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Abstract

We develop a classification of general Carrollian structures, permitting affine con-
nections with both torsion and non-metricity. We compare with a recent classifica-
tion of general Galilean structures in order to present a unified perspective on both.
Moreover, we demonstrate how both sets of structures emerge from the most general
possible Lorentzian structures in their respective limits, and we highlight the role of
global hyperbolicity in constraining both structures. We then leverage this work in
order to construct for the first time an ultra-relativistic geometric trinity of gravita-
tional theories, and consider connections which are simultaneously compatible with
Galilean and Carrollian structures. We close by outlining a number of open questions
and future prospects.
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1 Introduction

As is extremely well-known, general relativity (GR) is a spacetime theory formulated using
the Levi-Civita affine connection, which is the unique torsion-free connection compatible
with the given metric g,,. By now, it is also well-known that it is possible to relax the
conditions both of torsion-freeness and of metric compatibility; moreover, it is possible to
formulate generalisations of relativistic spacetime physics in terms of said affine connec-
tions; to do so is to work in the framework of metric-affine gravity (on which see e.g. [1]
for a comprehensive review).

In parallel with this axis of generalisation of GR, physicists have become increasingly
interested in recent decades in taking various limits of the geometrical structures of GR—
in particular, either taking the Galilean (¢ — oo) limit or the Carrollian (¢ — 0) limit, to
arrive at the structures of Galilean and Carrollian spacetimes, respectively. (For a recent
comprehensive and unified study of work on such limits, see [2].) As such, when confronted
with both of these threads, it is natural to seek to bring them together, and to consider
the most general possible Galilean or Carrollian connections, once the conditions both
of torsion-freeness and of non-metricity are relaxed. In the Galilean case, physicists and
mathematicians have had control over torsionful Galilean connections for several years
(see e.g. [3]), but the most general perspective on Galilean connections, once the metricity
condition is also dropped, was offered only very recently by Schwartz [4]. In the case of
Carroll spacetimes (on which see [5] for a primer), while again the torsionful case has been
studied (see [6, 7]), as yet there does not exist in the literature any presentation of the
most general possible Carrollian structures, permitting both torsion and non-metricity.

The first aim of this article is to fill that gap: we will present a general classification
of Carrollian structures permitting affine connections with both torsion and non-metricity,
and having done so will compare with the Galilean case as presented in [4]. The second
aim of this article is to show how these general structures emerge from the respective limits
of the most general Lorentzian structures.

Although one motivation for this work is simply maximal generality and the explo-
ration of logical space, there are several very direct physics payoffs. Perhaps most notably,
one topic of significant discussion in recent years is the ‘geometric trinity’ of gravitational
theories, in which one trades the curvature degrees of freedom of GR for either torsion
(as in the ‘teleparallel equivalent of GR’ (TEGR)) or non-metricity (as in the ‘symmetric
teleparallel equivalent of GR’ (STEGR))—see [8| for a review of this topic. Concurrent
with the development of the theory of general Galilean connections in [4], there was devel-
oped in [9] a ‘non-relativistic geometric trinity’, in which the curvature degrees of freedom
in Newton—Cartan theory (NC) are again traded for either torsion (as in the ‘teleparallel
equivalent of NC’ (TENC); see on this also [10, 11]) or non-metricity (as in the ‘symmetric
teleparallel equivalent of NC’ (STENC)). Having to hand the full theory of general Carrol-
lian connections opens the possibility of constructing for the first time an wultra-relativistic
geometric trinity; in this article, we will also complete this task, and show that said trinity
is indeed the ultra-relativistic limit of the relativistic geometric trinity (just as for the non-
relativistic trinity presented in [9]). A second payoff is the ability to consider connections
which are compatible with both Galilean and Carrollian structures, and what the physical
significance of those connections might be.



Bringing all this together, our plan for the article is as follows. In Section 2, we present
a general classification of both Galilean and Carrollian structures. In Section 3, we discuss
these structures as the limits (respectively, ¢ — oo and ¢ — 0) of Lorentzian spacetime
structures. In Section 4, we show how this work facilitates the construction for the first time
of an ultra-relativistic geometric trinity of gravitational theories. In Section 5, we discuss
connections which are simultaneously compatible with Galilean and Carrollian structures.
In Section 6, we wrap up with a number of open questions and future prospects.

Notation

In this article, we will be working with several different connections: curved, torsionful, and
non-metric at the relativistic level, but also at the ultra-relativistic (or Carrollian) level,
as well as (to a somewhat lesser extent) at the non-relativistic (or Galilean) level. In order
to avoid multiplying notation, we will present our results using the following conventions:

e We leave unadorned any affine connection I'*,5 and associated geometric objects
which are not specifically non-relativistic or ultra-relativistic.

e Objects which depend upon non-relativistic (i.e., Galilean) structures (i.e. 7, or h*)
will be denoted with a hat—e.g., Q,, = V,7, for one of the non-relativistic non-
metricities.

e Objects which depend upon ultra-relativistic (i.e., Carrollian) structures (i.e. v* or
V) Will be denoted with a check—e.g., @ = V,v” for one of the ultra-relativistic
non-metricities.

There is a subtlety here which it is worth being completely explicit about. For a generic
affine connection, there are decompositions available in terms of relativistic contorsion and
distorsion tensors, but also in terms of non-relativistic contorsion and distorsion tensors
(see [4, Theorem 4]), and likewise in terms of ultra-relativistic contorsion and distorsion
tensors (see below). These decompositions, to be clear, are available for the very same
connection! As such, it does not make sense to say that a connection itself is specifically
‘non-relativistic’ or ‘ultra-relativistic’; this, indeed, is part of our motivation for adopting
the notational conventions above.

When considering the Galilean or Carrollian limits, the relativistic connections I'* .
(and related variables) will be written as Taylor series of the speed of light. The full series

will be denoted, respectively, by an upper “€” or an upper “\”, e.g., f“ag, and the n-th

)
order will be denoted by an upper “(n)”, e.g., I'*,3.
Boldface letters are used to represent a tensor in a coordinate-free notation. Throughout
this work, we let M be a smooth 4-dimensional manifold.

