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Abstract

The probabilistic description of the time evolution of a physical system can
take two conceptually distinct forms: a trajectory of probabilities, which specifies
how probabilities evolve over time, and a probability on trajectories, which as-
signs probabilities to possible histories. A lack of a clear distinction between these
two probabilistic descriptions has given rise to a number of conceptual difficulties,
particularly in recent analyses of stochastic–quantum correspondence. This paper
provides a systematic account of their relationship. We define probability dynamics
and stochastic process families together with a precise notion of implementation
that connects the two descriptions. We show that implementations are generically
non-unique, that every probability dynamics admits a Markovian implementation,
and characterize when non-Markovian implementations are possible. We expose fal-
lacies in common arguments for the linearity of probability dynamics based on the
law of total probability and clarify the proper interpretation of “transition matrices”
by distinguishing dynamics-level maps from the conditional probability matrices of
implementing processes. We further introduce decomposability as the appropriate
general notion of stepwise evolution for (possibly nonlinear) probability dynamics,
relate it to divisibility in the linear case—showing that the two can come apart—
and disentangle both notions from Markovianity and time-homogeneity. Finally,
we connect these results to what we call statistical dynamics, in which linearity is
indeed physically motivated, and contrast the framework with quantum mechanics.

1 Introduction
The time evolution of a particular physical system can be probabilistically described in
two conceptually distinct ways: either by a trajectory of probabilities, or by a probabil-
ity on trajectories. This paper analyzes the relationship between the two probabilistic
descriptions in general terms. Although the mathematical distinction between these two
probabilistic descriptions is straightforward, their insufficient separation has led to a num-
ber of conceptual difficulties in characterizing quantum mechanical phenomena, including
the approach taken by Barandes [2025], Gillespie [1994, 2000], Gillespie et al. [2001], Gullo
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et al. [2014], Vacchini et al. [2011], Vacchini [2012], Smirne et al. [2013], Rivas et al. [2014],
Breuer et al. [2016], Li et al. [2018], C.-F. Li and Piilo [2019], Schmid et al. [2019], Canturk
and Breuer [2024].

We begin by illustrating the distinction using a simple example and highlighting ten
observations of this paper concerning conceptual ambiguities found in the literature.

1. Suppose that we toss a coin three times. The coin has a hidden built-in weight which
can change position between the different tosses and consequently change the coin’s bias;
we want to describe the time evolution of the probabilities with which the coin may land
on heads or tails at the three moments of time.

In the first probabilistic description, we fix a trajectory of probabilities: a probability
vector trajectory for the two configurations C .= {H,T} is defined as

p⃗(t) .= (pH(t), pT (t)) (1)

for t = 1, 2, 3, where the three numbers 0 ≤ pH(t) ≤ 1 are interpreted as the probability
that the outcome of the tth coin toss is heads, and where pT (t) .= 1− pH(t).

In the second probabilistic description, we fix a probability on trajectories. First, we
define the event H(t), with the interpretation that the outcome of the tth coin toss is
heads, as the set of all trajectories in the configuration trajectory sample space

C3 = {HHH,HHT,HTH,HTT, THH, THT, TTH, TTT}

whose tth outcome is H. Thus,

H(1) .= {HHH,HHT,HTH,HTT} (2)
H(2) .= {HHH,HHT, THH, THT} (3)
H(3) .= {HHH,HTH, THH, TTH} (4)

(and mutatis mutandis for the events T (t) stating that the outcome of the tth coin toss
is tails). It follows directly that

H(1) ∧H(2) = {HHH,HHT} (5)
H(1) ∧H(3) = {HHH,HTH} (6)
H(2) ∧H(3) = {HHH,THH} (7)

H(1) ∧H(2) ∧H(3) = {HHH} (8)

Second, we define a probability measure µ on C3 as sample space. This can be achieved by
fixing seven parameters; for instance, by assigning values to the probabilities of the seven
events in (2)-(8). A so-defined µ probability on trajectories naturally corresponds to a so-
called canonical stochastic process whose random variable for time t assigns to a trajectory
in C3 the tth outcome of the trajectory. Since different canonical stochastic processes on
C3 are only distinguished by their probability measures (see Section 2 for details), when
this does not lead to ambiguity, we will use µ to denote both the probability measure on
the configuration trajectories and the corresponding canonical stochastic process.

The two probabilistic descriptions are closely related. For t = 1, 2, 3, the vectors

µ⃗(t) .= (µ(H(t)), µ(T (t))) (9)

which are naturally defined from µ, form a probability vector trajectory in the sense
described above. In turn, we say that the stochastic process µ implements the probability
vector trajectory p⃗(t) if

µ⃗(t) = p⃗(t) (10)
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holds for all t = 1, 2, 3.
Section 2 develops the distinction between these two probabilistic descriptions and the

notion of implementation in more general terms. In our coin toss example, the probability
vector trajectory p⃗(t) and the implementation condition (10) fix the µ-probabilities of the
three events (2)-(4), but these are only three out of the seven parameters needed to define
µ. Without fixing four additional parameters, such as the µ-probabilities of the four
conjunctions (5)-(8), an implementation of p⃗(t) has four free parameters left. This leads
to our

First observation: the implementation of a probability vector trajectory by a stochastic
process is not unique.

2. A canonical stochastic process has more mathematical structure than a probability
vector trajectory. The additional structure is superfluous if one only wants to describe
probabilities of events at given moments of time. However, the additional structure is
necessary if one also wants to describe the joint probabilities of events at different moments
of time. If we merely fix a probability vector trajectory, it is meaningless to ask what is
the probability that the third and the second coin tosses are both heads, or to ask what
is the conditional probability that the third coin toss is heads given that the second coin
toss is heads, etc. This is so since there is no unique extension of the three probability
measures generated by p⃗(1), p⃗(2), and p⃗(3) on three copies of the configuration space C to
a probability measure on the trajectory sample space C3. Thus, merely fixing a probability
vector trajectory p⃗(t) leaves expressions of the form “p(H(3)∧H(2))” or “p(H(3)|H(2))”
ill-defined. To make claims about joint probabilities of events at different moments of
time we need to define a canonical stochastic process, which both makes it meaningful to
talk about the conjunction of events at different times and fixes the probabilities of these
conjunctions. We may sum up these remarks as our

Second observation: a probability vector trajectory says nothing about the probabilities of
conjunctions of events at different moments of time. A canonical stochastic process does.

3. As a further consequence, the question whether a probability vector trajectory p⃗(t)
satisfies the Markov condition is ill-defined, since the Markov condition is expressed by
connecting events at different moments of time. However, it is meaningful to ask, for
instance, whether for the stochastic process µ the Markov condition

µ (H(3) | H(2) ∧H(1)) = µ (H(3) | H(2)) (11)

holds. Whether equation (11) holds is not determined, in general, by the implementation
conditions (10) alone, and hence the question of Markovianity is in general independent of
how the probability vector trajectory p⃗(t) evolves. We give a more precise characterization
of this claim in Section 5.3; for now, it can be succinctly stated as our

Third observation: a probability vector trajectory says nothing about Markovianity. In
general, a probability vector trajectory can be implemented both by a stochastic process
that is Markovian and by a stochastic process that is non-Markovian.

4. It is natural to generalize from a single probability vector trajectory p⃗(t) to a set
of probability vector trajectories which satisfy a law. When these probability vector
trajectories are in one-to-one correspondence with initial conditions we obtain what may
be called probability dynamics. To illustrate the idea using our coin toss example, suppose
that the built-in weight in the coin moves in such a way that for an initial coin bias
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0 ≤ r ≤ 1 for heads the bias changes in time as

pH(1) = r (12)
pH(2) = f(r) (13)
pH(3) = r (14)

with a function f : [0, 1] → [0, 1]. In other words, we defined a probability dynamics
P(t, p⃗1) = Pt(p⃗1) with initial value p⃗1 = (r, 1− r) such that

P(1, p⃗1) .= p⃗(1) = (r, 1− r) (15)
P(2, p⃗1) .= p⃗(2) = (f(r), 1− f(r)) (16)
P(3, p⃗1) .= p⃗(3) = (r, 1− r) (17)

Since a probability dynamics is a set of probability vector trajectories, and since a
single probability vector trajectory is implemented by a single stochastic process, a prob-
ability dynamics is implemented by a set of canonical stochastic processes. Continuing
our coin-toss example, for every 0 ≤ r ≤ 1 define the canonical stochastic processes µr by
fixing

µr(HHH) = r f(r) r (18)
µr(HHT ) = r f(r) (1− r) (19)
µr(HTH) = r (1− f(r)) r (20)
µr(HTT ) = r (1− f(r)) (1− r) (21)
µr(THH) = (1− r) f(r) r (22)
µr(THT ) = (1− r) f(r) (1− r) (23)
µr(TTH) = (1− r) (1− f(r)) r (24)
µr(TTT ) = (1− r) (1− f(r)) (1− r) (25)

It is easy to verify that for every 0 ≤ r∗ ≤ 1 the so-defined canonical stochastic process
µr∗ implements the probability vector trajectory P(t, (r∗, 1 − r∗)). In other words, we
may say that the stochastic process family M, understood as a set of canonical stochastic
processes {µr}r∈[0,1] parametrized by r, implements probability dynamics P, understood
as a set of probability vector trajectories parametrized by r. With Section 2 elaborating
on details and important qualifications, we arrive at our

Fourth observation: while a single probability vector trajectory is implemented by a single
stochastic process, one has to be aware that a probability dynamics, which consists of a set
of probability vector trajectories, is implemented by a set of canonical stochastic processes,
each of which assigns different probabilities to the possible configuration trajectories.

5. Overlooking the fourth observation has contributed to a number of problematic state-
ments in the literature. To see this, define the stochastic matrices Mr (t← t′) using the
two-time conditional probabilities as

Mr (t← t′) .=
(
µr (H(t)|H(t′)) µr (H(t)|T (t′))
µr (T (t)|H(t′)) µr (T (t)|T (t′))

)
(26)

for t, t′ = 1, 2, 3. Then, by the law of total probability, one immediately obtains

µ⃗r(t) = Mr (t← t′) · µ⃗r(t′) (27)
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Since the stochastic process family M implements probability dynamics P, it then follows
that

p⃗(2) = Mr (2← 1) · p⃗(1) (28)
p⃗(3) = Mr (3← 2) · p⃗(2) (29)
p⃗(3) = Mr (3← 1) · p⃗(1) (30)

Equations (28)-(30) may give the impression that the probability dynamics P must
be linear in the sense of preserving convex combination of probability vectors. However,
this impression is misleading. In our example, whether probability dynamics P is linear
depends on how the function f in (13) is defined. For example, if f(r) = r, then P is
linear (the identity); however, if f(r) = r2, then P is not linear, since

P2(r, 1− r) = (r2, 1− r2) ̸= (r, 1− r) = rP2(1, 0) + (1− r) P2(0, 1) (31)

when r ̸= 0, 1. In fact, equations (28)-(30) hold regardless of whether the probability dy-
namics is linear or not linear. The wrong impression arises from ignoring the dependence
of Mr (t← t′) on the initial value r, that is, from ignoring our fourth observation above.
In general, different r initial values correspond to different probability measures µr and
henceforth to different matrices Mr (t← t′) (see equation (26)), and thus a single matrix
Mr∗ (t← t′), for a single fixed value r = r∗, cannot be viewed as a generator of probability
dynamics P, which is a function of non-fixed variable r (see Section 3 for more details).
In sum,

Fifth observation: the fact that each stochastic process of a stochastic process family that
implements a probability dynamics trivially satisfies its own temporal law of total proba-
bility has nothing to do with the question whether the probability dynamics is linear. In
particular, this fact cannot be relied upon to motivate the linearity of probability dynamics.

6. Recall that P2 tells how an initial probability vector p⃗(1) = (r, 1 − r) evolves from
time 1 to time 2, and P3 tells how p⃗(1) evolves from time 1 to time 3. It is natural to ask
whether this time evolution is decomposable in the sense that there exists, on the range
of P2, a function P3←2 such that

P3 = P3←2 ◦P2 (32)

When P is linear—say, when f(r) = r in (13) in our example—then there exist r-
independent stochastic matrices P(2) and P(3) such that

p⃗(2) = P(2) · p⃗(1) (33)
p⃗(3) = P(3) · p⃗(1) (34)

for all 0 ≤ r ≤ 1. By simple application of the definition, a linear P is decomposable if
there exists a function P3←2 such that

p⃗(3) = P(3) · p⃗(1) = P3←2 (P(2) · p⃗(1)) (35)

for all 0 ≤ r ≤ 1. We obtain a special case of a decomposable linear P when there exists
a stochastic matrix P(3← 2) such that

p⃗(3) = P(3) · p⃗(1) = P(3← 2)P(2) · p⃗(1) (36)
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for all 0 ≤ r ≤ 1. This special case of decomposability is often called divisibility (see
Section 5.2 for qualifications).

Now, substituting (28) into (29) results in

p⃗(3) = Mr (3← 2)Mr (2← 1) · p⃗(1) (37)

and a superficial comparison with (36) might give the impression that divisibility always
holds. However, this impression would also be wrong for the same reason as before: it
ignores the dependence of Mr (t← t′) on the initial value p⃗(1) = (r, 1− r).

In Section 5 we address the substantial ambiguity in the literature regarding the
different concepts of stepwise evolution of probability dynamics, clarify the notions of
divisibility and decomposability, and analyze their relationships with time-homogeneity
and Markovianity. One of our conceptual findings can be summarized as follows:

Sixth observation: the appropriate mathematical notion that captures the intuitive idea
of a stepwise evolution of probability dynamics is decomposability, not divisibility. Since
every divisible probability dynamics is decomposable, but the converse does not hold even
for linear probability dynamics, in cases where the probability dynamics is decomposable
but not divisible, it is not the intuitive notion of stepwise evolution that fails.

7. Our third observation entails that Markovianity is a property that may or may not
characterize each stochastic process of a stochastic process family which implements a
probability dynamics. Since linearity, decomposability, and divisibility are—in contrast
to Markovianity—properties of probability dynamics, it is easy to see (see Section 5 for
details) that

Seventh observation: Markovianity or non-Markovianity of stochastic processes of a stochas-
tic process family that implements a probability dynamics has nothing to do with the ques-
tion whether the probability dynamics is linear, decomposable, or divisible.

8. Suppose again that probability dynamics P is linear, hence there exist r-independent
stochastic matrices P(t) such that

p⃗(t) = P (t, p⃗(1)) = P(t) · p⃗(1) (38)

hold for all 0 ≤ r ≤ 1, p⃗(1) = (r, 1−r), and for all t = 1, 2, 3. Every such linear probability
dynamics can be implemented by a stochastic process family M so that

P(t) = Mr(t← 1) (39)

for all 0 < r < 1 and for all t = 1, 2, 3 (see Section 4). Since the matrices P(t) are
independent of r, equation (39) can give the impression that at least a linear probabil-
ity dynamics can be meaningfully generated from a single canonical stochastic process.
However, this impression is again wrong: although a linear probability dynamics may in-
deed be implemented by a stochastic process family such that the conditional probability
matrices Mr(t← 1) are independent of r, in the nontrivial case (when the P(t, (r, 1− r))
probability vector trajectories differ for different values of r) different canonical stochastic
processes are still needed to implement the different probability vector trajectories. This
is so even though all of the canonical stochastic processes in the family are such that they
entail the same conditional probability matrices, that is, the stochastic process family may
be called transition-constant (for a precise definition, see Section 4)! Thus, we still need
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a stochastic process family to implement linear probability dynamics, not just a single
canonical stochastic process.

To further drive home the point, we note that the interpretations of the matrices P(t)
and Mr∗(t ← 1) are quite different. P(2) answers the question what is the probability
that the second coin toss is heads if the probability of the first coin toss being heads is
r (for all 0 ≤ r ≤ 1), but P(2) is silent on the question what is the probability that the
second coin toss is heads if the first coin toss is heads. In contrast, Mr∗(2 ← 1) answers
the question what is the probability that the second coin toss is heads if the first coin
toss is heads, but Mr∗(2 ← 1) is silent on the question what is the probability that the
second coin toss is heads if the probability of the first coin toss being heads is r (except
when r = r∗). For more details, see Section 4. In summary,

Eighth observation: constructing a probability dynamics from a single canonical stochastic
process is a category mistake even if linearity of probability dynamics could be motivated
on appropriate physical grounds.

