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Abstract

We develop a classification of general Carrollian structures, permitting affine con-
nections with both torsion and non-metricity. We compare with a recent classifica-
tion of general Galilean structures in order to present a unified perspective on both.
Moreover, we demonstrate how both sets of structures emerge from the most general
possible Lorentzian structures in their respective limits, and we highlight the role of
global hyperbolicity in constraining both structures. We then leverage this work in
order to construct for the first time an ultra-relativistic geometric trinity of gravita-
tional theories, and consider connections which are simultaneously compatible with
Galilean and Carrollian structures. We close by outlining a number of open questions
and future prospects.
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1 Introduction
As is extremely well-known, general relativity (GR) is a spacetime theory formulated using
the Levi-Civita affine connection, which is the unique torsion-free connection compatible
with the given metric gµν . By now, it is also well-known that it is possible to relax the
conditions both of torsion-freeness and of metric compatibility; moreover, it is possible to
formulate generalisations of relativistic spacetime physics in terms of said affine connec-
tions; to do so is to work in the framework of metric-affine gravity (on which see e.g. [1]
for a comprehensive review).

In parallel with this axis of generalisation of GR, physicists have become increasingly
interested in recent decades in taking various limits of the geometrical structures of GR—
in particular, either taking the Galilean (c → ∞) limit or the Carrollian (c → 0) limit, to
arrive at the structures of Galilean and Carrollian spacetimes, respectively. (For a recent
comprehensive and unified study of work on such limits, see [2].) As such, when confronted
with both of these threads, it is natural to seek to bring them together, and to consider
the most general possible Galilean or Carrollian connections, once the conditions both
of torsion-freeness and of non-metricity are relaxed. In the Galilean case, physicists and
mathematicians have had control over torsionful Galilean connections for several years
(see e.g. [3]), but the most general perspective on Galilean connections, once the metricity
condition is also dropped, was offered only very recently by Schwartz [4]. In the case of
Carroll spacetimes (on which see [5] for a primer), while again the torsionful case has been
studied (see [6, 7]), as yet there does not exist in the literature any presentation of the
most general possible Carrollian structures, permitting both torsion and non-metricity.

The first aim of this article is to fill that gap: we will present a general classification
of Carrollian structures permitting affine connections with both torsion and non-metricity,
and having done so will compare with the Galilean case as presented in [4]. The second
aim of this article is to show how these general structures emerge from the respective limits
of the most general Lorentzian structures.

Although one motivation for this work is simply maximal generality and the explo-
ration of logical space, there are several very direct physics payoffs. Perhaps most notably,
one topic of significant discussion in recent years is the ‘geometric trinity’ of gravitational
theories, in which one trades the curvature degrees of freedom of GR for either torsion
(as in the ‘teleparallel equivalent of GR’ (TEGR)) or non-metricity (as in the ‘symmetric
teleparallel equivalent of GR’ (STEGR))—see [8] for a review of this topic. Concurrent
with the development of the theory of general Galilean connections in [4], there was devel-
oped in [9] a ‘non-relativistic geometric trinity’, in which the curvature degrees of freedom
in Newton–Cartan theory (NC) are again traded for either torsion (as in the ‘teleparallel
equivalent of NC’ (TENC); see on this also [10, 11]) or non-metricity (as in the ‘symmetric
teleparallel equivalent of NC’ (STENC)). Having to hand the full theory of general Carrol-
lian connections opens the possibility of constructing for the first time an ultra-relativistic
geometric trinity; in this article, we will also complete this task, and show that said trinity
is indeed the ultra-relativistic limit of the relativistic geometric trinity (just as for the non-
relativistic trinity presented in [9]). A second payoff is the ability to consider connections
which are compatible with both Galilean and Carrollian structures, and what the physical
significance of those connections might be.
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Bringing all this together, our plan for the article is as follows. In Section 2, we present
a general classification of both Galilean and Carrollian structures. In Section 3, we discuss
these structures as the limits (respectively, c → ∞ and c → 0) of Lorentzian spacetime
structures. In Section 4, we show how this work facilitates the construction for the first time
of an ultra-relativistic geometric trinity of gravitational theories. In Section 5, we discuss
connections which are simultaneously compatible with Galilean and Carrollian structures.
In Section 6, we wrap up with a number of open questions and future prospects.

Notation

In this article, we will be working with several different connections: curved, torsionful, and
non-metric at the relativistic level, but also at the ultra-relativistic (or Carrollian) level,
as well as (to a somewhat lesser extent) at the non-relativistic (or Galilean) level. In order
to avoid multiplying notation, we will present our results using the following conventions:

• We leave unadorned any affine connection Γµ
αβ and associated geometric objects

which are not specifically non-relativistic or ultra-relativistic.

• Objects which depend upon non-relativistic (i.e., Galilean) structures (i.e. τµ or hµν)
will be denoted with a hat—e.g., Q̂µν = ∇µτν for one of the non-relativistic non-
metricities.

• Objects which depend upon ultra-relativistic (i.e., Carrollian) structures (i.e. vµ or
γµν) will be denoted with a check—e.g., Q̌ ν

µ = ∇µv
ν for one of the ultra-relativistic

non-metricities.

There is a subtlety here which it is worth being completely explicit about. For a generic
affine connection, there are decompositions available in terms of relativistic contorsion and
distorsion tensors, but also in terms of non-relativistic contorsion and distorsion tensors
(see [4, Theorem 4]), and likewise in terms of ultra-relativistic contorsion and distorsion
tensors (see below). These decompositions, to be clear, are available for the very same
connection! As such, it does not make sense to say that a connection itself is specifically
‘non-relativistic’ or ‘ultra-relativistic’; this, indeed, is part of our motivation for adopting
the notational conventions above.

When considering the Galilean or Carrollian limits, the relativistic connections Γµ
αβ

(and related variables) will be written as Taylor series of the speed of light. The full series
will be denoted, respectively, by an upper “ϵ” or an upper “λ”, e.g.,

ϵ

Γµ
αβ, and the n-th

order will be denoted by an upper “(n)”, e.g.,
(n)

Γµ
αβ.

Boldface letters are used to represent a tensor in a coordinate-free notation. Throughout
this work, we let M be a smooth 4-dimensional manifold.

2 Affine connections, Galilean and Carrollian structures
In this section, we present the decomposition of a general affine connection into torsion and
non-metricities with respect to a Carrollian structure, and compare it with the Galilean
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case derived by Schwartz [4] (see Table 1). We also introduce the notions of reduced torsion
and reduced non-metricities allowing us to define contorsion and distorsion (see Table 2
below).

