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Recently, a novel intuitionistic reconstruction of the foundations of physics has been primarily
developed by Nicolas Gisin and Flavio Del Santo drawing on naturalism. Our goal in this paper is
to examine and develop the philosophical background of their naturalistic intuitionism for physics
in contrast with Brouwer’s defense of his intuitionistic mathematics. To be exact, we propose a
systematic rearticulation of Brouwer’s so-called two acts of intuitionism to serve as the self-contained
philosophical framework justifying naturalistic intuitionism in physics. This revision is accompanied
by an investigation of the distinctive naturalistic treatment of some central intuitionistic topics,
including logic, language, time, ontology, meaning, and truth.

I. INTRODUCTION

Over the last decades, there has been much discussion
about whether constructive mathematics can provide the
mathematical background necessary to do physics [1–6].
But it was not until the intuitionistic program put for-
ward by Nicolas Gisin [7] in recent years that a form of
constructivism began to be seriously advocated by physi-
cists themselves. Motivated by the intrinsic randomness
of quantum mechanics, its point of departure is the ac-
ceptance that physics need not presuppose a determinis-
tic worldview. It therefore appears promising to abandon
classical mathematics — due to its inherently timeless na-
ture — in favor of intuitionistic mathematics, which pro-
vides a non-deterministic and temporal framework more
suited to the foundations of physics. More precisely, the
idea is to model indeterminism employing the intuition-
istic notion of a choice sequence, namely, a potentially
infinite sequence whose elements may be chosen freely or
according to a law (algorithm).

This novel intuitionistic program for physics has been
developed by Nicolas Gisin and Flavio Del Santo mostly
jointly in a sequence of papers [7–17].1 In this paper, we
develop the philosophical background that underlies this
new program and examine it against the original defense
of intuitionism by L. E. J. Brouwer [21, 22], thereby un-
veiling some crucial differences that until now have not
been explicitly acknowledged in print. The main reason
this is a valuable investigation to undertake is that the
new intuitionism they advanced for physics is the product
of a distinctive combination of naturalism and ontolog-
ical realism, as opposed to the thorough idealism advo-

1 See also [18–20] for further attempts in this direction.

cated by Brouwer without physical applications in mind.
Indeed, as already admitted by Heyting, “introspection
is useless in physics” [23, p. 90]. Yet, this naturaliza-
tion of intuitionism shows that we can regardless retain
some parts of intuitionistic mathematics and its philos-
ophy that are useful in physics. It is therefore crucial
that we identify the basic philosophical presuppositions
that support this naturalization and how they differ from
Brouwer’s own intuitionistic views.

To be exact, our goal here is to develop the philos-
ophy of “naturalistic intuitionism” by means of a sys-
tematic revision of Brouwer’s so-called two acts of in-
tuitionism so as to serve as an autonomous naturalistic
philosophical framework for physics. This development
is then accompanied by an investigation of the distinc-
tive naturalistic treatment of some central intuitionistic
topics, including logic, language, time, ontology, mean-
ing, and truth, that differ from Brouwer’s understanding
of these themes. All this is done in Section IV. The re-
maining sections of this paper are structured as follows.
First, in Section II, we motivate and sketch the basic
elements of naturalistic intuitionism in a self-contained
way mainly targeted at physicists and philosophers of
science as our intended audience, without assuming any
previous familiarity with Brouwer’s intuitionistic mathe-
matics. Then, in Section III, we overview intuitionism as
the original philosophy of mathematics put forward by
Brouwer through his so-called two acts of intuitionism.
Section V provides some concluding remarks.

II. NATURALISTIC INTUITIONISM

Time is essential for physics because “to be an event
is to be in time” [24]. Without time we cannot tell sto-
ries and provide scientific explanations. Despite this, to-
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day’s physics relegates time to a rather subaltern role.
In most established physical theories, indeed, time is a
mere parameter that labels a given succession of neces-
sary events. And the situation is even more crystallized
by a widespread relativistic worldview where time is ge-
ometrized to be just another coordinate, akin to space.
Quantum theory, in its standard interpretation, is an
exception and, actually, is part of our motivation. With
such a lean concept of time, physicists cannot speak of
real evolutions nor surprises. More precisely, all apparent
“surprises” are merely explained away by our ignorance:
Turn a card face up, and we may be surprised by the fig-
ure that appears. The figure, however, has always been
there, and the surprise is thus only due to a subjective
lack of knowledge. But real surprises, that is, events that
are really — in an ontological sense — creating new in-
formation in the universe are hard or even impossible to
describe with such a lean “geometric” view of time. In
short, the current fundamental understanding of time in
physics makes it hard to incorporate randomness, inde-
terminacy and creative evolutions.

However, what quantum theory strongly suggests is
that some new events truly obtain: they happen although
they were not predetermined. Such events are genuinely
random; they involve the creation of new information—
not by an agent, but existing in the universe, encoded
in some physical medium—that did not exist prior to
the occurrence of the event. One can, in fact, consider
the fundamental distinction between “before” and “after”
as a consequence of the emergence of novel information,
thereby enabling the very notion of true becoming. We
will return to this alternative conception of time later in
Section IV A.

Quantum physics supports the above-mentioned idea
of indeterminism due to two main results:

(i) Heisenberg uncertainty relations (better-named in-
determinacy relations);

(ii) the violation of Bell inequalities.