9. Appropriate physical–interpretational assumptions can justify linearity of probability
dynamics. Section 6 introduces and analyzes the relationship of three varieties of what
we call statistical dynamics, and shows that deterministic, stochastic, and initially in-
dependent system–ancilla statistical dynamics each entail a probability dynamics that is
linear. Beyond ensuring linearity, the three varieties possess additional appealing features;
for instance, in the simplest case of deterministic statistical dynamics, decomposability,
divisibility, and Markovianity are all mathematically equivalent properties. However, in
all three varieties, linearity of the ensuing probability dynamics depends crucially on the
physical interpretation that instantaneous probability vectors represent frequency distri-
butions of configurations in an ensemble of systems, each system evolving independently
according to a deterministic or stochastic law of evolution. Thus,

Ninth observation: although linearity of probability dynamics cannot be assumed purely on
mathematical grounds, it can be derived from certain physical–interpretational assump-
tions, notably from statistical mixing. Consequently, to justify assuming that a certain
probability dynamics is linear, one must always clearly and explicitly state and defend the
physical–interpretational assumption from which linearity is supposed to ensue.

10. Our ninth observation becomes especially pertinent in the case of quantum mechan-
ics, the probabilities of which, according to the prevailing view, do not admit a statis-
tical interpretation. In Section 7 we emphasize the difficulty of obtaining a well-defined
probability dynamics from Born probabilities alone, the generic nonlinearity of quantum
probability evolution, and the limitations this imposes on proposed stochastic–quantum
correspondences. One of the upshots of our analysis can be put as follows:

Tenth observation: linearity of quantum probability evolution cannot be inferred from
statistical mixing. Moreover, linearity of quantum probability evolution (in contrast with
linearity of density matrix evolution) would be in tension with quantum mechanics itself.

In sum, the paper is structured as follows. In Section 2 we introduce the conceptual dis-
tinction between trajectories of probabilities and probabilities on trajectories by providing
precise definitions of probability vector trajectories and probability dynamics, canonical
stochastic processes, stochastic process families, and the notion of implementation that
relates them. Section 3 analyzes linearity at the level of probability dynamics and shows
why the temporal law of total probability, when applied within individual implementing
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stochastic processes, does not by itself justify linear evolution of probabilities; crucially,
the dependence of multi-time conditional probabilities on initial conditions cannot in gen-
eral be ignored. Section 4 then distinguishes the matrices P(t) representing a linear prob-
ability dynamics from the conditional-probability matrices Mp⃗0(t) associated with par-
ticular implementing processes, introduces the notion of a transition-constant stochastic
process family, and proves that transition-constancy suffices to recover linearity together
with the usual identification of “transition matrices” with conditional probabilities (while
also showing that this implication is not reversible in general). In Section 5 we disentan-
gle the literature’s notion of “divisibility” by separating it into the distinct concepts of
decomposability and divisibility for probability dynamics, and we relate these notions to
Markovianity as a property of stochastic processes; among other results, we show that ev-
ery probability dynamics admits a Markovian implementation, that implementations are
highly non-unique, and that non-Markovian implementations are also generically avail-
able. We also provide explicit examples establishing that decomposability does not imply
divisibility, even in the linear case. Section 6 examines a physically motivated special
case—statistical dynamics—in which probability vectors represent ensemble frequencies,
thereby providing clear interpretational conditions under which linearity is warranted
and under which decomposability, divisibility, and Markovianity coincide or come apart.
Finally, Section 7 contrasts the framework with quantum mechanics, emphasizing the
difficulty of defining a probability dynamics from Born probabilities alone, the generic
nonlinearity of quantum probability evolution, and the resulting constraints on proposed
stochastic–quantum correspondences. The Appendices collect proofs of key propositions
(Appendix A), discuss an alternative notion of implementation (Appendix B), and provide
a detailed, critical analysis of the interference argument of Barandes [2025] (Appendix C).

2 Trajectories of Probabilities vs. Probabilities on
Trajectories

We consider a physical system with a finite set of possible configurations C = {1, 2, . . . , N},
labelled by positive integers. A vector p⃗ = (p1, p2 . . . , pN) ∈ [0, 1]N with

N∑
i=1

pi = 1 (40)

is called an N -dimensional probability vector. We denote the set of all such vectors by SN .
Obviously, a probability distribution on C is uniquely characterized by the N -dimensional
probability vector whose ith entry specifies the probability of the ith configuration. Hence,
the set of all probability distributions on C can be identified with SN .

Let T ⊆ R, with 0 ∈ T , be a set of time indices. We now formulate two distinct ways
to describe the temporal evolution of the system in probabilistic terms. In comparing
these two descriptions, the sets C and T are regarded as fixed.
Definition 1. A probability vector trajectory is a map T → SN , and a probability dynamics
is a map

P : T × SN → SN (41)
such that P (0, ·) : SN → SN is the identity function. The solution of probability dynamics
P with initial condition p⃗0 ∈ SN is the probability vector trajectory

T → SN , t 7→ P (t, p⃗0) (42)

8



We will use the notation p⃗ (t) for a generic probability vector trajectory, and Pt for the
map P (t, ·) : SN → SN .

To introduce the second conception, recall that the standard notion of a stochastic
process consists of a probability space (Ω,F , µ) together with a time-parametrized family
of random variables {Xt : Ω→ C}t∈T . In the special case where the sample space Ω is
taken to be the set of all temporal trajectories through configuration space, the stochastic
process is called canonical (Rogers and Williams [2000], p. 122; Medvegyev [2007], pp. 2–
3). More precisely, for a canonical stochastic process

• Ω is the set of all functions T → C,

• F is the cylinder σ-algebra of Ω,1

• Xt : Ω→ C is defined as Xt (ω) .= ω (t).

In what follows, Ω, F and Xt will always denote these canonical objects. Since for a
given choice of sets C and T these three components are fixed, we can identify a canonical
stochastic process as follows.

Definition 2. A canonical stochastic process is a probability measure µ on the measurable
space (Ω,F).

For our present purposes it will be sufficient to consider only canonical stochastic pro-
cesses.2 Accordingly, we will omit the adjective “canonical” and simply refer to stochastic
processes in the sense of Definition 2.

While stochastic processes are well known and extensively studied in the mathematical
literature, concepts akin to what we have defined as probability dynamics have only re-
cently appeared in the physics literature. In quantum foundations, one often encounters
similar notions under labels such as “dynamical map” (Breuer et al. [2016]), “dynami-
cal semigroup” (Breuer and Petruccione [2002]), “stochastic map” (Schmid et al. [2019]),
“transition map” (Barandes [2025]), or “propagator” (Vacchini [2012]). However, the stan-
dard characterizations of these notions frequently conflate features that belong separately

1That is, F is the natural σ-algebra on Ω, generated by the so-called cylinder sets—subsets of Ω of
the form

{ω ∈ Ω | ω(t1) ∈ C1, ω(t2) ∈ C2, . . . , ω(tn) ∈ Cn} (43)

where t1, t2, . . . , tn ∈ T , C1, C2, ..., Cn ⊆ C, and n ∈ N.
2Every stochastic process naturally gives rise to a canonical one, but not vice versa. A generic

stochastic process therefore contains additional structure that the canonical one does not. To see this,
consider a generic stochastic process consisting of probability space

(
Ω̃, F̃ , µ̃

)
together with a family of

random variables
{
X̃t : Ω̃→ C

}
t∈T

. This family defines a single (measurable) function

X̃ : Ω̃→ Ω,
(
X̃ (ω̃)

)
(t) .= X̃t (ω̃) (44)

which simply repackages the family
{
X̃t

}
. What X̃ does is specifying how each random event ω̃ ∈ Ω̃

determines a full temporal trajectory of the system through its configuration space. This map then induces
a probability distribution over the set Ω of possible trajectories—thus defining a canonical stochastic
process—by setting µ

.= µ̃ ◦ X̃−1, where X̃−1 denotes the preimage map associated with X̃ . From the
canonical process µ alone, however, one cannot recover the original stochastic process from which it was
constructed. For details, see e.g. Rogers and Williams [2000], p. 122; Medvegyev [2007], pp. 2–3.
Appendix B briefly addresses the representation of information encoded by a probability dynamics with
a non-canonical stochastic process.
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to probability dynamics and to stochastic processes. To clarify this, in the remainder of
this section we begin a broad comparison of these two conceptions.

One reason it may be tempting to associate a probability dynamics with a stochastic
process is that both express law-like relationships. A stochastic process is a specification of
a probability distribution on the set of possible temporal trajectories through configuration
space. In this sense, a stochastic process provides what can be interpreted as a probabilis-
tic law about the temporal evolution of configurations. By contrast, a probability dynamics
can be thought to specify admissible probability vector trajectories corresponding to ev-
ery possible initial condition. In this sense, a probability dynamics can be interpreted
as a deterministic law about the temporal evolution of probabilities of configurations. Put
differently: what a stochastic process supplies is a single time-independent distribution
over time-dependent configurations (probability on trajectories); whereas what a proba-
bility dynamics supplies are multiple time-dependent distributions over time-independent
configurations (trajectories of probabilities).

Crucially, the two structures contain different types of probabilistic information. On
the one hand, in the context of a stochastic process one can speak about the probabilities
of conjunctions of events across different moments of time. Indeed, define

Ei (t) .= {ω ∈ Ω | Xt (ω) = i} (45)

as the event that at time t the system occupies the ith configuration. Then, one can
express the probabilities of conjunctions of such events as

µ (Ei1 (t1) ∧ Ei2 (t2) ∧ ... ∧ Ein (tn)) (46)
= µ ({ω ∈ Ω | Xt1 (ω) = i1, Xt2 (ω) = i2, . . . , Xtn (ω) = in}) (47)

By contrast, in the context of a probability dynamics no probability is assigned to such
conjunctions. This is because the sample space C, on which the probability distributions
p⃗ (t) are defined, only includes the timeless configurations 1, 2, . . . , N ; it includes no events
of the form “a configuration occurs at a particular time.” In other words, in the context
of a probability dynamics, no probability is assigned to temporal trajectories in C. Yet
it is precisely the assignment of probabilities to temporal trajectories that allows one to
determine the probabilities of conjunctions of events at different times, in the manner of
(47).

An important consequence of this is the following. In the language of a stochastic
process we can define conditional probabilities across different moments of time using
Bayes’ rule.3 For example:

µ (Ei (t) |Ej (0)) .= µ (Ei (t) ∧ Ej (0))
µ (Ej (0)) (48)

However, such multi-time conditional probabilities are not well-defined in the context of
a probability dynamics. This is because the definition of multi-time conditional prob-
ability involves the probability of a conjunction of events at different times, such as

3We assume, throughout the paper, that conditional probabilities are defined by Bayes’ rule. In
principle, one could introduce both conditional and unconditional probabilities as independent, primitive
notions, but without connecting conditional probabilities with unconditional probabilities via Bayes’ rule
it is not possible to derive either the law of total probability or Bayes’ theorem (however, the argument for
linearity that this paper challenges (see Section 3) invokes the law of total probability as a mathematical
theorem.)
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µ (Ei (t) ∧ Ej (0)) in (48). But, as we have seen, this kind of joint probability is not
defined in a probability dynamics.

On the other hand, in the context of a probability dynamics one can speak about a
functional dependence of the probability of a configuration at a certain moment of time on
the probabilities of configurations at an initial moment of time. Indeed, the ith component
of Pt (p⃗0) expresses the probability of the ith configuration at time t as a function of the
initial p⃗0 probabilities of configurations. By contrast, even though the probability vector
µ⃗(t) defined as

µ⃗ (t) .= (µ (E1 (t)) , µ (E2 (t)) , ..., µ (EN (t))) (49)

expresses the probabilities of configurations at time t, including t = 0, a single stochastic
process does not contain information about the functional dependency of how probabilities
µ⃗(t) would differ in case initial probabilities µ⃗(0) were different.

What this means is that if one simultaneously wants to speak about the functional
relationship between probabilities at different times and multi-time conditional probabil-
ities, one has to relate and integrate the two probabilistic descriptions. There is a natural
way to do this.4

Definition 3. (i) LetM denote the set of all probability measures on (Ω,F). A stochastic
process family is a map

M : SN →M, p⃗0 7→ µp⃗0

such that µ⃗p⃗0 (0) = p⃗0 for all p⃗0 ∈ SN .
(ii) We say that a stochastic process µ implements a probability vector trajectory p⃗ (t)

iff
µ⃗ (t) = p⃗ (t) (50)

for all t ∈ T . A stochastic process family M implements probability dynamics P iff for each
p⃗0 ∈ SN , the stochastic process µp⃗0 implements the solution of P with initial condition
p⃗0 ∈ SN . That is,

µ⃗p⃗0 (t) = P (t, p⃗0) (51)
for all t ∈ T and p⃗0 ∈ SN .

A stochastic process family is a mathematical structure that extends the expressive
power of both a single stochastic process and the probability dynamics the family im-
plements. It is richer than a single stochastic process because it specifies one for every
initial probability distribution p⃗0 ∈ SN . This allows expressing how probabilities of con-
figurations at a given time depend on probabilities of configurations at the initial time. A
stochastic process family also enriches the structure of the probability dynamics it imple-
ments, since each solution of the dynamics—a probability vector trajectory that can only
encode the one-time probabilities p⃗ (t)—is extended to a full stochastic process, which can
specify all multi-time joint probabilities. This, in turn, allows one to express multi-time
conditional probabilities. Note that the different stochastic processes µp⃗0 implementing
different solutions of a probability dynamics need not assign the same values to multi-time
conditional probabilities. This observation will play a crucial role in our analysis.

4Although the notion of implementation defined here is quite natural, one may introduce other notions
which capture the idea that a stochastic process can reproduce a probability dynamics; see Appendix B
for details.
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To ensure that the unification of the two probabilistic frameworks achieved by Defini-
tion 3 is fully general, we first need to establish that every probability dynamics can, in
principle, be extended to a stochastic process family. This is guaranteed by the following
corollary of Proposition 9 of Section 5.3:

Proposition 1. Every probability dynamics is implemented by a stochastic process family.

3 Understanding Linearity
SN is the probability simplex in RN , and the function Pt, for any t ∈ T , maps SN into
itself. Any SN → SN map that preserves convex combinations extends uniquely to an
RN → RN linear map.5 Hence, if Pt, for a given t, preserves convex combinations, then
it can be represented as multiplication by a suitable N × N matrix. Since, conversely,
if Pt can be represented as multiplication by an N × N matrix then it preserves convex
combinations, we may define linearity of a probability dynamics as follows:

Definition 4. We say that a probability dynamics P is linear iff Pt preserves convex
combinations for all t ∈ T .

Definition 1 does not require a probability dynamics to be linear by default, and we
see no mathematical justification to impose such a requirement in general. Indeed, we
showed an example of a physically reasonable scenario in the Introduction for which the
probability dynamics is nonlinear.

This, of course, stands in tension with the widely held assumption in the literature
that the time evolution of probabilities is linear. To illustrate how this view is typically
presented, we provide a sample of quotations from the literature (with minor adjustments
to notation):6

“The one-time probability density p (xt) of a classical statistical process is re-
lated to the initial probability density via p (xt) =

∫
dµ (xt0) p (xt|xt0) p (xt0).

[...] [T]he classical conditional probability density p (xt|xt0), also called the
transition matrix, [...] is always independent of the initial probability density
p (xt0) [...]. To emphasize this, we will write it in the form

T (xt,xt0) .= p (xt|xt0) (53)

for any t ≥ t0. [...] For a discrete-valued stochastic process, T is indeed a
matrix, depending on t, with elements T (xt,xt0).” (Li et al. [2018], p. 41)

5Let f : SN → SN be a convex combination preserving function. Define the following map:

F : RN → RN , (x1, x2, ..., xN ) 7→
N∑

i=1
xif (e⃗i) (52)

where e⃗i is the ith standard basis vector in RN (and also one of the N vertices of SN ). Clearly, F is
linear and extends f . Moreover, any linear map that extends f must be equal to F , since a linear map
is uniquely determined by its values on a basis—here fixed by f (e⃗1) , f (e⃗2) , ..., f (e⃗N ).