2 Affine connections, Galilean and Carrollian structures

In this section, we present the decomposition of a general affine connection into torsion and
non-metricities with respect to a Carrollian structure, and compare it with the Galilean



case derived by Schwartz [4] (see Table 1). We also introduce the notions of reduced torsion
and reduced non-metricities allowing us to define contorsion and distorsion (see Table 2
below).

2.1 Definitions

A Carrollian structure [12] is a set (v*,~,,) such that v is a nowhere vanishing vector field,
~ is positive semidefinite with dim (kery) = 1 and v € ker~. We define the expansion
tensor' of a Carrollian structure as

1

O, = §£v%w (1)

A Galilean structure [13] is a set (7, h*") such that T is a nowhere vanishing 1-form, h
is positive semidefinite with dim (ker k) = 1 and 7 € ker h. We define the following object
for a Galilean structure

Wy = a[uﬂ,} . (2)

(In the case of a metric non-relativistic connection, this is of course the temporal torsion.
One has to be careful in the non-metric case, however, since torsion and non-metricity are
not independent—see below—and as such this object is also associated with non-metricity.)

Given a Carrollian structure (v*,~,,), one can define a dual Galilean structure (7, h*")
(not invariant under Carrollian transformations) such that

Tt =1, TR =0, W7y, =8t — T, (3)

The existence of a 1-form 7 with 7,v* = 1 is ensured by the non-vanishing of v. To show
this, it is sufficient to consider a Riemannian metric on M whose existence is ensured by
the smoothness of M (in fact, paracompactness is already sufficient, see e.g. [14, Appendix
Al). From v(z) # 0 Vo € M, the dual 1-form to v constructed via the metric is never
vanishing and can be normalized so that 7,0* = 1. A choice of 7 given a Carrollian
structure is often referred to as a choice of Ehresmann connection with respect to the
Carrollian structure (cf., e.g., [15]).

Similarly, given a Galilean structure (7, h*¥), one can define a dual Carrollian structure
(v*, ) (not invariant under Galilean transformations) such that (3) also hold. Again,
the existence of a vector field v such that 7,0* = 1 is ensured by the non-vanishing of 7. A
choice of v is often referred to as a choice of timelike observer with respect to the Galilean
structure.

Neither structure defines a duality between vectors and 1-forms, i.e. it does not define
an invertible way of raising and lowering indices. However, as is commonly done in the
literature on Carrollian and Galilean structures, we introduce an important convention
here: after having defined a new tensor, raised and lowered indices with respect to that
definition will always be defined with respect to A*” and 7, in Galilean and Carrollian
cases, respectively; e.g. ©," = 0,,h".

1 In the literature on Carrollian structures, the intrinsic curvature K v = —0,,, is more often considered.
We choose to use the expansion tensor to avoid any ambiguity with the contorsion tensor K<, defined
later, which is totally independent of Ly, .



Finally, given two structures (v*,7,,) and (7,, k"), we define the connection
v,TI“lO;V — oo [8(”%)0 — %&,”y,w} —+ Uaa(,u'ru) . (4)

This connection is only compatible with (v*,~,,) if ©,, = 0 and is only compatible with
(T, ) if wy, = 0.

2.2 Decomposition of a general affine connection

The results of this section are summarized in Table 1.

The characterization of general affine connections with respect to Galilean structures
was studied by Schwartz [4]. Given an affine connection V with torsion 7, = 2I'], ) and
a Galilean structure (7, h*"), the non-metricities of V are defined as

Qa”y = Vozh'mjv Q,uu = V;LTV . (5>

Contrary to the Lorentzian case, non-metricities and torsion are not independent and we
have the following identities

Tu@awj = _Qauv TaTa,uz/ = _QQ[,LLU] + QUJ,W . (6>

Given a choice of observer with a dual structure (v#,~,,), Schwartz [4] showed that the

difference I'}j, — *7I"7, can be written solely as function of Qu"", @, T, and a 2-form
Ky as follows

1 aYe’ a A o 1 ey o
5 Q% = v Q) = T + 5T + 27k sh® . (T)

sz - ’U7TFZCV = haﬁQ(l“’)ﬁ - 2 2

Kuy = V[, 0% V) is called the Coriolis field and encodes the 4-acceleration and the spatial
rotation (with respect to the connection V) of the set of observers described by the 4-
velocity v*.

In what follows we derive the dual formulae for a Carrollian structure. Given an affine
connection V with torsion 7, = 2Fﬁw} and a Carrollian structure (v*,7,,), we define
the non-metricities of V as

Quy = v,uvy ) Qam/ = vafy;w ) (8>

which satisfy the following identities

VA ) o 1 o e
v Qa,uzx = _Qa,ua v T(;w)a = §U Qauu + Q(MV) - @,uzz- (9)
A direct computation gives

re, — ", = b [=Vme + 5 Vetw] — v*Vium)
— [F?MV)’VKU + %(#Fs)o o Fg(u%)'f} B UQF?MV)T” + Fij,

which leads to the following proposition:



Table 1: Properties of a general affine connection V with respect to a Galilean and a Carrollian
structure. In both cases, the indices of the non-metricities and of the torsion are raised by h*"
and lowered by 7.

Quantities Galilean structure Carrollian structure

Invariant struc- | (7, ") (V" V)

tures

Gauge  depen- | (v*,vu) ¢ ‘choice of observer’ (Tu, R*) & ‘choice of Ehresmann

dent structures connection’

Intrinsic objects | wy, = ({')[HT,/] O = %ﬁv’nw

Non-metricities QMV =Vu7, Qa“” = V h*" Q,j’ =V, QW,, = VaYur

. TVQQMV = _Qau UuQauu = _Qau

Identities N . o 1 o~ .
7Ty = —2Qu) + 2w U T (uvya = 50" Qapw + Q(uv) — Ouw
haBQ(;w)ﬁ - %Qauu - UQQ(;W) ’ - Q(/w)a + %Qauu

Ty =TT = )™ + 5T + 27105 = Th™ + 57w = 0" X
with K, = V,0% Ya- with xuw = V(7).

