they had
already shown that cages with 62, 64 and 66 atoms could not close without
abutting pentagons and that the analysis on 68 atom cages was in mid-stream
at that very moment. Thus the Pentagon Isolation Rule, which governs gener-
al fullerene stability, was born [80,81]. Another thought struck me during the
phonecall with Schmalz. I remembered that Cs, was often a magic number in
some of our experiments and suggested that they might check whether the 50
atom cage might be the smallest cage to close without triplets of abutting pen-
tagons. Schmalz et al. showed this to be the case too [81]. I also wondered
about a result that Sean had obtained [82]. He had found that laser irradia-

Figure 12. For species with less than 72 atoms these two structures are the only ones which can be constructed

without abutting pentagons. Thus on the basis of the pentagon isolation principle [80,81] and geodesic con-
siderations, Cgg and Cy are predicted to be the first and second fullerene magic numbers respectively. This re-
sult provided the simplest and most convincing circumstantial evidence in support of the closed cage concept

prior to extraction.

tion of Cg, caused it to fragment by reducing the size of the clusters more-or-
less sequentially by even numbers from 60 to 58 to 56 etc. .... all the way down
to 32. After 32 further irradiation blew the cluster into small fragments. I
tried to push the pentagon multiplet isolation idea to quartets and in the
hope that it would explain the Csq result but to my amazement and delightan
elegant Cog structure [80] formed in my hands, Fig. 13. This reminded me of
a result that had puzzled us for some time-in some of our runs the 28 carbon
atom signal sometimes rivalled that of Cg. It also struck me that this species
should be a sort of superatom cluster analogue of the carbon atom with ef-
fective tetravalency suggesting that an elegant tetrahedral CogH, derivative,




