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No change in Hilbert space fundamentalism
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Hilbert space fundamentalism (HSF) states that everything about the physical world is encoded in
the Hamiltonian operator and the state vector (as a unit vector, not a wavefunction, which requires
additional specification of a configuration space, a position basis, or the position observables). That
all structures needed to describe reality, including subsystems, space, fields, emerge from these.

I show that HSF can’t account for our observations that the physical world changes in time.

The quantum theory describing our physical world can
be specified by the following:

QT1. A Hilbert space H, a Hermitian operator H on H,
and a unit vector [1h(t)) € H representing the total state.

The time evolution of |1)(t)) is generated by H:

(1)) = e~ #H [ (0)). (1)

QT2. An association of physically observable properties
to Hermitian operators on H. These are of the form

position of particle j

momentum of particle j

— (pa:japyj 7p2j)

or similarly from quantum field operators.

Knowing which properties correspond to each subsys-
tem (eg. particle j) is sufficient to determine a decompo-
sition of H as a tensor product of subsystem spaces [1].

HEHIQH2® ..., (2)

QT3. When measuring an observable A = Do ala)al

we obtain an eigenvalue a of A with probability |{a|v)|?;
(our description of ) the system updates from |) to |a).

From what we know, QT1-3 provide a complete de-
scription of the facts about our world that can be ac-
cessed empirically. But can we get the same for less? For
example, Everett [2] proposed that QT3 is explained by
QT1 and QT2. But it seems that both QT1 and QT2 are
still needed [3, 4], since not the bare state vector |¢(t))
describes the world, but the wavefunction

P(x, 1) = (x|¢(t)) 3)

where |x) = |...,Z;,;,%;,...) is a common eigenvector
of the position observables. Without observables, |¢) is
just a unit vector like any other unit vector in H. And the
Hamiltonian H is like any other operator UHUT obtained
by a unitary transformation U.

But still, can’t we just derive QT2 from QT1? After
all, when we get the Hilbert space, we get for free all
operators. What do we gain by naming them “position”
or “momentum”? Don’t we get all we need just from
their spectra and their relations with other operators?
The map from QT2 is useful for thinking, but does it
play a fundamental role in a purely structural theory?

It seems we can access empirically only “clicks” in the
detectors or in our sense organs, only quantum informa-
tion, from which we can infer correlations and reconstruct
the relations and structures of our world. All we can
know and describe using math are relations, structure.
But maybe that’s all there is to know. This motivates a
new paradigm shift, the suggested realization that QT1
is all we need to describe the world [5, 6].

HSF (Hilbert space fundamentalism). The triple
(H, ﬁ7 |1)) encodes a complete unambiguous description
of the physical world. Equivalently,

HSF’ (Equivalent formulation of HSF). Two triples
(H,ﬁ, [¥)) and (’H’,ﬁ’, [")) describe one and the same
physical reality if and only if they are isomorphic, in the
sense that there is a unitary map U:H — M so that

A = AU and ') = U [4). (4)

If HSF is correct, QT1 should be able to explain the
world just as well as QT14+QT2. In particular, it should
be able to describe how things change. So a basic test is:

Test 1. Can HSF describe unambiguously how the world
changes in time?

It may be more difficult for QT1 to do this without

QT2, but if we can decode the observable map from
QT2 from (M, H, |¢)), everything should be equally easy.
All we need is to explain how subsystems emerge [7], how
space emerges [5, 6], how pointer states emerge [8, 9] and
so on. And if this reconstruction doesn’t give us back
standard quantum theory, but a new quantum gravity
theory [5, 6], even better. But does HSF pass Test 17

Theorem 1. HSF can’t describe unambiguously how the
world changes in time.

Proof. Taking as the unitary map U from (4) the unitary
operator U; := e~ #Ht and using U;H = HU;, we obtain

H = UHU] and [(t)) = Uy [(0)) - (5)

Then, according to HSF’, the triples (%, H, |4(t))) and
(H,H,|¥(0))) describe one and the same physical real-
ity. On the other hand, the triples (H,H, | (t))) and

(H, ﬁ, |1(0))) are supposed to describe different physical
realities, since the world change in time. Therefore, HSF
can’t describe changes in the world. O

The rest of this article addresses potential objections.
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Questions

Question 1. Isn’t HSF only about FEverett’s theory?