Heisenberg relations impose an absolute minimal value
(quantified by ℏ) to the smallest volume that a physi-
cal state can occupy, i.e., fundamental indeterminacy.2
However, this indeterminacy may exist only at the level of
the theory and could, in principle, be resolved by intro-
ducing additional “hidden” variables that complete the
description and eliminate the indeterminacy. Still, the
device-independent violation of Bell inequalities, which

2 Note that indeterminacy is a kinematical feature, meaning that
the pure state of a system does not determine all measurement
outcomes. By contrast, indeterminism is a property of the dy-
namics: given the pure state (possibly of the universe) and the
laws of physics, there need not be a unique continuation of the
state into the future (nor into the past). Yet if measurements
yield only a single outcome, indeterminacy leads to indetermin-
ism, since a pure state leaves several outcomes open. From the
same initial state, multiple future continuations are possible.

is by now a well-established empirical fact [25–29], con-
siderably strengthens the idea that quantum mechanics
is fundamentally indeterministic. It is, in fact, a math-
ematical theorem that under very mild assumptions —
i.e., the existence of independent systems (with an arbi-
trarily small amount of independence) — any violation of
a Bell inequality without signaling implies that the mea-
surement results are random (see e.g. [30–33].) This is
an extraordinarily strong result well known to the quan-
tum information science community. It appears there are
only three plausible ways to deny the existence in physics
of random events:

• accept superdeterminism—that is, embrace the
radical thesis that everything, down to the smallest
detail, was fixed at the Big Bang; or

• accept some form of signaling as in Bohmian me-
chanics, though this theory hides the signaling be-
hind fundamentally inaccessible so-called nonlocal
hidden variables; or

• claim that there are no absolute measurement re-
sults but that all results happen in parallel, i.e. re-
place the universe by a multiverse as in the many-
world interpretation.

Although these alternative interpretations are logically
possible, we believe that there is sufficient empirical evi-
dence from quantum theory (and, incidentally, from clas-
sical statistical physics and chaos theory) to adopt as a
working hypothesis that physical randomness is a real,
irreducible feature of the world. This stands in tension
with the theory of relativity, in which determinism is typ-
ically regarded as a necessary feature.3 Here, we consider
this conflict as an additional motivation to investigate
how mathematics and physics can speak of and reason
about ontic indeterminacy [16].

In contrast to quantum theory, classical mechanics is
usually regarded as deterministic, since, in almost all
cases (see [35]), the dynamical equations of classical me-
chanics have a unique solution for any given initial con-
ditions. This is correct, but only under the implicit as-
sumption that the initial conditions are fully determined
to an infinite precision, i.e., they are represented as a
mathematical point in phase space, in turn identified by
an n-tuple of real numbers. In [9, 36, 37], the authors no-
tice that this assumption is not as innocent as one may
think at first sight. Indeed, the description of typical real
numbers, those not computable by an algorithm, requires
an infinite amount of information. If one denies the exis-
tence of infinite information — or merely denies infinite
information density in space — then classical mechanics
loses its determinism and manifests indeterminism de-
spite keeping the same dynamical equations. This is es-
pecially clear when considering chaotic classical dynam-

3 For a critical discussion, see [12, 34] and the references therein.
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ical systems, where infinitesimal digits of the initial con-
dition, initially of no importance at all, quickly become
essential for the description of the state of the system.
Here, determinism requires that all digits of the initial
condition have an ontologically determined value, while
assuming finite information implies that not all digits can
have a determined value (at least for typical real-valued
initial conditions), hence denies determinism.

Thus, whether considering quantum theory or classi-
cal mechanics with finite information, there seems to be
a need to develop a mathematical framework that allows
one to deal with true (ontological) randomness. This
might also be essential to bridge the seemingly incom-
patible worldviews of relativity and quantum theory, re-
spectively, and eventually help achieve the greater goal
of a quantum theory of gravity.

Given that our well-established mathematical theories
arguably fail to provide such a framework, the concept
of finite-information quantity (FIQ) was originally pro-
posed in [9] to fill this gap, though still based on classical
mathematics. This mimics the concept of real number,
but, at any finite time, only finitely many digits are fully
determined, whereas some further digits are only deter-
mined by their chance to eventually gain a specific de-
termined value, and all other digits are assumed fully
indeterminate. To achieve that, the authors introduced
the concept of propensity, which expresses objective, in-
trinsic tendencies for some events to occur [14]. Let
qj ∈ [0, 1] ∩ Q monotonically quantify the tendency of
the j-th bit of a string to eventually take the value 1.
Hence, qj = 1 (resp. 0) means that the j-th bit will take
value 1 (resp. 0) with absolute certainty. If instead a bit
has an associated propensity of 1/2, this means that the
bit value is totally indeterminate. To be more precise,
we call a bit random if its values have not yet been de-
termined. Thus, a bit can be random (indeterminate) or
be determined with value 0 or 1.

This allows one to formally relax the principle of in-
finite precision for physical quantities: a FIQ is an ar-
ray of propensities {q1, q2, · · · , qj , · · · }, such that its in-
formation content is finite, i.e.,

∑
j Ij < ∞, where

Ij = 1−H(qj) is the information content of the propen-
sity, and H is the binary entropy function of its argu-
ment.

We postulate that physical quantities take values in
FIQs instead of in the real numbers. As an example of
a physical quantity γ that fulfills the above definition of
FIQs, take:

γ (N(t),M(t)) = 0. γ1γ2 · · · γN(t)︸ ︷︷ ︸
∈{0,1}

∈(0,1)∩Q︷ ︸︸ ︷
qN(t)+1 · · · qM(t)

1

2
· · · 1

2
· · · .

