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Abstract

Much of the century-old debate surrounding the status of thermodynamics in relativity has
centered on the search for a suitably relativistic temperature; recent works by [Chual
and [Chua and Callender| [forthcoming]] have suggested that the classical temperature
concept — consilient as it is in classical settings — ‘falls apart” in relativity. However, these
discussions typically assume an unproblematic Lorentz transformation for — specifically,
the Lorentz invariance of — the pressure concept. Here I argue that, just like the classical
temperature, the classical concept of pressure breaks down in relativistic settings. I
discuss how this might suggest a new thermodynamic limit —a u — 0 limit — without
which an unambiguous thermodynamic description of systems doesn’t emerge.
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1 The question of relativistic thermodynamics

The empirical success of classical thermodynamics has often supported a belief in its “absolute au-
thority” (Utfink|[2001]), giving the impression that thermodynamics is “about almost everything”
(Atkins [2007])E] Likewise, Einstein’s principle of relativity — the idea that the quantities and laws
of our physical theories should be invariant under Lorentz transformations — is often touted as a
principle to which we can “ascribe general and absolute accuracy” (Planck|[1908]). Thus emerged
the question of relativistic thermodynamics, that is, whether (and how) classical thermodynamics fits
with the principle of relativityﬂ Specifically, can we find Lorentz transformations of the laws and
quantities of thermodynamics which preserve or ‘naturally” extend the physical meaning of these
laws and quantities in the classical domain?lﬂ

I focus on the limits of this project for relativizing the classical concept of pressure as it appears
in classical thermodynamics (henceforth simply pcjassicar)- I'll consider four perspectives (§3) which
together defined a unique passical in the classical setting — via hydrostatics, via the fundamental
relation, via empirical equations of state, and via continuum mechanics — and argue that their
relativistic counterparts no longer jointly define a unique pressure concept in the relativistic do-
main (§4). There is no unique way to extend the concept of pressure into the relativistic domain;
it is only unique in the special case where systems are not moving with respect to observers. This
result sheds new light on the limits of thermodynamics and the usual thermodynamic limit (§5).

2 Relativizing thermodynamics: ‘T falls apart’

To render thermodynamics compatible with the principle of relativity is to (at least) find a set of
Lorentz transformations for the laws and quantities of classical thermodynamics — by which we
can relate thermodynamic quantities of systems in relative motion to some stationary observer (‘in
the moving frame’ of the system) to the quantities of such systems as it appears to observers co-
moving with the system (‘in the rest frame” or ‘co-moving frame’ of the system)ﬁ These Lorentz
transformations should either preserve the physical meaning of the original physical concepts and
laws, or provide natural extensions to them —it’s one thing to find some set of transformations for
some quantity, and another to assert that the quantity preserves its physical meaning under such
transformations.

Lorentz transformations allow us to relate the time and spatial coordinates between two
inertial frames in relative motion (and hence quantities depending on such coordinates). Consider
an observer O’ with time and position coordinates (', x’, ', z) , moving along the positive x-axis
relative to another observer O with coordinates (¢, x, y,z) . If O’ is moving in the x-direction at a

1By classical thermodynamics, I mean what’s usually called the Minus-First, Zeroth, First, Second, and Third laws. I
assume this to be conceptually distinct from, though intricately connected to, statistical mechanics.

2See e.g. [Einstein| [1907] or [Planck![1908].

3Relativistic thermodynamics also raises new philosophical worries about the limits of thermodynamics’ applicabil-
ity to relativistic settings, and hence to philosophical debates, e.g., concerning a global thermodynamic arrow of time
[Albert, 2000, |[Loewer}, 2019} |(Chen, [2021] or whether black holes are thermodynamic objects [Dougherty and Callender,
2016, Wallace| [2018].

*See|Liul[1992}1994].



constant velocity u (where u = v/c and v is the relative velocity of O’ from O), then O can describe
O’ ’s coordinates using the Lorentz transformations:

’

' =y(t—ux), x =yx-ut), y=y 2=z (1)
1

where y = = is the Lorentz factor, u is the magnitude of u, and c is set to 1 for simplicity for the
U

rest of this pap:er (sothat0 <u <1).

The hope for (special-)relativistic thermodynamics is to find unique Lorentz transformations
for thermodynamic quantities like temperature, pressure, or volume. To that end, Planck and
Einstein proposed a set of Lorentz transformations for most thermodynamic quantitiesE] Their
proposed Lorentz transformations for the volume element dV, pressure p, and entropy S (and
energy, to be discussed in §4.2 and §4.4) are:

%

dv’ 7, p=p, S =S ()

The above remains largely uncontroversial (though we’ll return to pressure shortly). However, the
Lorentz transformation for temperature turned out to be extremely equivocalE] which led Einstein
to remark that, when it comes to relativizing thermodynamics,

there is actually no compelling method in the sense that one view would simply be
‘correct” and another ‘false.” One can only try to undertake the transition as naturally as
possible. ([Liu, 1992, p. 200, emphasis mine])

Chual[2023] provides one way of understanding this notion of ‘natural’-ness via consilience. He
suggests that

we understand Einstein’s notion of ‘natural’-ness as follows: There’s strong consilience
between classical counterparts of these procedures in determining [the classical tem-
perature]’s physical meaning, in the operational sense that the temperature established
by each procedure agrees with other procedures. Contrariwise, their relativistic coun-
terparts demonstrate no such consilience: different procedures predict starkly different
behaviors for relativistic temperature. ‘Natural” procedures in [classical thermodynam-
ics] do not appear ‘natural’ in relativistic settings. (Chua 2023, 1308)

As|Chua [2023] shows, (at least) four procedures jointly defined the temperature in the classical
setting: the Carnot cycle, thermometers, kinetic theory, and black-body radiation. Crucially, these
four procedures all agree on the same concept of the classical temperature, each capturing differ-
ent facets of its physical meaning. They are consilient in defining the classical temperature.

Chua’s consilience dovetails with Weyl’s concordance, with some subtle differences. It's worth
briefly comparing the two, in order to elucidate the notion of Consilienceﬂ Weyl’s focus is on the
convergence of “determinations” — numerical inferences from empirical data and the established
laws of physical theory — about the values of physical quantities such as the electronic charge e. If
a concept is concordant, then every determination of that concept’s value agrees:

5See Liu (1994) and references therein.
6See|Liu|[[1992} [1994],|Chual[2023] and references therein.
’I thank an anonymous reviewer for drawing my attention to this connection between consilience and concordance.



Every such determination has to yield the same result. Thus all determinations of the elec-

tronic charge e, that follow from observations in combination with the laws established
by physical theory, lead to the same value of e (within the accuracy of the observations).
[Weyl, 1949, 121]

For Weyl, a properly physical quantity must be concordant in this sense, in order to “bring the
theory in contact with experience” [Weyl, 1949, 122]. Chua’s consilience agrees that convergence
of a certain sort is important for identifying whether a concept makes contact with — and tracks —
reality. However, consilience is at once stronger and weaker.

On the one hand, consilience appears stronger (and less strictly positivistic) than Weyl’s con-
cordance, because it demands more than mere numerical agreement across measurement proce-
dures. Specifically, consilience requires that various procedures share a deeper semantic unity,
arising from their convergence in terms of theoretical roles. For example, in the case of tempera-
ture, the relevant procedures — Carnot cycles, thermometers, kinetic theory, and blackbody radi-
ation — not only produce numerically consistent results but also jointly define what temperature
means in the classical domain. Thus, consilience involves not merely convergence in measurement
outcomes, but convergence in the explanatory and conceptual roles that jointly define a unified
physical quantity.

On the other hand, consilience appears to be weaker, in that it can be domain-specific. Weyl’s
discussion of concordance does not appear to be domain-specific: a quantity either is or is not
genuinely physical, and, if it is, then all determinations must match. But Chua holds that classical
temperature can be perfectly consilient—and thus perfectly real—only in ordinary, non-relativistic
contexts involving Carnot cycles, thermometers, kinetic theory, and black-body radiation. In rel-
ativistic contexts, the relativistic generalizations of these classical procedures generalize in diver-
gent, inconsistent ways: different approaches yield different relativistic transformations for the
temperature, T’ = T, T" = yT, T' = %T, and can even be arbitrary. In short, there is no single
relativistic temperature that carries the same convergent meaning — the same consilience - as in
the classical domainﬂ Consequently, classical temperature “falls apart” in relativity; a concept’s
consilience can break down in the relativistic domain even as the concept remains robust (and
tracks reality) within the classical domainﬂ

8Finally, there is a rather deep question here, concerning what to say about a concept when the breakdown of
consilience occurs. In my view, we can say one of two things: (1) the concept of temperature/pressure breaks down
simpliciter and only lesser concepts which are not temperature/pressure (because they no longer play all the roles
we expect of the classical concept) survive the generalization. Or (2) there really were many different sub-concepts of
temperature or pressure that happened to align in the equilibrium regime and not elsewhere. This is an interesting
question in philosophy of language, in part about whether and when we are using one concept as opposed to indeter-
minately using many. In this paper, I simply try to establish the prior claim, that the consilience of passical breaks down.
The further question, of arbitrating between (1) and (2), will take us too far afield into deep questions in philosophy of
language, and I leave it for future work.