6The earliest occurrence of this assumption that we could identify in the research literature—though
not as explicitly formulated as in the following quotations—appears in Hänggi and Thomas [1977].
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“In this section, we shall focus on the evolution of one-point probabilities
p (x, t) during a stochastic process. Thus, consider a linear map T that con-
nects the probability of a random variable X, at different times t0 and t1:

p (x1, t1) =
∑
x0

T (x1, t1|x0, t0) p (x0, t0) (54)

[...] Consider t = t0 to be the initial time of some [...] stochastic process
{X (t) , t ∈ I}. From the definition of conditional probability,

p (x2, t2; x0, t0) = p (x2, t2|x0, t0) p (x0, t0)
⇒ p (x2, t2) =

∑
x0

p (x2, t2|x0, t0) p (x0, t0) (55)

and therefore T (x2, t2|x0, t0) = p (x2, t2|x0, t0) for every t2.” (Rivas et al.
[2014], p. 3)

“An indivisible stochastic process will be defined as a model consisting of two
basic ingredients: a configuration space C; and a dynamical law in the form of a
family of transition maps Γt←t0 that acts linearly on probability distributions
over C at times t0 from some index set, called conditioning times, to yield
corresponding probability distributions over C at times t from some possibly
distinct index set, called target times.
[...] the system’s standalone probabilities at a conditioning time t0 can be de-
noted by pj(t0), the standalone probabilities at a target time t can be denoted
by pi(t), and the transition maps Γt←t0 consist of conditional probabilities

Γij (t← t0) ≡ p (i, t|j, t0) (56)

each of which is the conditional probability for the system to be in its ith con-
figuration at the target time t, given that the system is in its jth configuration
at the conditioning time t0. [...] Then, from the law of total probability, or
marginalization, pi (t) = ∑N

j=1 p (i, t|j, t0) pj (t0), one has the linear relation-
ship

pi (t) =
N∑
j=1

Γij (t← t0) pj (t0) (57)

where the standalone probabilities pj (t0) at the conditioning time t0 are as-
sumed to be arbitrary and contingent, and can therefore be freely adjusted
without altering the conditional probabilities Γij (t← t0), which are regarded
as fixed features of the model.” (Barandes [2025], pp. 3–4, emphasis in original)

In the account of Li et al. [2018], starting from the law of total probability and the
assumption that two-time conditional probabilities are independent of the initial one-time
probabilities, it is concluded that one-time probabilities have to be related to the initial
probabilities by matrix multiplication—that is, linearly. In the exposition of Rivas et al.
[2014], by contrast, linearity is taken as an assumption, and from this together with the law
of total probability (and the tacit assumption that two-time conditionals are independent
of the initial one-time probabilities) it is derived that the matrix representing the linear
evolution map must consist of two-time conditional probabilities. The presentation of
Barandes [2025] combines elements of the earlier two. However, all of these arguments
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depend on premises that do not hold in general—as becomes clear once they are formulated
in the precise probabilistic framework introduced in the preceding section, which allows
one to speak simultaneously about the functional relationship between probabilities at
different times and multi-time conditional probabilities.

To see this, suppose that the stochastic process family M : p⃗0 7→ µ⃗p⃗0 implements
probability dynamics P, that is, for all t ∈ T and p⃗0 ∈ SN ,

P (t, p⃗0) = µ⃗p⃗0 (t) (58)

Recall the definition of events Ei (t) in (45). For all fixed t ∈ T , {Ei (t)}Ni=1 forms a
partition of Ω. Hence, in any given probability space (Ω,F , µp⃗0), one can apply the law
of total probability:

µp⃗0 (Ei (t)) =
N∑
j=1

µp⃗0 (Ei (t) |Ej (0))µp⃗0 (Ej (0)) (59)

if p01, p02, ..., p0N > 0. This can be expressed in matrix form as

µ⃗p⃗0 (t) = Mp⃗0 (t) µ⃗p⃗0 (0) (60)

with

Mp⃗0 (t) .=


µp⃗0 (E1 (t) |E1 (0)) µp⃗0 (E1 (t) |E2 (0)) . . . µp⃗0 (E1 (t) |EN (0))
µp⃗0 (E2 (t) |E1 (0)) µp⃗0 (E2 (t) |E2 (0)) . . . µp⃗0 (E2 (t) |EN (0))

... ... ...
µp⃗0 (EN (t) |E1 (0)) µp⃗0 (EN (t) |E2 (0)) . . . µp⃗0 (EN (t) |EN (0))

 (61)

(58), (60) and P (0, p⃗0) = p⃗0 together imply

P (t, p⃗0) = Mp⃗0 (t) p⃗0 (62)
for all t ∈ T and for all p⃗0 ∈ SN , p01, p02, ..., p0N > 0. Adopting the more expressive
notation p⃗ (t) .= P (t, p⃗0), we can write this as

p⃗ (t) = Mp⃗0 (t) p⃗0 (63)

This equation is the precise formulation of (57) as quoted earlier from Barandes [2025].
Without the subscript on Mp⃗0 (t), it might give the impression that the relationship be-
tween p⃗ (t) and p⃗0 must necessarily be linear, since it is represented as matrix multiplica-
tion. But this is not the case. Contrary to the assertion in Barandes [2025], the standalone
probabilities p⃗0 cannot be assumed to be arbitrary and cannot be adjusted freely without
altering the conditional probabilities. As indicated by the subscript p⃗0, the conditional
probabilities µp⃗0 (Ei (t) |Ej (0)), and hence the matrix Mp⃗0 (t), are dependent on p⃗0. To
see this more explicitly, recall that

µp⃗0 (Ei (t) |Ej (0)) = µp⃗0 (Ei (t) ∧ Ej (0))
µp⃗0 (Ej (0)) (64)

Here the denominator is simply the jth entry of p⃗0; and the numerator also depends on
p⃗0, since the measure µp⃗0 that implements the particular solution of P itself depends on
the corresponding initial condition p⃗0. Therefore, adjusting the initial probabilities p⃗0
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generally does alter the conditional probabilities that make up the entries of Mp⃗0 (t), and
hence the map p⃗0 7→Mp⃗0 (t) p⃗0 is not linear.

More fundamentally, note the following. Given a single stochastic process µ, one can
write down the law of total probability, analogously to (60), as

µ⃗ (t) = M (t) µ⃗ (0) (65)

with

M (t) .=


µ (E1 (t) |E1 (0)) µ (E1 (t) |E2 (0)) . . . µ (E1 (t) |EN (0))
µ (E2 (t) |E1 (0)) µ (E2 (t) |E2 (0)) . . . µ (E2 (t) |EN (0))

... ... ...
µ (EN (t) |E1 (0)) µ (EN (t) |E2 (0)) . . . µ (EN (t) |EN (0))

 (66)

It must be emphasized that equation (65), by itself, does not encode any functional/law-
like relationship (linear or otherwise) between µ⃗ (t) and µ⃗ (0). The matrix M (t) is merely
a characterization of the particular measure µ on (Ω,F) and says nothing about “what
happens to µ⃗ (t) if µ⃗ (0) is modified.” In fact, this latter question is meaningless in the
context of a single stochastic process. If one aims to describe a functional/law-like rela-
tionship between probabilities at different times—assuming such a relationship exists at
all for the system in question—M (t), a collection of conditional probabilities, is not the
right sort of object. The right sort of object for this role is instead what we have defined
as probability dynamics P, or a stochastic process family M that implements P. There is
no probability-theoretic reason to expect that such an object yields a linear relationship
between probabilities at different times.

4 Transition Matrices and Transition Probabilities
One can, of course, consider the special case when a probability dynamics is linear. In
this case, there exists a unique family {P (t)}t∈T of N ×N matrices such that

Pt (p⃗0) = P (t) p⃗0 (67)

for all p⃗0 ∈ SN and t ∈ T . Suppose further that P is implemented by the stochastic process
family M. Then the system is described by two kinds of matrices: P (t), which encodes
the probability dynamics, and Mp⃗0 (t), defined in (61), which characterizes the stochastic
process implementing a given solution of the probability dynamics. As witnessed by
the quotations in the preceding section, these two types of matrices are often treated
interchangeably in the literature under the label “transition matrix” (see also Gillespie
[1994, 2000], Gillespie et al. [2001], Schmid et al. [2019]) But one has to ask: is there any
relation between P (t) and Mp⃗0 (t)?

Formally, both of them are stochastic matrices, meaning that their columns are prob-
ability vectors. However, the reason for this is different in the two cases. For Mp⃗0 (t), the
jth column consists of entries

µp⃗0 (E1 (t) |Ej (0)) , µp⃗0 (E2 (t) |Ej (0)) , ..., µp⃗0 (EN (t) |Ej (0)) (68)

which, for p0j ̸= 0, are numbers between 0 and 1, and sum to 1. This follows from the
fact µp⃗0 (·|Ej (0)) is a probability measure and {Ei (t)}Ni=1 is a partition. For P (t), the jth
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column is Pt (e⃗j), where e⃗j is the jth standard basis vector of RN . Since e⃗j is a probability
vector and Pt maps probability vectors to probability vectors, Pt (e⃗j) is also a probability
vector.

What is the connection between these two types of stochastic matrices? From the
fact that the stochastic process family M implements P, equations (63) and (67) together
yield

P (t) p⃗0 = Mp⃗0 (t) p⃗0 (69)

for all p⃗0 ∈ SN , p01, p02, ..., p0N > 0. Crucially, however, this does not entail that Mp⃗0 (t) =
P (t) for any p⃗0. Since Mp⃗0 (t) depends on p⃗0, equation (69) merely states that the two
matrices act identically on that specific vector p⃗0. It does not assert that they coincide on
all input vectors, which would be required for the matrices themselves to be equal. For a
simple illustration of a situation in which P (t) and Mp⃗0 (t) differ for every p⃗0, despite the
fact that equation (69) holds for all p⃗0, consider the following example.

Example 1. Let N = 2, T = {0, t}, and consider a probability dynamics P such that Pt

can be represented by the matrix

P (t) =
(

0 1
1 0

)
(70)

flipping the probability vector p⃗0 = (p0, 1− p0) into p⃗ (t) = (1− p0, p0).
On the other hand, consider the following stochastic process family M implementing

P:

µp⃗0(E1(0)) = p0 µp⃗0(E1(t) | E1(0)) = 1− p0

µp⃗0(E2(0)) = 1− p0 µp⃗0(E1(t) | E2(0)) = 1− p0

µp⃗0(E1(t)) = 1− p0 µp⃗0(E2(t) | E1(0)) = p0

µp⃗0(E2(t)) = p0 µp⃗0(E2(t) | E2(0)) = p0

(71)

where p⃗0 = (p0, 1− p0) with p0 ∈ [0, 1], except that some of the conditional probabilities
are undefined for p0 ∈ {0, 1}. Accordingly, for p0 ∈ (0, 1) we have

Mp⃗0 (t) =
(

1− p0 1− p0
p0 p0

)
(72)

Clearly, (i) both P (t) and all the Mp⃗0 (t)-s are stochastic matrices; (ii) P (t) p⃗0 =
Mp⃗0 (t) p⃗0 for all p⃗0 = (p0, 1− p0) with p0 ∈ (0, 1); but (iii) Mp⃗0 (t) ̸= P (t) for any p⃗0 ∈ S2.

Consequently, although P (t) and Mp⃗0 (t) are both stochastic matrices, they are gener-
ally not identical, and so the entries of P (t) cannot be identified with two-time conditional
probabilities (relative to the given stochastic process family that implements P). Yet this
identification is often made in the literature, as is made particularly transparent in the
quote from Rivas et al. [2014] in the preceding section, with further examples found in
Barandes [2025], Gillespie [1994, 2000], Gillespie et al. [2001], Vacchini [2012], Schmid
et al. [2019], Canturk and Breuer [2024].

One way to locate the source of the problem is by using the following notion.

Definition 5. We call a stochastic process family M transition-constant iff

µp⃗0 (Ei (t) |Ej (0)) = µq⃗0 (Ei (t) |Ej (0)) (73)
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holds for all i, j ∈ C, t ∈ T , and for all p⃗0, q⃗0 ∈ SN , p0j, q0j ̸= 0.7

The matrices Mp⃗0 (t) of a transition-constant stochastic process family do not depend
on p⃗0, except for the undefined entries (Mp⃗0 (t))ij where p0j = 0. To avoid this minor
technical complication, it will be useful to define a common transition matrix as

M (t) .= Mp⃗0 (t) , p01, p02, ..., p0N > 0 (74)

for all t ∈ T .
Notice that when a “stochastic process” is described “as a model [...] where the stan-

dalone probabilities p⃗0 are assumed to be arbitrary and contingent, and can therefore be
freely adjusted without altering the conditional probabilities Mij (t), which are regarded
as fixed features of the model,” (Barandes [2025], p. 3) the structure being defined cor-
responds not to a single stochastic process but rather to a transition-constant stochastic
process family. In such a model, the standard assumptions regarding linearity and the
equality of the two types of transition matrices—assumptions that are unwarranted in
general—do in fact hold:
Proposition 2. Suppose that a probability dynamics P is implemented by a transition-
constant stochastic process family M. Then P is linear and P (t) = M (t) for all t ∈ T .
Sketch of proof. By transition-constancy, the two-time conditionals µp⃗0(Ei(t) | Ej(0)) are
independent of p⃗0, so the law of total probability yields µp⃗0(Ei(t)) = ∑N

j=1 Mij(t)p0j for
every initial p⃗0. Hence P(t, p⃗0) = M(t)p⃗0, so P is linear and P(t) = M(t). (Formal proof:
Appendix A.)

Crucially, however, the converse is not true: a stochastic process family implementing
a linear probability dynamics need not be transition-constant. This is illustrated by
Example 1. What is true is the following existence claim:
Proposition 3. Let P be a linear probability dynamics with T ⊆ R≥0. There exists a
transition-constant stochastic process family M that implements P.
Sketch of proof. For each initial distribution p⃗0, construct an implementing stochas-
tic process by first drawing the initial configuration j with probability p0j, and then
(conditional on j) letting the random variables at all later times be independent with
µp⃗0(Ei(t) | Ej(0)) = Pij(t) for every t > 0. These finite-dimensional probabilities are
consistent, so Kolmogorov’s extension theorem yields a measure on full trajectories whose
one-time marginals reproduce µ⃗p⃗0(t) = P(t)p⃗0, and since the conditionals are exactly
Pij(t) (independent of p⃗0), the resulting implementing family is transition-constant. (For-
mal proof: Appendix A.)

What this proposition shows is that, given only the one-time probabilities of a linear
probability dynamics P (t, p⃗0), it is always possible, at least in principle, to interpret the
entries of the corresponding matrix P (t) as two-time conditional probabilities—relative to
a suitably selected transition-constant stochastic process family that implements P and
hence for which P (t) = M (t). Of course, the mere possibility of such an interpretation does
not imply that P (t) has any necessary/conceptual connection to multi-time conditional
probabilities.

More broadly, the distinction between the two types of “transition matrices” is tightly
related to the distinction between two types of “transition probabilities”:

7The notion of a transition-constant stochastic process family should not be confused with that of
a single stochastic process whose “transition probabilities” or “rates” remain constant over time. A
concept related to the latter is that of a time-homogeneous Markov process, introduced in Definition 7 in
Section 5.1.
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1) “the probability of configuration i at time t, given the system is in configuration j
at time 0”

2) “the probability of configuration i at time t, given the probabilities of the system
over all of its j configurations at time 0”

As discussed in Section 2, the first quantity describes the (probabilistic) transition of
configurations and corresponds to multi-time conditional probability, whereas the sec-
ond describes the (deterministic) transition of the probabilities themselves, reflecting their
functional relationship across different times. Accordingly, the first probability is well-
defined in the context of a stochastic process and is given by µ (Ei (t) |Ej (0)); but it is not
well-defined in a probability dynamics. Conversely, the second probability is well-defined
in a probability dynamics (provided that the antecedent probability is specified for all
j = 1, 2, ..., N), and it is given by the ith entry of P (t, p⃗0); but it is not well-defined for
a (single) stochastic process. To make sense of both notions of “transition probability,”
one has to consider a stochastic process family implementing a probability dynamics.