(1)
At a given time t, the first N bits are fully determined
(i.e. the propensities are all either 0 or 1). The following
bits are still indeterminate. Among those, in this simple
example, all bits between the N + 1-th and the M -th,
have a biased tendency to actualize their value to either

0 or 1, i.e., the propensities associated to each bits are
qk ∈ (0, 1) ∩ Q. After the M -th bit, all the associated
propensities are completely random, i.e., qM+1, qM+2, . . .
all equal to 1/2, ensuring finite information content (the
information content I(1/2) = 0).

This first attempt to develop a mathematical theory
suitable to speak of indeterminism led Gisin [38] directly
to intuitionism thanks to Carl Posy. Roughly, construc-
tive mathematics is an umbrella term for any alternative
to classical mathematics based on the failure of the law
of excluded middle, which states that for every propo-
sition A, either A or its negation holds. Intuitionism
is a form of constructive mathematics first proposed by
Brouwer [39, 40] featuring built-in randomness mani-
fested in its distinctive treatment of the continuum. Still,
despite the clear mathematical appeal of intuitionism, it
became clear that Brouwer’s own justification of it has
fundamental limitations: as physicists we look for a real-
ist account of randomness as a “fact of the world”, while,
as it will be explained in Section III, Brouwer holds a
strong idealist position about mathematics and the exte-
rior world of the subject and attributes indeterminacy to
the faculties of a transcendental subject. This observa-
tion motivated the articulatation of a physicist account of
intuitionism [7]. In particular, to accommodate physics,
Brouwer’s ideas need to be replaced by a power of na-
ture to produce new information in the form of bits that
acquire determined values as time processes. Indeed, as-
suming physical randomness, it is natural to believe that
nature possesses such creative power. Once this is ac-
cepted, it is fascinating that such a naturalistic under-
standing of intuitionism provides a solid mathematical
framework that allows one to perform most — possibly all
— of the standard mathematics needed in physics, while
simultaneously incorporating at its core a non-geometric
view of time sorely missed in classical mathematics. We
will explore this point in Section IV and illustrate how
FIQs can be accommodated intuitionistically.

It is entirely plausible that all physical phenomena can
be simulated on a classical computer (Turing machine),
assuming as we would that the universe has only a finite
amount of information. In theory, this can be seen as
a corollary of Church’s thesis [41]. Given that such ma-
chines operate with finite resources, it is equally reason-
able to suggest that the laws of physics might be express-
ible within the framework of intuitionistic mathematics,
which inherently reflects the limitations of finitary com-
putation.

From the naturalistic standpoint, numbers are pro-
cesses, often never ending processes that leave part of the
future open and describe natural phenomena like becom-
ing and the creation of fresh information. It is only “at
the end of time”, so to speak, that all processes terminate
and hence all mathematical objects, like typical real num-
bers, gain determined values. But then, it is no surprise
that, from the end-of-time point of view, no evolution any
longer takes place and that determinism reins. Accord-
ingly, classical mathematics is naturalistic intuitionism
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seen from the end of time. At any finite time, natu-
ralistic intuitionism might be the right and powerful tool
required for physics. Its ability to describe non-geometric
time is as intimate as Newton’s concept of derivative is
to describe velocities. In contrast to Brouwer’s idealism,
however, physics needs a naturalistic foundation for in-
tuitionism, based solely on the fact that nature has the
creative power of randomness. In the reminder of the
paper, we examine how this naturalization of Brouwer’s
thought can be achieved.

III. BROUWER’S INTUITIONISM

It is time to take a step back and overview the origi-
nal philosophy of mathematics developed by Brouwer [22,
42, 43] through his two acts of intuitionism, so we can
be in position to better appreciate the unique features of
the naturalization of his intuitionistic mathematics. Af-
ter our presentation of Brouwer’s views, we will study
in detail how these two acts must be reformulated to in-
corporate the naturalistic approach sketched above. For
other recent presentations of Brouwer’s two acts, we refer
readers to [44] or [45].

A. The first act of intuitionism

Brouwer developed his intuitionism out of a revised
Kantian philosophy of mathematics that renounces spa-
tial intuition in favor of a stronger form of the temporal
intuition based on the movement of time as “one thing
which gives way to another thing”. His intuitionistic
mathematics does not leave room for a separate reality
existing independent of the mind. In a word, Brouwer is
an idealist in ontology and truth value [46]. Crucially,
Brouwer justifies his views by means of his two acts of
intuitionism, the first of which construes mathematics as
a non-linguistic creative activity of the mind in intuition
and lays down the basic ingredients of the discrete:

FIRST ACT OF INTUITIONISM Com-
pletely separating mathematics from mathe-
matical language and hence from the phe-
nomena of language described by theoretical
logic, recognizing that intuitionistic mathe-
matics is an essentially languageless activity
of the mind having its origin in the perception
of a move of time. This perception of a move
of time may be described as the falling apart
of a life moment into two distinct things, one
of which gives way to the other, but is retained
by memory. If the twoity thus born is divested
of all quality, it passes into the empty form of
the common substratum of all twoities. And it
is this common substratum, this empty form,
which is the basic intuition of mathematics.
[22, p. 4, emphasis original]