%In this sense, I would likely agree with Bridgman|[[1927, 16]’s remark that a mere numerical match — such as that
between tactile and optical length — need not imply that the two concepts are physically the same. Determining whether
they are indeed physically the same is a more subtle question. As an operationalist, Bridgman holds that (as in the
case of tactile vs. optical length) “if we have more than one set of operations, we have more than one concept, and
strictly there should be a separate name to correspond to each different set of operations” (p. 11). Because I am not an
operationalist, I am open to the idea that distinct theoretical procedures — including but not limited to measurement



These problems with relativistic thermodynamics have so far only been discussed in the con-
text of temperature. Importantly, Einstein, Planck, and others took themselves to have definitively
obtained the Lorentz transformation of pressure p:

p=p 3)

That is, p is a Lorentz-invariant quantity. Discussions about the special relativistic temperature
have largely proceeded on this understanding, seen in e.g. Landsberg and Johns|[1967], Liu [1994],
Chua[2023]. For instance, [Landsberg and Johns|[1967, 29] labels (3)) as “generally valid and ac-
cepted”. However, as we'll see, the problem with relativistic thermodynamics is not just a prob-
lem with temperature, something only a few e.g. Farfas et al.|[2017], Sutcliffe [1965], Balescu|[1968]
have recognized.

3 The classical thermodynamic pressure

The goal for the remainder of this paper is precisely to work out what happens when pjasical is
generalized to the relativistic domain. In particular, what happens to it under a Lorentz boost?
For concreteness, by pdassical, I mean the unique equilibrium quantity featuring in non-relativistic
equilibrium thermodynamic regimes. In this regime, pcagssical is jointly defined in terms of four
roles it plays, which I will explain in the remainder of this section:

e Hydrostatic role: it is an isotropic quantity defined in terms of balanced forces acting over
some surface area.

e Thermodynamic role: it features as an intensive parameter in the fundamental relation.

e Empirical role: it features as a parameter in a variety of empirical equations of state for
specific kinds of systems.

e Continuum mechanical role: it is defined in the local rest frame of static or ideal fluids as
the isotropic part of the stress tensor.

The question, then, is what happens when this concept, understood as such, is generalized to
the relativistic domain. As with the relativistic temperature, the question is what happens to this
concept under Lorentz boosts.

operations — can define a single consilient concept. In temperature’s case, physical practice typically does not separate
“kinetic temperature” from “Carnot temperature,” or from “blackbody radiation temperature”: instead, practitioners
treat them as one classical concept. Yet Bridgman'’s operationalism would generate many separate concepts even in this
case where one “natural” concept, such as classical temperature, can unify them. Nonetheless, my analysis aligns with
the spirit of Bridgman’s caution that “we must always be prepared some day to find that an increase in experimental
accuracy may show that the two different sets of operations which give the same results in the more ordinary part of the
domain of experience, lead to measurably different results in the more unfamiliar parts of the domain” [Bridgman,|1927,
24]. As argued above (and will be argued later), consilience in one domain does not guarantee consilience in another. I
thank an anonymous reviewer for suggesting that I further develop these connections between Bridgman'’s discussion
and consilience.



Naively, one might think that the Lorentz invariance of pressure follows from the fact that
Pclassical 1 scalar. That paassical is scalar is certainly true in classical physics, though why it is true is
not quite straightforward.

Furthermore, it helps to distinguish two senses of a ‘scalar” quantity herem One is to define a
scalar simply as a Lorentz-invariant quantity. If passica is indeed scalar in this sense, then it trivially
follows that it is Lorentz-invariant. Of course, this is precisely what I'll call into question later.

Rather, pdassical 1S @ “scalar” in another sense: it is a real-valued quantity, acting on vectors
via scalar multiplication. pcassical is indeed scalar in this sense, and we can define a scalar field in
terms of the value of p.agsical at each point of a system. The classical temperature is also scalar in
this sense, and I have already mentioned that the question of its Lorentz-invariance is far from
closed. AsI'll show, there’s likewise no guarantee that passical is Lorentz-invariant just because it
is scalar in this sense.

To see how plassical breaks down under pressure, I'll first show how it can be understood
uniqueléin the classical setting, through the consilience of four different perspectives in defining

Pclassical

3.1 Pressure in hydrostatics

Let us first consider the hydrostatic role that pcjassical plays: in equilibrium fluids, pdassical 1S an
isotropic scalar magnitude of balanced normal forces per unit area. This fixes one component of
the classical concept that we will compare against its relativistic counterparts in §4.

Pclassical 1S Often associated with forces over unit area, but forces are always directed. In mod-
ern terms, forces are vectorial, and can furthermore vary over different directions in space, i.e.
they can be anisotropic. Yet pdassical 1S both scalar (in the second sense from the foregoing) and
isotropic: the scalar field defined by pjassical OVer some system is not supposed to vary differently
with any particular direction in space. An immediate puzzle is how one gets a scalar isotropic
quantity from a vectorial and generally anisotropic quantity. Indeed, the idea that pressure might
not depend on direction at all is fairly new. To my knowledge, this understanding was first de-
veloped in terms of the pressure of fluids in equilibrium, in the study of hydrostatics It is in this
context that the isotropy of pressure became de rigueur. Today, we can readily find claims such
as Massey and Ward-Smith! [2006] pp. 13-14]’s emphatic statement that “to say that pressure acts
in any direction, or even in all directions, is meaningless; pressure is a scalar quantity.” The first
fully modern understanding of pressure as a scalar isotropic quantity, though, is found in Newton
[1687, Book II, §5]/*°|which relied on hydrostatic equilibrium and the idea of balanced forces, and
explicitly defined pressure in terms of forces over area.

Newton famously argued for the isotropy of pressure, through which we can see why pres-

107 thank an anonymous referee for suggesting this distinction.

1 Crucially, I am not saying that these perspectives are independent — they cannot be independent if they are consilient,
because they build on each other. But they are not conceptually identical, and this lack of conceptual identity is what
allows us to see the breakdown of consilience in the relativistic regime.

12Gee|Chalmers|[2018,2017] for a history of pressure and hydrostatics.

13Gee|Chalmers|[2018].



sureis a scalar Consider a fluid in a sphere pressed on all points of its outer surface by incom-
ing vectorial forces F per unit area with uniform magnitudes |F|. (See fig. [I}) Newton assumed
that the fluid is incompressible and so, Newton reasons, all of the parts of the fluid must be
static: there is no distortion and motion — no net force — in each part of the fluid. This implies a
balance of forces at any point on the surface: for every unit area on the sphere’s surface, there is a
force —F with equal magnitude but opposite direction.

Figure 1: Newton’s argument for the isotropy of pressure, illustrated.

To show the isotropy of pressure throughout the fluid is to show that these balanced forces,
acting on any arbitrary plane at any arbitrary point within the sphere (the red lines and dots in
fig. [), have the same magnitudes everywhere. Given any arbitrary point in the fluid, imagine
a chain of small, adjacent sub-spheres leading from that point to the fluid’s outer surface, where
the incoming force F first acts. By Newton’s third law, each sub-sphere exerts and experiences
equal and opposite forces with its neighbors; because the fluid is static, all points of each sub-
sphere’s surface must be under a uniform force of magnitude |F|. This uniform balance extends
inward step-by-step, so that all sub-spheres must experience forces per unit area with the same
magnitude, balanced with forces of equal magnitude but opposite direction, in order for the fluid to
remain static. Hence, the magnitude of these balanced forces is identical everywhere, and we define
this scalar as the hydrostatic pressure p.

From this perspective, pressure is neither conceptually identical to the directed forces acting
on the sphere nor the directed balancing forces, even though it cannot be defined without them. It
is the magnitude of the balanced forces per unit area everywhere in a static fluid [Chalmers, 2018} p.
174].

In short, the hydrostatic pressure’s isotropy and scalar nature depend on two conditions on
the forces per unit area: their magnitudes are constant in all directions, and each of these forces
must be balanced with equal and opposite forces. Thus, while the hydrostatic pressure is some-
times said to be defined as forces over area, it is not strictly correct. The hydrostatic pressure is not

147 Jargely follow (Chalmers|[2018]’s presentation.

5A fluid is “any body whose parts yield to any force applied to it and yielding are moved easily with respect to one
another.” [Newton| |[1687, Book II, §5]

16They do not change in volume or density under changes in pressure.



equivalent to forces per se; it is equivalent to the magnitude of isotropic balanced forces, i.e. in hydro-
static equilibrium, which allows us to define it directly as a single, scalar, quantity.

As an aside, it is worth noting that Newton, in De Gravitatione, took fluids to be strictly con-
tinuousFZ] “Thus I imagine that a fluid does not consist of hard particles, but that it is of such a
kind that it has no small portion or particle which is not likewise fluid.” (Newton|[1962, 151], see
also|Chalmers| [2018] for the tension between this assumption of continuity and Newton’s broader
corpuscular commitments.) Nowadays we think that fluids are composed of particles so that at
some scales the argument might fail. However, this is no issue for our purposes, which is to spec-
ify features of the hydrostatic role of pressure in regimes of thermodynamic equilibrium: insofar
as we are in regimes where systems can be treated as fluids on which forces are impressed, the
hydrostatic argument for isotropy continues to hold (and is fairly standard textbook fare). In any
case, my point here is not that Newton’s entire account of hydrostatics — ontology and all —is cor-
rect. Rather, it is simply a modest point that particular features of the pressure, that it is isotropic
and can be understood in terms of balanced forces over unit areas, stem from Newton’s account
and remain in use today as a defining trait of piagsical-

While this feature — that the hydrostatic pressure is isotropic — was first established through
Newton’s argument which holds only for incompressible fluids, the result holds in more gen-
eral cases as well. Notably, [Euler [1757] subsequently generalized Newton's result to all fluids
in equilibrium — incompressible and compressible — which included gases like air. Additionally,
this understanding of pdassical @s an isotropic magnitude of balanced forces over area for fluids
in equilibrium — now including gases — allowed later physicists to connect thermodynamics to
statistical mechanics via the kinetic theory of heat and gases. In the case of the ideal gas, it can be
easily proven that the pressure of the ideal gas is proportional to the mean (translational) kinetic
energy of the gas particles and the number of particles per unit Volumem This is the classical re-
sult (with 92 the gas particles’ mean squared velocity, N the particle number, and V the ideal gas’s
total volume{’

p=557mo (4)

This result, in particular, enabled the connection of our understanding of piagsical directly to me-
chanical quantities (in terms of momenta, kinetic energy, and forces). The understanding of pciagsical
in terms of the magnitude of balanced forces over area plays a crucial role in bridging the two
since forces can be defined in terms of changes in momenta. Crucially, this result requires assum-
ing the very same isotropy of pressure established above in Newton’s proof which still holds in
fluid regimes, but can also be justified by appealing to the random motion of particles which has
no preferred direction [Halliday et al., 2007, ch. 21].