Answer. HSF was advocated in the context of Everett’s
theory in [5, 6], but it has a broader scope. Theorem 1 is
about whether QT2 is reducible to QT1, independently
of whether QT3 is also reducible to them.

Question 2. The operator Gt gives the system’s time
evolution, so time changes. Is it then allowed to use Uy as
an automorphism of (H,H,|¥(0))) at a fized time t =07

Answer. Gt gives the time evolution, but this d(iesn’t ex-
clude it from the automorphism group of (#,H, [¢(0)))
at t = 0. As an automorphism, it shows that HSF doesn’t
distinguish the world’s states at different times, because
“isomorphic triples describe one and the same reality”.

Question 3. Given that ¥(0) and ¥(t) are different
wavefunctions, how can you say that (H,H,[¥(0))) and
(H,H,|9¥(t))) describe one and the same physical reality?

Answer. Tdon’t say this, HSF’ says it, thus refuting itself.

In QT14+QT2 we can talk about the wavefunction
Y(x,t). But once we embrace HSF, we get rid of QT2,
including the position observables defining the wavefunc-
tion t(x,t) = (x|1(t)) or the position configuration space
on which it propagates. HSF can’t presuppose them, it
has to derive them unambiguously from QT1.

Question 4. But aren’t [(t)) and |(0)) different?

o~

Then why do you say that in HSF (H,H,[(0))) and
(H,H, |¥(t))) describe one and the same physical reality?

Answer. 1 don’t say this, HSF’ says it, thus refuting itself.

The vectors [1(0)) and [¢(t)) can be distinct, but
(1, H, |1(0))) and (H, H, |[¢)(t))) are isomorphic, so HSF’
says that they describe one and the same physical reality.
So HSF misses the world’s changes in time.

Question 5. Can’t we use observables to extract the full
description of the world from |)? Wouldn’t this allow
HSF to distinguish the world’s states at different times?

Answer. We can talk about using observables to extract
facts about reality from [¢) in QT14+QT2, but how can
we do this in HSF? When HSF got rid of QT2, it lost
the map between observables and the physical properties
they represent. So in HSF you can use operators to ex-
tract data from [¢), but you can’t know what physical
properties in the world those data/\represent. There are
infinitely many unitary operators U that commute with
H, and so AtheAre are infinitely many position-like opera-
tors X' := UxUT, all with the same spectra as X and in the
same relation with H. But in general they give different
answers if you use them to compute (x’|1)). So, again, no
unique wavefunction emerges from HSF, and there are no
unambiguous answers to pertinent questions like “what
result did the pointer show?”, or “where is Alice?”.

Question 6. In QT1+QT2, observables like X or p and
the decomposition into subsystems (2) don’t change in
time (in the Schrédinger picture used here). Didn’t the
proof of Theorem 1 assume that they have to change too,
covariantly with |(t)), and this is why you mistakenly
think that HSE can’t describe changes in the world?

Answer. The whole point of HSF is that it got rid of the
physical meanings of observables and the decomposition
into subsystems, to the effect that any triple unitarily
equivalent with (H, H, |1(0))) describes one and the same
state of the world. Then (#, H, [1(t))) describes one and

A

the same state of the world as (H, H, [1/(0))).

I know it feels that you can find such observables and
fix them, and then everything works as in QT1+QT2.
But if you do this at ¢ = 0 and repeat the process to
recover them at another time ¢ # 0, if you want to avoid
Theorem 1, you'll either have to change the rules to get
them “unevolved” at every time t, or to use a rule that
gives multiple solutions, and pick the one that fits and use
it at all times. But then, you’ll have to make additional
choices not specified in QT1, like we do in QT1+QT2.

Question 7. But the whole point of HSF is that it got
rid of the physical meanings of observables and the de-
composition into subsystems, precisely because they can
be uniquely reconstructed from the mathematical relations
only. So why wouldn’t this work?

Answer. If (H,H, |¥(0))) and (H, H, [)())) describe one
and the same world, no construction done in both of them
can give different empirical results for different times.