In that context, a connection between the two kinds of transition probabilities arises
only in the special case in which the antecedent probability associated with the type-2
transition probability—the probability that the system is in configuration j at time 0
for some j—equals 1. In this case, the two probabilities coincide. More precisely, if
µp⃗0 (Ej (0)) = 1, then

µp⃗0 (Ei (t) |Ej (0)) = µp⃗0 (Ei (t)) = pi (t) (75)

where pi (t) denotes ith entry of P (t, p⃗0).
When P is linear, this implies a link between the two types of transition matrices.

µp⃗0 (Ej (0)) = 1 means that p⃗0 = e⃗j, one of the standard basis vectors. In that case, the
right hand side of (69) is the jth column of Mp⃗0 (t), and the left hand side of (69) is the
jth column of P (t). Hence, for all j = 1, 2, ..., N , the jth columns of Me⃗j

(t) and P (t)
must coincide. All other entries µe⃗j

(Ei (t) |Ek (0)) of Me⃗j
(t) are undefined, since their

denominators vanish: µe⃗j
(Ek (0)) = 0 if k ̸= j.

Note that even in the special case in which a probability dynamics is implemented
by a transition-constant stochastic-process family, so that P (t) = M (t), the two types
of transition probabilities coincide only when the initial probability that the system is in
configuration j equals 1 for some j. This is because only in this case do the entries of the
matrix P (t) coincide with the corresponding values of the second type of transition prob-
ability. Even in the transition-constant case, for a general initial probability distribution
p⃗0, the two kinds of transition probabilities are related by

pi (t) = (M (t) p⃗0)i =
N∑
j=1

µp⃗0 (Ei (t) |Ej (0)) p0j (76)

So pi (t) = µp⃗0 (Ei (t) |Ej (0)) for all i if and only if p0j = 1.

5 Divisibility, Decomposability, and Markovianity
One may impose various additional conditions that the probabilistic description of a sys-
tem’s evolution must satisfy. One such condition is known in the literature as divisibility.
Here is an introduction to the idea:
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Crucially, the transition matrix Γ(t← t0) will not be assumed to be “divisible”
[...] That is, Γ(t ← t0) will generically be indivisible [...] meaning that for
intermediate times t′ satisfying t > t′ > t0, there will not generally exist
a genuinely stochastic matrix Γ̃(t ← t′) satisfying the composition law or
divisibility condition

Γ (t← t0) = Γ̃ (t← t′) Γ (t′ ← t0) (77)

(Barandes [2025], p. 4.)

Given that the notation Γ(t ← t0) in Barandes [2025] treats interchangeably properties
of what we have denoted as M(t) and Pt (see equation (66) and Definition 1), we have to
ask: is “divisibility” meant to be a condition about the former or the latter? We consider
each possibility in turn. We will use “divisibility” (with quotation marks) to refer to the
notion as it appears in the literature, while divisibility (without quotation marks) will
denote the concept defined in the context of a probability dynamics in Definition 10.

5.1 Markovianity
Assuming first that “divisibility” concerns M(t), consider a stochastic process µ. Define,
for any t, t′ ∈ T , the transition matrix

M (t← t′) .=


µ (E1 (t) |E1 (t′)) µ (E1 (t) |E2 (t′)) . . . µ (E1 (t) |EN (t′))
µ (E2 (t) |E1 (t′)) µ (E2 (t) |E2 (t′)) . . . µ (E2 (t) |EN (t′))

...
µ (EN (t) |E1 (t′)) µ (EN (t) |E2 (t′)) . . . µ (EN (t) |EN (t′))

 (78)

Similarly to M (t) = M (t← 0), M (t← t′) is a stochastic matrix. By applying the law of
total probability first to the partition {Ej (t′)}Nj=1 and then to {Ek (0)}Nk=1, we obtain

µ (Ei (t)) =
N∑

j,k=1
µ (Ei (t) |Ej (t′))µ (Ej (t′) |Ek (0))µ (Ek (0)) (79)

Using the definition of M (t← t′), this equation can be recast in matrix form as

µ⃗ (t) = M (t← t′)M (t′) µ⃗ (0) (80)
= M (t) µ⃗ (0) (81)

where the second equality comes from (60). Although (80) and (81) both hold by the
definition of a stochastic process, in general we do not have

M (t) = M (t← t′)M (t′) (82)

This is because two matrices that yield the same result when applied to a specific vector—
here, µ⃗ (0)—are not necessarily equal.

Equation (82) is the matrix form of the so-called Chapman-Kolmogorov equation. A
sufficient condition for this to hold is the Markov property.

Definition 6. A stochastic process µ is called Markovian iff

µ
(
Eim+1 (tm+1) |Ei1 (t1) ∧ ... ∧ Eim (tm)

)
= µ

(
Eim+1 (tm+1) |Eim (tm)

)
(83)

for all m ∈ N, i1, ..., im, im+1 ∈ C, and t1 ≤ t2 ≤ ... ≤ tm ≤ tm+1 ∈ T (when both sides
are well-defined).
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It is easy to see that:

Proposition 4. If a stochastic process is Markovian, then the Chapman-Kolmogorov equa-
tion (82) holds for all t, t′ ∈ T, 0 ≤ t′ ≤ t.

Sketch of proof. Expand µ(Ei(t)|Ek(0)) by conditioning on the intermediate-time Ej(t′)
events, and then use the Markov property to replace µ(Ei(t) | Ek(0)∧Ej(t′)) by µ(Ei(t) |
Ej(t′)), which yields the Chapman–Kolmogorov equation (82) entrywise. (Formal proof:
Appendix A.)

The Markov property (83) is sometimes described as expressing that the system has
“no memory.” This holds in the following sense. In any stochastic process µ, given a
configuration j ∈ C and a time t′ ∈ T at which the system occupies j, the probabil-
ities of subsequent configurations for t ≥ t′ are determined as conditional probabilities
Mij (t← t′) = µ (Ei (t) |Ej (t′)), i = 1, 2, ..., N . In a Markovian stochastic process, these
conditional probabilities are unaffected by information about the earlier trajectory of
configurations (t ≤ t′) from which j evolved. In this sense, in a Markov process, a con-
figuration can be regarded as the instantaneous “stochastic state” of the system—one
that does not uniquely determine future configurations, as in a deterministic system, but
nonetheless specifies past-independent probabilities for them. Importantly, Markovianity
still allows this specification to depend explicitly on t′, the time at which the system is in
configuration j, as indicated by the argument of Mij (t← t′). One might instead require
that the system’s configuration j at time t′ determine the probabilities of later configu-
rations independently of t′ itself—that is, independently of when the system occupies j.
This may be regarded as a stronger sense of “no memory”: the system need not keep
track of its past trajectory, nor even of the passage of time. This stronger condition is
often referred to as time-homogeneity, and its precise definition is as follows.

Definition 7. A Markovian stochastic process µ is called time-homogeneous iff

µ (Ei (t) |Ej (t′)) = µ (Ei (t− t′) |Ej (0)) (84)

for all t, t′ ∈ T, 0 ≤ t′ ≤ t and i, j ∈ C, µ (Ej (0)) , µ (Ej (t′)) ̸= 0.

Thus, in a time-homogeneous Markov process, the transition matrices satisfy

M (t← t′) = M (t− t′) (85)

for 0 ≤ t′ ≤ t, and the Chapman-Kolmogorov equation becomes a condition on the matrix
family {M (t)}t∈T itself:

M (t) = M (t− t′)M (t′) (86)
for all t, t′ ∈ T, 0 ≤ t′ ≤ t.

It must be emphasized that neither equation (80) nor the Chapman-Kolmogorov equa-
tion (82) or (86) can be interpreted as a condition about the “divisibility” of the evolution
of probabilities; that is, they do not express that the transition from µ⃗ (0) to µ⃗ (t) can
be decomposed into two steps—from µ⃗ (0) to µ⃗ (t′) and then from µ⃗ (t′) to µ⃗ (t). As
discussed in Section 4, this is because a single stochastic process, characterized by the
matrices M, does not describe the transition of probability vectors; rather, it describes
the (probabilistic) transition of configurations. Note that it is only under this latter con-
strual, as conditions concerning the evolution of configurations, that Markovianity (83)
and time-homogeneity (84) can be regarded as expressing the “memorylessness” of the
time evolution.
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Motivated by the close analogy with the “divisibility condition” (77) in Barandes
[2025],8 one may ask, for a stochastic process that does not satisfy the Chapman-Kolmogorov
equation, whether there exists a stochastic matrix M̃ (t← t′), distinct from M (t← t′),
such that

M (t) = M̃ (t← t′)M (t′) (87)
Although mathematically well-defined, this question again has nothing to do with the
“divisibility” of the evolution of probabilities. The reason is the same as before: a single
stochastic process—and the matrices M (t) and M̃ (t← t′) used to describe it—does not
determine how probability vectors evolve.

5.2 Decomposability
To express the “divisibility” of the evolution of probabilities, one must instead apply
equation (77) in the context of a probability dynamics, as a condition about Pt. First, note
that in this context, equation (77) only makes sense if P is linear. Otherwise Pt cannot
generally be represented by a matrix P (t), so there is no reason to expect the existence
of a matrix P (t← t′) satisfying the analogue of (77), and to impose the stochasticity
condition on it. However, before discussing the linear case, let us first formulate a simple,
general definition that we believe captures the sought-after idea behind “divisibility,” and
that is applicable in the nonlinear case as well.

Definition 8. Let RanPt ⊆ SN denote the range of map Pt. We say that the family of
maps {Pt←t′ : RanPt′ → SN}t,t′∈T, t′≤t decomposes probability dynamics P iff

Pt = Pt←t′ ◦Pt′ (88)

for all t, t′ ∈ T, t′ ≤ t.9 We call P decomposable iff there exists a family of maps that
decomposes it.

Decomposability provides a natural formalization of the idea that the evolution of prob-
abilities, whether linear or nonlinear, can be broken down into intermediate steps. The
following simple result, which is an immediate consequence of Definition 8, will allow us
to refine this interpretation.

Proposition 5. (i) Probability dynamics P is decomposable if and only if, for all t, t′ ∈
T, t ≥ t′, Pt′ (p⃗0) = Pt′ (q⃗0) entails Pt (p⃗0) = Pt (q⃗0) for all p⃗0, q⃗0 ∈ SN .

(ii) If P is decomposable, then the family of maps {Pt←t′} decomposing it is unique.

In line with this characterization, what decomposability says is that there are no initial
probability vectors p⃗0 and q⃗0 such that Pt′ (p⃗0) = Pt′ (q⃗0) while Pt (p⃗0) ̸= Pt (q⃗0), for
t ≥ t′. That is, for t ≥ t′, p⃗ (t′) uniquely determines p⃗ (t). In that sense, just like p⃗0 at
the initial moment of time, p⃗ (t′) serves as the description of the “dynamical state” of the
system at time t′. This is the core idea behind decomposability.

Note that this idea asserts only that the instantaneous probability vector of the system
at any given time uniquely determines its later values. It does not imply the claim that

8This question is discussed and explicitly related to the notion of “divisibility” in the literature. See
e.g. Vacchini [2012], Canturk and Breuer [2024].

9We note that equation (88), together with some of the notions introduced below, would in fact make
sense for all t, t′ ∈ T , even when the condition t′ ≤ t is not satisfied. Since this added generality plays no
role in the present discussion, we shall restrict attention to the standard case t′ ≤ t.
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at any given time (other than t = 0) the system could be initialized from an arbitrary
probability vector. Indeed, decomposability is a notion relative to a particular probability
dynamics P, which may exclude some probability vectors (those not in the range of Pt′)
from the set of possible states at time t′—unless Pt′ is surjective. Put differently, the
dynamics can be initialized arbitrarily only once (at the moment we label 0), after which
the dynamical law itself determines which states are possible at any later time t′. This is
the reason why the decomposing maps Pt←t′ are only required to be defined on the range
of Pt′ and not on the entire simplex SN . As we will see, in the linear case this subtlety
plays an important role.

The fact that the instantaneous probability vector provides a notion of state, in the
sense just discussed, is sometimes characterized as the system having “no memory.” For
a decomposable dynamics, this is true in the following sense: given a probability vector
p⃗ ∈ SN , and a time t′ ∈ T at which the system occupies p⃗, the subsequent trajectory
of probability vectors for t ≥ t′ is fully determined, without any need for information
about the earlier trajectory (t ≤ t′) from which p⃗ evolved. Importantly, however, de-
composability allows this determination to depend explicitly on t′, the time at which the
system is in p⃗, as indicated by the subscript of the decomposing maps Pt←t′ . One might
adopt a stronger interpretation of “no memory,” according to which the system’s state p⃗
at time t′ determines the future evolution independently of t′ itself—that is, regardless
of when the system occupies p⃗. As before, this stronger condition is often referred to as
time-homogeneity, and its precise definition is as follows (note the distinction between the
notations Pt−t′ and Pt←t′).

Definition 9. Probability dynamics P is called time-homogeneous iff

Pt = Pt−t′ ◦Pt′ (89)

for all t, t′ ∈ T, t′ ≤ t.

Every time-homogeneous probability dynamics is decomposable, with

Pt←t′ = Pt−t′| RanPt′ (90)

for all t, t′ ∈ T, t′ ≤ t. What equation (90) expresses is that in the time-homogeneous
case there not only exists a map specifying how instantaneous probability vectors at time
t′ evolve, but moreover this map is the same one applied at time 0 (restricted to those
vectors that are possible at t′).

Let us now consider a linear probability dynamics that is decomposable. Does it then
follow that the family of maps decomposing it consists of maps that themselves preserve
convex combinations? The answer is affirmative:

Proposition 6. Suppose that P is a linear and decomposable probability dynamics. Then
each map Pt←t′ in the family decomposing P is convex-combination preserving.

Sketch of proof. Take p⃗, q⃗ ∈ RanPt′ so that p⃗ = Pt′(p⃗0) and q⃗ = Pt′(q⃗0), and use
decomposability Pt = Pt←t′ ◦ Pt′ together with convex-combination preservation of Pt′

and Pt to compute Pt←t′(λp⃗+(1−λ)q⃗) = Pt(λp⃗0+(1−λ)q⃗0) = λPt←t′(p⃗)+(1−λ)Pt←t′(q⃗)
for all λ ∈ [0, 1]. (Formal proof: Appendix A.)

If P is a linear probability dynamics, there exists a unique family {P (t)}t∈T of stochas-
tic matrices that represents P in the sense of (67). In terms of these matrices, one can
now introduce the notion of divisibility.
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Definition 10. A linear probability dynamics P is called divisible iff there exists a family
{P (t← t′)}t,t′∈T, t′≤t of stochastic matrices such that

P (t) = P (t← t′)P (t′) (91)

for all t, t′ ∈ T, t′ ≤ t.

We now ask: what is the relationship between decomposability and divisibility for a linear
probability dynamics P?

It is clear that if P is divisible, then it is also decomposable. Indeed, the action of
each stochastic matrix P (t← t′) defines an SN → SN convex combination preserving
map, which, when restricted to the range of Pt′ , yields Pt←t′ . This map satisfies the
defining equation (88) of decomposability as a consequence of (91). (For a more detailed
argument, see proof of Proposition 7 below.)

However, the converse does not hold, as shown by the following counterexample.

Example 2. Let N = 2, T = {0, 1, 2}, and consider the linear probability dynamics P
defined by the following stochastic matrices:

P (1) =
(

1 1
2

0 1
2

)
, P (2) =

(
1
2 1
1
2 0

)
(92)

If P were divisible, there would exist a stochastic matrix P (2← 1) satisfying

P (2) = P (2← 1)P (1) (93)

Since P (1) is invertible, with inverse

P (1)−1 =
(

1 −1
0 2

)
(94)

the only solution of 93 for P (2← 1) is

P (2)P (1)−1 =
(

1
2 1
1
2 0

)(
1 −1
0 2

)
=
(

1
2

3
2

1
2 −

1
2

)
(95)

However, this matrix is not stochastic: some of its entries lie outside the [0, 1] interval.
Therefore, no stochastic matrix P (2← 1) can satisfy (93), and hence P is not divisible.