This passage may sound obscure, but ideas described
therein are actually simple. To begin with, it is worth
stressing that time here is not understood as scientific
time, the usual notion of time analyzed by the laws of
physics and measured by our clocks. As an idealist,
Brouwer thinks of time as one’s inner temporal aware-
ness [39, p. 99, fn. 2]. Moreover, he regards all mathe-
matical objects as mind-dependent constructions carried
out as a product of the intuition of time. Like everything
else, Brouwer’s mathematical universe is also generated
in inner time. The first object to populate the domain
is the number two, namely, the structure “one thing and
then another thing” that he refers to as the empty twoity.
It is intuited by abstraction on our perception of the
movement of time. The details are not important for our
purposes, but the empty twoity can be regarded as the
abstract form of all pairs of a first sensation immediately
followed by a second one in time.4 Then the number
one is created by projection on the first element of the
pair described by the empty twoity. All other positive
integers, the first infinite ordinal ω, and all subsequent
countable ordinals are generated by iterating this con-
struction process. Finally, we stress that mathematics is
independent of logic and language because it is a product
of intuition. In principle, it can be done mentally with-
out any need of language for communication, in strong
contrast with the dominant trust in formal systems and
formalized mathematics today. Brouwer forcefully denies
any foundational role for logic in mathematics, against
logicists and formalists.

B. The second act of intuitionism

Brouwer’s theory of the continuum is erected on two
basic intuitionistic mathematical objects: choice se-
quences and species. As we already saw in the introduc-
tion, choice sequences are potentially infinite sequences
whose elements may be chosen freely or determined by a
law. Species are properties that serve as the intuitionis-
tic counterpart of the classical notion of set. The crucial
difference is that species are intensionally characterized
by their defining properties, but sets are extensionally
characterized by their elements.5 Choice sequences and
species are both introduced to the domain of objects by
Brouwer’s second act of intuitionism:

SECOND ACT OF INTUITIONISM Ad-
mitting two ways of creating new mathemat-
ical entities: firstly in the shape of more
or less freely proceeding infinite sequences of

4 See [47] for an interpretation of Brouwer’s intuition of twoity as
well as an account of his construction of the positive integers and
other discrete objects.

5 Thus, for example, the species of even numbers and species of
non-odd numbers are not one and the same.
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mathematical entities previously acquired (so
that, for example, infinite decimal fractions
having neither exact values, nor any guar-
antee of ever getting exact values are admit-
ted); secondly in the shape of mathematical
species, i.e. properties supposable for math-
ematical entities previously acquired, satisfy-
ing the condition that if they hold for a cer-
tain mathematical entity, they also hold for
all mathematical entities which have been de-
fined to be ‘equal’ to it, definitions of equality
having to satisfy the conditions of symmetry,
reflexivity and transitivity. [22, p. 8, empha-
sis original]

Brouwer stresses that species and choice sequences are an
immediate consequence of the self-unfolding of the basic
intuition of time [22, p.93]. Both are essential for do-
ing intuitionistic mathematics, but in this paper we con-
centrate mostly on choice sequences due to their promi-
nent role in naturalistic intuitionism. Indeed, it will be
enough for our investigation to make one important re-
mark about species: membership only applies for entities
constructed prior to the definition of a species, thus to
extend a species with objects constructed later on one
needs to redefine the same species once again.

Call a choice sequence lawlike if it is completely de-
termined by a law, and lawless if it is subject to no law
restrictions.6 The notion of law is simply accepted as
primitive. Given that Brouwer views intuitionism as a
mental activity, here we can think of laws as humanely
computable processes [48, §1.3]. Arguably the most im-
portant example of a non-lawlike sequence admitted by
Brouwer is one generated by the will of the creating sub-
ject, an idealized mind that constructs objects at succes-
sive stages with perfect memory, infallible reasoning, and
no resource constraints [49]. For instance, the construc-
tion process may consist of the subject continuously pick-
ing binary digits (bits) however they like. Even though
such a sequence is completely lawless, it is still granted
the status of mathematical object. As far as we know,
there is no direct textual evidence that Brouwer ever ac-
cepted sequences generated by events taking place in the
world independently of the subject.7

We emphasize two points about choice sequences.
First, as the way a choice sequence is constructed is es-
sential to its determination, intuitionism distinguishes
intensional and extensional criteria of identity for them.
Two choice sequences α and β are extensionally identi-
cal iff for all n ∈ N, α(n) = β(n). By contrast, α and

6 Not every non-lawlike sequence is lawless, since sequences might
be only partially determined by a law.

7 Freudenthal reports that Brouwer considered sequences gener-
ated by a series of rolls of a die in his lectures [50, fn. 4].
But Brouwer sees the exterior world of the subject as consist-
ing of mind-dependent events [43, pp. 1235–1236]. Thus, such
sequences remain fundamentally different from the naturalistic
sequences to be introduced in Section IV B.

β are intensionally identical if they are constructed in
the same way. For example, two lawlike sequences are
intensionally distinct but extensionally identical if they
are given by different laws. Sequences can even be in-
tensionally lawless but extensionally lawlike. For exam-
ple, the creating subject might make a series of choices
0, 1, 1, 2, 3, 5, 8, 13, 21, 34, ... and, at the end of time, when
all the choices were already made, something extension-
ally identical to the Fibonnacci sequence is then acciden-
tally obtained in the complete absence of laws [45, §1.2.1].
Second, at any instant of time, a choice sequence α only
contains finite information encoded in its initial segment
or restrictions on its continuation. Thus, to determine
whether α has a certain property we never need more
than a finite amount of information about α. That is,
the property will be shared by any other choice sequence
that shares this finite information. In the intuitionis-
tic literature this is referred to as a continuity principle.
Such principles can be formulated in different degrees of
strength that are not relevant here. What is important
is that the acceptance of even the weakest form of conti-
nuity leads to intuitionistic theorems that refute classical
logic altogether [51, pp. 60–67]. As we shall see in the
next section, this incompatibility means that the pres-
ence of any form of continuity principle in naturalistic
intuitionism would have deep revisionist consequences for
any theorem in physics that makes essential use of clas-
sical logic or mathematics.