Proposition 2.1. Given a Carrollian structure (v*,v,,) and a choice of dual structure

(14, "), a general affine connection I, can be written as follows:

e’ v, T ao A A o Ko 1 e’ a
Fuy - Fuy =h [_Q(uu)a + %QO’/.LV] - ’YO'(},LT I/)I‘ih + §T w — U Xuv (10>
A o 1 o @ 1 e o
= _Q(,uzz) + 5@ uv T(,uy) + §T w — U X,
with X = V(7).

The dual to the Coriolis field in the Carrollian case is the tensor x,,, which likewise
encodes the non-uniqueness of a compatible Carrollian connection. The fact that x,, is
symmetric (rather than antisymmetric, as for the Coriolis field of a Galilean connection)
makes this object somewhat harder to work with, and presents roadblocks to a straightfor-
ward understanding of the circumstances under which one has, for example, a potential-
based Carrollian spacetime theory (in analogy with standard potential-based Newtonian
gravity); we return to this issue in Section 6.

2.3 Reduced variables

The results of this section are summarized in Table 2.

Due to the identities (6) and (9), the non-metricities and torsion are not independent.
In particular, because of the second identities in (6) and (9), in the general case where
ww # 0 and O, # 0, one cannot choose both a symmetric and compatible connection, i.e.
some components of the torsion and non-metricities depend on w,, and ©,,. Removing



Table 2: Definition of the reduced quantities, contorsion and distorsion.

Quantities Galilean structure Carrollian structure

METRIC CASE (Qu =0 = Qu" AND Q" =0 = Quu)

~

Reduced Talw = TOCW’ - Qan,ulf Ta#u - Ta;w - 2T[M@V]ahom
torsion

Reduced Ta’f'aw =0 UaT(W)a -0

identities

Contorsion Kaﬁ“f = _ﬁw)a + %72&/“/ Ka;w = _T(lw)a + %Tauu
F/OzV B vaF/ojV Kal“’ + anl“/ + 2T(/L”V)ﬂha6 Kauy - Tyeuo—ho-a - 'Uax,uy

SYMMETRIC CASE (7%, =0)

Reduced Quv = Qv — W = 207 W (uTy) Q" =Qu" —06,"

non-metricities oM = QoM —dv U(Mh Ve Wo(aTX) Qapw = Qo + 27,00
TVQQMV + Qau =0 UVQQ’,U'V + QO‘N =0

Reduced R 1« "

identities Q[,LW] =0 51} Qa,uzz + Q(uy) =0

Distorsion Loy, = h% Q(#V)B —5Q%w — ”ag(uu) L% = = Q) + 3%

ng _ v,TFZCV j;auy + QUQU/\W)\(MTV) + QT(uﬁu),BhaB La;w _ Uax,ul/

this dependency would enable us to extract the parts of the torsion and non-metricities
that are independent of w,, and ©,,, obtaining what we call reduced torsion (denoted
7A'O‘W and Tam,), and reduced non-metricities (denoted QAW, 0, and Qv“”, Qauy). Two
natural conditions can be considered to define these reduced quantities:

1. The differences QW QAW, Qa — Q" and T* w T v (respectively Q# Qu ,
Qaw, QQW and 7%, — T uv) involve only the tensors 7, h**, v* and 7,,, and
depend linearly on w,, (respectively ©,,) in the Galilean case (respectively in the
Carrollian case).

2. The terms related to w,, and ©,, should disappear from (6) and (9), hence obtaining
the reduced identities

TyQauV = _QAaMa Toz,idauy = _QQ[;W] ) (11)
1
UVQa/,W = _Qa,uu ,0047'(#”)& = 5,004 Qa/,w + Q(;w) . (12>

As shown in Appendix A, these conditions are not sufficient to give a unique definition
for the reduced quantities. A way of constraining the degrees of freedom is to define the
reduced quantities not for a general affine connection, but when assuming either metrlclty
or no torsion, i.e. defining T uw and T w only when QW =0= Q " and Q V= Qa,w,



and defining QAW, Qa“”, Qu“, Qaw only when 7%, = 0. In the Carrollian case this leads
to a unique way of defining a reduced torsion 7 w as shown in Appendix A.2. However,
the remaining reduced quantities ( s QW, Qa , and Q“”, Qvaw,) remain non-uniquely
defined. Further constraining the freedom in their deﬁnition can be done with the Galilean
and Carrollian limits detailed in Section 3.

The Galilean/Carrollian limit of the Levi-Civita connection of a Lorentzian structure
is a torsion-free non-metric connection with respect to the Galilean/Carrollian structures.
The non-metricities are given by equation (27) and (33) below. Since the Levi-Civita
connection is torsion-free and metric, it seems natural to require that the reduced non-
metricies of the Galilean/Carrollian connection obtained in the limit should be zero. In
other words, we define the non-metricities such that the limit of the Levi-Civita connection
of a Lorentzian metric is metric in the reduced variables. With such a requirement, we
obtained a unique definition for the reduced non-metricities (QW, Qa m - and Qu , Qaw,)
in both limits. Note that, in the Galilean case, this is only possible if 7 AdT = 0. We
discuss this hypothesis in Section 3.3.

In summary, we obtain/propose the following definitions for the reduced variables:

Galilean case: imposing 7 AdT =0

e For QW =0 and Q" = 0, we define the Galilean reduced torsion as
7A‘O‘W =T, — 20%0,,, (13)

and the identity (6) becomes 7‘04720‘“” = (0. This quantity was also defined by Bekaert

and Morand [7] as 20 ®.w. Note that, as shown in Appendix A.1, assuming full
metricity is not sufficient to get a unique definition for the reduced Galilean torsion
(contrary to the reduced Carrollian torsion, as shown below). Therefore, the defini-
tion (13) remains a choice which we take to fit with [7]. The affine connection then
takes the form

T, — T2, = K, + 0wy + 27(uk0)sh™ (14)
where we define the Galilean contorsion K Y = —ﬁuy)a + %7’%1, with respect to

the reduced torsion.

e For 7%, = 0, we define the Galilean reduced non-metricities as

= Quuv + 2TuWy ", (15)
= Q" — W) 00T, (16)

and the identity (6) becomes Q[HV] =0 and 7,9, + Q" = 0. The affine connection
then takes the form

A

T, — T, = L%, + 20" v wyu7) + 27(uk)sh™” | (17)

where we define the Galilean distorsion ﬁ"‘w = h% QA(W)‘? — %QO‘W - anA(W) with
respect to the reduced torsion.