On the other hand, P is decomposable. Indeed, since P (1) is invertible, the map
P1 is injective. Consequently, P1 (p⃗0) = P1 (q⃗0) trivially entails P2 (p⃗0) = P2 (q⃗0) for all
p⃗0, q⃗0 ∈ S2, and therefore, by Proposition 5, P is decomposable.

The example highlights an important point. Observe that the range of P1 is restricted
to one “half” of the simplex S2:

RanP1 =
{

(p, 1− p) |12 ≤ p ≤ 1
}

(96)

On this range, the map P2←1 is given by

P2←1 (p, 1− p) =
(3

2 − p, p−
1
2

)
(97)
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Figure 1: Example 2: the first component of the probability vector at time 2, p1(2), is
plotted as a function of the first component of the probability vector at time 1, p1(1). The
blue continuous graph corresponds to the map P2←1 as given by (97); the red dashed graph
corresponds to the action of the matrix in (95). There is no extension of the blue line
segment to a graph over the entire interval [0, 1] that is both a straight line and remains
within the unit square.

Importantly, although P2←1 preserves convex combinations and maps probability vectors
to probability vectors, it cannot be represented as the action of a stochastic matrix.10 The
reason is that its domain is not the entire simplex S2, just a subset of it. But only those
convex-combination preserving maps can be represented by stochastic matrices which take
all probability vectors to probability vectors, or can be extended so as to do so. Crucially,
however, P2←1 cannot be extended to the entire S2 in a way that both preserves convex
combinations and keeps the image within S2 (see Fig. 1). In such a case, even though
decomposability holds, divisibility fails. The following proposition states this observation
in general terms.

Proposition 7. Suppose P is a decomposable linear probability dynamics. Then P is
divisible if and only if each map Pt←t′ in the family decomposing P can be extended to a
convex-combination preserving map P̄t←t′ : SN → SN .

Sketch of proof. If Pt←t′ extends to a convex-combination preserving map on SN , then
it has a (unique) linear extension to RN , hence Pt←t′(p⃗) = P(t ← t′)p⃗ for a stochastic
matrix P(t← t′), and using Pt = Pt←t′ ◦Pt′ yields P(t) = P(t← t′)P(t′), i.e. divisibility.
Conversely, if P is divisible with stochastic matrix P(t ← t′), then matrix multiplication
defines the required convex-combination preserving extension of Pt←t′ . (Formal proof:
Appendix A.)

According to Proposition 7, divisibility strengthens decomposability by the additional
requirement that the decomposing maps Pt←t′ admit extensions beyond the range of the
maps Pt′ in a specific way. From a mathematical point of view, this is certainly a sensible
additional requirement. However, its physical motivation is much less clear. Why should
the “divisibility” of a dynamics P depend on how the decomposing maps Pt←t′ , once
their existence is ensured, act on probability vectors that are excluded by the dynamics
itself —that is, on vectors lying outside the range of Pt′?

10It can, however, be expressed as the action of the non-stochastic matrix P (2)P (1)−1 given in (95).
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In one special case, the required extension of Pt←t′ is guaranteed to exist: when the
dynamics is not merely decomposable but also time-homogeneous, in the sense defined in
Definition 9. In that case, Pt←t′ is given by (90) as the restriction of Pt−t′ to the range of
Pt′ . Since Pt−t′ is convex-combination preserving and defined on the entire simplex SN ,
this restriction can obviously be extended back to all of SN . Hence, by Proposition 7, we
obtain:

Proposition 8. Any time-homogeneous linear probability dynamics is divisible.

However, without the additional assumption of time-homogeneity, decomposability alone
does not guarantee the required extension of Pt←t′ and, in turn, does not imply divisibility.

In light of this remark, it is worth taking a look at how the intuitive content of “divis-
ibility” is characterized in the literature (the quotations below include minor adjustments
to notation and equation references):

“[...] the stochastic process based on the transition matrix Γ(t ← t0) will
generically fail to be Markovian, so [...] the model will [...] lack specific
dynamical laws describing transitions between arbitrarily chosen intermediate
times.” (Barandes [2025], p. 4)
“In summary, for a Markov process the transition matrices [...] satisfy the
composition law of equation (77). Essentially, equation (77) states that the
evolution from t0 to t can be written as the composition of the evolution from
t to some intermediate time t′, and from this t′ to the final time t.” (Rivas
et al. [2014], p. 3)
“[...] it is natural to define classical divisibility as corresponding to being
able to describe the evolution of the probability density p (xt), between two
arbitrary times, by a classical information channel. Any such classical channel,
mapping p (xt1) to p (xt2), is defined by a stochastic matrix S (xt1 , xt2) [...].”
(Li et al. [2018], p. 41)

As the first two quotations illustrate, the literature tends to blur the distinction be-
tween divisibility, a property of probability dynamics, and Markovianity, a property of
a stochastic process. However, the idea meant to be conveyed by equation (77) is clear:
it corresponds precisely to what we have introduced as decomposability. It is the notion
that the probabilities at any given time—not only at t = 0—determine the probabilities
at later times, so that the transition of probabilities from t = 0 to t > 0 can be divided
into intermediate steps. (Notice that neither the above quotations nor the passage from
Barandes [2025] at the beginning of this section suggests that these intermediate steps
should satisfy time-homogeneity.) However, what happens in the usual accounts is that
this intuitive conception is expressed through a formalism that does not quite match
the intended idea, namely by the technical notion of divisibility, which, as Proposition 7
shows, is burdened with an additional requirement whose physical motivation is unclear.

The source of the conceptual problem, we believe, is well illustrated by the third quote
above from Li et al. [2018]. By a classical information channel, the authors mean any rule
governing the temporal evolution of (classical) probabilities. If one assumes, as discussed
in Section 3, that such a rule must by default be represented by a linear map, then—given
the initial probability vector can be chosen arbitrarily—it follows that a classical channel
is associated with a stochastic matrix. This is precisely the assumption made by Li et al.
[2018]. The following further assumption is then implicitly made: when the initial time is
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changed (from 0 to t′), the corresponding classical channel should still be represented by
a stochastic matrix. However, as we have argued, even granting the linearity assumption,
this last step is problematic. The problem becomes apparent once we recognize that
linear evolution is only a special case, and that therefore the matrix-based paradigm of
probability dynamics must be replaced by a more general perspective based on functions
and function composition. In the next section, we add further support to this view by
presenting specific examples of probability dynamics where the linearity assumption is
justified, yet decomposability and divisibility nonetheless diverge.

5.3 Relating Markovianity and Decomposability
In the first part of the section, we saw that the formal analogue of “divisibility” for
a stochastic process—the satisfaction of the Chapman-Kolmogorov equation—has to do
with the Markov property. In the second part, we argued that the stepwise composition
of a probability dynamics is most appropriately captured by what we have called decom-
posability. This raises a natural question: is there a connection between Markovianity
and decomposability? The short answer is no: Markovianity is a property of a stochastic
process, while decomposability is a property of a probability dynamics. However, some-
thing much stronger can in fact be said. To formulate this precisely, we first introduce
some definitions.

Definition 11. We say that the implementation µ of a probability vector trajectory p⃗(t) is
Markovian iff µ is a Markovian stochastic process; otherwise, we say that the implemen-
tation is non-Markovian. We say that a probability dynamics P has a Markovian imple-
mentation iff there exists a stochastic process family implementing P which is Markovian
for every solution. We say that P has a non-Markovian implementation iff there ex-
ists a stochastic process family implementing P which is non-Markovian for at least one
solution.

Definition 12. We say that a probability vector trajectory p⃗(t) is non-degenerate iff there
exist t1 < t2 < t3 ∈ T and i1, i3 ∈ C such that 0 < pi1(t1) < 1 and 0 < pi3(t3) < 1, where
pi(t) is the ith entry of p⃗(t). We say that probability dynamics P is non-degenerate iff at
least one solution of P is non-degenerate.

One can show the following:

Proposition 9. (a) Every probability vector trajectory has a Markovian implementation.
Hence, every probability dynamics has a Markovian implementation.

(b) A probability vector trajectory has a non-Markovian implementation if and only if
it is non-degenerate. Hence, a probability dynamics has a non-Markovian implementation
if and only if it is non-degenerate.

Sketch of proof. Existence is shown by defining consistent finite-dimensional distribu-
tions with no inter-time correlations (products of the one-time marginals), and invoking
Kolmogorov’s extension theorem; the resulting process is Markov by construction. If
the trajectory is non-degenerate, one can perturb a three-time joint law to violate the
Markov conditional independence, whereas in the degenerate case the Markov condition
becomes vacuous or undefined so no genuinely non-Markovian implementation can be
found. (Formal proof: Appendix A.)
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There has been a discussion in the literature as to whether it is possible to find a
realistic interpretation of the probability evolution arising from quantum mechanics in
terms of an embedding into a classical Markov process (Gillespie [1994], Garbaczewski
and Olkiewicz [1996], Hardy et al. [1997], Gillespie et al. [2001]). On one natural reading,
our result answers this question in the affirmative. As we will see in the last section,
the evolution of quantum probabilities is best characterized as a collection of probability
vector trajectories, parametrized by the initial quantum state, and each such trajectory
admits a Markovian implementation, as established by Proposition 9.

6 Statistical Dynamics
In the previous sections we argued that, contrary to common sentiment in the literature,
there is no probability-theoretic reason to assume that

(a) probability dynamics is linear,

(b) the two types of transition matrices (when both exist) are identical,

(c) decomposability is equivalent to divisibility,

(d) decomposability is equivalent to Markovianity.

However, under a specific interpretation of the general formalism we have developed, some
of these assumptions can be given a physical motivation. In this section we look at this
special case, which we refer to as statistical dynamics. We consider three types of it in
turn.

6.1 Deterministic Statistical Dynamics
Consider a deterministic dynamical system on configuration space C, given by a map

D : T × C → C (98)

such that D0 is the identity function on C, where Dt
.= D (t, ·). Imagine a large ensemble

of copies of the system initiated from different configurations and each evolving in time in
accord with D. Let p0i represent the relative frequency of copies in the ensemble that start
in configuration i. Then, since the initial configuration of each copy uniquely determines
its trajectory through configuration space, the initial distribution p⃗0 = (p01, ..., p0N) ∈ SN
uniquely determines the distribution of trajectories over time in the ensemble. To specify
this distribution, first introduce the Dirac measure µDi concentrated at the trajectory with
a given initial configuration i ∈ C:

µDi (Ei1(t1) ∧ ... ∧ Ein(tn)) =
1 if D(t1, i) = i1, ..., D(tn, i) = in

0 otherwise
(99)

for all n ∈ N, i1, ..., in ∈ C, and t1, ..., tn ∈ T . The frequencies of the system’s trajectories
in the imagined ensemble can now be written as a statistical mixture of the distributions
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µDi :11

µDp⃗0

.=
N∑
i=1

p0iµ
D
i (101)

From (99) and (101), a straightforward calculation shows that for the stochastic process
thus defined, we have

µ⃗Dp⃗0 (0) = p⃗0 (102)(
MD

p⃗0 (t)
)
ij

= µDp⃗0 (Ei (t) |Ej (0)) =
1 if D(t, j) = i

0 if D(t, j) ̸= i
(103)

Crucially, the entries in (103) are independent of p⃗0.
The mapping MD : p⃗0 7→ µDp⃗0 defines a stochastic process family that gives rise to a

probability dynamics PD, via the equation of implementation:

PD (t, p⃗0) .= µ⃗Dp⃗0 (t) (104)

for all t ∈ T and p⃗0 ∈ SN . The probability vector trajectory t 7→ PD (t, p⃗0) describes how
the relative frequencies of configurations evolve over time in the ensemble, as each system
copy follows its deterministic trajectory from a given initial configuration. Importantly,
since the entries of MD

p⃗0 (t), whenever defined, are independent of p⃗0, MD is a transition-
constant stochastic process family, in the sense of Definition 5. Hence, one can introduce
the common transition matrix MD (t) as in (74), and, by Proposition 2, we obtain:

Proposition 10. PD is linear, with PD (t) = MD (t) for all t ∈ T .

The decomposability of PD and the Markovianity of MD can be characterized directly
in terms of the underlying deterministic dynamical system D. To this end, we begin with
a definition.

Definition 13. Let RanDt ⊆ C denote the range of map Dt. We say that the family of
maps {Dt←t′ : RanDt′ → C}t,t′∈T, t′≤t decomposes the deterministic dynamical system D
iff

Dt = Dt←t′ ◦Dt′ (105)

for all t, t′ ∈ T, t′ ≤ t. We call D decomposable iff such a family of maps exists.

Just like the decomposability of a probability dynamics, the decomposability of a deter-
ministic dynamical system captures the idea that the configuration at time t′ encodes
the “dynamical state” of the system at that moment, in the sense that it determines all
future configurations. Since the configuration at any given time uniquely determines the
future trajectory, trajectories of a decomposable deterministic dynamics do not intersect
in configuration space. With this notion in hand, we have the following result:

11Alternatively, µD
p⃗0

can be defined directly on the cylinder sets of F as follows:

µD
p⃗0

({ω ∈ Ω | Xt1 (ω) ∈ C1, Xt2 (ω) ∈ C2, ..., Xtn
(ω) ∈ Cn}) =

∑
i∈
⋂N

k=1
D−1(Ck)

p0i (100)

where t1, t2, . . . , tn ∈ T , C1, C2, ..., Cn ⊆ C, n ∈ N, and D−1 (Ck) denotes the preimage of Ck under the
map D (tk, ·).
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Proposition 11. (a) PD is decomposable if and only if D is decomposable.
(b) MD is Markovian if and only if D is decomposable.

Sketch of proof. The key observation is that D is decomposable iff deterministic tra-
jectories never merge and then split: one can then define intermediate-time maps Dt←t′

on RanDt′ , which induce 0–1 stochastic matrices and hence decomposing maps for PD,
while failure of this property is detected via Proposition 5. When D is decomposable, the
relevant conditionals are always in {0, 1} so further conditioning on earlier events can-
not change them (entailing Markovianity), whereas if two initial states coincide at t′ but
diverge at t a suitable initial mixture yields a direct violation of the Markov condition.
(Formal proof: Appendix A.)

By Proposition 11, PD is decomposable if and only if MD is Markovian. Moreover,
the proof of part (a) shows that, whenever PD is decomposable, there exists a family{
PD (t← t′)

}
t,t′∈T, t′≤t

of stochastic matrices that satisfies the divisibility condition (cf.
(233) and (234)). Thus:

Proposition 12. For any deterministic dynamical system D, PD is decomposable if and
only if it is divisible.

What Proposition 10, 11 and 12 together establish is that all of the assumptions (a)–(d)
listed at the beginning of the section are satisfied in the context of a probability dynamics
in which probabilities represent frequencies of configurations in a statistical mixture of
deterministic trajectories. To mark this special case, we will refer to PD as deterministic
statistical dynamics.

6.2 System-Ancilla Statistical Dynamics
A deterministic statistical dynamics represents a very special class of probability dynamics
in which the entries of the transition matrices P (t) take only the values 0 and 1 (see
(103)). One may obtain more general stochastic transition matrices by embedding a
target system into a larger, but still deterministic, system whose additional degrees of
freedom are taken to be “unobserved” or “unknown” (cf. Schmid et al. [2019], p. 7). To
describe this scenario within our framework, suppose that a target system is coupled with
an ancillary (“environment”). The set of possible configurations of the ancilla is assumed
to be Λ = {1, 2, ...,M}. Suppose that the system-ancilla composite is subjected to a
deterministic dynamics, in such a way that the configuration of the target system at t ̸= 0
is uniquely determined by the joint configuration of the target system plus the ancilla at
t = 0. This is described by a map

A : T × C × Λ→ C (106)

with the property that for any α ∈ Λ, A(0, ·, α) is the identity function on C.
We now consider an ensemble of copies of the system-ancilla composite, each prepared

in some initial configuration and evolving in time according to A. The distribution of
initial configurations across the ensemble is specified by a probability vector π⃗ ∈ SNM ,
representing a probability distribution on C × Λ.