To sum up the foregoing discussion, one prominent understanding of pressure is in terms of

17 As|Chalmers|[2018] notes, this is not too far off from the foundations of contemporary hydrostatics. Newton’s
argument — and the assumption that fluids are strictly continuous —survives in contemporary hydrostatics: “Newton’s
proofs were dependent on the strict continuity assumption insofar as they involved spheres of liquid touching planes at
points. The same continuity remains in the modern formulation of hydrostatics set in place by Euler. It is implicit in the
deployment of the differential equations that replaced Newton’s geometrical diagrams.”

8See, for instance, [Halliday et al{[2007), ch. 21] for details.

YEarly versions of this result can be found in e.g. [Clausius|[1857].



hydrostatics, as an isotropic scalar quantity as a result of balanced forces over areas (we see in §4.1
that Einstein has such a picture in mind when he proves the isotropy of pressure). However, this
isotropy is crucially dependent on background assumptions: specifically, pressure can be under-
stood as an isotropic scalar quantity if the fluid is (or becomes) static, and the system equilibrates
with its environment (i.e. the forces acting on the fluid are balanced against the forces acting on
the environment). In §4.1 we revisit exactly how this hydrostatic role generalizes under Lorentz
boosts.

3.2 Pressure in the fundamental relation

While the hydrostatic understanding of pressure as the magnitude of balanced forces over area is
important, it does not exhaust the understanding of pgassical. Let us now turn from the mechanical
picture of pressure to the classical thermodynamic framework. In this framework, at least classically,
the isotropy of pdassical 1S retained via its role as an intensive state variable (hence its consilience
with hydrostatics and mechanics since intensive variables do not scale with size — they remain
isotropic). However, this thermodynamic understanding of pressure is much richer — and different
— as it connects passical to the other thermodynamic state Variables@

Following Callen one standard way of viewing thermodynamics from a fundamental per-
spective involves understanding the system’s conserved internal energy U (or, in an alternative
but equivalent representation, the conserved entropy S) as a function of all the thermodynami-
cally relevant and independent extensive parameters (e.g. entropy S, volume V, mole numbers
N;) which exhaustively defines any possible thermodynamic state. Callen|[1991, p. 15] sees them
as the drivers of change in thermodynamics: by manipulations of the ‘walls” or constraints of the
system, “the extensive parameters of the system are altered and processes are initiated”. Each
extensive parameter, then, represents an independent way of manipulating the system through
thermodynamic means, and hence also defines a class of thermodynamic processes through which
one only manipulates them and not other extensive parameters.

Writing down U (or S) in terms of the other independent extensive parameters, we obtain the
fundamental equation, or, equivalently, the fundamental relation. In Callen’s terms:

The information contained in a fundamental relation is all-inclusive — it is equivalent
to all conceivable numerical data, to all charts, and to all imaginable types of descriptions of
thermodynamic properties. If the fundamental relation of a system is known, every thermo-
dynamic attribute is completely and precisely determined. ([Callen, 1991} p. 28], emphasis
mine)

The fundamental relation is thus the theoretical bedrock of thermodynamics: knowing it amounts
to knowing all possible thermodynamic behavior of the system. The usual form of the fundamen-
tal equation (in the U-representation) is:

U =U(s,V,Ny,..Ny) (5)

2 A state variable depends only on the current thermodynamic equilibrium state of the system, independent of the
path taken to reach it.
ZLA similar approach is found in e.g. [Reichl|[1980, pp. 31 - 35].



That is, U is a function of some set of independent extensive parameters: each parameter can be
changed, in principle, independent of the others (e.g. we can quasi-statically manipulate volume
while preserving entropy). Taking the total differential of U in terms of these parameters:

r
dul = (g_g) ds + (3—3) v+ ((%u) iN; ©)
VN1, N, SNy, N, =1 illsy,..N,
This looks just like the first law of thermodynamics:
dU =dQ +dW @)
from which we can define the partial derivatives in terms of familiar results. For our purposes,
we can use the familiar relation for compressional work via changes in volume, dW = —pdV, to
identify:
Qu)
= = —p ®)
(8‘/ SN1,..N;

Here, pressure p is not defined in terms of the magnitude of balanced forces over area. Rather, it is de-
fined as the partial derivative of internal energy U with respect to volume V, holding S and N;
(plus any other extensive variables) constant. Concretely, consider a scenario where a system
undergoes a change in volume, but maintains constant entropy and chemical composition. The
associated total change in internal energy dU manifests as work dW, which is linked to pressure
via dW = —pdV. Therefore, in this framework, pressure tracks energy variations tied to changes in
the system’s volume. This is related to but quite conceptually distinct from its role as a measure of the
magnitude of balanced mechanical forces over area.

In the classical framework, there is remarkable consilience between these two understandings
of pressure. As Callen (pp. 49-51, emphasis mine) asserts: “the pressure defined by [(8)] agrees
in every respect with the pressure defined in mechanics.” Just as the hydrostatic pressure tracks
the magnitude of balanced forces per unit area across a system in hydrostatic equilibrium, the
thermodynamic pressure is also balanced across different parts of a system in thermodynamic
equilibrium (that is, a state in which all thermodynamic quantities are stationary over time)@ In
this sense, the two perspectives — thermodynamic and hydrostatic — seems to be different ways,
classically, of understanding the one selfsame concept plagsical. However, in §4.2 we see that this
consilience breaks down: the thermodynamic role departs from the hydrostatic one upon consider-
ations about Lorentz boosts.

2Consider two subsystems S; and S; in a closed composite system in thermodynamic equilibrium, separated by a
movable adiabatic and impermeable wall. While S and N; remain fixed, U; + U, = const. and V; + V, = const. imply
dU = dU; +dU, = 0and dV; = —dV,. Applying the fundamental relation, we get:

) au

dVvi + (QVZ

) AV, = (p2—p1) dV1 =0,
Sp,Na

50 p1 = p2. The subsystems equilibrate by adjusting volumes until their pressures match.
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3.3 Pressure in equations of state

While the fundamental relation is the theoretical bedrock of thermodynamics, its specific form for
particular systems is often not available to us, and hence its empirical import is limited: “In ther-
modynamic theory... we accept the existence of the fundamental equations, but we do not assume
explicit forms for them, and we therefore do not obtain explicit answers.” ([Callen, 1991 p. 44])
In practice, much of the work in thermodynamics involves finding the equations of state (EOS) for
specific systems, from which we attempt to recover the fundamental relation for said system. EOS
provide the empirical content of thermodynamics, connecting the theoretical structure of the fun-
damental relation to concrete systems in question, be it terrestrial materials, or the interiors of
planets and starsF_gl Such EOS provides empirical meaning for pdassical, by telling us how pressure
behaves concretely for specific systems: they characterize the system’s specific empirical relation-
ship between pressure and other thermodynamic state variables which could not be discovered via
the theoretical framework alone. Crucially, the fundamental relation alone is too unconstrained to tell
us about these specific empirical relations; they must be discovered empirically and only hold for
specific types of systems. For instance, while the well-known Ideal Gas Law

pV = NkgT )

predicts that pgassical Will increase without bounds as V decreases at constant T and N, more realis-
tic EOS tell us otherwise. Consider the Van der Waals equation of state:

(p+ 7) (Vi = b) = RT (10)
m
This modifies the ideal gas law by introducing two empirically discovered parameters: the vol-
ume occupied by gas molecules b, and a which reflects intermolecular attractions. These adjust-
ments are crucial for qualitatively explaining gas-liquid phase transitions which the ideal gas
law fails to predict. More complicated EOS, e.g., the Birch-Murnaghan EOS, capture more physi-
cally interesting phenomena, which I won’t get into here.

What'’s important is that these considerations go beyond the scope of the abstract fundamen-
tal relation per se: different EOS are generally compatible with the fundamental relation. EOS
thus provide a distinct perspective on thermodynamic quantities for specific systems, such as how
Pclassical Will actually behave in relation to other extensive and intensive parameters for specific
types of systems, in consilience with the the abstract fundamental relation. Again, in the classi-
cal thermodynamic regime, there is robust consilience between the role that pressure plays in
various EOS, and the hydrostatic and thermodynamic roles. However, we’ll see in §4.3 how this
consilience breaks down.

3.4 Pressure in continuum mechanics

The final perspective on pgassical I'll discuss is from continuum mechanics, in which a generalized
notion of pressure is defined. The continuum mechanical picture provides a unified framework

BSee e.g. |Anderson|[1995].
241t is well-known that the van der Waal’s EOS is quantitatively inaccurate with regards to experimental results.
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in which one approaches both fluids and solids. Crucially, from this perspective, pressure is not
taken to be isotropic, nor scalar, in general. However, in the domains where classical thermody-
namics — and passical — apply, the two perspectives will agree.