Note that the present definitions of Galilean distorsion and contorsion do not include
the Coriolis field, contrary to what was introduced in Wolf et al. [9]. We feel it is a more
natural way of defining these quantities as the presence of a Coriolis field is, in general,
independent on the non-metricities and torsion.

Carrollian case:
e For Qu” =0 and Qaw, = 0, we define the the Carrollian reduced torsion as
Tauv =T — 21,07, (18)
and the identity (6) becomes vo"ﬁw,)a = 0. This quantity was also defined by Hartong

[6, Eq. 2.36] as 2X“,,, and by Bekaert and Morand |7, Appendix 4| as 26‘1}”,. The
afline connection then takes the form

o, =T, = K%, + 7,0,k — v*X (19)
where we defined the Carrollian contorsion K@, = —7T(,,)® + %Ta -

e For T, = 0, we define the the Carrollian reduced non-metricities as
Qv,uu = Quu — Wy — QUUWU(;LTV) ) (2())
O M = Q" — 4UAU(“h”)“wU(aTA) , (21)

and the identity (6) becomes UZ’QQW = —Qau and v® Qvam, = —ZQ(W). The affine
connection then takes the form

Fiu — ”’TFZ‘V = [vf"W — 0" X (22)
where we defined the Carrollian distorsion L® = —Q(W,)a + %Qa v

There are two important points about these notions of Galilean and Carrollian distor-
sion and contorsion: (i) they depend on our choice of reduced quantities, and (ii) they can
only be defined if the other one is zero. As pointed out in [4] for Galilean structures, in the
general case with both metricities and torsion (and whether w,, = 0 holds or not) there
is no meaningful way of defining distorsion and contorsion due to the identities (6). The
same applies for the Carrollian case due to the identities (9).

In summary, the reduced quantities, the contorsions and the distorsions are defined
only if the affine connection is either metric or torsion-free. The advantage of using the
reduced quantities is to be able to qualify a connection as being (with respect to reduced
variables) both metric with respect to a Galilean or Carrollian structure and (with respect
to reduced variables) torsion-free, while still having w,, # 0 and ©,, # 0. As will be
discussed later, the reduced torsion and reduced non-metricities are the quantities that
should be considered in the discussion about the a trinity formulation of Carrollian (or
Galilean) gravity.

One important disadvantage of these quantities is that they are not invariant under
Galilean or Carrollian boosts, i.e. they depend on the choice of v* in the former case, and
on the choice of 7, in the latter case. Consequently, in general, an affine connection is (with
respect to reduced variables) metric or torsionless only with respect to a specific observer
or Ehresmann connection.



3 Galilean and Carrollian limits

In this section we discuss the general decomposition derived in the previous section in the
context of the Galilean and Carrollian limits of the Levi-Civita connection of a Lorentzian
metric. The results of this section are summarized in Table 3.

3.1 Galilean limit

The Galilean limit of a Lorentzian metric g is defined with the following leading order (LO)
ansatz (for A .= 1/c) [16]:

9 =h NG L O N, G = —aTum + G + O (V). (23)

From the identity relation g**g,, = d%, the next-to-leading orders (NLO) take the form

(0)

(L(Q})/“’ = —ovto” + kM v G = Y — 2¢TH7—V ’ <24)

with 7,k#" = 0, and where 7,0* =1 and v, is the projector orthogonal to v*.
From the ansatz (23), the LO and NLO of the Levi-Civita connection 9I';, of the

. . A
Lorentzian metric g are

(=2)
ngV = —27’@0.},,)0‘, (25)
(0)
I, =", + 2(=20h" + v — k%) 7wy + T h 056 (26)

With respect to the (torsion-free) connection at zeroth order, we get

QW = Wy — 2T(uWp)e 07, Qo1 = 20w, + 21, [v(“w”)gv“ — k"(“w”)g] , (27)

K = T[uay](;ﬁ - Q(ﬁwwj + kg[uwy}g + ]{ZU[MTV]U)‘LU)\U . (28)

The non-metricity Q4" depends not only on wy but also on & which is of NLO. How-
ever, if 7 A dT = 0, the pure spatial part of w,, is zero, the term koY) . vanishes,
and the non-metricity only depends on w,,. This makes it possible to define a reduced
non-metricity fulfilling the conditions given in Section 2.3, i.e. depending solely on w,,.
The Frobenius condition on 7 is generally assumed or obtained from the limit of general
relativity if matter only contributes from the (—4) order in the limit (see, e.g., [17]). In
Section 3.3, we show that considering global hyperbolicity of the Lorentzian manifold, be-
fore any field equation, already leads to the Frobenius condition on 7.

Remark 1. In the literature on the Galilean limit, a torsionful metric connection is usually consid-
ered rather than a non-metric torsion-free one. For instance, Hansen et al. [17] use 71, + v%w,
to express the equations obtained in the limit of general relativity. The reduced torsion of this
connection is zero. Therefore, in this approach, we can qualify the connection as being (with re-

(0)
spect to reduced variables) metric and torsion-free, while I'f),, is (with respect to reduced variables)
metric and torsion-free. Both descriptions lead to field equations obtained from the limit of the
Einstein-Hilbert Lagrangian which are considerably more complicated (see Eq. (3.39) to (3.41) in

10



[17]), and less explicit in the physics they encode, than the well-known Newton-Cartan equations
(valid for wy,,, = 0). In our opinion, this suggests that a better way of describing the field equations
when w,,,, # 0 would be to come back to a classical spatial description with a 3+1 decomposition.
This approach has the advantage of working with a uniquely defined (spatial) symmetric and
metric connection. The same remark will apply to the Carrollian limit when ©,,, # 0.