For a given initial configuration i ∈ C and α ∈ Λ of the system-ancilla composite, the
evolution of the target system is uniquely determined. This defines a Dirac measure on
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the set of trajectories of the target system, concentrated at the trajectory corresponding
to the initial configuration pair (i, α):

µAi,α (Ei1 (t1) ∧ ... ∧ Ein (tn)) =
1 if A (t1, i, α) = i1, ..., A (tn, i, α) = in

0 otherwise
(107)

for all n ∈ N, i1, ..., in ∈ C, and t1, ..., tn ∈ T . The frequencies of the target system’s
trajectories in the ensemble can then be written as a statistical mixture of these µAi,α:

µAπ⃗
.=

N∑
i=1

M∑
α=1

πi,αµ
A
i,α (108)

where πi,α is the entry of π⃗ giving the probability that the target system is in configuration
i ∈ C and the ancilla is in configuration α ∈ Λ. For this stochastic process µAπ⃗ , equations
(107)-(108) yield

µ⃗Aπ⃗ (0) = p⃗0 (109)

(
MA

π⃗ (t)
)
ij

= µAπ⃗ (Ei (t) |Ej (0)) =

∑
α

A(t,j,α)=i

πj,α

p0j
(110)

Here p⃗0 is the marginal distribution of the target system obtained from π⃗ via

p0i
.=

M∑
α=1

πi,α (111)

for all i ∈ C. Note that, although the overall system is governed by a deterministic
dynamics A, the matrix entries in (110) are no longer restricted to {0, 1}; and in general
they depend on the initial distribution π⃗, specifically through its marginal p⃗0.

Suppose now that the initial distribution of the system-ancilla composite is not fixed
but may vary. Instead of a single distribution π⃗ ∈ SNM , consider a family

{π⃗p⃗0 ∈ SNM} p⃗0∈SN
(112)

The subscript p⃗0 indicates that the marginal distribution of the target system obtained
from π⃗p⃗0 , in the sense of (111), is p⃗0. That is, the family specifies a joint initial distribution
for the composite for each possible initial distribution of the target.

In this setting, the mapping12 MA : p⃗0 7→ µAp⃗0

.= µAπ⃗p⃗0
defines a stochastic process

family. This family, in turn, induces a probability dynamics PA through the equation of
implementation,

PA (t, p⃗0) .= µ⃗Ap⃗0 (t) (113)
for all t ∈ T and for all p⃗0 ∈ SN . PA will be referred to as system-ancilla statistical
dynamics.

In contrast to MD and PD, which are constrained by Propositions 10, 11, and 12, MA

and PA are far more general. This is made precise by the following simple result:
12If the family of initial distributions were not chosen to be of the form {π⃗p⃗0 ∈ SNM} p⃗0∈SN

, there
would be no guarantee that MA yields a well-defined map, that is a unique assignment determined by
the target system’s initial distribution p⃗0. This is because in general different initial distributions π⃗ of
the system-ancilla composite can share the same marginal p⃗0 on the system. A related point is made by
Schmid et al. [2019], Sec. III/E, but with the diagnosis that the initial distribution of the system-ancilla
composite must be chosen so that the system and ancilla are uncorrelated. We discuss this special case
below.
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Proposition 13. Let M : p⃗0 7→ µp⃗0 be an arbitrary stochastic process family with
C = {1, ..., N} and T = {0, 1, ..., τ} finite. Then there exists an ancillary system Λ =
{1, ...,M}, a deterministic system-ancilla dynamics A : T ×C × Λ→ C, and a family of
probability distributions {π⃗p⃗0 ∈ SNM} p⃗0∈SN

such that MA = M.

Sketch of proof. A large enough ancilla can label a complete system trajectory, allowing
a probability distribution over the joint system-ancilla degrees of freedom to reproduce
any stochastic process. (Formal proof: Appendix A.)

Proposition 13 shows that any stochastic process family M (at least when its time
index set is finite) can, in principle, be realized as a system-ancilla process family MA.
Since, by Proposition 1, every probability dynamics is implemented by a stochastic process
family, it follows that any probability dynamics P (again, with a finite time index set)
can be represented as a system-ancilla statistical dynamics, in the sense that PA = P.
As we will now see, restrictions arise only when constraints are imposed on the initial
probability distributions of the system-ancilla composite.

Suppose that the initial configurations of the system and the ancilla are uncorrelated
and that the probability distribution of the ancilla can be kept fixed. That is, assume
there exists a fixed probability distribution λ⃗0 ∈ SM such that

(πp⃗0)i,α = p0iλ0α (114)

for all i ∈ C, α ∈ Λ, and for all p⃗0 ∈ SN . Substituting into (108) gives

µAp⃗0 =
N∑
i=1

M∑
α=1

p0iλ0αµ
A
i,α (115)

and substituting into (110) yields(
MA

p⃗0 (t)
)
ij

= µAp⃗0 (Ei (t) |Ej (0)) =
∑
α

A(t,j,α)=i

λ0α (116)

Crucially, (116) depends only on λ⃗0 and is independent of p⃗0. Hence, MA is transition-
constant, and one can introduce the common matrix MA (t) as in (74). By Proposition 2,
it follows that:

Proposition 14. Suppose that the initial probability distributions of the system and the
ancilla are independent in the sense of equation (114). Then PA is linear and PA (t) =
MA (t), for all t ∈ T .

Thus, a system-ancilla statistical dynamics with independent system and ancilla gen-
eralizes the concept of deterministic statistical dynamics: it yields a linear probability
dynamics implemented by a transition-constant stochastic process family, in which the
transition matrices are no longer restricted to entries 0 and 1.

6.3 Stochastic Statistical Dynamics
Another natural way to generalize single-system deterministic statistical dynamics is to
allow the underlying dynamics itself to be stochastic rather than deterministic. In analogy
with map D, such a dynamical system can be characterized by a function

S : T × C → SN (117)
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with S (0, ·) : C → SN , i 7→ e⃗i. Here the jth entry Sj (t, i) of S (t, i) is interpreted as
the probability that the system is in configuration j at time t, given that it started in
configuration i. However, if this probability is to be understood as a two-time conditional
probability defined by Bayes’ rule—that is, as a “transition probability” of type 1 in
the terminology of Section 4—then the map S itself is not the appropriate mathematical
object. As discussed in Section 2, this is because the elements of the range of S, vectors in
SN , encode only one-time probabilities, whereas two-time conditional probabilities require
reference to two-time joint probabilities. Accordingly, the stochastic system is more aptly
represented by a collection of stochastic processes. Specifically, consider N stochastic
processes, µSi (i = 1, ..., N), with

µ⃗Si (t) = S (t, i) (118)

for all t ∈ T and i = 1, ..., N . (By Proposition 9, such processes always exist.) Since
S (0, i) = e⃗i, each stochastic process µSi describes the distribution of trajectories in con-
figuration space for a system initialized in configuration i with probability one. For each
such process, the two-time conditional probabilities satisfy

µSi (Ej (t) |Ei (0)) = µSi (Ej (t)) = Sj (t, i) (119)

for all t ∈ T and j = 1, ..., N . Accordingly, the transition matrix MS
i (t) associated with

µSi has its ith column equal to the probability vector S (t, i); while all other entries of it
are undefined, as they would correspond to conditional probabilities with zero-probability
conditioning events (since µSi (Ej (0)) = 0 for j ̸= i). Note that the Dirac measure µDi
defined in (99) is a special case of such a stochastic process µSi : for every t ∈ T , the
vector µ⃗Si (t), and hence the well-defined column of MS

i (t), is one of the standard basis
vectors. Unlike µDi , which is uniquely determined by the map D, a general stochastic
process µSi is not determined by the map S alone (again, since S encodes only one-
time probabilities, but no multi-time probabilities). In what follows, we therefore take
the stochastic dynamical system to be described directly by the collection of processes
µS1 , ..., µ

S
N rather than by the map S itself. To indicate the underlying stochastic dynamics,

we will henceforth use the symbol S not for a map but for this collection of stochastic
processes; thus S =

(
µS1 , ..., µ

S
N

)
. In this setting, the only requirement imposed on these

processes is that

µSi (Ej (0)) =
1 if j = i

0 if j ̸= i
(120)

for all i, j = 1, ..., N .
Now consider a statistical ensemble of copies of the system, each copy being initialized

in a definite configuration and evolving in time according to the stochastic dynamics
S. More precisely, suppose that 1) p0i specifies the relative frequency of copies in the
ensemble that start in configuration i; and 2) within each subensemble of systems that
start from a given configuration i, the frequency distribution of trajectories over time is
given by µSi . Then the statistical mixture

µSp⃗0

.=
N∑
i=1

p0iµ
S
i (121)

with p⃗0 = (p01, ..., p0N) ∈ SN , describes the distribution of trajectories for the ensemble
as a whole. Note that µDp⃗0 , as given by (101), is a special case of this mixture, obtained
by setting µSi = µDi for all i = 1, ..., N .
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From (120), a straightforward calculation shows that for the stochastic process µSp⃗0 we
have

µ⃗Sp⃗0 (0) = p⃗0 (122)(
MS

p⃗0 (t)
)
ij

=
(
MS

j (t)
)
ij

(123)

The entries in (123) can now take values other than 0 and 1, but, crucially, remain
independent of p⃗0. Hence, the mapping MS : p⃗0 7→ µSp⃗0 yields a stochastic process family
that is transition-constant, with a common matrix MS (t) specified as in (74). We then
introduce probability dynamics PS via the equation of implementation:

PS (t, p⃗0) .= µ⃗Sp⃗0 (t) (124)

for all t ∈ T and p⃗0 ∈ SN . The probability vector trajectory t 7→ PS (t, p⃗0) describes how
the relative frequencies of configurations evolve over time in the ensemble, as each system
copy is driven through configuration space by the stochastic dynamics S. Since MS is
transition-constant, Proposition 2 implies the following.
Proposition 15. PS is linear, with PS (t) = MS (t) for all t ∈ T .

The probabilities appearing in a probability dynamics PS originate from two con-
ceptually distinct sources. The first source is the stochastic nature of the underlying
dynamics governing the evolution of individual system copies; this aspect is encoded in
the collection of stochastic processes µSi . The second source is the statistical character of
the ensemble itself: we consider a collection of such copies whose initial configurations are
distributed according to p⃗0. Importantly, the fact that the resulting probability dynamics
is linear has nothing to do with the first source—indeed, it holds regardless of whether the
underlying dynamics is deterministic or stochastic—but everything to do with the second
source. Accordingly, we will refer to PS (of which PD is a special case) as stochastic
statistical dynamics.

6.4 Relating System-Ancilla and Stochastic Statistical Dynam-
ics

As we have seen, stochastic statistical dynamics generalizes the concept of deterministic
statistical dynamics in the same way as system-ancilla statistical dynamics with inde-
pendent system and ancilla does: it yields a linear probability dynamics implemented by
a transition-constant stochastic process family, in which the transition matrices are no
longer restricted to entries 0 and 1.

In fact, there is a close correspondence between stochastic statistical dynamics and
system-ancilla statistical dynamics with independent system and ancilla. To see this,
consider a deterministic system-ancilla dynamics A, and an initial probability distribution
λ⃗0 ∈ SM over the ancilla configurations. These data induce a stochastic dynamical system
S on the system configurations by

µSi =
M∑
α=1

λ0αµ
A
i,α (125)

Since A(0, ·, α) is the identity function, it follows that

µAi,α (Ej (0)) =
1 if i = j

0 if i ̸= j
(126)
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and hence that each µSi satisfies the defining requirement (120). As introduced in (125),
µSi represents a statistical mixture of system trajectories starting from configuration i,
where the mixing is taken over the “unknown” initial configuration of the ancilla. With
this identification of µSi , and under the assumption that the system and ancilla are initially
independent, we obtain, for all p⃗0 ∈ SN ,

µAp⃗0 =
N∑
i=1

M∑
α=1

p0iλ0αµ
A
i,α =

N∑
i=1

p0iµ
S
i = µSp⃗0 (127)

Here we used (125), the independence condition (114), and definitional equations (108)
and (121).

Thus, a deterministic evolution of the system-ancilla composite manifests itself, at the
level of the system alone, as a stochastic law of evolution. One may then ask, conversely,
whether any apparent stochasticity in the evolution of a target system can, in principle,
be accounted for by deterministic interactions with “unknown” degrees of freedom of an
ancilla with initially independent, fixed distribution. The answer is affirmative (at least
for finite time index sets):

Proposition 16. Let S be an arbitrary stochastic dynamical system with C = {1, ..., N}
and T = {0, 1, ..., τ} finite. Then there exists an ancillary system Λ = {1, ...,M}, a
deterministic system-ancilla dynamics A : T ×C ×Λ→ C, and a probability distribution
λ⃗0 ∈ SM , such that

(i) µSi = ∑M
α=1 λ0αµ

A
i,α, for all i ∈ C;

(ii) with the family of uncorrelated distributions {π⃗p⃗0} p⃗0∈SN
defined by (114), MA =

MS.

Sketch of proof. A stochastic dynamical system is composed of N stochastic processes,
and we can let a large enough ancilla be composed of N blocks, each of which encodes
a full configuration trajectory conditional on the system starting at i, and let A(t, i, α)
read off the t-th entry of block i. Choose the ancilla distribution λ⃗0 so that block i is
distributed according to µSi , so averaging over the ancilla reproduces each µSi , and with
(πp⃗0)i,α = p0iλ0α this yields MA = MS. (Formal proof: Appendix A.)

This result shows that stochastic statistical dynamics and system-ancilla statistical
dynamics with independent system and ancilla, viewed as linear probability dynamics,
have the same degree of generality. In light of this equivalence, it will be convenient to
refer to these probability dynamics collectively as statistical dynamics. A natural question
is whether any linear probability dynamics can, in principle, be realized as a statistical
dynamics. The answer is affirmative:

Proposition 17. Let P be an arbitrary linear probability dynamics. Then there exists a
stochastic dynamical system S such that PS = P.

Sketch of proof. For each pure initial condition e⃗i, use Proposition 9 to pick a stochastic
process µi whose one-time marginals reproduce the trajectory t 7→ P(t, e⃗i), and define the
stochastic dynamics S by setting µSi := µi. For a general initial distribution p⃗0, take the
mixture µSp⃗0 := ∑

i p0iµi, so µ⃗Sp⃗0(t) = ∑
i p0iP(t, e⃗i) = P(t, p⃗0) by linearity, hence PS = P.

(Formal proof: Appendix A.)
Proposition 16 implies that any statistical dynamics PS (at least when its time index

set is finite) is implemented by a stochastic process family of type MA satisfying the
independence condition (114). Together with Proposition 17, this entails that any linear
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probability dynamics P (at least when its time index set is finite) can be realized as a
system-ancilla statistical dynamics satisfying the independence condition. This claim is
made precise in the following proposition.
Proposition 18. Let P be a linear probability dynamics with T = {0, 1, ..., τ} finite. Then
there exists an ancillary system Λ = {1, ...,M}, a deterministic system-ancilla dynamics
A : T ×C ×Λ→ C, and a probability distribution λ⃗0 ∈ SM , such that, with the family of
distributions {π⃗p⃗0} p⃗0∈SN

defined by (114), we have PA = P.
Thus, statistical dynamics correspond to the most general class of linear probability

dynamics. This generality comes at a price: while these dynamics satisfy conditions
(a)–(b) listed at the beginning of the section, they—unlike a single-system deterministic
statistical dynamics PD—fail to satisfy condition (c), the equivalence of decomposability
and divisibility. The reason is that they can realize linear probability dynamics of all
kinds, including those that are decomposable but not divisible.