Continuum mechanics formalizes the concept of stress, that is, the types of internal forces
which unit volume elements of bodies can experience, usually via the Cauchy stress tensor. Cru-
cially, and in consilience with the hydrostatic picture, passical can be understood in terms of one
such force. However, in this picture, the hydrostatic understanding of pressure is simply a special
case. As Cauchy|[1827] suggests, defined in terms of general stressest

...the new pressure does not always remain perpendicular to the faces subject to it, nor is it the
same in all directions at a given point. (emphasis mine)

For any volume element (see Fig. [2), we can understand stresses to be acting either perpendicu-
lar, or normal to the unit surface area. Unlike the hydrostatic understanding of pressure, it is not
assumed that the stress is isotropic (that is, contra Massey and Ward-Smith! [2006]], it is not ‘mean-
ingless’ to consider something like pressure acting differently in different directions). The magni-
tude of such forces in the various directions can be written down in terms of the aforementioned
Cauchy stress tensor, denoted by G@ Mathematically, it is represented as a 3 X 3 matrix in three-
dimensional space:

Oxx Oxy Oxz

0=|0yx Oyy Oyz
Ozx Ozy Oz

where 0;; represents the magnitude of the stress in the i" direction acting on the plane normal to
the /™ direction (see fig. . Note that these are all internal stresses — exerted by the unit volume

element (the opposing, balancing, forces, coming from an external system, are not included. This
becomes relevant in §4.2.2 and §4.4.)

There is a distinction between two sorts of stresses. On one hand, the diagonal elements
(0xx, 0yy, 022) represent the magnitudes of normal stresses, which are perpendicular to the respec-
tive planes. Crucially, normal stresses are just forces acting perpendicular to the respective planes
(and the associated components their magnitudes). On the other hand, the off-diagonal elements
(Oxy, Oxz, Oyx, Oyz, O2x, Ozy) T€PTESent shear stresses, acting parallel to the plane.

Now for the connection to hydrostatics. Hydrostatic systems can be understood as a special
case of the Cauchy stress tensor under specific assumptions. In hydrostatics, we deal with fluids
at rest, that is, static fluids. In such a case, no part of the fluid is moving, and all forces acting on
each part of the fluid act perpendicular to the part, i.e. they are normal stresses; |[rgens|[2008, p.
54] defines a fluid just to be “a material that at rest only can transfer normal stresses on material
surfaces”. Put another way, static fluids experience no shear stresses, which means that all off-
diagonal elements of the Cauchy stress tensor are zero:

Oxy = Oxz = Oyy = Oyz = Ozp = 0zy =0 (11)

®This translation is from [Truesdell|[1992, Ch. 3].
%See e.g. Truesdell|[1992, §3] or[Tadmor et al.|[2012, §4.2.4-4.2.5].
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Figure 2: Adapted from|Tadmor et al. [2012, p. 117].

Since the fluid is static, we again assume that the normal stresses are balanced by incoming external
forces (not represented in the stress tensor for the fluid!). Now, we can again evoke Newton’s
argument from §3.1 and argue for the isotropy of these balanced normal stresses for static fluids.
Hence, again, the diagonal elements of the stress tensor are equal; we can now define the diagonal
elements — the magnitudes of these normal stresses — as the hydrostatic pressure:

Oxx = Oyy = 0zz = =P (12)

Crucially, the magnitude p can be defined as a scalar only because it is defined in terms of isotropic
stresses, such that these stresses are balanced by external forces.

Given these assumptions, the Cauchy stress tensor for hydrostatic systems simplifies to a
form where all the diagonal elements are equal to each other and represent the hydrostatic pres-
sure, and all off-diagonal elements are zero. The hydrostatic stress tensor looks like:

-» 0 O
o=|10 -p O (13)
0 0 —p

This recovers the hydrostatic picture in §3.1, and hence supports a consilient understanding of
Pclassical-

We can continue to use the same approach for nonstatic fluids with variable velocity, if the
fluid is an ideal or perfect fluid with zero viscosity: equivalently, every volume element of the fluid
experiences no shear stresses. Such a fluid experiences no friction within itself or with the con-
tainer in which it flows. AsTadmor et al.|[2012} p. 127] notes, “In an ideal nonviscous fluid there
can be no shear stress. Hence, the Cauchy stress tensor is entirely hydrostatic, 0;; = —p6;;”. There
remains a well-defined (not necessarily constant) isotropic hydrostatic pressure for each fluid vol-
ume element. In these cases, we can still do thermodynamics and use pgassical Py €.8. assuming
that each part of the fluid is in local thermodynamic equilibrium. (Tadmor et al. [2012], p. 220).

However, a branching point arises here. Beyond the above scenarios, there is no guarantee
that the diagonal elements of ¢ are identical. Generally, the stress tensor’s diagonal terms may not
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behave like the thermodynamic or hydrostatic pressure, especially when we consider generalized
fluid flows with non-negligible viscosity: the diagonal elements of g, which are sometimes called
the ‘mechanical pressure’ pmech, Will generally not be equivalent to the hydrostatic pressure, dif-
fering by terms depending on the substance’s viscosity which in turn depends on how particular
substances respond to shear stressesF_7|

If so, there are three ways we can “carry on” with the concept of pressure in continuum me-
chanics. We might either default to Cauchy’s claim that the “pressure’ — generalized (normal and
shear) stresses — really is vectorial and possibly anisotropic, or conclude that the hydrostatic pres-
sure — the isotropic scalar magnitude of balanced forces — is undefined. We can also insist that the
normal stresses of 0 — pmech — ‘really’ is the pressure. In all cases, though, the new pressure loses its
physical meaning because it is no longer consilient with the hydrostatic pressure, and, in turn, is
no longer consilient with the thermodynamic pressure.

However, when viscosity becomes significant (e.g., under turbulence or high-speed flow),
local equilibrium can fail to hold, equilibrium thermodynamics simply no longer applies, and we
might not have reasons to assume pjassical can be defined: steady-state flows may not persist long
enough for thermodynamic reasoning to work. In contrast, wherever thermodynamics does ap-
ply, the four perspectives converge on a single classical pressure, puassical- In this case, consilience
holds precisely within the domain of equilibrium thermodynamics, and the breakdown of con-
silience — and passical — thus signals the limits of thermodynamics’s applicability. I suggest that a
similar story should be told for the generalization of thermodynamics to the relativistic regime.

4 Putting pressure under pressure

The four perspectives demonstrate remarkable consilience in defining pgassical in the domains
where thermodynamics applies: regimes in which systems are (globally or locally) in equilibrium.
Extending thermodynamics — and pjassical — to render it compatible with the principle of relativity
might now seem fairly straightforward. Unfortunately, and perhaps surprisingly, pclassicat demon-
strates no consilience when we consider relativistic counterparts to the four aforementioned per-
spectives. Each perspective tells us a different story about how the relativistic pressure ought to
behave.

4.1 Forces over area: relativistic pressure as invariant

Einstein! [1907, §13], in his quest to find the Lorentz transformation for the pressure, adopted the
hydrostatic and classical mechanical perspective by understanding pressure simply as the magni-
tude of forces over area. From this perspective, he concluded that the relativistic generalization of
pressure is that of a Lorentz-invariant quantity:

p=p (14)

Everything is as it were in classical physics; the relativistic pressure retains the isotropy and scalar
nature of pciassical-

ZSee e.g. White|[1991} §2.4.3], Mihalas and Mihalas|[1984, p. 84], or [Birkhoff/[2015, p. 30].
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Einstein derives the Lorentz-invariance of pressure using the electromotive forces acting on
charges. Consider an electric charge bounded by three (electrically charged) one-dimensional
elements Ly, L,, and L, each oriented in the respective directions (like a box), in a frame where the
charge is at rest, with the electromotive force F = F,, F, F, exerted on the charge normal to the
appropriate 2-dimensional surfaces. That is, Fy acts on the plane bounded by L, and L., F, on L,L,
and F; on LyL, (see Fig. .

We know how the electromotive force behaves via the (crucially, Lorentz-invariant) Lorentz
force law, which describes the force exerted on a charged particle moving through an electric E
and magnetic field B:

F=g(E+vXxB) (15)

where g is the electric charge of the particle, E is the electric field, v is the velocity of the particle,
and B is the magnetic field. The components of this force will transform under a Lorentz boost in
the x—direction asf?] 1 1

Fi.=F,, F,= 7—/Fy, F, = )—/Pz (16)
We also know how lengths in the rest frame will transform under a Lorentz boost to the moving
frame (i.e. length contraction):

L=Ly, L =L (17)

L.=-L, L, =L L. =L
Y

Finally, we have a definition of pressure in the rest frame, borrowing from the isotropy of pressure

for hydrostatic systems from §3.1:

F F, Fy F,

PEaT L PTnn PFTLL

(18)

But now we have all we need to consider the Lorentz transformation of pressure from this per-
spective. The Lorentz-boosted pressure, p’ in the ih direction is given by:

TS T A A 73 T o L T A N L

(19)

The length contraction associated with each plane on which the forces act exactly cancels out the
Lorentz transformation of the force, and so:

Py =Py =P.=Px=pPy=p: (20)

Thus p is Lorentz-invariant and isotropic.

However, when we adopt a more contemporary approach in terms of the 4-force, we find
Einstein’s approach reproduced with an interesting peculiarity. The relativistically appropriate
way to understand a generic force is in terms of the 4-force, since the 4-force — and not the 3-force!

%See e.g. [Einstein|[1907, eq. 21, p. 294].
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Figure 3: The ingredients for proving the Lorentz invariance of pressure.