3.2 Carrollian limit

The Carrollian limit of a Lorentzian metric g is defined with the following LO ansatz (for
€:=c) [18]:

€ 1 5
P =50 G+ O(F) ) G =+ G T O (1) (29)

From the identity relation g"“g,, = ¢4, the NLO take the form

(2)

(g)l“’ =M =200"0" g = =TTy + ks (30)

with v#k,, = 0, and where 7,0* := 1 and h*" is the projector orthogonal to 7,.
From the ansatz (29), the LO and NLO of the Levi-Civita connection 1%, of the
Lorentzian metric g are

(=2)
gl—‘zy = _Ua @,LLV ) (31>
(0)
QFZ‘V = U’TFzV + v [ﬁvkuu + 2¢ @,uz/ + 07 (T,ua[zﬂ—a] + 7_1/8[“7_0})} . (32>

With respect to the (torsion-free) connection at zeroth order, we get

Quy = @uya Qauu = _QT(u@u)a7 (33)
1
X = _551,/% — 200, — V7 (1,00 To) + Ty 0uTs)) - (34)

Therefore, we see that the Carrollian limit of a symmetric (Levi-Civita) Lorentzian con-
nection is, at zeroth order, a torsion-free connection with zero reduced non-metricities.

3.3 The role of global hyperbolicity
3.3.1 Motivations

Additional constraints (e.g. h*?wy,.h™ = 0 or ©,, = 0) on the Galilean/Carrollian struc-
tures arising from the limit of a Lorentzian structure can be obtained by considering the
Einstein equation with a specific choice of energy-momentum tensor.

In particular, in the Galilean case, it is generally assumed that the matter Lagrangian
has no (—6) order, which implies h*°w,.h"™ = 0 and 7 is foliation forming, hence induc-
ing an absolute standard of simultaneity (see, e.g. [17, 19]). Therefore, locally we have
7 = Ndt, where N is a non-vanishing scalar field, and ¢ a scalar field. But because t is
only defined locally, in general the leaves of the foliation cannot be labelled by a scalar
field defined on R. In other words, while hA*°w,.h" = 0 implies absolute simultaneity, the
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Table 3: Properties of a Lorentzian connection in the limit. In each case, the NLO orders of the
metrics are written with respect to the (unique) v* and 7, for which no shift is present.

Quantities Galilean structure Carrollian structure
LO Ansatz g = h* (bﬁv = T TuTy (272“” = —vt” (giw = Vv
(52})"” = —vh¥” + k* 2)"” = hH — 20t 0"
NLO (0) (2)
Juv = Vv — 2‘157_#7'11 Guv = —TuTy + k‘m,
.- . R o _ N v o e _
Decomposition T =0, Ou =0; O =0 T = 0,1Qu =03 Qo =0
é(ilﬁy _ v,rrﬁy Ruy = T[“ayﬁb - 2¢Wu1/ Xpv = _gﬁvkw/ - 2¢®uu - QUUT(}LO‘JV)O'
(i) TAdT =0 (i) v is a complete vector field
and 7 = Ndt holds globally
gg?;tgff‘;;l; (ii) 3 complete 9 with 7,0% =1 | (i) 37, with 70" = 1
hyperbolicity such that ¥ = Ndt holds globally
iii) hH*koghP = 0, iii) no dual constraint on .,
g Iz
i.e. no global 3-rotations

Newtonian time is not guaranteed to run indefinitely. For example, this situation arises if
the spacetime is M = R x ¥ with ¥ a closed 3-manifold and if the leaves of the 7-foliation
are not isomorphic to X.

Since the assumption of infinite Newtonian time, common in the literature on Galilean
structures and the Galilean limit, is not guaranteed by the condition h*°w,.h" = 0, then
the property that 7 = Ndt holds globally must be treated as an additional hypothesis,
not implied by either the limit or the extremalisation of the action.

The goal of this section is to show that a natural geometric condition on the Lorentzian
structure from which the Galilean structure arises in the limit, namely global hyperbolicity,
implies that 7 = Ndt holds globally prior to any considerations on the Lagrangian of
matter. Hence this guarantees that the Newtonian time is defined on R. We will also
derive other properties that are implied by global hyperbolicity, both in the Galilean and
the Carrollian case. The results are summarised in the final line of Table 3.

3.3.2 Derivation

Let us consider the limit of timelike vector fields ## (Galilean case) and * (Carrollian
case). Using 4”1t g,, = —c*> = —A\"% and @""§,, = —¢?, the leading order of both 4 and
i, (and both @* and 4,,) are constrained.

In the Galilean limit, we have

! .+ O\, (35)

’l/\LM:(li)M“—O()\Q), ﬁ’u:—ﬁ
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with ({)L)“TM = 1. The sign convention is so that W is future directed.
In the Carrollian limit, we have

W =v"+0 (), a,=—¢ %)u + 0 ('), (36)

with %Lv“ =1

Global hyperbolicity of (M, g) ensures, in particular, that there exists a foliation form-
ing timelike 1-form m that can be written as n = Ndt globally. Additionally we can choose
n such that the dual vector n := g(n, -) is complete and nowhere vanishing.?

We consider the Taylor series of such a timelike 1-form/vector. Because we assume
analyticity, then each order of #* and 7* has to be a complete vector field, and each order
of ﬁu and n, has the form Ndt globally. This holds in particular for the leading orders
given in equations (35) and (36). Therefore, global hyperbolicity imposes:

e In the Galilean limit: that 7 = Ndt¢ holds globally, and there exists a complete
vector field u* such that ut7, = 1.

e In the Carrollian limit: that v* is a complete vector field, and there exists a 1-form
T = Ndt such that 7,0* = 1. This implies in particular that there exists a foliation
never tangent to v*.

Therefore, while in the Carrollian case, there are no direct constraints from global

hyperbolicity on the connection (12)’; 5 in the limit, in the Galilean case, because 7 is foliation
forming, then the Coriolis field has no spatial part as can be seen by spatially projecting
relation (28). To be more precise, the Coriolis field is not unique as it depends on the choice
of observer with v*. Therefore, for a general observer, the Coriolis field associated with
that observer will have a spatial part. Global hyperbolicity only ensures that there exist
observers with respect to which the spatial part of their Coriolis field is zero. Physically,
this ensures the existence of irrotational observers.