Finally, truth is not a topic that Brouwer discusses in
either of his acts of intuitionism, but his so-called creat-
ing subject arguments clearly relate the way truths come
into being with the construction of choice sequences [49].
It thus seems appropriate to say a few things about
Brouwer’s conception of truth here. The creating subject
not just constructs mathematical objects but also expe-
riences mathematical truths in time. In fact, a propo-
sition is true just when its truth has been experienced
(Brouwer, 1948, p. 1243; 1955, p. 114). Brouwer does
not have an explicit account of proposition. But, as ex-
plained by his student, Heyting [53], a proposition is un-
derstood in terms of its assertability conditions. It is
thus common to refer to these experiences that realize
truths as proofs. Roughly, the meaning of a complex
sentence formed by the intuitionistic logical connectives
is explained by laying down what a proof of it is [54, ch.1
§3.1]. For example, in this proof explanation, a proof of
A ∧ B is a proof of A and a proof of B. But we stress
that proofs are regarded as mental constructions given in
intuition. In Brouwer’s intuitionism, there is no room for
a subject-transcendent characterization of meaning and
truth.

IV. THE PHILOSOPHICAL BASIS OF
NATURALISTIC INTUITIONISM

In this section we formulate a basic philosophical
framework for naturalistic intuitionism by means of a



6

minimalist reformulation of Brouwer’s two acts. At the
same time, we explore the unique naturalistic approach
to key intuitionistic topics, such as logic, language, time,
ontology, meaning, truth, and applications in science. In
our opinion, this comparative analysis reveals some of the
most deep philosophical consequences of the naturaliza-
tion of intuitionistic mathematics.

A. Naturalizing the first act of intuitionism

Naturalistic intuitionism is erected on a particular no-
tion of external time that is continually producing new
information — again, as existing in the universe and not
personal knowledge of an agent. That is, information is
not intended as an epistemic concept of the knowledge
available to some agent, but rather as something objec-
tively created anew in the universe. This is the much-
needed non-geometric concept of time characterized by
genuine new information generated by indeterminate pro-
cesses that was alluded to in Section II. We shall refer to
it as “creating time”.8 This describes the worldview that
information is created as the clock ticks. The past has
already been determined, but future events are left unde-
cided until enough information gets created in time. In
fact, we may also say that creating time itself ticks when-
ever new information is created. In what follows, “time”
refers to creating time unless explicitly stated otherwise.

How does new information get created in the present?
As outlined in Section II, one basic tenet of naturalis-
tic intuitionism is that nature has the power to inces-
santly brings random bits into existence. This power is
manifested by natural random processes that repeatedly
generate random bits at discrete instants of time. Let r
denote such a natural random process. We say that at
every instant n > 0, a fresh random bit, denoted r(n), is
determined. Thus, at any instant, only finitely many bits
created thus far r(1), r(2), r(3), ..., r(n) have been deter-
mined; however, once creating time elapses at the next
instant, a fresh bit r(n + 1) is determined as well. The
process can be repeated indefinitely since creating time
can always elapse again. This only assumes the existence
of binary digits — labeled 0 and 1 — as basic mathe-
matical objects, the naturalistic counterpart of Brouwer’s
unity and twoity.9 All other numbers can be generated
from bits and the power of nature. By regarding algo-
rithms as instances of laws of nature, the construction
of any lawlike object is justified. For instance, the num-
ber 2 and all subsequent numbers can be constructed by
means of the successor operation out of the bit 1.

8 This was first called “creative time” in [16]. It has been renamed
here to emphasize action and to match Brouwer’s own translation
of his Dutch term het scheppende subject into English as ‘the
creating subject’ [43, p. 1246].

9 Brouwer’s names for the number 1 and 2 [22, p. 90].

In light of all this, we suggest the following paraphrase
of Brouwer’s first act of intuitionism as a way to better
understand the unique traits of naturalistic intuitionism:

FIRST ACT OF NATURALISTIC INTU-
ITIONISM Completely separating physics
from metaphysical assumptions of determin-
ism and hence from the phenomena of infi-
nite predetermined information, recognizing
that intuitionistic mathematics is fundamen-
tally the result of randomness produced by na-
ture having its origin in the move of creating
time. This movement of creating time may be
described as the creation of new information
as time processes, setting an actual separa-
tion between before and after, as old infor-
mation is retained but new information did
not exist prior to its creation. Nature has
the power to continually produce randomness
in the form of entirely new information at
discrete instants of creating time. And it is
this power, allowing to produce random bits
from 0 and 1, which is the basic concept of
naturalistic intuitionism.