—is a 4-vector that transforms as a tensor (of rank 1) under Lorentz transformations. The 4-force is
generically:

_dP _ ydE ydp

=0 =G
where 7 is the proper time, P is the 4-momentum, F is the 4-force which is the proper time deriva-
tive of P, E is the energy of the system, and p is the 3-momentum. Suppose we started in the rest
frame of some system in a box, in which it is in equilibrium. The system experiences no energy
flux over time (“power”) in this frame since it is in equilibrium, so:

O_W_E_
P_dt_O (22)

Furthermore, the system’s velocity in this frameisv = 0, = 1, and the 4-force acting on the
system is simply:

(21)

_ 9P
F = (0, E) (23)

which we can rewrite in terms of the components of the 3-force since forces are classically equiva-
lent to changes in momenta per Newton’s Second Law:

F = (0,Fy,Fy, F.) (24)

These are simply the components of the classical force acting in the x, y, and z directions respec-
tively, representing the forces acting on the box due to the system. We can now ask how this 4-
force, represented in the rest frame, transforms under a Lorentz transformation A}& into a frame
moving in the x-direction with velocity u = (uy, 0,0). The Lorentz transformation for this simple
boost in the x-direction is:

y —yur 0 0
—yu 00

A= %x 76 10 25
0 0 01



It follows that:

F* = AGFF (26)
70 dE’ 1 72 3
F'=y T —yuyFy, F'=yF, F°=F, F°=F,. (27)
Since in the new frame:
4 dP/ ‘)/dE, / ’ ’
F = = ( I ,vF%, yF,, VF.) (28)
We can compare the terms and conclude that:
Y dE’
FO = ydt’ = —yuxe (=== W = —I/lex
Fl'=yF,=yF, & F,=F,
1 (29)
2 _ ’ ’ _
F*=yF, =F, & Fy—7—/Fy

1
FP=yF,=F, & F,= ;FZ

We get Einstein’s results for the 3-force again, which we can use in and to again conclude
the Lorentz-invariance and isotropy of pressure, just like pdassical-

However, the 4-force formalism reveals something elided in Einstein’s presentation, the F 70
term, the energy flux or relativistic power, which can be interpreted as work being done by the
system to its environment, since:

ydE’
ar
where —dW’ is the work being done by the system in the moving frame on its environment. This
transformation suggests that a system in equilibrium in its rest frame, not experiencing any en-
ergy flux (it is closed), will appear to experience an velocity-dependent energy flux in a moving
frame. It looks like the system is not in equilibrium after all; it is losing energy by exerting work on its
environment in the moving frame, despite not doing so in the rest frame.

One obvious solution arises when we observe that the environment must be interacting with
the system in the rest frame, for the system to be in equilibrium. Recall that the pressure must be
defined in terms of balanced forces. We should therefore also consider how the forces acting on the
system due to the environment, e.g. the box, transform. Specifically: in the rest frame, the forces
acting on the system due to the box is equal and opposite, on each side of the box, to the forces
acting on the box due to the system which we’ve just calculated. Since the box, in the rest frame,
is also not exchanging energy with the system, we can associate with it a 4-force that is exactly
opposite to that of the system:

= —yFyuy & dE’ = —Fu,dt’ = —Fydx’ = —dW’ (30)

F = (0, —Fy, —F,, -F,) (31)

Again, the force over surface area will be Lorentz-invariant, but the energy flux of the box will be
equal but opposite to that of the system:

FP =Fa, & dE = Feudt = Fdx' =dW’ (32)

box
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Thus, to a stationary observer, the system — sans box — in the moving frame will appear to be losing
energy and doing work to its environment. But that’s an incomplete description of the system in
equilibrium; what made it possible to ascribe an equilibrium pressure — and generally, an equi-
librium state — to the system was precisely the existence of a box (or more generally, an adjacent
system) acting with equal and opposite forces to the system. Crucially, in the moving frame, the
box will also appear to be doing work to the system with equal magnitude but opposite direction,
such that the overall system — the box and system inside it — remains in equilibrium.

This suggests a need for caution with our unit of analysis in relativistic thermodynamics. In
classical thermodynamics we can often ignore the box when discussing forces; the box is simply
acting on the system with forces of equal and opposite magnitude, so specifying the forces act-
ing on the box by the system suffices. But upon a Lorentz boost, the box — and the effects of the
Lorentz boost on the box — must also be included in the description to properly characterize the system
in thermodynamic equilibrium. As Penney [1966] emphasizes: “it is always assumed to be no un-
balanced forces acting during a quasi-static process, aside from infinitesimals of high order. One
cannot think of an external pressure as being applied without an internal pressure to balance it almost com-
pletely.”

4.2 The fundamental equation: relativistic pressure increases for the moving observer

Einstein and Planck stop here, concluding that the relativistic pressure is Lorentz-invariant. Given
§3, though, it’s clear that the approach in terms of the magnitude of forces over area is merely one
out of various perspectives we can take in order to understand piagsical, and hence how it extends
into relativity. For instance, when we consider how thermodynamic quantities such as passical,
defined in terms of the fundamental equation, transforms under Lorentz transformations, we find

a breakdown of consilience with the perspective from §4.1. To get there, we must confront two
problems at the foundations of relativistic thermodynamics.

4.2.1 What is the relativistic fundamental relation?

The first problem concerns the subtle question of the fundamental relation. That is, what should the
form of the fundamental relation be, for systems in a moving frame? Prominently, we’ve seen that
the internal energy of a system alone is not conserved when Lorentz-boosted, contrary to what we
might think classically. This means that we cannot necessarily just borrow the classical fundamen-
tal relation

dU =TdS — pdV + udN (33)

which describes all the ways that U can change due to thermodynamic processes. However, this
does not appear to exhaust the possible ways in which internal energy can change for a relatively
moving system. |Liu/[1992, p. 199] discusses von Laue’s proposal in the context, that we now need

an amount of work, namely, that which is necessary to enable the moving body to
release heat with constant velocity. Because of that its momentum is known to be
changed. In order to sustain the velocity a force is thus necessary, which also produces
work.
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On this view, even if the system is at rest — and in equilibrium — with respect to another body
while exchanging heat (i.e. energy) with that body in the rest frame, the same heat exchange, in
the moving frame, results in a loss of mass due to E = mc?, which leads to a change in linear
momentum equivalent to —u.dG'EI This leads to deceleration — disequilibration — and apparent
paradox: the two frames no longer describe the same physical phenomenon! Hence von Laue’s
suggestion that we need to include an additional work term, acting on the system, equal but oppo-
site to u.dG’, in order to counteract this deceleration and ensure that the system is still in thermo-
dynamic equilibrium with the other body. This is the ‘translational work” term, exactly equal (but
opposite) to the deceleration.

In principle, we can add other pairs of intensive parameters X and extensive parameters Y to
the fundamental relation, such that:

dU = TdS — pdV + udN + XdY... (34)

defining X in terms of the partial derivative ‘;—ljl s,vN.., thatis, so long as Y can be varied while hold-
ing all other extensive parameters fixed. Hence, |Planck|[1908] proposed to include in the fundamental
relation the ‘translational work” term, comprising of the intensive-extensive parameter pair u.dG,
where u is the system’s velocity, and G is the momentum of the system, such that the fundamental
relation in the moving frame is now:

AU’ = T'dS' — p'dV’ + p/dN’ + u.dG’ (35)

which exactly compensates for the deceleration. Including this ‘translational work’, dU” is con-
served, and we can use this fundamental relation for thermodynamic reasoning as before. Call
this the Planckian perspective. On this view, additional work needs to be put into a system in a
frame moving with velocity u, proportional to u.dG’, to even enable the possibility of heat transfer
between systems in equilibrium. Otherwise the system shifts out of equilibrium due to decelera-
tion and heat transfer at constant velocity is impossible. The translational work is a precondition for
heat transfer at constant velocity u.

Curiously, while [Einstein! [1907] initially followed a similar line of reasoning, he later changed
his mind and argued against von Laue’s reasoning in letters from 1952—1953@

When a heat exchange takes place between a reservoir and a ‘machine” - both of them
are at rest with each other and acceleration-free, it does not require work in this pro-
cess. This holds independently whether both of them are at rest with respect to the
employed coordinate system or in a uniform motion relative to it. ([Liu} ({1992, fn. 31])

Einstein seems concerned about the need to introduce an additional thermodynamic process —
manipulating the ‘translational work” — in order to enable heat transfer between two systems
known to be in equilibrium (at rest with each other) in their rest frame.

I am tempted to agree with Einstein here. The translational work term, as it relates to heat
transfer, is conceptually unclear to me, because it’s generally unclear where this ‘work” comes

PSee|Liul[1992, p. 188].
30Gee |Liul[1992,11994], (Chual [2023].
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from. [Liu| [1992] mentions that the heat has to “contribute an extra amount of its content to doing
work”, but what does this ‘contributing” process amount to? “Work” is supposed to be a prerequi-
site for the possibility of heat transfer, an extra work we need to put in by hand in order to facilitate
heat exchange between two systems. However, from the two systems’ perspectives, they are in rel-
ative equilibrium and there is only ever one thermodynamic process: heat transfer (suppose at fixed
V and N). In the rest frame, one system is simply losing energy via heat, and the other is gaining
energy via heat. In the moving frame, the same system is now losing energy plus momentum via
u.dG’, while the same body is now gaining energy plus momentum via u.dG’. Where, then, is the
new thermodynamic process in terms of ‘translational work’ supposed to come in? Planck! [1908]
simply asserts the existence of this translational work term, while von Laue seems to understand
this work as a prerequisite for the transfer of heat “necessary to enable the moving body to release
heat with constant velocity” — but doesn’t explain where it comes from.