4 Geometric trinities of gravitation

One topic which has been the focus of significant and sustained focus in the recent liter-
ature is the so-called ‘geometric trinity’ of relativistic gravitational theories, in which (a)
curvature degrees of freedom in GR are traded either for torsion degrees of freedom (as
for the ‘teleparallel equivalent of GR’ (TEGR)) or non-metricity degrees of freedom (as
for the ‘symmetric teleparallel equivalent of GR’ (STEGR)), and (b) the resulting theories
are shown to have actions which are equivalent up to a boundary term, and as such are
dynamically equivalent. (See [8] for a review of the geometric trinity.) What we wish to
consider in this section, in a unified way, are the Galilean and Carrollian limits of the
geometric trinity.

The Galilean limit of a STEGR and a TEGR connection with w,,, = 0 was derived in
Wolf et al. [9] and Schwartz [10], respectively. In these approaches, the leading order of

2 To ensure completeness of the vector field nf it is sufficient to choose the 1-form n such that fR Ndt = oo,
which can always be done without loss of generality on the metric g.
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the connection is assumed to be the zeroth order. While this assumption is not possible
for the Levi-Civita connection without restriction on w,, or ©,,, it can be considered if
the connection is not Levi-Civita without loss of generality. In what follows, we keep the

0 0
assumptions STEORDe - — <F)gy + O (€ or ) and TFERTY = <F)fjl, + O (€? or A?). In both
cases, the flatness of the full connection implies the flatness of the zeroth order connection.
The Galilean limit of STEGR was studied in [9] for w,, = 0. As shown in that paper,
the connection at zeroth order is torsion-free and non-metric with respect to the Galilean

structure obtained in the limit from the ansatz (23). That result remains the same if
)
w7 0, with the additional property that the reduced non-metricities of V are non-zero.

In other words, the non-metricities are not due only to w,, but encode additional physics.
Therefore, the Galilean limit of STEGR is characterized by a flat, torsion-free and (with
respect to reduced variables) non-metric connection, i.e. RF,.5 =0, T#,3 =0, Q,, # 0

. ©)
and Q," # 0 for V.
In the Carrollian limit, the same applies. The zeroth-order connection is torsion free,

and from @aém, #0, we get Q0 = %Mv” # 0 and Quuy = %a’}/m, # 0. The reduced non-
metricities are in general also non-zero which contrasts with the limit of the Levi-Civita
connection for which the non-metricities were only due to ©,, # 0. Therefore, as in the
the Galilean limit, the Carrollian limit of STEGR is characterized by a flat, torsion-free
and (with respect to reduced variables) non-metric connection, i.e. R .5 =0, T",5 = 0,

0
Qu" # 0 and Qaw # 0 for %

The Galilean limit of TEGR was derived by Schwartz [10], assuming w,, = 0. In the
limit, the connection at zeroth order is metric, flat and torsionful. Including w,, # 0 does
not change this result. As for STEGR, the physics not already encoded in ©,, is encoded
in the reduced quantity, here the reduced torsion. The same applies for the Carrollian limit
for which the zeroth order of the connection is flat, metric and (with respect to reduced
variables) torsionful.

In summary:

(i) The Galilean/Carrollian limit of STEGR for general structures with w,, # 0 and
O, # 0is characterized by a flat, torsion-free connection with reduced non-metricities.

(i) The Galilean/Carrollian limit of TEGR for general structures with w,, # 0 and
O, # 0 is characterized by a flat, metric connection with reduced torsion.

This is schematized in Figure 1.

A remark on variational principles. Although the relativistic geometric trinity is often
presented at the level of actions (which differ by boundary terms—see [20]), the non-
relativistic geometric trinity of gravitational theories was presented in [9] entirely at the
level of the equations of motion, because there are by now well-known obstructions to for-
mulating Newton—Cartan theory (and for that reason also its teleparallel and symmetric
teleparallel equivalents) in terms of an action principle (although it is possible to construct
a more general version of Newton—Cartan theory, known as ‘Type II’ Newton-Cartan the-
ory, which does admit an action principle—see [21]). In principle, one could consider
general Galilean and Carrollian Lagrangians, functions of the reduced variables and (re-
spectively) the tensors (wy,, £,) and (O, X, ); however, at such a level of generality such
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Q,° #0+# Qup, Q. =0=0Qup,
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For V
Rpys 70
T, =0
Qaﬁ =0= Qaluj

or
Qaﬁ =0= Qaﬂ'y

Figure 1: The relativistic geometric trinity of gravitational theories (top), and its
Galilean/Carrollian limits (bottom).

a discussion would not obviously be enlightening, and for this reason we eschew an explicit
presentation here. Such Lagrangians would be the appropriate starting point for consider-
ing the dynamics of Galilean and Carrollian metric-affine theories of gravitation (following
the lead of [1] in the relativistic case), which would be substantially more general than
either the Galilean or Carrollian geometric trinities; exploring such dynamics would be to
take up Schwartz’ injunction in [4] to investigate Galilean (and in our case also Carrollian)
metric-affine theories of gravitation.

Completionism aside, there are various reasons why it is worth considering something
like a Carrollian geometric trinity. One obvious motivation is the following: [22] have
shown that it is easier to model boundary phenomena (associated with e.g. the physics of
black hole boundaries) when working with (S)TEGR rather than GR—for the former has a
well-posed variational problem, whereas the latter does not (for further discussion of this,
see [23]). In addition, Carrollian structures find their most notable physical application in
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the context of asymptotics and boundaries—for it is by now well-known that the Carroll
group is closely related to the BMS group (see [24]). Bringing these points together, it
is not unreasonable to expect that something like (S)TECG might find application in the
context of the study of such boundary phenomena.