To sum up, whereas Brouwer’s intuitionism starts from
the rejection of language and logic as its point of depar-
ture, naturalistic intuitionism departs from the rejection
of a deterministic worldview grounded on infinite infor-
mation. To borrow Carl Posy’s fitting analogy, no in-
finite helicopter that can lift us high enough to survey
the entire terrain or reveal how things are determined
at the end of time [44, p. 14]. Rather, everything is al-
ways evolving in a unfinished process; only what can be
computed is completely determined and only the finite is
graspable [7]. On another note, Brouwer’s intuitionism
focuses on inner time while naturalistic intuitionism is
interested in outer time. Instead of a basic intuition of
mathematics, we have the power of nature as the basic
concept for physics. This revised first act has a number
of significant implications worth exploring:

a. Logic and language Although it would seem that
naturalistic intuitionism is in principle neutral about the
role of logic and language in mathematics, the natural-
ization curiously entails a Brouwerian downplay of these
themes as well. It is hard to argue that the power of
nature to produce randomness can be fully expressed
in words. Mathematics remains a languageless activity,
but of nature rather than the mind. Is logic a part of
mathematics from the naturalistic viewpoint too? Not
necessarily. Naturalistic intuitionism is consistent with,
though does not necessarily imply, the view argued by
[55] that logic is a natural science. But naturalistically
it is also plausible that mathematics depends on logic,
in which case nature has to conform to logical laws pre-
scribed in advance.

b. Temporality Time is the key concept in Brouwer’s
and naturalistic intuitionism, but it is construed differ-
ently in both approaches. For Brouwer, mathematics is
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a mental creation based on the creating subject’s percep-
tion of the movement of their internal time, separating
between their perception of present and immediate past.
In naturalistic intuitionism, mathematics is a product
of nature grounded in the movement of creating time.
As a model of external time, creating time ticks inde-
pendently of one’s experiences. Creating time assumes
realism about the past, present and future. The future
exists as a horizon of real potentialities, which are actu-
alized in the present act of creation characteristic of cre-
ating time. The next bit to be generated by the power
of nature is not yet determined, but from the naturalist
viewpoint, indeterminate objects have real existence as
potentialities. This introduces a subtle metaphysical dis-
tinction between the real existence of potentialities and
well-determinedness of actualities [16].

c. Objectivity and communication We have seen
that the naturalization replaces Brouwer’s creating sub-
ject with the power of nature. This, at the same time,
explains the apparent objectivity of mathematics: math-
ematics deals with real existing objects produced by na-
ture. This means that the common charges of solipsism
raised against Brouwer do not affect the naturalistic in-
tuitionist because of the desubjectivization.10 One might
think the communication of mathematics is not especially
problematic in the naturalist setting because mathemati-
cians all speak about the same mind-independent objects.
However, lawless sequences are known to resist any lin-
guistic treatment [58, p. 5]. Thus, after the introduction
of choice sequences in the second act, to be revisited in
Section IV B, some objects do become non-communicable
despite being mind-independent, simply because they are
not yet determined.

d. Ontology The naturalization induces a novel ap-
proach to ontology in intuitionism. It is consistent with
the Quine–Putnam indispensability argument [59, §1],
for example, unlike Brouwer’s intuitionistic mathemat-
ics. Naturalistically, mathematical entities are indeed
indispensable to our best physical theories and there is
no ontological commitment to other dispensable entities
such as mental constructions. The way objects are con-
structed in both settings is also worth contrasting. The
basic objects of Brouwer’s universe are the number two
and one, which, as explained in Section III A, are con-
structed from the empty twoity in this very order. In the
naturalistic approach to intuitionism, the basic objects 0
and 1 represent the fundamental distinction between the
indeterminate and the determinate; that is, they stand
for the “before” and the “after” an actualization. It is the
creative process of actualizing something that was previ-
ously only potential which gives rise to the twoity—i.e., in
this case, the bit—much in the spirit of Brouwer’s tempo-
ral perspective, though here without invoking a creating

10 It is worth noting that [56] and [57, ch. 6] maintain that Brouw-
erian intuitionistic mathematics has intersubjective validity.

mind.11

Moreover, the construction of 2 and all subsequent nat-
ural numbers in terms of addition and 1 is explicitly re-
jected by Brouwer, while it is accepted naturalistically.
As we can see in the quotation below, Brouwer objects
that adding two things together already presupposes the
intuition of twoity — such an objection, however, does
not apply to the naturalistic intuitionist because addition
and any other algorithmic operations on bits are readily
available as laws of nature:

The first act of construction has two discrete
things thought together [...] F. Meyer [...]
says that one thing is sufficient, because the
circumstance that I think of it can be added
as a second thing; this is false, for exactly
this adding (i.e. setting it while the former
is retained) presupposes the intuition of two-
ity; only afterwards this simplest mathemati-
cal system is projected on the first thing and
the ego which thinks the thing. [39, p. 179,
fn. 1, emphasis original]

e. Science Brouwer originally grounded his intu-
itionistic views in a mysticist background philosophy that
describes the external world of the subject in terms of
iterative complexes of sensations completely estranged
from them [43, pp. 1235–1236].12 Since mathematics be-
longs to the internal world of the subject, it follows that
any mathematical techniques needed for physics has to
conform to our mind and not nature. In this sense, sci-
entific applications are secondary to Brouwer’s program.
Naturalistic intuitionism, on the other hand, places na-
ture and the needs of science first.

B. Naturalizing the second act of intuitionism

Due to the naturalization of the first act, species and
choice sequences must derive from the power of nature.
Indeed, as mentioned in the previous subsection, the no-
tion of a sequence driven by randomness is absolutely
crucial to the naturalistic intuitionist’s indeterminsitic
physical worldview. Thus, just as in Brouwer’s intuition-
ism, the second act is a consequence of the first. Let us
now take a closer look at how the naturalization affects
species and choice sequences in turn.