2.1 Definitions

A Carrollian structure is a set (vµ, γµν) such that v is a nowhere vanishing vector field,
γ is positive semidefinite with dim (kerγ) = 1 and v ∈ kerγ. We define the expansion
tensor1 of a Carrollian structure as

Θµν :=
1

2
Lvγµν . (1)

A Galilean structure is a set (τµ, h
µν) such that τ is a nowhere vanishing 1-form, h is

positive semidefinite with dim (kerh) = 1 and τ ∈ kerh. We define the following object
for a Galilean structure

ωµν := ∂[µτν] . (2)

(In the case of a metric non-relativistic connection, this is of course the temporal torsion.
One has to be careful in the non-metric case, however, since torsion and non-metricity are
not independent—see below—and as such this object is also associated with non-metricity.)

Given a Carrollian structure (vµ, γµν), one can define a dual Galilean structure (τµ, hµν)
(not invariant under Carrollian transformations) such that

τµv
µ = 1 , τνh

µν = 0 , hµσγσν = δµν − vµτν . (3)

The existence of a 1-form τ with τµv
µ = 1 is ensured by the non-vanishing of v. To show

this, it is sufficient to consider a Riemannian metric on M whose existence is ensured by
the smoothness of M (in fact, paracompactness is already sufficient, see e.g. [12, Appendix
A]). From v(x) ̸= 0 ∀x ∈ M, the dual 1-form to v constructed via the metric is never
vanishing and can be normalized so that τµv

µ = 1. A choice of τ given a Carrollian
structure is often referred to as a choice of Ehresmann connection with respect to the
Carrollian structure (cf., e.g., [13]).

Similarly, given a Galilean structure (τµ, hµν), one can define a dual Carrollian structure
(vµ, γµν) (not invariant under Galilean transformations) such that (3) also hold. Again,
the existence of a vector field v such that τµvµ = 1 is ensured by the non-vanishing of τ . A
choice of v is often referred to as a choice of timelike observer with respect to the Galilean
structure.

Neither structure defines a duality between vectors and 1-forms, i.e. it does not define
an invertible way of raising and lowering indices. However, as is commonly done in the
literature on Carrollian and Galilean structures, we introduce an important convention
here: after having defined a new tensor, raised and lowered indices with respect to that
definition will always be defined with respect to hµν and γµν , in Galilean and Carrollian
cases, respectively; e.g. Θµ

ν := Θµσh
σν .

1 In the literature on Carrollian structures, the intrinsic curvature Kµν := −Θµν is more often considered.
We choose to use the expansion tensor to avoid any ambiguity with the contorsion tensor Kα

µν defined
later, which is totally independent of Lvγµν .
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Finally, given two structures (vµ, γµν) and (τµ, h
µν), we define the connection

v,τΓα
µν := hασ

[
∂(µγν)σ − 1

2
∂σγµν

]
+ vα∂(µτν) . (4)

This connection is only compatible with (vµ, γµν) if Θµν = 0 and is only compatible with
(τµ, h

µν) if ωµν = 0.

2.2 Decomposition of a general affine connection

The results of this section are summarized in Table 1.
The characterization of general affine connections with respect to Galilean structures

was studied by Schwartz [4]. Given an affine connection ∇ with torsion Tα
µν := 2Γα

[µν] and
a Galilean structure (τµ, h

µν), the non-metricities of ∇ are defined as

Q̂α
µν := ∇αh

µν , Q̂µν := ∇µτν . (5)

Contrary to the Lorentzian case, non-metricities and torsion are not independent and we
have the following identities

τνQ̂α
µν = −Q̂α

µ, ταT
α
µν = −2Q̂[µν] + 2ωµν . (6)

Given a choice of observer with a dual structure (vµ, γµν), Schwartz [4] showed that the
difference Γα

µν − v,τΓα
µν can be written solely as function of Q̂α

µν , Q̂µν , Tα
µν and a 2-form

κµν as follows

Γα
µν − v,τΓα

µν = hα
βQ̂(µν)

β − 1

2
Q̂α

µν − vαQ̂(µν) − T(µν)
α +

1

2
Tα

µν + 2τ(µκν)βh
αβ . (7)

κµν := ∇[µv
α γν]α is called the Coriolis field and encodes the 4-acceleration and the spatial

rotation (with respect to the connection ∇) of the set of observers described by the 4-
velocity vµ.

In what follows we derive the dual formulae for a Carrollian structure. Given an affine
connection ∇ with torsion Tα

µν := 2Γα
[µν] and a Carrollian structure (vµ, γµν), we define

the non-metricities of ∇ as

Q̌µ
ν := ∇µv

ν , Q̌αµν := ∇αγµν , (8)

which satisfy the following identities

vνQ̌αµν = −Q̌αµ , vαT(µν)α =
1

2
vαQ̌αµν + Q̌(µν) −Θµν . (9)

A direct computation gives

Γα
µν − v,τΓα

µν = hασ
[
−∇(µγν)σ +

1
2
∇σγµν

]
− vα∇(µτν)

− hασ
[
Γκ
(µν)γκσ + γκ(µΓ

κ
ν)σ − Γκ

σ(µγν)κ
]
− vαΓκ

(µν)τκ + Γα
µν ,

which leads to the following proposition:
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Table 1: Properties of a general affine connection ∇ with respect to a Galilean and a Carrollian
structure. In both cases, the indices of the non-metricities and of the torsion are raised by hµν

and lowered by γµν .

Quantities Galilean structure Carrollian structure

Invariant struc-
tures

(τµ, h
µν) (vµ, γµν)

Gauge depen-
dent structures

(vµ, γµν) ⇔ ‘choice of observer’ (τµ, h
µν) ⇔ ‘choice of Ehresmann

connection’

Intrinsic objects ωµν = ∂[µτν] Θµν = 1
2Lvγµν

Non-metricities Q̂µν = ∇µτν , Q̂α
µν = ∇αh

µν Q̌µ
ν = ∇µv

ν , Q̌αµν = ∇αγµν

Identities
τνQ̂α

µν = −Q̂α
µ

ταT
α
µν = −2Q̂[µν] + 2ωµν

vνQ̌αµν = −Q̌αµ

vαT(µν)α = 1
2v

αQ̌αµν + Q̌(µν) −Θµν

Γα
µν − v,τΓα

µν

hαβQ̂(µν)
β − 1

2Q̂
α
µν − vαQ̂(µν) ,

− T(µν)
α + 1

2T
α
µν + 2τ(µκν)βh

αβ

with κµν = ∇[µv
α γν]α.

− Q̌(µν)
α + 1

2Q̌
α
µν

− T(µν)
α + 1

2T
α
µν − vαχµν ,

with χµν = ∇(µτν).