5 Compatible Galilean and Carrollian connections

On the basis of the constructions which we have presented up to this point in this article,
we consider now a follow-on—but nonetheless interesting—issue. Rather than considering
the relation between an affine connection and a single structure—either Galilean, Car-
rollian—we can wonder what kind of constraints we obtain if we consider a torsion-free
connection which is compatible with both Galilean and Carrollian structures. In other
words, what constraints on V, (7,, h*), (v*,7,,) do we get if

Quw=0 Q=0 Q=0 Qusp=0, and T¢,z3=07? (37)

These conditions imply that v is a collineation vector field for h, T, 7, the connection
V and Riem, i.e.

L, =0, Ly,h =0, Lyy =0, 18
L, =V, V,u* — R%,,07 =0, LyR% 3, = 0. (38)
Additionally, d7 = 0 and 7 defines a foliation.

From V, (1,0") = 0, we get 7,0” = const. This means that the Carrollian and Galilean
time metrics are either dual if 7,v” # 0 or orthogonal with 7,0” = 0. The latter case
is a peculiar situation which—if 7 defines a closed spatial foliation as is considered in
Newtonian cosmology—implies that the flows of v would be tangent to that foliation and
therefore periodic. Therefore, while not forbidden by (37), the case 7,0” = 0 involves a
property of the time metric of the Carrollian structure usually discarded. In what follows,
we consider the case 7,0” # 0, and, without loss of generality, we assume 7,0 = 1.

This does not yet mean that (7,,h*”) and (v*,7,,) are dual. Indeed, the relation
“Vuah™ = 0, — v"7,” does not necessarily hold. This means that, while v, induces a
spatial metric v;; on the leafs of the T-foliation, that metric is not necessarily equivalent
to the metric h;; induced by the Galilean structure. However, the spatial connection D
induced by V and h on the T-foliation is compatible with v (i.e. h®*h* h*AV yo\ = 0),
and reversely the spatial connection D induced by V and 4 on the 7-foliation is compatible
with kb (i.e. Yash® V072 Vh?* = 0). This means that while k and « are not necessarily
inducing the same spatial metric on the 7-foliation, their spatial Levi-Civita connection
are equivalent. There is therefore a unique spatial Ricci curvature that is induced by V,
h or « on the 7-foliation.

Continuing with the constraints that (37) impose, V,v” = 0 implies the existence
of an observer with respect to the Galilean structure which is irrotational (i.e. Q" =
RV ") = 0), non-expanding (i.e. YO = A"V, ") = 0) and non-accelerating (i.e.
Yat = v"V,v* = 0). These are all the dynamical degrees of freedom of the connection.
Using a 3+1-projection along 7, v, h and - of the Riemann tensor of V (see, e.g., [25]),
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and choosing a basis {v, e;} adapted to the T-foliation (i.e. n(e;) = 0), the Riemann tensor
takes the form

R, = 5;*5;‘35,’35,’, R (39)

where R';;; is the spatial curvature induced by h (or ) on the 7-foliation, where Latin
indices stand for the spatial directions. Using the last constraint of (38), this implies that
the spatial Riemann tensor is static.

In summary, the freedom left on a symmetric affine connection compatible with a
Galilean and Carrollian structures (that are not orthogonal to each other) is a static
spatial curvature. In particular, in a basis adapted to the 7-foliation, the Ricci tensor has

the form
0 0
m- (0 0). ”

That connection is also compatible with a (Lorentzian or Riemannian) metric of the
form g, = diag (%1, h;;) in the adapted basis {v, e;}. In that case, v is a Killing vector
for the metric. This shows that the above connection is actually compatible with three
structures: Galilean, Carrollian and Riemannian/Lorentzian.

Interestingly, this kind of connection is exactly what was introduced as the “reference
connection” V in Vigneron [26] to ensure the existence of the Galilean limit for any spatial
topology. In this framework, V is related to the connection of the universal covering space,
a topological property of the spatial slices. Therefore, while highly specific, the type of
connection obtained from the constraints (37) finds application in cosmology when non-
Euclidean topologies are considered. Quite apart from potential applications to physics,
however, it is certainly interesting to see that simultaneously insisting that a connection be
compatible with Carrollian and Galilean structures—what one might consider to be quite
stringent conditions—still leaves significant freedom for the resulting connection.

6 Conclusion

In this article, following the lead of Schwartz [4] for the Galilean case, we have presented
for the first time the general form of a Carrollian connection with both torsion and non-
metricity; we have also compared our results with the form of a general Galilean connection
in a completely general way. Having done so, we have shown how these results can be mil-
itated in order to construct an ultra-relativistic geometric trinity of gravitational theories,
and have considered the geometry and physics of connections which are simultaneously
compatible with both Galilean and Carrollian structures.

Building on this work, many further interesting questions for future pursuit arise. Here
are four such questions:

1. In the Galilean case, it is known that suitable gauge fixing (essentially that the
spatial torsion vanish—see [9, 10, 11]) suffices to recover standard, potential-based
Newtonian gravity. Hence, one might wonder about the conditions under which this
would also be possible in the Carrollian case. Prima facie, this is not likely to be
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as straightforward as in the Galilean case, where in fact recovery of a gravitational
potential relies crucially on the asymmetry of the Coriolis form; a different strategy
will have to be pursued, and the physical justification for that strategy remains to
be seen.?

2. In [27], it is shown that the common structure of the non-relativistic geometry trinity
of gravitational theories is a theory with only a standard of absolute rotation and no
standard of non-rotational acceleration, known as ‘Maxwell gravitation’. Building
upon our above construction of an ultra-relativistic geometric trinity, what would
the common structure of this new trinity be, and (if it exists) does this common
structure qualify as an interesting physical theory in its own right?

3. Schwartz [4, §4| goes on to offer a fibre bundle perspective on general Galilean
connections—could an analogous gauge-theoretic perspective on general Carroll con-
nections likewise be provided?

4. We have already mentioned above that one could use the results of this article to in-
vestigate general Galilean and Carrollian metric-affine theories of gravitation. What
we have provided in this article is a unified geometrical scaffolding within which to
construct and appraise such theories (and, crucially, their solutions); investigating
the details of such theories is surely an important next step.
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A General reduced quantities

In this appendix, we present the (non-unique) general approach to define reduced quantities
without considering the Galilean or Carrollian limit.