11 One can identify another kind of twoity in naturalistic intuition-
ism. For an event to be fundamentally indeterminate, there must
be at least two distinct potential future states, only one of which
will actualize.

12 We thank Mark van Atten for bringing to our attention that, at
the same time, Brouwer isolates pure mathematics from mysti-
cism, and, as a result, all of science is detached from the realm
of mysticism, because Brouwer views science as applied mathe-
matics.
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Naturalistic species have subtle differences, given that
properties and equivalence relations posited by the laws
of nature or natural random processes exist. Thus,
they exist independently of any thinking mind, while for
Brouwer to be a species is to be intuited. Due to the natu-
ralistic commitment to ontological realism, here a species
never has to be redefined to extend its scope to objects
constructed after its definition. Once again, determinism
and realism must be sharply distinguished. This is not to
say that membership in a naturalistic species is decided
in advance for objects yet to be constructed. As usual,
we write a ∈ A to mean that a has the property described
by the naturalistic species A. Here if A is determined at
stage n in time, it is not at this point determined whether
a ∈ A, for some new object a that is determined at stage
k > n. It is only once a is determined at stage k that
a ∈ A can be determined as well. However, the con-
trast with Brouwer’s intuitionistic mathematics is that
a ∈ A can be determined at k without the need to re-
define A at a further stage l > k so it can collect a as
a previously constructed object. In this sense, ontologi-
cal realism brings about a simplified account of species.
More importantly, every naturalistic species gives rise to
natural random processes ranging over them. Thus, if
A is a species, we admit all natural random process r
such that r(i) ∈ A for every positive integer i. So far,
we only assumed that each r(i) must have bits as values
because the most primitive naturalistic species is that of
the bits 0 and 1 provided by nature.

The naturalistic understanding of choice sequences is
also remarkably distinct. Here all basic sequences derive
from the power of nature to constantly produce new in-
formation in the form of bits whose values are random.
First of all, we may say every natural random process r
is a lawless generators of bits.13 Recall that at any dis-
crete instant of time n ∈ N, a fresh random bit, denoted
r(n), is determined. Naturalistically, the most basic con-
struction of a choice sequence begins by noting that, at
time n, we also have at our disposal a finite sequence of
previously created bits r(1), r(2), ..., r(n) that are com-
pletely independent from each other. If this process is
continued indefinitely, without any further intervention,
the resulting object is a lawless sequence of bits. But
more generally, in naturalistic intuitionism, any express-
ible non-lawlike sequence

α = ⟨α(1), α(2), ...⟩

of arbitrary mathematical objects is generated in the fol-
lowing way [7, §3]. Given a fixed object a and a law f
that takes as arguments the sequence of bits generated
thus far, the number of such bits, and the previous ele-

13 For more on lawless generators and projections see [44, p. 68].

ment of the sequence, we have:14

α(1) = a

α(n+ 1) = f(r(1), ..., r(n), n, α(n)).

Naturalistically, the most fundamental sequences are all
obtained in this way as projections of lawless sequences
of bits to mathematical objects according to a law.

We stress three distinguishing aspects of these so-called
“naturalistic sequences”. First, the process described
above only admits intensionally lawless sequences if they
range over bits — in fact, the only intensionally lawless
sequence is the natural random process itself. Recall the
distinction made in Section III B about intensional and
extensional identity. All lawless sequences of other ob-
jects are generated as projections partially determined by
laws, so they can only be extensionally and not intension-
ally lawless. Second, as in Brouwer’s intuitionism, a law
is a primitive notion of computation process. However,
we stress that here they are not processes constructed by
some constructing intelligence, who lets them come into
being as they are defined, but generated as instances of
laws of nature. The existence of laws is predetermined by
nature. Third, the FIQs introduced in Section II can be
accommodated as a specific type of naturalistic sequence,
in which the next bit is generated based on a majority
rule applied to the preceding k bits, where k is an odd
number. Within this framework, the propensities char-
acterizing FIQs emerge from the inherent randomness of
making binary choices with equal probability (i.e., 50%–
50%). When a significant majority of the last k bits are
1s, there is an increased chance that this pattern will
continue.

To incorporate the unique treatment of species and
choice sequences described above, it seems reasonable to
reformulate Brouwer’s second act as follows:

SECOND ACT OF NATURALISTIC INTU-
ITIONISM Admitting two ways of creating
new mathematical entities: firstly in the shape
of sequences generated from natural random
processes according to the laws of nature (so
that, for example, FIQs having neither deter-
minate values, nor any guarantee of ever get-
ting determinate values are admitted); sec-
ondly in the shape of mathematical species,
i.e. properties preserving some equivalence
relation that define membership equality in
the species, where the property and equiva-
lence relation must be describable by the laws
of nature or its random processes.

a. Determinism and realism Non-lawlike naturalis-
tic sequences are not as determined as lawlike sequences.