Moreover, by Proposition 9, every probability dynamics admits a Markovian imple-
mentation, and every non-degenerate probability dynamics admits a non-Markovian im-
plementation as well. A fortiori, every decomposable linear probability dynamics that
is non-degenerate therefore has both types of implementations. Since no assumptions
are made about the Markovianity of the stochastic processes µSi from which MS (and,
by equivalence, MA) arises, one should expect on the basis of Proposition 9 that a de-
composable linear dynamics will generally admit both Markovian and non-Markovian
implementations of type MS and MA; and hence that the equivalence between decompos-
ability and Markovianity formulated in point (d) also breaks down in this more general
setting. The following example illustrates that the equivalences stated in points (c) and
(d) indeed fail for statistical dynamics more general than single-system deterministic ones.
Example 3. Consider the probability dynamics introduced in Example 2, with N =
2, T = {0, 1, 2}, and

P (1) =
(

1 1
2

0 1
2

)
, P (2) =

(
1
2 1
1
2 0

)
(128)

As shown there, P is decomposable but not divisible. We now construct a system-ancilla
dynamics A, together with an initial probability distribution λ⃗0 ∈ SM , and the corre-
sponding stochastic dynamics S, such that PA = PS = P.

Let the configuration space of the ancilla be Λ = {1, 2}, and define dynamics A by
stipulating the values of A (t, i, α) as follows:

A (1, 1, 1) = 1 A (1, 1, 2) = 1
A (1, 2, 1) = 1 A (1, 2, 2) = 2
A (2, 1, 1) = 1 A (2, 1, 2) = 2
A (2, 2, 1) = 1 A (2, 2, 2) = 1

(129)

and choose the initial ancilla distribution to be uniform, λ01 = λ02 = 1
2 . The induced

stochastic dynamics S can then be described by specifying the probabilities assigned by
µS1 and µS2 to the three-time events Ei (0) ∧ Ej (1) ∧ Ek (2) (trajectories), in accordance
with (125). There are eight such events; the nonzero probabilities are:

µS1 (E1 (0) ∧ E1 (1) ∧ E1 (2)) = 1
2 µS2 (E2 (0) ∧ E1 (1) ∧ E1 (2)) = 1

2

µS1 (E1 (0) ∧ E1 (1) ∧ E2 (2)) = 1
2 µS2 (E2 (0) ∧ E2 (1) ∧ E1 (2)) = 1

2
(130)
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Using either (123) or (116), one verifies directly that

MA (t) = MS (t) = P (t) (131)

for all t ∈ T . As a consequence, PA (t) = PS (t) is a statistical dynamics that is decom-
posable but not divisible.

Moreover, using (121) and (130), a straightforward calculation shows that

µSp⃗0 (E1 (2) |E1 (1) ∧ E1 (0)) = 1
2 (132)

µSp⃗0 (E1 (2) |E1 (1) ∧ E2 (0)) = 1 (133)

for all initial distributions p⃗0 ∈ SN , p01, p02 > 0. This means that for every such p⃗0, the
process µSp⃗0 (and equivalently µAp⃗0) is non-Markovian, despite the fact that the associated
statistical dynamics PS (t) = PA (t) is decomposable.

6.5 Statistical Dynamics and Statistical Mixing
It must be emphasized that the linearity of statistical dynamics is not merely a conse-
quence of general probabilistic constraints imposed by Kolmogorov’s axioms, as standard
presentations of linearity cited in Section 3 would like to have it. Rather, it depends
crucially on the physical interpretation of what probability vectors represent in the given
context: the instantaneous frequency distributions of configurations in an ensemble of
systems, each evolving independently according to a deterministic or stochastic law of
evolution. Conversely, the fact that statistical mixing of deterministic or stochastic pro-
cesses leads to linear probability evolution provides no grounds for assuming that an
arbitrary probability dynamics, with no connection to statistical mixing, must be linear.
To illustrate this distinction, it is instructive to consider the following example.

Example 4. Consider a coin toss, with configuration space C .= {H,T}. A probability
vector of the corresponding type, say p⃗ = (1/2, 1/2), admits two distinct interpretations.
The vector p⃗ may represent the probabilistic state of

(a) an individual coin that is fair, or

(b) an ensemble of coins, half of which always land heads and half of which always land
tails.

Formally, in both cases p⃗ defines the same probability distribution on C, which can be
expressed as the convex combination(1

2 ,
1
2

)
= 1

2 (1, 0) + 1
2 (0, 1) (134)

However, the meaning of this distribution differs in the two cases. In case (b), it is a
statistical mixture corresponding to the expansion (134), in the sense that it describes
an ensemble that is an equal mixture of maximally biased “heads” and “tails” coins. In
case (a), by contrast, although the expansion (134) is mathematically valid, it does not
describe a mixture of underlying physical systems.

Correspondingly, there are two different probability dynamics governing the evolution
of the probability vector for these two systems. Let T = {0, 1, 2} and consider the
following cases.

36



(A) Individual coin. The bias of the coin evolves according to the probability dynamics
P defined in the Introduction:

P0 (r, 1− r) .= (r, 1− r) (135)
P1 (r, 1− r) .= (f (r) , 1− f (r)) (136)
P2 (r, 1− r) .= (r, 1− r) (137)

where r ∈ [0, 1] and f (r) = r2. Clearly, P is nonlinear, since

P1

(1
2 ,

1
2

)
=
(1

4 ,
3
4

)
̸=
(1

2 ,
1
2

)
= 1

2P1 (1, 0) + 1
2P1 (0, 1) (138)

(B) Ensemble of maximally biased coins. Each coin in the ensemble described in (b)
retains its initial maximal bias. That is, a coin that lands heads on the first toss
will land heads on every subsequent toss, and similarly for tails. This behavior is
described by the deterministic dynamical system D given by

D (t,H) .= H (139)
D (t, T ) .= T (140)

for all t ∈ T . This induces a stochastic process family p⃗0 7→ µDp⃗0 and a corresponding
probability dynamics PD, as defined in (101) and (104), respectively. The vector
PD
t (1/2, 1/2) then describes how the ratio of maximally biased “heads” and “tails”

coins evolves (in this case, remains unchanged) within the ensemble.

Since Pt (1, 0) = (1, 0) and Pt (0, 1) = (0, 1) for all t ∈ T , each individual coin in the
ensemble evolves exactly as prescribed by the probability dynamics of the individual coin
in case (A). As a consequence,

PD
t (1, 0) = Pt (1, 0) (141)

PD
t (0, 1) = Pt (0, 1) (142)

for all t ∈ T . By contrast,

PD
1

(1
2 ,

1
2

)
= 1

2PD
1 (1, 0) + 1

2PD
1 (0, 1) = 1

2P1 (1, 0) + 1
2P1 (0, 1) ̸= P1

(1
2 ,

1
2

)
(143)

That is, the temporal evolution of the statistical mixture described by probability vector
p⃗ = (1/2, 1/2) does not coincide with the temporal evolution of an individual coin de-
scribed by the same probability vector. While the evolution of the statistical mixture is
convex-combination preserving, this fact does not imply that a fundamentally different
quantity, the bias of a single coin, should evolve linearly. The point is that the evolution
of the probability vector describing the instantaneous bias of an individual coin does not
constitute a statistical dynamics, that is, it does not represent the evolution of frequen-
cies of instantaneous configurations in an ensemble of independently evolving systems.
Consequently, there is no reason for this evolution to be linear.

This analysis can be easily generalized to situations in which the statistical dynamics
is stochastic rather than deterministic. Even in this simple form, however, the distinction
highlighted in the example has an important moral. There has long been a question in the
foundations of quantum mechanics whether quantum probabilities admit an interpretation
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of type (a) or type (b). That is, whether quantum probabilities arise from sampling
of an ensemble of systems with determinate properties—analogous to an ensemble of
“heads” and “tails” coins—or whether there are no such determinate properties, so that
the ontology of quantum systems is instead more akin to that of an individual fair coin.
The prevailing view is that quantum mechanics does not admit a statistical interpretation
of type (b), as indicated by no-go results such as Bell’s theorem (Bell [1964]) and the
Kochen–Specker theorem (Kochen and Specker [1968]), and that quantum probabilities
should therefore be understood along the lines of type (a).13 Accepting this common
view—or, more weakly, simply allowing for the possibility of a type (a) interpretation—
what Example 4 shows is that the linearity of quantum probability evolution cannot
be inferred from the linearity of the evolution of statistical mixtures, since the latter
presupposes a type (b) interpretation of probabilities. This recognition is particularly
important in light of some discussions in the literature, including the widely discussed
general probabilistic theories approaches, which aim to establish the necessity of linear
probability evolution in quantum mechanics precisely on the basis of the linearity of what
we term statistical dynamics (see e.g. Müller [2021], pp. 20–21; Diósi [2025], pp. 1–2; for
a detailed criticism see Szabó et al. [2023], Appendices 1 and 2). In the final section, we
discuss what kind of probability evolution quantum mechanics can be said to deliver.

7 Quantum Dynamics
Attempts to characterize quantum mechanics in terms of the language of classical stochas-
tic processes date back many decades (Schrödinger [1931], Fényes [1952], Nelson [1966],
Grabert et al. [1979], Hardy et al. [1992], Garbaczewski and Olkiewicz [1995, 1996], Gille-
spie et al. [2001]). Recently, Barandes [2025] has advanced a novel perspective on the
correspondence between quantum and classical formalisms for probabilistic laws of evo-
lution, claiming to derive the former from the latter. Another recent strand of literature
related to such a correspondence, largely focused on open quantum systems, develops a
probabilistic characterization of quantum dynamics by explicitly drawing a parallel with
classical stochastic dynamics (Aaronson [2005], Vacchini et al. [2011], Vacchini [2012],
Smirne et al. [2013], Rivas et al. [2014], Gullo et al. [2014], Breuer et al. [2016], Li et al.
[2018], C.-F. Li and Piilo [2019], Schmid et al. [2019]). In light of our preceding discus-
sion, we close with a few remarks on this topic. To make these remarks more concrete,
we formulate them using the example of a qubit.

7.1 Quantum Probability Evolution
Consider a qubit with basis states |1⟩ .= (1, 0) , |2⟩ .= (0, 1) ∈ C2. Measurement in this
basis yields outcome set C = {1, 2}, which will be regarded as the configuration space of
the system. For any quantum state |ψ⟩ ∈ C2, Born’s rule gives the probability vector

p⃗ =
(
|⟨1|ψ⟩|2 , |⟨2|ψ⟩|2

)
∈ S2 (144)

13Of course, the general characterization of interpretations of type (a) and (b), as well as the precise
implications of theorems such as those of Bell and Kochen–Specker for these interpretations, are subtle
issues that have been widely discussed and debated in the literature (see e.g. Szabó [2008]). For a specific
approach that preserves the possibility of a statistical interpretation of quantum probabilities even in the
light of these “no-go” results, see, for example, the prism models of Arthur Fine and László Szabó (Fine
[1982, 1986], Szabó [2008]).
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which specifies the probabilities of finding the qubit in each configuration.
Let T be a set of time indices under consideration. As the quantum state |ψ⟩ evolves

in time, equation (144) determines a corresponding probability vector trajectory

t 7→
(
|⟨1|ψ(t)⟩|2, |⟨2|ψ(t)⟩|2

)
(145)

where |ψ (t)⟩ denotes the quantum state at time t ∈ T . Between time 0 and t, the
evolution may be governed purely by Schrödinger’s equation, in which case |ψ (t)⟩ =
U (t) |ψ (0)⟩, with U(t) : C2 → C2 the unitary time-evolution operator. At this level
of generality, however, we also allow for the possibility that, in case “measurement is
performed on the system” between time 0 and t, the quantum state undergoes collapse
and |ψ (t)⟩ ̸= U (t) |ψ (0)⟩. In either case, the probability vector trajectory given by (145)
is a well-defined concept.

One has to be careful, however, when attempting to interpret the quantum formalism
in terms of the richer notions of (a) a probability dynamics and (b) a stochastic process
(family). In both cases, one encounters difficulties:

(a) While the quantum state uniquely determines the probability vector in (144), the
converse is not true: the probability vector does not uniquely determine the quan-
tum state. Therefore, even in a collapse-free evolution in which an initial quantum
state uniquely determines its temporal trajectory via Schrödinger’s equation, an
initial probability vector generally does not uniquely determine a probability vec-
tor trajectory. Consequently, Schrödinger’s equation together with Born’s rule do
not, by themselves, specify a probability dynamics as defined in Definition 1. (In
the presence of “measurements,” the situation is even more complicated, since the
evolution of the quantum state itself is no longer uniquely determined by the initial
state.)

(b) As discussed in Section 2, the notion of a stochastic process requires specifying a
probability measure over the set of possible trajectories through configuration space.
This raises both conceptual and technical difficulties. In a stochastic process, a tra-
jectory is typically understood as a sequence of objective states the system occupies
independently of measurement (cf. the trajectory of a particle in Brownian mo-
tion). In quantum mechanics, however, the existence of such “hidden variables” is
contentious and depends on the particular version of the theory one adopts. The
related technical problem is that, to define a stochastic process µ, one has to be able
to specify its finite-dimensional distributions µ (Ei1 (t1) ∧ Ei2 (t2) ∧ ... ∧ Ein (tn)). In
our example, these distributions correspond to the joint probabilities of finding the
qubit in the two configurations at various times. The functions assigning these joint
probabilities must satisfy certain probability-theoretic requirements—the so-called
Kolmogorov consistency conditions—in order for an underlying stochastic process
to exist (see proof of Proposition 3 and 9 in Appendix A). However, constructing
such finite-dimensional distributions on the basis of quantum mechanics—and doing
so in a way that satisfies the Kolmogorov consistency conditions—is a non-trivial
problem, well known in the literature (see e.g. Grabert et al. [1979], Anastopoulos
[2006], Strasberg and Díaz [2019], Lonigro et al. [2024]).14 For example, the multi-

14Note that the non-triviality of this problem is consistent with Proposition 9, which states that any
probability vector trajectory, including (145), can be implemented by a stochastic process. This is
because the finite-dimensional distributions of the implementing stochastic processes whose existence is
guaranteed by Proposition 9 are not constrained by, nor connected to, quantum mechanics.
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time distributions obtained by repeatedly probing a quantum system through a
sequence of projective measurements (of a single observable) generally fail to satisfy
the consistency conditions (Strasberg and Díaz [2019], p. 2). It is worth emphasizing
that this difficulty already arises for the simplest case of two-time joint probabilities
µ (Ei1 (t1) ∧ Ei2 (t2)), and thus for the associated two-time conditional probabilities
µ (Ei2 (t2) |Ei1 (t1)). In light of this problem, two-time conditional probabilities ap-
pear to lack a clear meaning in standard quantum mechanics—at least not one that
can be captured by a classical stochastic process.

In what follows, we restrict attention to purely unitary quantum mechanical processes
with no measurement collapse. For such processes, what is well defined on the basis of
the standard formalism is the concept of a probability vector trajectory associated with
a given initial quantum state |ψ (0)⟩ = |ψ⟩. This trajectory is given by equation (145),
where the state evolves as |ψ (t)⟩ = U (t) |ψ⟩. We will use the notation p⃗|ψ⟩ (t) for this
concept, and refer to it as quantum probability evolution. We stress again that quantum
probability evolution thus understood incorporates only processes in which the quantum
state evolves linearly, as dictated by Schrödinger’s equation.

In Section 3, we defined the notion of linearity for a probability dynamics. This can
be straightforwardly generalized to the case of quantum probability evolution. In our
present setting, the definition is as follows.

Definition 14. Quantum probability evolution is said to be linear (convex-combination
preserving) iff for any λ ∈ [0, 1] and any quantum states |ψ⟩ , |φ⟩ , |χ⟩ ∈ C2

p⃗|ψ⟩ (0) = λp⃗|φ⟩ (0) + (1− λ) p⃗|χ⟩ (0) (146)

implies
p⃗|ψ⟩ (t) = λp⃗|φ⟩ (t) + (1− λ) p⃗|χ⟩ (t) (147)

for all t ∈ T .

Indeed, this definition generalizes Definition 4 for probability dynamics in the following
sense. Suppose we consider a subset Q ⊂ C2 in which quantum states are in one-to-one
correspondence with probability vectors: that is, for each p⃗0 ∈ S2 there exists a unique
|p⃗0⟩ ∈ Q such that p⃗0 =

(
|⟨1|p⃗0⟩|2 , |⟨2|p⃗0⟩|2

)
. Relative to this set Q of states,

p⃗0 7→
(
|⟨1|U (t) |p⃗0⟩|2 , |⟨2|U (t) |p⃗0⟩|2

)
(148)

defines a probability dynamics, which is linear if and only if the implication in Definition 14
holds for all |ψ⟩ , |φ⟩ , |χ⟩ ∈ Q. In what follows, however, we will not assume the existence
of such a privileged set Q.