3 In |7, p. 35|, (1) is described as a ‘Carrollian potential’; this, however, is not obviously what one is after
if one is thinking in analogy with the Newtonian gravitational potential.
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A.1 Galilean case

The goal is to define the reduced quantities QW, Q." and ’7"“,“, such that QW — Quy,
Qo — Q™ and T w = T qw depend linearly on w,,, and for which
TVQO/W = _Qa ) TaT pr = _QQ[MV] (41>

Given a choice of (v*,7,,), we introduce @,, = h,h*,w,\ and A, = w,,v”. The linear
dependency of the reduced quantities on w,, implies the general form

Q,uu = Quu + ay (D,uz/ + as T,uAV + as TZ/A,LL ) (42>
Ol = O + by v B0, + by v A 7o + by 0" Ay, + by A“RY), (43)
Talw = 'i‘alw +c Uaot)u,, + Co T[#(I)V}a + c3 UaT[#AZ,} + ¢y ha[”Al,} . (44)

The general form of an affine connection becomes

o v, T a A 1 oY a A T o 1 T o
F;U/ - Ful/ =h ﬁQ(W’)ﬁ - §Q pr — U Q(W’) _7EW’) + §T “V—i_ZT(”KV)Bh ’

C1 .

c 1
+ 0% | = (a2 + as) Ay + 537 A + gwuu] + 5 (b= ca) y A (45)

1
+ 5 (et ca) h%uAy) + %ha WA+ 2
Using the constraints (41) and the identities (6), we get

b1 = 2(11, b2 = —2a2, b3 = 07 cl = 2(1 — CLl), C3 — 2 (a3 — a9 — 2) s (46)

with by, ¢o and ¢4 being unconstrained. We see that there is a 6-parameter freedom in

defining the reduced quantities such that (41) hold. In general it is not possible to choose

the free parameters such that all the reduced quantities become gauge independent. The

only way to reduce the degrees of freedom is to assume either metricity or torsion-freeness:

e Assuming full metricity with QW = Q,W = 0 and Qa“l’ = QM = 0, we get ¢; = 2
and c3 = —4 and we get

Tuwl, )

2

T, = 7A'0‘W +2 vawm, + co Ty * + ca K Ayys (co and ¢y are free), (47)

~

re, =", = =Tu)™ + T v 2Tk sh Y 4 0% Wy

(48)
c [e% [e% Cz ~
+ 5 (—%VA + h*,A,)) + o Tu
e Assuming no torsion with 7%, = T w =0, we get
QW = QAW + @ +ar, AL+ (24 a2) T, AL (ag s free), (49)

Qo = Qo + 209"y — 2a5 v AV 7, 4+ by AMRY o ; (by s free),  (50)
e U, T a A 1 Yo a A o7
T =TT = h3Quw)” = 5% = v Quuy + 27y sh*”
—2(1 + ag) v 1, Ay) .

(51)

© . .
The reduced quantities obtained from I'2, by imposing Q,, = 0 = Q," (taking
7 Ad7T = 0 from global hyperbolicity) in the non-relativistic limit correspond to
as = —2 and by = 0.

19



A.2 Carrollian case

The goalv is to define the l:educed quantities Q,j’, QaW and ’7’“,“, such that Qu” — Q,j’,
Qo — Qo and T, — T, depend linearly on ©,, and for which

- . . 1 - .
V" Gope = = Qo 1T = 50" Qo+ O 52
We introduce the trace ¢ := ©,,h*" and the traceless part A,, = 0, — gv,w of ©,,. Both
¢ and A,, are gauge independent quantities (contrary to A, in the Galilean case). The
linear dependency of the reduced quantities on ©,, implies the general form

Q. =9, +ar A + (a2 0" +ash”,) 0, (53)
Qa;u/ - Qawj + bl TaAuu + b2 T(,qu/)a + [b?) TuTvTa + b4 Y Ta + b5 T(u’)/y)a} 07 (54)
Tam, = 7'&“11 +c T[HAV]Q + c T[th]ae. (55)

The general form of an affine connection becomes
a v, T > a 1 Yo T «a 1 T a
Lo =7 = = Q™ + §Q w = T ™ + §T p — U Xuw
c c
B (bl + é) Ty + ElT[uAv]a (56)
(&) a Co o
- [<b4 + 5) Tuh)™ = 5 Tl ] 0.
Using the constraints (52) and the identities (9), we get
2
bg = —2(11, b5 == —20,3, b3 = 07 CcCl = 2(1 — (11) - bl, Cy = g - b4 - 2@3. (57)

We see that there is a 5-parameter freedom in defining the reduced quantities such that (52)
hold. As in the Galilean case, in general it is not possible to choose the free parameters
such that all the reduced quantities become gauge independent. The only way to reduce
the degrees of freedom is to assume either metricity or torsion-freeness:

e Assuming metricity with Q,j’ = QVM” =0 and Qaw = Qaw = 0, we have ¢; = 2 and
co = 2/3, and we get

T =T + 27,0,%;  (no degrees of freedom left), (58)
«a v, T T «a 1 - « «a «a
F#u - Fuu =T + §T w — VX — O, (59)

In this case, there is no freedom remaining. So reduced torsion for a metric Carrollian
connection is uniquely defined.

e Assuming no torsion with 7, = T w =0, we get
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Q. =09, +ay A + (a7, 0" +azh’,)0; (ai, as, and az are free),  (60)
Qa/u/ = Qa,u,u + 2(1 - al) TaA,ul/

2 (61)
— 2a1 T Avya + (§ — 2a3) Y Ta — 203 T Vo)a | b,
. 1.
o =" = —Quun™ + EQQW — U X
, (62
- 2(1 - al) T(MA,,)Q - (g - 2&3) T(Mhy)a 0.

© . .
The reduced quantities obtained from I'j, by imposing Q,” = 0 = Q,,, in the

Carrollian limit correspond to a; = 1, as = 0 and a3z = %
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