An alternative understanding of the translational work seems much clearer. Call this the Ein-
steinian perspective: we ‘include the box” (where the ‘box’ can be a generic environment), and
furthermore we generalize our understanding of thermodynamic equilibrium. From §4.1, we
saw that a system at rest has to have a balance of forces with its environment to be in mutual
equilibrium. In the moving frame, the forces acting on the box must also be balanced with its en-
vironment for them to be in mutual equilibrium (and more importantly, to be considered to be in
constant motion without deceleration/acceleration). For this balance to obtain, there must not only
be a balance of the usual incoming forces, but also a balance of an additional quantity due to the en-
ergy flux — and hence work and hence an additional force term — coming from the box. Recall from
§4.1 that any system, experiencing no energy flux and some forces in its rest frame, will always
appear in the Lorentz-boosted frame to experience some energy flux. (See Fig. [d]) Crucially, this

u.dG
j pa . T
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| m— | | t— 1 / — | | ¢—
. == | [ wde Y=
P - | - . __ =
§ y//74 y//74
V///4 77
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Figure 4: Left: a system having equilibrated with its box, without energy flux. Right: the same
box from the perspective of a Lorentz-boosted frame, with constant velocity u.

energy flux is exactly equivalent to —u,.Fy, where F, is the force along the direction of motion of the

moving frame. This is, in turn, equivalent to the translational work —u.dG’ where u = (u,,0,0)
since G is just 3-momentum p by another name. Furthermore, once we ‘include the box’, —u.dG’
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is canceled out. This suggests a generalized understanding of thermodynamic equilibrium: the
balance of forces must generalize to include a balance of energy flux — or ‘translational work’ — between the
system and the box. This new understanding of thermodynamic equilibrium also vindicates Ein-
stein’s suggestion that no extra work needs to be done to facilitate ordinary thermodynamic processes. For
the case of pressure exchanges, the forces are balanced in the rest frame; in the moving frame, the
forces plus energy flux are balanced.

This reveals the source of the translational work term: it’s neither a new kind of thermody-
namic process to be “put in by hand’, nor a new means of manipulating a system thermodynam-
ically (unlike the other intensive-extensive parameter pairs). Rather, it arises because we have
‘ignored the box’. The apparent paradox of deceleration due to heat transfer — and the supposed
need to do ‘translational work” — comes from failing to recognize that the co-moving environment
already needs to supply an equal but opposite amount of work to the system as it receives heat
from the system, if both are to remain in equilibrium. More generally, from this Einsteinian per-
spective, there’s no need to add in an extra ‘translational work” term when we “include the box’,
since no extra work ever needs to be done. For systems in equilibrium, the usual thermodynamic
processes already include this exchange of enerqy-plus-momentum in what it means to exchange ordi-
nary thermodynamic quantities e.g. heat or pressure.

Furthermore, this generalized understanding of equilibrium and equilibrium thermodynamic
processes comes with clarity about the fundamental relation. Classically, what we typically take to
be conserved for a system in equilibrium is the system’s internal energy U. However, if we “ignore
the box’, systems can appear to experience an energy flux as long as it’s moving with constant
velocity relative to a stationary observer, even when no other thermodynamic processes are occur-
ring, such that:

du;ystem = -udG’ (36)
If we insist on focusing on the fundamental relation for the system in terms of U ., as a con-
served quantity, we must have a correction via u.dG’ such that for a closed system
dugystem +udG =0 (37)

This suggests that G’ is an extensive parameter, leading to the Planckian perspective.

The Einsteinian perspective instead tells us to “include the box” when we are considering
Lorentz-boosting a thermodynamic system, and to reconsider what is balanced in equilibrium
for moving systems. Since the energy flux —u.dG’ leaving the system is balanced by the energy
flux u.dG’ from the box in the moving frame, then when no other thermodynamic processes are
occurring,

au;

system

+dU;

box

—wdG’ + dll];ox +udG’ =dU.

system =0. (38)
That is, the form of the fundamental relation does not change in the moving frame — we do not
need to add an extra “translational work” term to dU". It is true that the usual thermodynamic
processes, i.e. exchanges of heat and work, which only involve exchanges of energy in the rest
frame can involve exchanges of energy and momentum in general for moving frames, even from
the Einsteinian perspective. From the Einsteinian perspective, however, such exchanges are al-

ready included into what it means for a system to undergo the usual thermodynamic processes
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via changes in e.g. 5, V, N, and there is no need to include an additional correction term or a new
extensive-intensive parameter pair. So the fundamental relation, even in the moving frame, is still
understood only in terms of the usual thermodynamic variables in the moving frame:

au’ =T'dS’ —p'dV’ + y'dN’ (39)

I much prefer the Einsteinian perspective over the Planckian one The Planckian perspective is
useful for seeing how exactly the system per se behaves. However, the view can obscure impor-
tant features of the system, namely, interaction and equilibration with its environment.

4.2.2 What is the Lorentz transformation for energy?

We are now finally in a position to ask how passical generalizes to special relativity from the per-
spective of both relativistic fundamental relations: unsurprisingly, the two perspectives disagree
about how the relativistic pressure transforms. Furthermore, both perspectives tell us something
quite different from the mechanical perspective from §4.1.

From the Planckian perspective, the fundamental relation in the moving frame is the sum of
the internal energy and translational work, i.e. (35). An alternative is to hold fast, as later Einstein
did, to the classical thermodynamic relation, treating the ‘translational work” term to be entirely
superfluous to what’s thermodynamically relevant to the system: it’s already included in what it
means for pressure or heat to be exchanged with another system in equilibrium. For a relatively
moving system, its fundamental relation — capturing all that’s thermodynamically relevant to the
system — is simply (39). In both cases, to define the pressure using the thermodynamic perspective,
we simply hold all other extensive variables fixed and consider:

|
oV’ =P (40)

Now consider how U and V transform. We already know that the volume contracts, due to length
contraction, such that, for a system moving at constant velocity u in the x-direction, i.e. with a
constant magnitude u,:

dv’ = ldV (41)

4
so what remains is how U transforms. However, a second major problem shows up, surrounding
the Lorentz transformation of energy, which also rests on the perspective one takes on the unit of
analysis for relativistic thermodynamic systems.
The pioneers of relativistic thermodynamics and those that followed soon after, such as

Planckl/[1908]], Tolman|[1934], Pauli| [1958], as well as some in the 1960s debate such as|Kibble
[1966], argued that the total energy E — and hence the internal energy U — should transform as:

U =y(U+u2pV) (42)

where p and V are the pressure and volume of the system — crucially, without the box —in its rest
frame. This transformation follows directly from the Lorentz transformation of T*" for a perfect

31See also Landsberg and Johns|[1967, p. 29-30] and their ‘confined’/‘inclusive’ distinction.
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fluid (which I return to in §4.4). Note, though, that this essentially assumes a Planckian perspec-
tive: recall that 0;; (and its stress-energy tensor analogue, to be discussed later) represents only the
internal normal stresses. We are essentially only considering the forces exerted by the system, not
the corresponding counterbalancing forces — normal stresses with opposite direction and equal
magnitude — associated with the box.

An alternative for the Lorentz transformation of energy comes from the Einsteinian perspec-
tive, defended by e.g. (Ott [1963]], Landsberg and Johns|[[1967], Arzelies [1965]], Sutclifte [1965],
Gamba [1965]. We've already seen reasons for considering this: the system without its box (again,
more generally, its environment) cannot really be understood to be in equilibrium. However, just
as this canceled out the effects of the translational work and kept the system and its environment
in equilibrium, it also cancels out the —u2pV term because the normal stresses exerted by the box
acting on the system act with equal magnitude but opposite direction to the normal stresses ex-
erted by the system on the box. Consequently:

u =yu (43)

Now, if we adopted the Einsteinian transformation in considering the transformation of pressure,
we get:

ou’ you 5
r— _ - _ = 44
If we instead adopted the Planckian transformation for energy, then:
U =y(U+u2pV) (45)

However, on this understanding of energy, combined with our earlier procedure, we find the same
relation, together with extra velocity-dependent terms:

;o paU+udpV) 2(au 8u§pV)_ 2 2 2,9
R AR Vo il P R A e o)

Yet again, the moving pressure is generally distinct from the rest pressure, with the last term de-
pending on the specific equation of state we employ (something not fixed by the fundamental
relation per se, as mentioned in §3.3). This is dramatically different from the earlier understanding
of relativistic pressure as a Lorentz invariant concept. While the pressure remains isotropic, it is no
longer Lorentz-invariant; it transforms as p’ = y%p or p’ = y2(p — u2p — ...) from the perspective of the
fundamental relation depending on whether we adopt the Einsteinian or Planckian perspective,
rather than p’ = p from considering the 4-force.

Some, like Sutclitfe [1965], [Farias et al.|[2017]], Brechet and Girard|[2022], have already made
this observation, distinguishing this new pressure concept (they prefer the Einsteinian p’ = y%p)
as the thermodynamic pressure, distinct from the hydrostatic pressure concept they associate with
p’ = p. For instance, Sutcliffe|[1965, p. 686] points out that “the two pressures are the same only
in the local rest frame. This distinction is necessary in order for relativistic thermodynamics to be
consistent with relativistic mechanics.” Likewise, |[Farias et al. [2017} p. 7] observes that
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...this discrepancy [between Lorentz-invariant p and the p we obtained from the funda-
mental relation] is related to the different definitions of pressure. In our approach, that
identifies intensive quantities as the ones that are equal between two subsystems in
thermodynamic equilibrium... In the case of pressure, it is only equal to force divided
by area in the rest frame of the system A.

Brechet and Girard| [2022, p. 35] similarly observes that “the thermodynamic pressure ... has to be
distinguished from the mechanical pressure that is invariant under a relativistic frame transforma-
tion.”

However, the bulk of the literature on relativistic thermodynamics has focused on the tem-
perature. Indeed, debates about the energy transformation entirely centered on the upshot for
temperature, with most people assuming that “the” pressure is simply the hydrostatic pressure.
One outlier is Balescu! [1968], who explicitly entertains the possibility of the relativistic pressure
transforming as p’ = y%p, attributing it to Sutcliffe [1965]. However, he rejects it quickly without
argument:

[Sutcliffe] realized actually that the pressure defined by the usual [(#4)] from [E] cannot
be identified with the scalar hydrodynamical pressure. As a result he proposed to
make a distinction between the mechanical pressure and the thermodynamic pressure...
Such a distinction has no physical basis whatever. ([Balescu, 1968, p. 328])

But this seems wrong. We’ve already seen that the mechanical pressure is conceptually distinct
—and diverges — from the thermodynamic pressure in general continuum mechanical contexts,
despite their remarkable consilience in the hydrostatic context. They already ‘fall apart” in other
settings.