Proposition 2.1. Given a Carrollian structure (vµ, γµν) and a choice of dual structure
(τµ, h

µν), a general affine connection Γα
µν can be written as follows:

Γα
µν − v,τΓα

µν = hασ
[
−Q̌(µν)σ +

1
2
Q̌σµν

]
− γσ(µT

σ
ν)κh

κα +
1

2
Tα

µν − vαχµν

= −Q̌(µν)
α +

1

2
Q̌α

µν − T(µν)
α +

1

2
Tα

µν − vαχµν ,
(10)

with χµν := ∇(µτν).

The dual to the Coriolis field in the Carrollian case is the tensor χµν , which likewise
encodes the non-uniqueness of a compatible Carrollian connection. The fact that χµν is
symmetric (rather than antisymmetric, as for the Coriolis field of a Galilean connection)
makes this object somewhat harder to work with, and presents roadblocks to a straightfor-
ward understanding of the circumstances under which one has, for example, a potential-
based Carrollian spacetime theory (in analogy with standard potential-based Newtonian
gravity); we return to this issue in Section 6.

2.3 Reduced variables

The results of this section are summarized in Table 2.
Due to the identities (6) and (9), the non-metricities and torsion are not independent.

In particular, because of the second identities in (6) and (9), in the general case where
ωµν ̸= 0 and Θµν ̸= 0, one cannot choose both a symmetric and compatible connection, i.e.
some components of the torsion and non-metricities depend on ωµν and Θµν . Removing
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Table 2: Definition of the reduced quantities, contorsion and distorsion.

Quantities Galilean structure Carrollian structure

Metric case (Q̂µν = 0 = Q̂α
µν and Q̌µ

ν = 0 = Q̌αµν)

Reduced
torsion

T̂ α
µν = Tα

µν − 2vαωµν Ť α
µν = Tα

µν − 2τ[µΘν]σh
ασ

Reduced
identities

ταT̂ α
µν = 0 vαŤ(µν)α = 0

Contorsion K̂α
µν = −T̂(µν)α + 1

2 T̂ α
µν Ǩα

µν = −Ť(µν)α + 1
2 Ť α

µν

Γα
µν − v,τΓα

µν K̂α
µν + vαωµν + 2τ(µκν)βh

αβ Ǩα
µν − τνΘµσh

σα − vαχµν

Symmetric case (Tα
µν = 0)

Reduced
non-metricities

Q̂µν = Q̂µν − ωµν − 2vσωσ(µτν)

Q̂α
µν = Q̂α

µν − 4vλv(µhν)σωσ(ατλ)

Q̌µ
ν = Q̌µ

ν −Θµ
ν

Q̌αµν = Q̌αµν + 2τ(µΘν)α

Reduced
identities

τνQ̂α
µν + Q̂α

µ = 0

Q̂[µν] = 0

vνQ̌αµν + Q̌αµ = 0

1

2
vαQ̌αµν + Q̌(µν) = 0

Distorsion L̂α
µν = hαβQ̂(µν)

β − 1
2Q̂α

µν − vαQ̂(µν) Ľα
µν := −Q̌(µν)

α + 1
2Q̌α

µν

Γα
µν − v,τΓα

µν L̂α
µν + 2vαvλωλ(µτν) + 2τ(µκν)βh

αβ Ľα
µν − vαχµν

this dependency would enable us to extract the parts of the torsion and non-metricities
that are independent of ωµν and Θµν , obtaining what we call reduced torsion (denoted
T̂ α

µν and Ť α
µν), and reduced non-metricities (denoted Q̂µν , Q̂α

µν , and Q̌µ
ν , Q̌αµν). Two

natural conditions can be considered to define these reduced quantities:

1. The differences Q̂µν − Q̂µν , Q̂α
µν − Q̂α

µν and Tα
µν − T̂ α

µν (respectively Q̌µ
ν − Q̌µ

ν ,
Q̌αµν − Q̌αµν and Tα

µν − Ť α
µν) involve only the tensors τµ, hµν , vµ and γµν , and

depend linearly on ωµν (respectively Θµν) in the Galilean case (respectively in the
Carrollian case).

2. The terms related to ωµν and Θµν should disappear from (6) and (9), hence obtaining
the reduced identities

τνQ̂α
µν = −Q̂α

µ , ταT̂ α
µν = −2Q[µν] , (11)

vνQαµν = −Qαµ , vαT(µν)α =
1

2
vαQαµν +Q(µν) . (12)

As shown in Appendix A, these conditions are not sufficient to give a unique definition
for the reduced quantities. A way of constraining the degrees of freedom is to define the
reduced quantities not for a general affine connection, but when assuming either metricity
or no torsion, i.e. defining T̂ α

µν and Ť α
µν only when Q̂µν = 0 = Q̂α

µν and Q̌µ
ν = 0 = Q̌αµν ,
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and defining Q̂µν , Q̂α
µν , Q̌µ

ν , Q̌αµν only when Tα
µν = 0. In the Carrollian case this leads

to a unique way of defining a reduced torsion Ť α
µν as shown in Appendix A.2. However,

the remaining reduced quantities (T̂ α
µν , Q̂µν , Q̂α

µν , and Q̌µ
ν , Q̌αµν) remain non-uniquely

defined. Further constraining the freedom in their definition can be done with the Galilean
and Carrollian limits detailed in Section 3.

The Galilean/Carrollian limit of the Levi-Civita connection of a Lorentzian structure
is a torsion-free non-metric connection with respect to the Galilean/Carrollian structures.
The non-metricities are given by equation (27) and (33) below. Since the Levi-Civita
connection is torsion-free and metric, it seems natural to require that the reduced non-
metricies of the Galilean/Carrollian connection obtained in the limit should be zero. In
other words, we define the non-metricities such that the limit of the Levi-Civita connection
of a Lorentzian metric is metric in the reduced variables. With such a requirement, we
obtained a unique definition for the reduced non-metricities (Q̂µν , Q̂α

µν , and Q̌µ
ν , Q̌αµν)

in both limits. Note that, in the Galilean case, this is only possible if τ ∧ dτ = 0. We
discuss this hypothesis in Section 3.3.

In summary, we obtain/propose the following definitions for the reduced variables:

Galilean case: imposing τ ∧ dτ = 0

• For Q̂µν = 0 and Q̂α
µν = 0, we define the Galilean reduced torsion as

T̂ α
µν := Tα

µν − 2vαωµν , (13)

and the identity (6) becomes ταT̂ α
µν = 0. This quantity was also defined by Bekaert

and Morand [7] as 2
N

Uα
µν . Note that, as shown in Appendix A.1, assuming full

metricity is not sufficient to get a unique definition for the reduced Galilean torsion
(contrary to the reduced Carrollian torsion, as shown below). Therefore, the defini-
tion (13) remains a choice which we take to fit with [7]. The affine connection then
takes the form

Γα
µν − v,τΓα

µν = K̂α
µν + vαωµν + 2τ(µκν)βh

αβ , (14)

where we define the Galilean contorsion K̂α
µν := −T̂(µν)

α + 1
2
T̂ α

µν with respect to
the reduced torsion.