14 Depending on the law f adopted, choice sequences of computable
numbers need not converge. In [7] it was assumed that they all
do.
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But the potentialities of each subsequent choice are real,
hence here non-lawlike sequences are real objects in their
entirety, but not yet fully determined. We stress that
naturalistic intuitionism sharply distinguishes between
determinism and realism: the later does not imply the
former. Objects may have real existence but possess only
partial determinacy at finite time.

b. Choice A natural question is whether the same
class of choice sequences is expressible in both naturalis-
tic and Brouwer’s intuitionism. It is easy to see that ex-
tensionally the same class of choice sequences is obtained.
For every naturalist choice sequence α = ⟨α(1), α(2), ...⟩,
the creating subject may construct an extensionally iden-
tical choice sequence in Brouwer’s intuitionism by choos-
ing its elements step by step. Conversely, given any
choice sequence β = ⟨β(1), β(2), ...⟩ in Brouwer’s intu-
itionism, there is a natural random process r ranging over
the species collecting the elements of the sequence that
is extensionally equal to it. But these sequences need
not be intensionally identical because the construction
processes may differ. There are no choice sequences gen-
erated by the creating subject in the naturalist account.

c. Constructivity One might wonder if to do physics
one needs the full power of Brouwer’s intuitionistic math-
ematics, which as already mentioned in Section III B
includes classically false additional principles to reason
about choice sequences. Would the form of constructive
mathematics practiced by [60], which is roughly equiva-
lent to classical mathematics without the law of excluded
middle, not already result in the kind of indeterminacy
one needs for physics? Bishop only admits lawlike se-
quences. From the naturalist perspective studied here,
only choice sequences allow mathematics to truly speak
about randomness because not all sequences found in na-
ture are lawlike. At the same time, this raises the ques-
tion of what exact additional principles that naturalistic
choice sequences are expected to satisfy. Two things can
be said on this regard. First, there is no reason to as-
sume that the naturalistic approach needs to accept all
principles employed by Brouwer and his followers. Sec-
ond, naturalistic intuitionism refrains from settling the
question once for all and endows their choice sequences
with an open-ended nature. Any additional principles
are acceptable to the extent that they found to be useful
to do physics or any other science.

d. Meaning and truth In Brouwer, meaning and
truth are subject-dependent notions. The naturalist re-
jection of his creating subject implies a complete desub-
jectification similar in effect to the kind advocated
by Dummett’s [61] meaning-theoretical turn: meaning
and truth are explained by appealing to a primitive no-
tion of provability no longer reducible to a mental con-
struction in intuition. However, naturalistically some
proofs can be interpreted as empirical evidence. More
specifically, the meaning of a sentence in the naturalist
setting is still determined by the proof explanation as
in Section III B. But some proofs are observable infor-
mation that verify a given proposition. We may there-

fore think of a proof as comprising a physics experiment
broadly understood [62, p. 5]. For example, an experi-
ment for “the temperature now in Geneva is 25◦C” could
be a thermometer showing the designated temperature
at the relevant time and place. Mathematical sentences
are treated similarly: an experiment for “5+7 = 12” may
be simply counting the relevant units.

How should truth be understood in naturalistic intu-
itionism? We are looking for some subject-independent
account in terms of provability. Perhaps following
a distinction extensively studied by Raatikainen [63],
one may be tempted to frame the discussion through
a potentialist-actualist distinction that identifies “A is
true” with either “A can be proved” or “A has been
proved”. Or one might wish to further distinguish in-
termediate conceptions of truth like Hanson [64] does.
However, recall that naturalistic intuitionism maintains
a worldview where things are evolving as the clock ticks.
Time and fresh information, in the form of new bits,
are intimately connected. They go hand in hand: time
ticks when new bits are created. Accordingly, as long as
time passes, new information is created and new evidence
becomes available in the world. As empirical evidence,
proofs are real objects interacting with the world and are
thus processes developing in time. As a result, there is
no room for an atemporal conception of truth. We thus
have:

A is true now = A can be proved now (using
information available at present)

If Goldbach’s conjecture is eventually proved tomor-
row, for example, was it already true prior to that mo-
ment according to this naturalistic rearticulation of in-
tuitionistic truth? More generally, we stress that if A
is true at time n, it will remain true at n + 1. But it
need not be the case that A was already true at stage
n − 1, for example. The only exception is when we are
dealing with a decidable proposition. In this case, we
can at stage n − 1 prove A using information available
at present even if the proof is only given at stage n. Fi-
nally, we add that this account of truth is consistent with
realism about proofs. The proof a as an object in devel-
opment itself existed prior to that stage n in time, but
the truth of the proposition A requires that a proves A.
This could not have been determined in advance because
the proof a qua experiment was still under construction.

V. CONCLUDING REMARKS

If nature can be simulated by a classical computer (as
suggested by Church’s thesis), then a form of mathemat-
ics that unfolds over time while remaining finite at each
moment may offer a more suitable framework for describ-
ing physical phenomena. Motivated by this idea, we have
presented naturalistic intuitionism as a novel program in
the philosophy of mathematics, grounded in the foun-
dational needs of physics. More importantly, we have
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pinpointed the necessary revisions to the two acts that
uphold Brouwer’s intuitionism in order to establish the
philosophical foundation backing this program, and have
delved into some of the implications arising from this.

Several important questions still remain open. In par-
ticular, just how much of the classical mathematical re-
sults ordinarily needed for doing physics are we able to
retain assuming the naturalist intuitionisitic revision dis-
cussed in this paper? Since intuitionistic and classical
mathematics are inconsistent with each other, the mat-
ter should be treated carefully. Also, from naturalistic
viewpoint presented in II, classical mathematics is like in-

tuitionism at “infinite time” or looked at form the “end
of time”. Since they are inconsistent, it means that there
is a singular limit, where truth values suddenly get de-
termined at infinity.
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