Question 8. Did you consider that all structures and
observables needed to complete the description given by

(1, H, 1)) can emerge from (H,H,[0))? See [5-7].

Answer. I did, this was the starting point. In [4] I gave a
fully general proof that, if its construction is fully invari-
ant as it should be in HSF, such a preferred structure

1. either is ambiguously defined: you obtain many iso-
morphic structures, giving incompatible answers to
questions about the world that in QT1+QT2 have
clear definite answers at each time,

2. or emerges uniquely up to physically observable dif-
ferences, and then it’s unable to distinguish the
state of the world at different times.

Since the proof from [4] is quite long and complicated,
let me answer this in the simpler setup from this paper.

Suppose that some preferred structure S that quan-
tum theory needs emerges uniquely. It can be the tensor
product structure (TPS), the position observables, the
3D space, the spacetime, a preferred pointer basis etc.
We care about these structures because we need them
to extract data from [¢). So let’s consider a question
Q about the world, whose answer depends on the struc-
ture S and [¢). For example, entanglement depends on



the TPS. According to HSF’, the question should have
the same answer in any two isomorphic triples (#, H, [1))
and (H/', H ,|¥")). In particular, it should have the same
answer in (H, H, [1(0))) and (%, H, [)(t))), for any ¢. But
then, our emergent structure S can’t help us get answers
that are different at different times. For example, the
TPS has to be able to define unambiguously the entan-
glement entropies of subsystems, so it has to be unique.
But if a unique TPS emerges only from (H, H, [¢(t))) in-
dependently of ¢, as HSF’ implies, the Hamiltonian must
lack interactions and it can’t change entanglement [10].
But in the real world it can. In general, HSF, supple-
mented WAith any structures that may emerge uniquely
from (H,H, |¢)), can’t describe changing things.

This is simply because, since (H, I/-L |1)) gives an in-
complete description of the world, it can’t bootstrap itself
into completion. If it can’t describe how things change,
any construction you make without breaking its symme-
try by hand also can’t describe how things change.

Question 9. Is there a connection between the result
from [4] which you just summarized in the answer to
Question 8, and Theorem 1 from this paper?

Answer. In [4] T show that any preferred structure hoped
to emerge only from (H, ﬁ, |1)) either can’t exhibit phys-
ically observable differences between states at different
times, or it is not physically unique, so it’s ambiguous.
When the solution is not unique, there are solutions that
answer questions about the world as it is at different
times, but we don’t know which is which, so they too
can’t be used to describe change. For example, a TPS as
obtained in [7] is unique up to symmetries of the Hamil-
tonian, so it can’t define the entanglement entropy un-
ambiguously, since different TPSs give different answers,
valid at different other times [10]. The same applies to
the emergence of a pointer basis or of 3D space [5, 6]. To
summarize, [4] proves HSF’s inability to detect changes,
just like the present Theorem 1, but less directly.

Question 10. If HSF so trivially refutes itself, why did
you bother to write and publish a 68 page long paper [/]
and sequels [10, 11], building an entire framework for
HSF, only to prove weaker and less evident results than
the one in the present paper?

Answer. Maybe I was too caught up in the game myself.

Question 11. Along with the Hilbert space H, we get
for free all operators on H, so all observables are already
in QT1. The map from QT2 only labels them, names
them as positions, momenta etc. How can this naming,
which is just a convention, turn the ambiguous unchang-
ing (H,H,|¥)) into a changing world as in QT1+QT2?

Answer. This is a great question, and it is where things
become interesting [12-14].

Question 12. Does Theorem 1 leave any hope for HSF ?

Answer. Theorem 1 says that HSF can’t describe things
that can change, but it doesn’t say that it can’t describe
things that don’t change, facts about the form of the
physical law. Here there is room for progress. For exam-
ple, Cotler et al. [7] studied TPSs in which the Hamilto-
nian is local, in the sense that it contains only interac-
tions between a small number of subsystems. Their result
was widely misunderstood as showing the emergence of a
unique TPS from the Hamiltonian’s spectrum alone, but
it is in fact about the form of the Hamiltonian. I suspect
other similarly interesting results can be discovered.

So the part of HSF dealing only with the physical law,
which doesn’t change, evades Theorem 1.
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