• For Tα
µν = 0, we define the Galilean reduced non-metricities as

Q̂µν := Q̂µν + 2τµωνσv
σ, (15)

Q̂α
µν := Q̂α

µν − 4v(µων)
σv

στα , (16)

and the identity (6) becomes Q̂[µν] = 0 and τνQ̂α
µν + Q̂α

µ = 0. The affine connection
then takes the form

Γα
µν − v,τΓα

µν = L̂α
µν + 2vαvλωλ(µτν) + 2τ(µκν)βh

αβ , (17)

where we define the Galilean distorsion L̂α
µν := hα

βQ̂(µν)
β − 1

2
Q̂α

µν − vαQ̂(µν) with
respect to the reduced torsion.
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Note that the present definitions of Galilean distorsion and contorsion do not include
the Coriolis field, contrary to what was introduced in Wolf et al. [9]. We feel it is a more
natural way of defining these quantities as the presence of a Coriolis field is, in general,
independent on the non-metricities and torsion.

Carrollian case:

• For Q̌µ
ν = 0 and Q̌αµν = 0, we define the the Carrollian reduced torsion as

Ť α
µν := Tα

µν − 2τ[µΘν]
σ , (18)

and the identity (6) becomes vαŤ(µν)α = 0. This quantity was also defined by Hartong
[6, Eq. 2.36] as 2Xα

µν , and by Bekaert and Morand [7, Appendix 4] as 2
A

Uα
µν . The

affine connection then takes the form

Γα
µν − v,τΓα

µν = Ǩα
µν + τνΘµσh

σα − vαχµν , (19)

where we defined the Carrollian contorsion Ǩα
µν := −Ť(µν)

α + 1
2
Ť α

µν .

• For Tα
µν = 0, we define the the Carrollian reduced non-metricities as

Q̌µν := Q̌µν − ωµν − 2vσωσ(µτν) , (20)

Q̌α
µν := Q̌α

µν − 4vλv(µhν)σωσ(ατλ) , (21)

and the identity (6) becomes vνQ̌αµν = −Q̌αµ and vαQ̌αµν = −2Q̌(µν). The affine
connection then takes the form

Γα
µν − v,τΓα

µν = Ľα
µν − vαχµν , (22)

where we defined the Carrollian distorsion Ľα
µν := −Q̌(µν)

α + 1
2
Q̌α

µν .
There are two important points about these notions of Galilean and Carrollian distor-

sion and contorsion: (i) they depend on our choice of reduced quantities, and (ii) they can
only be defined if the other one is zero. As pointed out in [4] for Galilean structures, in the
general case with both metricities and torsion (and whether ωµν = 0 holds or not) there
is no meaningful way of defining distorsion and contorsion due to the identities (6). The
same applies for the Carrollian case due to the identities (9).

In summary, the reduced quantities, the contorsions and the distorsions are defined
only if the affine connection is either metric or torsion-free. The advantage of using the
reduced quantities is to be able to qualify a connection as being (with respect to reduced
variables) both metric with respect to a Galilean or Carrollian structure and (with respect
to reduced variables) torsion-free, while still having ωµν ̸= 0 and Θµν ̸= 0. As will be
discussed later, the reduced torsion and reduced non-metricities are the quantities that
should be considered in the discussion about the a trinity formulation of Carrollian (or
Galilean) gravity.

One important disadvantage of these quantities is that they are not invariant under
Galilean or Carrollian boosts, i.e. they depend on the choice of vµ in the former case, and
on the choice of τµ in the latter case. Consequently, in general, an affine connection is (with
respect to reduced variables) metric or torsionless only with respect to a specific observer
or Ehresmann connection.

9



3 Galilean and Carrollian limits
In this section we discuss the general decomposition derived in the previous section in the
context of the Galilean and Carrollian limits of the Levi-Civita connection of a Lorentzian
metric. The results of this section are summarized in Table 3.

3.1 Galilean limit

The Galilean limit of a Lorentzian metric g is defined with the following leading order (LO)
ansatz (for λ := 1/c):

λ
gµν = hµν + λ2 (2)

g µν +O
(
λ4
)
,

λ
gµν = − 1

λ2 τµτν +
(0)

gµν +O
(
λ2
)
. (23)

From the identity relation gµαgαµ = δµν , the next-to-leading orders (NLO) take the form

(2)

g µν = −vµvν + kµν ,
(0)

gµν = γµν − 2ϕτµτν , (24)

with τµk
µν = 0, and where τµv

µ = 1 and γµν is the projector orthogonal to vµ.
From the ansatz (23), the LO and NLO of the Levi-Civita connection gΓα

µν of the
Lorentzian metric λ

g are

(−2)
gΓα

µν = −2τ(µων)
α , (25)

(0)
gΓα

µν = v,τΓα
µν + 2 (−2ϕhασ + vαvσ − kασ) τ(µων)σ + τµτνh

ασ∂σϕ . (26)

With respect to the (torsion-free) connection at zeroth order, we get

Q̂µν = ωµν − 2τ(µων)σv
σ , Q̂α

µν = 2v(µων)
α + 2τα

[
v(µων)

σv
σ − kσ(µων)

σ

]
, (27)

κµν = τ[µ∂ν]ϕ− 2ϕωµν + kσ
[µων]σ + kσ

[µτν]v
λωλσ . (28)

The non-metricity Q̂α
µν depends not only on ωµν but also on kµν which is of NLO. How-

ever, if τ ∧ dτ = 0, the pure spatial part of ωµν is zero, the term kσ(µων)
σ vanishes,

and the non-metricity only depends on ωµν . This makes it possible to define a reduced
non-metricity fulfilling the conditions given in Section 2.3, i.e. depending solely on ωµν .
The Frobenius condition on τ is generally assumed or obtained from the limit of general
relativity if matter only contributes from the (−4) order in the limit (see, e.g., [14]). In
Section 3.3, we show that considering global hyperbolicity of the Lorentzian metric, before
any field equation, already leads to the Frobenius condition on τ .

Remark 1. In the literature on the Galilean limit, a torsionful metric connection is usually consid-
ered rather than a non-metric torsion-free one. For instance, Hansen et al. [14] use v,τΓα

µν + vαωµν

to express the equations obtained in the limit of general relativity. The reduced torsion of this
connection is zero. Therefore, in this approach, we can qualify the connection as being (with re-

spect to reduced variables) metric and torsion-free, while
(0)

Γα
µν is (with respect to reduced variables)

metric and torsion-free. Both descriptions lead to field equations obtained from the limit of the
Einstein-Hilbert Lagrangian which are considerably more complicated (see Eq. (3.39) to (3.41) in
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[14]), and less explicit in the physics they encode, than the well-known Newton-Cartan equations
(valid for ωµν = 0). In our opinion, this suggests that a better way of describing the field equations
when ωµν ̸= 0 would be to come back to a classical spatial description with a 3+1 decomposition.
This approach has the advantage of working with a uniquely defined (spatial) symmetric and
metric connection. The same remark will apply to the Carrollian limit when Θµν ̸= 0.