What makes the present situation initially worrisome is the lack of reason yet to question the
application of thermodynamics here: in the system and environment’s own rest frame, the frame
in which they are both at rest with respect to each other, thermodynamics is business as usual.
However, when we want to continue our thermodynamic analysis in other frames in accordance
with the principle of relativity, we again find divergence between the new relativistic ‘pressure’
and paagsical- Perhaps, as in the general continuum mechanical context, this suggests that we have
crossed the limits of applicability of thermodynamics when we try to apply thermodynamics to
systems in relatively moving frames. In these cases, there might be no natural answer about the
thermodynamic state of that system because pjassical breaks down and loses consilience.

4.3 Equations of state: pressure meets relativistic temperature

Recall that the equations of state are what fix the particular thermodynamic behavior of a system,
such as phase transitions. One thing we might consider, then, is to hold fixed the specific form of
the equations of state for a system, both in its rest frame and moving frame. For instance, for a box
of ideal gas, we might demand that in the rest frame, the Ideal Gas Law holds:

pV = NkgT (47)
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and also in the moving frame:
p'V' = NkgT’ (48)

where we assume that the particle number N is a Lorentz-invariant quantity. Then, the question
is whether we can ascertain the transformation of p’ in terms of p given the above, something
Sutcliffe [1965] proposed as a desideratum.

However, we immediately face the arbitrariness and ‘falling apart’ of the relativistic tempera-
ture, leading to the same arbitrariness and ‘falling apart” of the relativistic pressure. As mentioned
in §2, there are three proposals for the Lorentz transformation of temperature, the Planck-Einstein
temperature:

T = lT (49)
)4
The Einstein-Ott temperature:
T = yT (50)
and the Landsberg temperature:
T =T (51)
Starting with
p'V' = NkgT’ (52)

and again invoking the Lorentz transformation for volume i.e. (¢I), three corresponding proposals
emerge. Given the Planck-Einstein temperature,

P =p (53)
Given the Einstein-Ott temperature,
P =7p. (54)
And given the Landsberg temperature, we get yet another proposal for the relativistic pressure:
P=p. (55)

The ‘Landsberg pressure’ defined this way still appears to increase for a system in the moving
frame. However, it increases less — by a factor of y — than the ‘Einstein-Ott pressure’.

Furthermore, we’ve only considered the simplest case of the equations of state for an ideal
gas. Even a slightly more realistic equation of state, such as Van Der Waal’s equation of state,
brings in other complications because they don’t have a simple functional form. For instance, we
could demand that the Van Der Waal’s equation of state also holds in the moving frame:

RT" __ a
vz

’

p = Vr,n _ b/ (56)

Since b is the excluded volume due to the gas molecules’ finite size, we expect it to also transform
like a volume V' = %V SO

RT’ 2
- re (57)




If T" = yT, then, again,

P =7p (58)
However, if we adopted either T = ;l/T or T’ = T, it’s easy to see that no simple relationship
between p and p’ may be found.

From this perspective, we have to return to the debate over relativistic temperature. Yet, as
Chua[2023] discusses, it might also be difficult to say anything conclusive there. This renders the
status of relativistic pressure, from this perspective, arbitrary. Insofar as the equations of state
are what connect the abstract thermodynamic framework to empirical observations, a failure to
render the relativistic pressure compatible with them entails a loss of empirical meaning for the
relativistic pressure.

4.4 Continuum mechanics: anisotropic pressure

Finally, we come to the relativistic counterpart of continuum mechanics. In many ways, this is
intricately connected to the framework of general relativityF_ZI where the 3-dimensional stress tensor
is replaced by a 4-dimensional stress-energy tensor TH":

TOO TOl TOZ TO3
Tl 0 Tl 1 T12 Tl 3
TZO T21 T22 T23
T30 T31 T32 T33

In general relativity, T+" is the source term in Einstein’s field equations, which constrains how the
metric tensor behaves.

T#" now includes four types of terms: stresses, energy density, and energy/momentum den-
sity flux. Specifically, T represents the energy density p. The components T% and T (with
i = 1,2,3) describe the flux of energy or momentum density in the i-th spatial direction (with
1,2, 3 corresponding to the x, y, and z directions, respectively; O represents time). The remaining
components correspond to the Cauchy stress tensor o (up to sign difference). The diagonal compo-
nents T" represent normal stresses in the i-th directions, while the off-diagonal components T/ (for
i # j) represent shear stresses.

We can consider hydrostatic systems using a stress-energy tensor for perfect fluids. For in-
stance, a common example of a perfect fluid is a photon gas, with equation of statep = p/3. In
terms of a frame where the photon gas is at rest, TH" is:

p 000
0 00
0 I(; p 0 (59)
00 O0p

In this frame, the system is in equilibrium, with no energy flux. Again, p represents the magnitude
of balanced forces acting by/on this system, which happens to be isotropic for reasons already

%2See also|Chua and Callender [forthcoming]| for further discussion of how temperature as a concept fragments in
general relativity, in addition to the worries raised by|Chua|[2023] for special relativity.
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discussed in §3.1. We can now ask how this system appears under Lorentz transformations to a
moving frame. We compute

T = AgAgT“ﬁ (60)

using A from (25). T'*" are the components of the stress-energy tensor of the Lorentz-boosted
system. We get:

y2pz+ “§7/2P2 —uxfzp - uxfp 00

s _|Tuxyp—uxyp uyyp+yp 00
T = 0 0 b 0 (61)

0 0 0 p

This appears to vindicate the Planckian Lorentz transformation of energy, i.e. (42). Consider
p =T =y"p+uzy’p (62)

where p is the energy density of the system at rest, and p’ the energy density of the system in the
moving frame. The total energy is the density multiplied by volume, so

U =pVv, U=pV (63)

. r_ 1 .

We multiply by V’ = 5V such that:
U =p'V' = yU+uzpV) (64)

which is just (42). However, we also find that the transformed pressure is not isotropic, unlike
what Planck and others holding the Planckian perspective had assumed. We can see this by con-
sidering the diagonal components of T":

T =1%o +)7p

65
+T2=T%=p (65)

The magnitude of the normal stress in the x-direction is clearly no longer equivalent to the magni-
tude of the normal stresses in the y and z directions. Even if such normal stresses are balanced
with equal opposite stresses, there can no longer be a single scalar quantity which can capture the
magnitude of such balanced forces in the moving frame since the magnitudes of these normal
stresses, while isotropic in the rest frame, are no longer isotropic in the moving frame, contrary to
earlier perspectivesé

Furthermore, the same issue of energy flux returns — in the moving frame, the system appears
to be losing energy in the x-direction since:

T/Ol — T/lO — _ux)/2(p + p) (66)
and the momentum density flux in the moving frame can be obtained by projecting T onto u:

Tu & T% =-u23)*(p+p) (67)

$The extra p-dependent term resembles the ‘moving pressure’ or ‘dynamic pressure’ in the Bernoulli equation for
moving fluids.
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which emphasizes that from the Planckian perspective, it is hard to see why the system in the
moving frame should even appear to be in thermodynamic equilibrium at all.

Alternatively, if we again adopted the Einsteinian perspective and ‘included the box’, then
we must consider the net normal stresses of the system plus box to be zero due to the balanced
stresses. Importantly, T#" for such a system-plus-box is not what is typically called TH" of a perfect
fluid, but rather T*" for dust. For the system-plus-box at rest:

(68)

[N ool
o O oo
o O OO
o O o O

What needs to be Lorentz-boosted is the joint system-plus-box. When we consider the Lorentz
transformation of this stress-energy tensor, we find that this perspective, unsurprisingly, vindicates
the Einsteinian Lorentz transformation for energy, . Since:

pr=T"=y% (69)
we find that
U =pV =T% =ypV =yu (70)
and more generally:
e WEP oS
, _|muxycp uyyp 00
=1 0 00 (71)
0 0 0 0

This perspective clarifies that the stresses might not be balanced in the Einsteinian picture if we
don’t generalize our understanding of equilibrium. If we followed convention and defined the
pressure in terms of the components of T!!, T??, and T%, the system appears to experience an
additional normal stress in the x-direction, in addition to more anisotropy of pressure. Even if we
assumed that all the normal stresses are balanced in the rest frame, such that the net force is zero,
the normal stress in the x-direction is not balanced. Instead, it is:

T =u3)’p #0 (72)
while T'?2 = T"3® = 0 implying a balance of normal stresses in those dimensions. However,
T/Ol — T/IO — _uxyZP (73)

and so the energy flux in the co-moving frame, projecting onto the co-moving observer, is —u2y?p,
implying an energy flux (which can also be interpreted as a momentum flux, a force!) exactly
equivalent in magnitude — and opposite in direction — to the increase in normal stress in the x-
direction. If we generalize our understanding of equilibrium such that energy-momentum flux are
balanced ((i.e. the ‘translational work’ vanishes), in addition to balanced normal stresses, then the
system remains in equilibrium even in the moving frame.
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From the continuum mechanical perspective, though, both the Planckian and Einsteinian
perspectives tell us something interesting about how pressure extends into special relativity. The
Planckian perspective tells us that the magnitudes of the normal stresses cease to be isotropic in
the moving frame. This is true even for the Einsteinian picture, since the balance of forces only
demand that the normal stresses cancel out in all directions, but allows that the magnitude of the
forces being balanced need not be equal in all directions (and the Planckian perspective tells us ex-
actly how the magnitudes change differently in different directions). Of course, starting from the
Einsteinian perspective, we see that the normal stresses starting out balanced also remain balanced
on a generalized understanding of equilibrium and the balance of forces, even in a moving frame.