3.2 Carrollian limit

The Carrollian limit of a Lorentzian metric g is defined with the following LO ansatz (for
ϵ := c):

ϵ
gµν = − 1

ϵ2
vµvν +

(0)

g µν +O
(
ϵ2
)
,

ϵ
gµν = γµν + ϵ2

(2)

gµν +O
(
ϵ4
)
. (29)

From the identity relation gµαgαµ = δµν , the NLO take the form

(0)

g µν = hµν − 2ϕvµvν ,
(2)

gµν = −τµτν + kµν , (30)

with vµkµν = 0, and where τµv
µ := 1 and hµν is the projector orthogonal to τµ.

From the ansatz (29), the LO and NLO of the Levi-Civita connection gΓα
µν of the

Lorentzian metric ϵ
g are

(−2)
gΓα

µν = −vαΘµν , (31)
(0)
gΓα

µν = v,τΓα
µν + vα

[
Lvkµν + 2ϕΘµν + vσ

(
τµ∂[ντσ] + τν∂[µτσ]

)]
. (32)

With respect to the (torsion-free) connection at zeroth order, we get

Q̌µ
ν = Θµ

ν , Q̌αµν = −2τ(µΘν)α , (33)

χµν = −1

2
Lvkµν − 2ϕΘµν − vσ

(
τµ∂[ντσ] + τν∂[µτσ]

)
. (34)

Therefore, we see that the Carrollian limit of a symmetric (Levi-Civita) Lorentzian con-
nection is, at zeroth order, a torsion-free connection with zero reduced non-metricities.

3.3 The role of global hyperbolicity

In the literature, additional constraints on the Galilean or the Carrollian structures and
the connection in the limit, e.g. Θµν = 0, are obtained by considering the Einstein equation
with a specific choice of energy-momentum tensor. In particular, in the Galilean case as
shown by [14, 15], if the matter Lagrangian has no (−4) order and with fall-off conditions
at spatial infinity or closed spatial sections, the time metric τµ is foliation forming, i.e.
hµσωσκh

κν = 0.
We show in this section that considering global hyperbolicity of the Lorentzian manifold

from which we take the limit already imposes the Frobenius condition on τµ, without
assumptions on the matter Lagrangian. For this, we need to consider the limit of timelike
vector fields λ

uµ (Galilean case) and ϵ
uµ (Carrollian case). Using λ

uν λ
uµ λ

gµν = −c2 = −λ−2 and
ϵ
uν ϵ
uµ ϵ

gµν = −ϵ2, the leading order of both λ
uµ and λ

uµ (and both ϵ
uµ and ϵ

uµ) are constrained.

11



Table 3: Properties of a Lorentzian connection in the limit. In each case, the NLO orders of the
metrics are written with respect to the (unique) vµ and τµ for which no shift is present.

Quantities Galilean structure Carrollian structure

LO Ansatz (0)
g µν = hµν ;

(−2)
gµν = −τµτν

(−2)
g µν = −vµvν ;

(0)
gµν = γµν

NLO
(2)
g µν = −vµvν + kµν

(0)
gµν = γµν − 2ϕτµτν

(0)
g µν = hµν − 2ϕvµvν

(2)
gµν = −τµτν + kµν

Decomposition
of

(0)
gΓα

µν − v,τΓα
µν

Tα
µν = 0, Q̂µν = 0 ; Q̂α

µν = 0

κµν = τ[µ∂ν]ϕ− 2ϕωµν

Tα
µν = 0, Q̌µ

ν = 0 ; Q̌αµν = 0

χµν = −1

2
Lvkµν − 2ϕΘµν − 2vστ(µων)σ

Constraints
from global

hyperbolicity

(i) τ ∧ dτ = 0

and τ = Ndt holds globally

(ii) ∃ complete ṽµ with τµṽ
µ = 1

(iii) hµακαβh
βν = 0,

i.e. no global 3-rotations

(i) v is a complete vector field

(ii) ∃ τ̃µ with τ̃µv
µ = 1

such that τ̃ = Ndt holds globally

(iii) no dual constraint on χµν

In the Galilean limit, we have

λ
uµ =

(0)

uµ +O
(
λ2
)
,

λ
uµ = − 1

λ2
τµ +O

(
λ0
)
, (35)

with
(0)

uµτµ = 1. The sign convention is so that
(0)

uµ is future directed.
In the Carrollian limit, we have

ϵ
uµ = vµ +O

(
ϵ2
)
,

ϵ
uµ = −ϵ2

(2)

uµ +O
(
ϵ4
)
, (36)

with
(2)

uµv
µ = 1.

Global hyperbolicity of (M, g) ensures, in particular, that there exists a foliation form-
ing timelike 1-form n that can be written as n = Ndt globally. Additionally, the dual
vector n♯ := g(n, ·) is complete and nowhere vanishing.

We consider the Taylor series of such a timelike 1-form/vector. Because we assume
analyticity, then each order of λ

nµ and ϵ
nµ has to be a complete vector field, and each order

of λ
nµ and ϵ

nµ has the form Ndt globally. This holds in particular for the leading orders
given in equations (35) and (36). Therefore, global hyperbolicity imposes:

• In the Galilean limit: that τ = Ndt holds globally, and there exists a complete
vector field uµ such that uµτµ = 1.

• In the Carrollian limit: that vµ is a complete vector field, and there exists a 1-form
τ = Ndt such that τµvµ = 1. This means that there exists a foliation never tangent
to vµ.
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Therefore, while in the Carrollian case, there are no direct constraints from global
hyperbolicity on the connection

(0)

Γµ
αβ in the limit, in the Galilean case, because τ is foliation

forming, then the Coriolis field has no spatial part as can be seen by spatially projecting
relation (28). To be more precise, the Coriolis field is not unique as it depends on the choice
of observer with vµ. Therefore, for a general observer, the Coriolis field associated with
that observer will have a spatial part. Global hyperbolicity only ensures that there exist
observers with respect to which the spatial part of their Coriolis field is zero. Physically,
this ensures the existence of irrotational observers.

4 Geometric trinities of gravitation
One topic which has been the focus of significant and sustained focus in the recent liter-
ature is the so-called ‘geometric trinity’ of relativistic gravitational theories, in which (a)
curvature degrees of freedom in GR are traded either for torsion degrees of freedom (as
for the ‘teleparallel equivalent of GR’ (TEGR)) or non-metricity degrees of freedom (as
for the ‘symmetric teleparallel equivalent of GR’ (STEGR)), and (b) the resulting theories
are shown to have actions which are equivalent up to a boundary term, and as such are
dynamically equivalent. (See [8] for a review of the geometric trinity.) What we wish to
consider in this section, in a unified way, are the Galilean and Carrollian limits of the
geometric trinity.

The Galilean limit of a STEGR and a TEGR connection with ωµν = 0 was derived in
Wolf et al. [9] and Schwartz [10], respectively. In these approaches, the leading order of
the connection is assumed to be the zeroth order. While this assumption is not possible
for the Levi-Civita connection without restriction on ωµν or Θµν , it can be considered if
the connection is not Levi-Civita without loss of generality. In what follows, we keep the
assumptions STEGRΓα

µν =
(0)

Γα
µν + O (ϵ2 or λ2) and TEGRΓα

µν =
(0)

Γα
µν + O (ϵ2 or λ2). In both

cases, the flatness of the full connection implies the flatness of the zeroth order connection.
The Galilean limit of STEGR was studied in [9] for ωµν = 0. As shown in that paper,

the connection at zeroth order is torsion-free and non-metric with respect to the Galilean
structure obtained in the limit from the ansatz (23). That result remains the same if

ωµν ̸= 0, with the additional property that the reduced non-metricities of
(0)

∇ are non-zero.
In other words, the non-metricities are not due only to ωµν but encode additional physics.
Therefore, the Galilean limit of STEGR is characterized by a flat, torsion-free and (with
respect to reduced variables) non-metric connection, i.e. Rµ

ναβ = 0, T µ
αβ = 0, Q̂µν ̸= 0

and Q̂α
µν ̸= 0 for

(0)

∇.
In the Carrollian limit, the same applies. The zeroth-order connection is torsion free,

and from
ϵ

∇α
ϵ
gµν ̸= 0, we get Q̌µ

ν =
(0)

∇µv
ν ̸= 0 and Q̌αµν =

(0)

∇αγµν ̸= 0. The reduced non-
metricities are in general also non-zero which contrasts with the limit of the Levi-Civita
connection for which the non-metricities were only due to Θµν ̸= 0. Therefore, as in the
the Galilean limit, the Carrollian limit of STEGR is characterized by a flat, torsion-free
and (with respect to reduced variables) non-metric connection, i.e. Rµ

ναβ = 0, T µ
αβ = 0,

Q̌µ
ν ̸= 0 and Q̌αµν ̸= 0 for

(0)

∇.
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The Galilean limit of TEGR was derived by Schwartz [10], assuming ωµν = 0. In the
limit, the connection at zeroth order is metric, flat and torsionful. Including ωµν ̸= 0 does
not change this result. As for STEGR, the physics not already encoded in Θµν is encoded
in the reduced quantity, here the reduced torsion. The same applies for the Carrollian limit
for which the zeroth order of the connection is flat, metric and (with respect to reduced
variables) torsionful.

In summary:

(i) The Galilean/Carrollian limit of STEGR for general structures with ωµν ̸= 0 and
Θµν ̸= 0 is characterized by a flat, torsion-free connection with reduced non-metricities.

(i) The Galilean/Carrollian limit of TEGR for general structures with ωµν ̸= 0 and
Θµν ̸= 0 is characterized by a flat, metric connection with reduced torsion.

This is schematized in Figure 1.
Finally, a remark on variational principles. Although the relativistic geometric trinity

is often presented at the level of actions (which differ by boundary terms—see [16]), the
non-relativistic geometric trinity of gravitational theories was presented in [9] entirely at
the level of the equations of motion, because there are by now well-known obstructions
to formulating Newton–Cartan theory (and for that reason also its teleparallel and sym-
metric teleparallel equivalents) in terms of an action principle (although it is possible to
construct a more general version of Newton–Cartan theory, known as ‘Type II’ Newton–
Cartan theory, which does admit an action principle—see [17]). In principle, one could
consider general Galilean and Carrollian Lagrangians, functions of the reduced variables
and (respectively) the tensors (ωµν , κµν) and (Θµν , χµν); however, at such a level of gener-
ality such a discussion would not obviously be enlightening, and for this reason we eschew
an explicit presentation here. Such Lagrangians would be the appropriate starting point
for considering the dynamics of Galilean and Carrollian metric-affine theories of gravita-
tion (following the lead of [1] in the relativistic case), which would be substantially more
general than either the Galilean or Carrollian geometric trinities; exploring such dynamics
would be to take up Schwartz’ injunction in [4] to investigate Galilean (and in our case
also Carrollian) metric-affine theories of gravitation.

5 Compatible Galilean and Carrollian connections
On the basis of the constructions which we have presented up to this point in this article,
we consider now a follow-on—but nonetheless interesting—issue. Rather than considering
the relation between an affine connection and a single structure—either Galilean, Car-
rollian—we can wonder what kind of constraints we obtain if we consider a torsion-free
connection which is compatible with both Galilean and Carrollian structures. In other
words, what constraints on ∇, (τµ, hµν), (vµ, γµν) do we get if

Q̂µν = 0, Q̂µ
αβ = 0, Q̌µ

ν = 0, Q̌µαβ = 0, and T µ
αβ = 0 ? (37)
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GR

Rα
βγδ ̸= 0

Qαβγ = 0

Tα
βγ = 0

STEGR

Rα
βγδ = 0

Qαβγ ̸= 0

Tα
βγ = 0

TEGR

Rα
βγδ = 0

Qαβγ = 0

Tα
βγ ̸= 0

NG or CG
For

(0)

∇
Rα

βγδ ̸= 0

Tα
βγ = 0

Q̂αβ = 0 = Q̂α
µν

or

Q̌α
β = 0 = Q̌αβγ

TENG
or

TECG

Rα
βγδ = 0 , T α

βγ ̸= 0

Q̂αβ = 0 = Q̂ µν
α

or

Q̌ β
α = 0 = Q̌αβγ

STENG
or

STECG

Rα
βγδ = 0 , Tα

βγ = 0

Q̂αβ ̸= 0 ̸= Q̂ µν
α

or

Q̌ β
α ̸= 0 ̸= Q̌αβγ

c
−→

0

c
−→

∞

or

Figure 1: The relativistic geometric trinity of gravitational theories (top), and its
Galilean/Carrollian limits (bottom).

These conditions imply that v is a collineation vector field for h, τ , γ, the connection
∇ and Riem, i.e.

Lvτ = 0, Lvh = 0, Lvγ = 0,

LvΓ
α
µν := ∇µ∇νv

α −Rα
σµνv

σ = 0, LvR
α
βµν = 0.