As in general continuum mechanics, on the one hand, if we defined the pressure in terms of
the isotropic scalar hydrostatic pressure, then it is undefined when a system is Lorentz-boosted:
since the normal stresses are anisotropic, there is no single scalar magnitude which characterizes
the balanced normal stresses of the system. On the other hand, if we instead defined the pressure
as an anisotropic vectorial quantity, its Lorentz transformations still fail to be consilient with the
transformations found via other perspectives.

4.5 Relativistic pressure as rest pressure?

The four perspectives provide four incompatible ways for generalizing p to relativity: as a Lorentz-
invariant isotropic quantity, as a Lorentz-noninvariant isotropic quantity, arbitrarily, or as a Lorentz-
noninvariant anisotropic quantity. The consilience of the classical pressure breaks down in relativ-
ity.

There is one last way to avoid this situation, akin to|Landsberg and Johns [1967]]'s suggestion
that we define the Lorentz transformation of temperature to be the temperature measured in the rest
frame of a system by a co-moving thermometer, even if the system is in relative motion Likewise,
we can stipulate that the relativistic generalization of pgassical is the pressure of a system measured
in its rest frame, perhaps by a co-moving pressure gauge, so that the Lorentz transformation of
pressure is

p=p (74)

where p is defined only in the rest frame of the system. This, however, seems to be a trivial trans-
formation. It amounts to saying that pressure is well-defined where it is well-defined, while ig-
noring the fact that pressure is not uniquely defined in other frames. If 50, pdlassical dOes not clearly
generalize to the relativistic context: for most relativistically allowed frames, that is, frames related
by Lorentz transformations, where the system is not at rest, there is no unique thermodynamic
description of that system.

Although unhelpful for generalizing pjassical into the relativistic domain, this option does
explicitly highlight a limit for the emergence of a thermodynamic description for a system in rela-
tivity, namely, when a system is described in the appropriate rest frame. When the system (-plus-
environment) is described in a frame such that u — 0, all four perspectives approach consilience
again with respect to pdassical-

34See also|Chual [2023] §4.2].
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4.6 Taking stock

To take stock of the dialectic so far:

e Starting with an analysis in terms of normal forces over area, we get the standard result,
per Einstein/Planck, that the relativistic pressure is isotropic and Lorentz-invariant: p’ = p.
However, it raises a question about what the appropriate unit of analysis for a system is
supposed to be.

e Starting instead with the fundamental relation, we get the result that the relativistic pres-
sure is isotropic but Lorentz non-invariant, with options depending on the choice of energy
Lorentz transformation (in turn depending on the unit of analysis): p’ = y?p orp’ = y?(p — ...)

e Looking at the relativistic pressure in terms of its role in the equations of state leads us to
conclude that the Lorentz transformation is arbitrary and not unique at all.

e Looking at the relativistic pressure in terms of the stress-energy tensor leads us to conclude
that the relativistic pressure is both anisotropic and Lorentz non-invariant. Only the normal
stress in the direction of motion is transformed: if that direction is the x-direction, then as p} =

V2 (px + u3p).

Note that these problems go away, and the consilience of these perspectives return, when we re-
turn to the situation of y = 1,i.e. u — 0. When this is not the case, the pressure’s consilience
breaks down, just like the temperature, with a myriad of possible Lorentz transformations, con-
trary to the usual assertion that the Lorentz transformation of pressure just is p’ = p in the litera-
ture surrounding relativistic thermodynamics.

To resist the problem, one might respond that the breakdown of pressure and temperature
is simply a result of not taking fundamental physics seriously enough. We’ve discussed how the
pressure concept is defined via four perspectives: via forces, via the fundamental relation, via
equations of state, and via continuum mechanics. However, some of these approaches — the funda-
mental relation and equations of state in particular — seem ‘top-down’, in that we are starting with
macroscopic, non-fundamental, laws. But why think these laws should be relativistically invari-
ant? We don’t expect laws about the regularity of the length of Subway sandwiches to be invariant
under Lorentz boosts. Perhaps the ‘one true” way of defining pressure must appeal to ‘bottom-
up’ mechanical approaches, via the force-over-area and continuum mechanical pictures which
connects more fundamental physics to pressure (e.g. via mechanical notions like momentum
and forces), instead. I have two responses here. Firstly, we could of course ignore the ‘top-down’
approaches and simply define whatever we’ve got from the ‘bottom-up” approaches as the ‘one
true’ pressure concept. However, a worry similar to the case in continuum mechanics (§3.4) arises:
as we’ve discussed, the “pressure” obtained in that case need not have anything to do with the
usual physical concept of pressure in the hydrostatic regime. Likewise, here, without constraint
from ‘top-down’ by the fundamental relation between thermodynamic variables (and equations of
state), it’s not clear that we’d necessarily end up with a concept that has anything to do with what
we’d ordinarily call pressure outside of the u ~ 0 regime. We can, of course, call it the ‘mechanical
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pressure’, but the fact remains that there might not be consilience between the mechanical pres-

sure and the usual thermodynamic pressure. Secondly, even if we restricted our attention to the

two ‘bottom-up’ approaches, we see that they lead us to distinct results: p’ = p on one hand, and
p’ = 7*p + ... on the other. The relativistic pressure concept still falls apart.

5 Thermodynamic limits and the limits of thermodynamics

When I discussed passical in the context of classical continuum mechanics, I argued that the break-
down of consilience given nontrivial viscosity should not worry us. In the domains where thermo-
dynamics and hydrostatics apply, there exists remarkable consilience for pagsical. In the domains
where thermodynamics cannot be applied, there is no reason to expect pgassical to apply anyway,
and so the breakdown of consilience there should not worry us either.

I think something similar is happening when it comes to relativizing thermodynamics. The
breakdown of pgassical in the relativistic setting seems to signal a limit to the applicability of ther-
modynamics — there’s no unique way to generalize thermodynamics to render it compatible with
the principle of relativity. Each perspective contributed to the meaning of pgjassical in @ consilient
fashion, and the failure to reproduce this consilience in the relativistic setting suggests that the
framework no longer holds up. This situation is in no way a fault of thermodynamics. We already
think that thermodynamics is non-fundamental when considering how thermodynamics emerges
from statistical mechanics. I see my discussion as enriching the sense in which thermodynamics
is non-fundamental, by emphasizing that thermodynamics picks out a preferred frame in relativity
beyond which there is no consilient description of thermodynamic systems: this preferred frame
is the rest frame of the system (or system-plus-environment) in equilibrium. Insofar as there is no
unique extension of temperature and pressure beyond those regimes, I propose that we view the
classical thermodynamic framework as limited only to the rest frame of systems in equilibrium.

On a standard picture in physics as well as philosophy of physics (e.g. Callender|[2001], Rau
[2017], Batterman|[2011], Butterfield [2011], Palacios|[2018],(Wu/[2021]), thermodynamics approx-
imately emerges from statistical mechanics when we take the Thermodynamic Limit: N — oo,
with & constant. A lively debate has ensued surrounding the status of this limit, which I won't
go into here. I simply note that my discussion suggests another limit mandatory for the emergence
of classical thermodynamic behavior: for a system in question, the thermodynamic framework
only becomes applicable if it is also the case that u — 0 for the velocity of the system (or system-
plus-environment) relative to the stationary observer (or frame of interest). We’ve already seen
that as the system (or system-plus-environment) moves at a velocity u > 0 relative to a stationary
observer, the concept of classical pressure appears to break down. But if we restricted attention
to cases where u = 0, then we can effectively just do classical thermodynamics. Only in this limit
do we recover classical thermodynamics in a consilient, unproblematic, and consistent fashion.
When u = 0, classical thermodynamics is precisely recovered, and all perspectives agree on all the
core concepts, including temperature and pressure. In this limit there is no worry about whether
any concepts break down, or which generalized concepts to pick as the appropriate ‘natural” ex-
tension of their classical counterparts. When u = 0, we approximately find overlap between the
various concepts, since y = 1 and all the generalized concepts of pressure (and temperature) ap-
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proximately agree. However, once u > 0, the classical concept falls apart, and we can no longer
coherently employ the classical thermodynamic framework.

One sees that the u — 0 limit plays an important and under-emphasized role in ensuring
the emergence of thermodynamics from statistical mechanics. A Lorentz-boosted box of particles
continues to have a mechanical description, in terms of forces, energy, momentum, positions, and
so on, but it is not guaranteed that it has a unique thermodynamic description, if we only assumed the
standard Thermodynamic Limit N — oo, and not the u — 0 limit. If both limits are applied,
though, a unique classical thermodynamical description arises for this box of particles, i.e. from
statistical mechanics. This is what Cubero et al.|[2007] implicitly propose, when they say that
any statistical-mechanical derivation of thermodynamic behavior from statistical mechanical
equations “implicitly assumes the presence of a spatial confinement, thus singling out a preferred
frame of reference.” Interestingly, Liul[1992, p. 201] attributes something similar to Einstein, in a
1953 letter to von Laue, that Einstein implicitly “makes a special and also fundamental assumption
in the equilibrium thermodynamics, namely, reversible heat exchange can only take place when the
bodies involved are at rest with one another.” Such proposals can be made precise with the u — 0 limit,
which singles out this preferred frame of reference, a frame in which the relative velocity between
system, environment, and the frame itself is zero@

6 Concluding remarks

I've shown that four perspectives in classical physics come together in a consilient fashion to
define a unique concept of pressure, pgjassical in the classical thermodynamic domain. However,
their relativistic counterparts lack this consilience and pjassical breaks down in relativity. When

it came to the development of physical concepts across domains, Bridgman|[1927, 25] wrote that
“...a certain haziness is inevitable.” Consilience and “naturalness” are promising tools for finding
a unique path through the haze. However, for the case of the relativistic pressure, in line with
Einstein, it seems that there is no definitive method for generalizing thermodynamics to relativity.
And the situation is a little worse: because of the breakdown of consilience, there is no unique —
“natural” — concept of relativistic pressure.
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