(38)

Additionally, dτ = 0 and τ defines a foliation.
From ∇µ (τνv

ν) = 0, we get τµvν = const. This means that the Carrollian and Galilean
time metrics are either dual if τµv

ν ̸= 0 or orthogonal with τµv
ν = 0. The latter case

is a peculiar situation which—if τ defines a closed spatial foliation as is considered in
Newtonian cosmology—implies that the flows of v would be tangent to that foliation and
therefore periodic. Therefore, while not forbidden by (37), the case τµv

ν = 0 involves a
property of the time metric of the Carrollian structure usually discarded. In what follows,
we consider the case τµv

ν ̸= 0, and, without loss of generality, we assume τµv
ν = 1.
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This does not yet mean that (τµ, h
µν) and (vµ, γµν) are dual. Indeed, the relation

“γµαhαν = δνµ − vντµ” does not necessarily hold. This means that, while γµν induces a
spatial metric γij on the leafs of the τ -foliation, that metric is not necessarily equivalent
to the metric hij induced by the Galilean structure. However, the spatial connection D̂
induced by ∇ and h on the τ -foliation is compatible with γ (i.e. hακhµσhνλ∇κγσλ = 0),
and reversely the spatial connection Ď induced by ∇ and γ on the τ -foliation is compatible
with h (i.e. γαβh

βκγµσγνλ∇κh
σλ = 0). This means that while h and γ are not necessarily

inducing the same spatial metric on the τ -foliation, their spatial Levi-Civita connection
are equivalent. There is therefore a unique spatial Ricci curvature that is induced by ∇,
h or γ on the τ -foliation.

Continuing with the constraints that (37) impose, ∇µv
ν = 0 implies the existence

of an observer with respect to the Galilean structure which is irrotational (i.e. vΩµν :=
hκ[µ∇κv

ν] = 0), non-expanding (i.e. vΘµν := hκ(µ∇κv
ν) = 0) and non-accelerating (i.e.

vaµ := vν∇νv
µ = 0). These are all the dynamical degrees of freedom of the connection.

Using a 3+1-projection along τ , v, h and γ of the Riemann tensor of ∇ (see, e.g., [18]),
and choosing a basis {v, ei} adapted to the τ -foliation (i.e. n(ei) = 0), the Riemann tensor
takes the form

Rα
βµν = δαi δ

j
βδ

k
µδ

l
ν Ri

jkl , (39)

where Ri
jkl is the spatial curvature induced by h (or γ) on the τ -foliation, where Latin

indices stand for the spatial directions. Using the last constraint of (38), this implies that
the spatial Riemann tensor is static.

In summary, the freedom left on a symmetric affine connection compatible with a
Galilean and Carrollian structures (that are not orthogonal to each other) is a static
spatial curvature. In particular, in a basis adapted to the τ -foliation, the Ricci tensor has
the form

Rµν =

(
0 0
0 Rij

)
. (40)

That connection is also compatible with a (Lorentzian or Riemannian) metric of the
form gµν = diag (±1, hij) in the adapted basis {v, ei}. In that case, v is a Killing vector
for the metric. This shows that the above connection is actually compatible with three
structures: Galilean, Carrollian and Riemannian/Lorentzian.

Interestingly, this kind of connection is exactly what was introduced as the “reference
connection” ∇̄ in Vigneron [19] to ensure the existence of the Galilean limit for any spatial
topology. In this framework, ∇̄ is related to the connection of the universal covering space,
a topological property of the spatial slices. Therefore, while highly specific, the type of
connection obtained from the constraints (37) finds application in cosmology when non-
Euclidean topologies are considered. Quite apart from potential applications to physics,
however, it is certainly interesting to see that simultaneously insisting that a connection be
compatible with Carrollian and Galilean structures—what one might consider to be quite
stringent conditions—still leaves significant freedom for the resulting connection.
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6 Conclusion
In this article, following the lead of Schwartz [4] for the Galilean case, we have presented
for the first time the general form of a Carrollian connection with both torsion and non-
metricity; we have also compared our results with the form of a general Galilean connection
in a completely general way. Having done so, we have shown how these results can be mil-
itated in order to construct an ultra-relativistic geometric trinity of gravitational theories,
and have considered the geometry and physics of connections which are simultaneously
compatible with both Galilean and Carrollian structures.

Building on this work, many further interesting questions for future pursuit arise. Here
are four such questions:

1. In the Galilean case, it is known that suitable gauge fixing (essentially that the
spatial torsion vanish—see [9, 10, 11]) suffices to recover standard, potential-based
Newtonian gravity. Hence, one might wonder about the conditions under which this
would also be possible in the Carrollian case. Prima facie, this is not likely to be
as straightforward as in the Galilean case, where in fact recovery of a gravitational
potential relies crucially on the asymmetry of the Coriolis form; a different strategy
will have to be pursued, and the physical justification for that strategy remains to
be seen.2

2. In [20], it is shown that the common structure of the non-relativistic geometry trinity
of gravitational theories is a theory with only a standard of absolute rotation and no
standard of non-rotational acceleration, known as ‘Maxwell gravitation’. Building
upon our above construction of an ultra-relativistic geometric trinity, what would
the common structure of this new trinity be, and (if it exists) does this common
structure qualify as an interesting physical theory in its own right?

3. Schwartz [4, §4] goes on to offer a fibre bundle perspective on general Galilean
connections—could an analogous gauge-theoretic perspective on general Carroll con-
nections likewise be provided?

4. We have already mentioned above that one could use the results of this article to in-
vestigate general Galilean and Carrollian metric-affine theories of gravitation. What
we have provided in this article is a unified geometrical scaffolding within which to
construct and appraise such theories (and, crucially, their solutions); investigating
the details of such theories is surely an important next step.

Acknowledgments
QV is supported by the Polish National Science Centre under grant No. SONATINA
2022/44/C/ST9/00078.

2 In [7, p. 35], (1) is described as a ‘Carrollian potential’; this, however, is not obviously what one is after
if one is thinking in analogy with the Newtonian gravitational potential.

17



HB was funded by the Austrian Science Fund (FWF) [Grant DOI: 10.55776/J4803]. For
open access purposes, the authors have applied a CC BY public copyright license to any
author-accepted manuscript version arising from this submission.

We thank Eleanor March and Will Wolf for valuable discussions.

A General reduced quantities
In this appendix, we present the (non-unique) general approach to define reduced quantities
without considering the Galilean or Carrollian limit.

A.1 Galilean case

The goal is to define the reduced quantities Q̂µν , Q̂α
µν and T̂ α

µν such that Q̂µν − Q̂µν ,
Q̂α

µν − Q̂α
µν and Tα

µν − T̂ α
µν depend linearly on ωµν and for which

τνQ̂α
µν = −Q̂α

µ, ταT̂ α
µν = −2Q̂[µν]. (41)

Given a choice of (vµ, γµν), we introduce ω̃µν := hσ
µh

λ
νωσλ and Aµ := ωµνv

ν . The linear
dependency of the reduced quantities on ωµν implies the general form

Q̂µν = Q̂µν + a1 ω̃µν + a2 τµAν + a3 τνAµ , (42)

Q̂α
µν = Q̂α

µν + b1 v
(µω̃ν)

α + b2 v
(µAν)τα + b3 v

µvνAα + b4A
(µhν)

α , (43)

Tα
µν = T̂ α

µν + c1 v
αω̃µν + c2 τ[µω̃ν]

α + c3 v
ατ[µAν] + c4 h

α
[µAν] . (44)

The general form of an affine connection becomes

Γα
µν − v,τΓα

µν = hα
βQ̂(µν)

β − 1

2
Q̂α

µν − vαQ̂(µν) − T̂(µν)
α +

1

2
T̂ α

µν + 2τ(µκν)βh
αβ

+ vα
[
−(a2 + a3)τ(µAν) +

c3
2
τ[µAν] +

c1
2
ω̃µν

]
+

1

2
(b4 − c4) γµνA

α

+
1

2
(b4 + c4) h

α
(µAν) +

c4
2
hα

[µAν] +
c2
2
τµω̃ν

α .

(45)

Using the constraints (41) and the identities (6), we get

b1 = 2a1, b2 = −2a2, b3 = 0, c1 = 2(1− a1), c3 = 2 (a3 − a2 − 2) , (46)

with b4, c2 and c4 being unconstrained. We see that there is a 6-parameter freedom in
defining the reduced quantities such that (41) hold. In general it is not possible to choose
the free parameters such that all the reduced quantities become gauge independent. The
only way to reduce the degrees of freedom is to assume either metricity or torsion-freeness:
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• Assuming full metricity with Q̂µν = Q̂µν = 0 and Q̂α
µν = Q̂α

µν = 0, we get c1 = 2
and c3 = −4 and we get

Tα
µν = T̂ α

µν + 2 vαωµν + c2 τ[µω̃ν]
α + c4 h

α
[µAν]; (c2 and c4 are free), (47)

Γα
µν − v,τΓα

µν = −T̂(µν)
α +

1

2
T̂ α

µν + 2τ(µκν)βh
αβ + vα ωµν

+
c4
2
(−γµνA

α + hα
µAν) +

c2
2
τµω̃ν

α .
(48)

• Assuming no torsion with Tα
µν = T̂ α

µν = 0, we get

Q̂µν = Q̂µν + ω̃µν + a2 τµAν + (2 + a2) τνAµ ; (a2 is free), (49)

Q̂α
µν = Q̂α

µν + 2v(µω̃ν)
α − 2a2 v

(µAν)τα + b4A
(µhν)

α ; (b4 is free), (50)

Γα
µν − v,τΓα

µν = hα
βQ̂(µν)

β − 1

2
Q̂α

µν − vαQ̂(µν) + 2τ(µκν)βh
αβ

− 2(1 + a2) v
ατ(µAν) .

(51)

The reduced quantities obtained from
(0)

Γα
µν by imposing Q̂µν = 0 = Q̂α

µν (taking
τ ∧ dτ = 0 from global hyperbolicity) in the non-relativistic limit correspond to
a2 = −2 and b4 = 0.

A.2 Carrollian case

The goal is to define the reduced quantities Q̌µ
ν , Q̌αµν and Ť α

µν such that Q̌µ
ν − Q̌µ

ν ,
Q̌αµν − Q̌αµν and Tα

µν − Ť α
µν depend linearly on Θµν and for which

vνQ̌αµν = −Q̌αµ, vαŤ(µν)α =
1

2
vαQ̌αµν + Q̌(µν). (52)

We introduce the trace θ := Θµνh
µν and the traceless part Aµν := Θµν − θ

3
γµν of Θµν . Both

θ and Aµν are gauge independent quantities (contrary to Aµ in the Galilean case). The
linear dependency of the reduced quantities on Θµν implies the general form

Q̌µ
ν = Q̌µ

ν + a1Aµ
ν + (a2 τµv

ν + a3 h
ν
µ) θ, (53)

Q̌αµν = Q̌αµν + b1 ταAµν + b2 τ(µAν)α +
[
b3 τµτντα + b4 γµντα + b5 τ(µγν)α

]
θ, (54)

Tα
µν = Ť α

µν + c1 τ[µAν]
α + c2 τ[µhν]

αθ. (55)

The general form of an affine connection becomes

Γα
µν − v,τΓα

µν = −Q̌(µν)
α +

1

2
Q̌α

µν − Ť(µν)
α +

1

2
Ť α

µν − vαχµν

−
(
b1 +

c1
2

)
τ(µAν)

α +
c1
2
τ[µAν]

α

−
[(

b4 +
c2
2

)
τ(µhν)

α − c2
2
τ[µhν]

α
]
θ.

(56)
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Using the constraints (52) and the identities (9), we get

b2 = −2a1, b5 = −2a3, b3 = 0, c1 = 2(1− a1)− b1, c2 =
2

3
− b4 − 2a3. (57)

We see that there is a 5-parameter freedom in defining the reduced quantities such that (52)
hold. As in the Galilean case, in general it is not possible to choose the free parameters
such that all the reduced quantities become gauge independent. The only way to reduce
the degrees of freedom is to assume either metricity or torsion-freeness:

• Assuming metricity with Q̌µ
ν = Q̌µ

ν = 0 and Q̌αµν = Q̌αµν = 0, we have c1 = 2 and
c2 = 2/3, and we get

Tα
µν = Ť α

µν + 2τ[µΘν]
α ; (no degrees of freedom left), (58)

Γα
µν − v,τΓα

µν = −Ť(µν)
α +

1

2
Ť α

µν − vαχµν − τνΘµ
α. (59)

In this case, there is no freedom remaining. So reduced torsion for a metric Carrollian
connection is uniquely defined.

• Assuming no torsion with Tα
µν = Ť α

µν = 0, we get

Q̌µ
ν = Q̌µ

ν + a1Aµ
ν + (a2 τµv

ν + a3 h
ν
µ) θ ; (a1, a2, and a3 are free), (60)

Q̌αµν = Q̌αµν + 2(1− a1) ταAµν

− 2a1 τ(µAν)α +

[
(
2

3
− 2a3) γµντα − 2a3 τ(µγν)α

]
θ,

(61)

Γα
µν − v,τΓα

µν = −Q̌(µν)
α +

1

2
Q̌α

µν − vαχµν

− 2(1− a1) τ(µAν)
α − (

2

3
− 2a3) τ(µhν)

α θ .
(62)

The reduced quantities obtained from
(0)

Γα
µν by imposing Q̌µ

ν = 0 = Q̌αµν in the
Carrollian limit correspond to a1 = 1, a2 = 0 and a3 =

1
3
.
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