We now demonstrate that quantum probability evolution fails to be linear. The argu-
ment follows standard reasoning from textbook quantum theory, but it is worth spelling
out explicitly in the present context.

Suppose that the initial quantum state of the qubit is the superposition

|ψ⟩ = 1√
2
|1⟩+ 1√

2
|2⟩ (149)

By Born’s rule (145), the initial probability vector is

p⃗|ψ⟩ (0) =
(1

2 ,
1
2

)
= 1

2 p⃗|1⟩ (0) + 1
2 p⃗|2⟩ (0) (150)
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That is, initially, the probability vector for the superposition is the convex combination
of the probability vectors for the superposed states. We will now follow the probability
vector trajectory p⃗|ψ⟩ (t) for t > 0. Since the time evolution of quantum states is linear,
we have

U (t) |ψ⟩ = 1√
2
U (t) |1⟩+ 1√

2
U (t) |2⟩ (151)

Then, the ith entry of the corresponding probability vector is
(
p⃗|ψ⟩ (t)

)
i

= |⟨i|U (t) |ψ⟩|2 =
∣∣∣∣∣ 1√

2
⟨i|U (t) |1⟩+ 1√

2
⟨i|U (t) |2⟩

∣∣∣∣∣
2

(152)

= 1
2 |⟨i|U (t) |1⟩|2 + 1

2 |⟨i|U (t) |2⟩|2 + 1
2 ⟨i|U (t) |1⟩ ⟨i|U (t) |2⟩+ 1

2⟨i|U (t) |1⟩ ⟨i|U (t) |2⟩
(153)

= 1
2
(
p⃗|1⟩ (t)

)
i
+ 1

2
(
p⃗|2⟩ (t)

)
i
+ cross terms (154)

where the overline denotes complex conjugation. For t > 0, in contrast to t = 0, the
states U (t) |1⟩ and U (t) |2⟩ typically have overlapping support in the given basis, in the
sense that for some i, both ⟨i|U (t) |1⟩ and ⟨i|U (t) |2⟩ are non-vanishing.15 Consequently,
the cross terms in (154) are generally non-zero. What this implies is that even though

p⃗|ψ⟩ (0) = 1
2 p⃗|1⟩ (0) + 1

2 p⃗|2⟩ (0) (155)

in general we have
p⃗|ψ⟩ (t) ̸=

1
2 p⃗|1⟩ (t) + 1

2 p⃗|2⟩ (t) (156)

for t > 0. The evolution of probabilities does not preserve convex combinations; that is,
quantum probability evolution is not linear.

The nonlinear character of quantum probability evolution, as is illustrated in the
example, crucially depends on the fact that while the evolution of quantum states is
linear, the probabilities of configurations, as given by Born’s rule, are nonlinear functions
of the quantum state. At this point, one might wonder how the derived nonlinearity is
consistent with the density matrix formalism, where both time evolution and Born’s rule
appear as linear maps. Indeed, in that framework the two mappings are

ϱ0 7→ ϱ (t) .= U (t) ϱ0U (t)† (157)
ϱ 7→ pi

.= tr (|i⟩ ⟨i| ϱ) (158)

for i = 1, 2, with ϱ0 and ϱ denoting 2 × 2 density matrices, † the adjoint, and |i⟩ ⟨i|
the orthogonal projector onto |i⟩. Both maps (157)-(158) are linear, hence so is their
composition. Consequently, the probabilities of configurations at any given time are
linear functions of the initial density matrix. Crucially, however, this does not imply that
probabilities at later times are linear functions of the initial probabilities (cf. Fig. 2). For

15The expression “overlapping support” is borrowed from the usual notion of wavefunctions with over-
lapping support: it means that in a given measurement basis (for wavefunctions, the coordinate basis),
both states assign nonzero amplitude to the same basis element. Note that U (t) |1⟩ and U (t) |2⟩ can
have overlapping support in this sense without ceasing to be orthogonal in C2. Their orthogonality is
guaranteed by that of |1⟩ and |2⟩, together with the fact that the unitary U (t) preserves inner products.
Conversely, however, if two states have non-overlapping support in a given basis, they are necessarily
orthogonal.

41



ϱ0 ϱ(t)

p⃗0 p⃗(t)

U(t)
linear

diag

linear

diag

linear

generally nonlinear

Figure 2: Even though both time evolution and taking the diagonal are linear operations
on density matrices, the time evolution of the resulting probability vectors is generally
nonlinear

that to hold, it would also have to be the case that whenever the initial probability vectors
combine convexly, the corresponding density matrices from which they are derived under
Born’s rule (158) do so as well. But this is not the case. For example, although the
superposition state |ψ⟩ defined in (149) is a linear combination of |1⟩ and |2⟩, its density
matrix |ψ⟩ ⟨ψ| is not a convex combination of |1⟩ ⟨1| and |2⟩ ⟨2|:

|1⟩ ⟨1| =
(

1 0
0 0

)
, |2⟩ ⟨2| =

(
0 0
0 1

)
(159)

but
|ψ⟩ ⟨ψ| =

(
1
2

1
2

1
2

1
2

)
(160)

Yet the corresponding probability vectors given by Born’s rule do combine convexly, as
shown in (150).

Note that in the special case where the initial density matrix is the “mixed state”
1
2 |1⟩ ⟨1|+

1
2 |2⟩ ⟨2| =

(
1
2 0
0 1

2

)
(161)

the additional requirement is obviously satisfied: the density matrix is itself the appro-
priate convex combination. This “mixed state,” however, has nothing to do with the
superposition state |ψ⟩ whose temporal evolution gives rise to the breakdown of convex-
combination preservation in the evolution of Born probabilities.

In light of these remarks, it is worth having a look at the approach to quantum
mechanics advanced by Barandes [2025]. Here is how the paper lays out what is termed
the stochastic–quantum correspondence.

The linear marginalization relationship

pi (t) =
N∑
j=1

Γij (t← 0) pj (0) (162)

between the system’s standalone probabilities pj (0) at the initial time 0 and
the standalone probabilities pi (t) at the target time t can now be recast as

pi (t) = tr (|i⟩ ⟨i| ϱ (t)) (163)

Here

ϱ (t) ≡ Θ (t← 0)
 N∑
j=1

pj (0) |j⟩ ⟨j|
Θ (t← 0)† = Θ (t) diag (..., pj (0) , ...) Θ (t)†

(164)
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[...] Crucially, notice how the linearity of the marginalization relationship
(162) is ultimately responsible for the linearity of the relationship between the
matrix ϱ (t) and its value ϱ (0) at the initial time 0. (Barandes [2025], p. 7,
with minor adjustments to notation)

Following the approach discussed in Section 3, Barandes [2025] starts out by supposing
a linear probability dynamics P. Then, after introducing a matrix family {Θ (t)}t∈T for
which Pij (t) = |Θij (t)|2, the equation p⃗ (t) = P (t) p⃗ (0) is rewritten in the form (163). The
resulting expressions resemble those of quantum mechanics (157)-(158). However, what
is recovered can only have a limited connection to quantum mechanics. As we have seen
above, 1) quantum mechanics does not give rise to a well-defined probability dynamics,
since the initial probability vector p⃗ (0) does not uniquely determine the later one p⃗ (t),
and 2) quantum probability evolution, described by p⃗|ψ⟩ (t), is in general not linear—even
in case of a purely unitary process. Therefore, assuming that the probabilities the theory
starts out from are the same probabilities that standard quantum theory talks about, the
premises on which this reconstruction rests appear to be in tension with the probabilistic
structure of quantum mechanics, the very theory that the reconstruction is meant to
recover.

It is instructive to highlight the discrepancy between standard quantum mechanics
and the formalism developed in Barandes [2025]. As noted below Definition 14, one
only obtains a well-defined probability dynamics from quantum mechanics if the set of
possible initial quantum states are restricted to a subset in one-to-one correspondence with
probability vectors—in the sense of equation (148). And indeed, in the reconstruction of
Barandes [2025], the possible initial states (here, density matrices) are restricted precisely
in this way. By (164), the initial density matrix

ϱ (0) ≡
N∑
j=1

pj (0) |j⟩ ⟨j| = diag (..., pj (0) , ...) (165)

is by definition diagonal, with diagonal entries given by the components of the initial
probability vector. The diagonal density matrices are in one-to-one correspondence with
probability vectors, and so such a restriction indeed ensures the existence of a well-defined
probability dynamics—as is assumed in Barandes [2025] from the outset.

Crucially, the diagonal density matrices are exactly those that can be written as convex
combinations of the projectors |j⟩ ⟨j|, just like the “mixed state” (161).16 As we have seen,
for such initial density matrices the probability vector given by Born’s rule (163) does
evolve linearly. But this is a very special case, not representative of quantum mechanics
in general. Indeed, the density matrix (160) associated with superposition (149)—the
very case that gives rise to nonlinear probability evolution—cannot be represented in this
way. What this formalism thus leaves out is one of the most fundamental features of
quantum mechanics: the possibility of superposition as an initial state.

16Moreover, some of the arguments in Barandes [2025] tacitly assume not merely that the initial density
matrix is a convex combination of projectors |j⟩ ⟨j|, but that it is in fact one of the projectors |j⟩ ⟨j| itself—
that is, the system must begin in one of the basis states |j⟩. This follows from the way “pure states” |ψ⟩
are defined in his formalism: by this definition, the version of Born’s rule expressed in terms of “pure
states” ((145)) is only valid in the framework of Barandes [2025] when the initial pure state coincides
with a basis state |j⟩ (cf. Barandes [2025], p. 7). Consequently, all arguments in Barandes [2025] that
rely on this formulation of Born’s rule (such as the discussion of “division events” and “decoherence”
in sections 3.7-3.8) hold only under this restriction. Note that this restriction means that the initial
probability vectors are confined to the basis vectors e⃗j , i.e. the vertices of SN , in which case the very
distinction between linear and nonlinear probability evolution loses its meaning.
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7.2 Interference and Divisibility
In addition to the nonlinearity introduced by |·|2 in Born’s rule, there is another crucial
factor behind the nonlinear character of quantum probability evolution, as illustrated
in equation (153): the fact that quantum states with initially non-overlapping support
generally evolve into states with overlapping support. Recall that this means that for
t > 0, both ⟨i|U (t) |1⟩ and ⟨i|U (t) |2⟩ are typically non-vanishing, even though this is
not the case for t = 0. This phenomenon is a hallmark of the appearance of quantum
interference; and in this sense, interference can be seen as a key factor behind the nonlinear
character of quantum probability evolution.

This reading stands at odds with the interpretation of quantum interference advanced
in Barandes [2025]. There, it is argued that “interference is a direct consequence of the
stochastic dynamics not generally being divisible. More precisely, interference is nothing
more than a generic discrepancy between the actual indivisible stochastic dynamics and
a heuristic-approximate divisible stochastic dynamics” (Barandes [2025], p. 12, emphasis
in original). In Appendix C, we explain in detail why this analysis is, in our view,
mathematically problematic. There is, however, a more fundamental difficulty with this
diagnosis.

Let us set aside the fact that, since in quantum mechanics p⃗ (t) is not determined by
p⃗ (0), we have no reason to expect that p⃗ (t) is determined by p⃗ (t′), for any t′ < t; and
so decomposability and divisibility in the sense of Definitions 8 and 10 are not applicable
to quantum mechanics. Instead, in analogy with p⃗|ψ⟩ (t), it is natural to introduce the
weaker notion p⃗|ψ⟩,t′ (t), defined as the probability vector trajectory initiated from a given
quantum state |ψ⟩ at time t′ ∈ T (rather than at time 0). Now for the unitary time-
evolution of the quantum state it holds that for all t, t′ ∈ T , t′ < t there exists a unitary
operator U (t← t′) such that

U (t) = U (t← t′) U (t′) (166)

As a consequence,

p⃗|ψ⟩,t′ (t) =
(
|⟨1|U (t← t′) |ψ⟩|2 , |⟨2|U (t← t′) |ψ⟩|2

)
(167)

is always well-defined, and quantum probability evolution can always be decomposed into
corresponding intermediate steps, in the sense that

p⃗|ψ⟩(t) =
(
|⟨1|U(t)|ψ⟩|2 , |⟨2|U(t)|ψ⟩|2

)
=
(
|⟨1|U(t← t′)U(t′)|ψ⟩|2 , |⟨2|U(t← t′)U(t′)|ψ⟩|2

)
= p⃗U(t′)|ψ⟩,t′(t)

(168)

for all t, t′ ∈ T , t′ < t. Equation (168) says that the evolution of the probability vector
p⃗|ψ⟩ (0) to p⃗|ψ⟩ (t) can be decomposed into two steps: first, from 0 to t′, the quantum state
|ψ⟩ evolves to U (t′) |ψ⟩; then, from t′ to t, the probability vector p⃗U(t′)|ψ⟩,t′ (t′) evolves
to p⃗U(t′)|ψ⟩,t′ (t). In simpler terms, the quantum state at time t′, and not only at time
0, determines future probability vectors. In this sense, quantum probability evolution is
decomposable.

Recall from Section 5.2 that, in case of a well-defined probability dynamics, what
divisibility adds to the notion of decomposability is the requirement that the decomposing
maps Pt←t′ be represented by stochastic matrices. Crucially, as we have emphasized,
divisibility is only seen as synonymous with decomposability when linearity is, incorrectly,
taken to be a necessary feature of probability dynamics, so that every probability evolution
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is automatically associated with stochastic matrices. For nonlinear probability dynamics,
however, divisibility—again, understood as the requirement that the decomposing maps
be represented by stochastic matrices, and thus be linear—is a concept that simply does
not apply. Translating this observation into the language of quantum probabilities: since
quantum probability evolution is generally nonlinear, any notion of “divisibility” that
requires p⃗|ψ⟩,t′ (t) to preserve convex combinations, in a sense analogous to Definition 14, is
inapplicable. The only notion of “divisibility,” or more appropriately decomposability, that
makes sense for, and indeed is satisfied by, the evolution of quantum probabilities is the one
expressed by equation (168)—a simple consequence of (166). Rather than an “indivisible
stochastic dynamics,” quantum probability evolution is therefore more aptly characterized
as a nonlinear yet decomposable dynamics. Notice that quantum interference, as one of
the key sources of the nonlinearity of quantum probability evolution, is itself a central
reason why the framework of indivisible stochastic processes in Barandes [2025] cannot
model quantum mechanics and account for the interference phenomena it entails.

7.3 Tomographic Completion
In line with our general framework, the preceding discussion focused on a single proba-
bility vector encoding the statistics of a single observable, corresponding to a particular
choice of basis |1⟩ , |2⟩ ∈ C2. From the perspective of the Hilbert-space formalism, such a
probability vector contains only partial information about the underlying quantum state.
From this point of view, a natural extension of the framework is to consider a collection of
probability vectors encoding the statistics of a tomographically complete set of observables,
which together uniquely determine the quantum state. This perspective will provide a
further way to understand the nonlinearity of quantum probability evolution.

As an example, consider the three Pauli measurements corresponding to the following
three distinct bases in C2:

|z+⟩ = |1⟩ |z−⟩ = |2⟩
|x+⟩ = 1√

2

(
|1⟩+ |2⟩

)
|x−⟩ = 1√

2

(
|1⟩ − |2⟩

)
|y+⟩ = 1√

2

(
|1⟩+ i|2⟩

)
|y−⟩ = 1√

2

(
|1⟩ − i|2⟩

) (169)

One can then define the six-component vector

v
.=



tr (|z+⟩ ⟨z+| ϱ)
tr (|z−⟩ ⟨z−| ϱ)
tr (|x+⟩ ⟨x+| ϱ)
tr (|x−⟩ ⟨x−| ϱ)
tr (|y+⟩ ⟨y+| ϱ)
tr (|y−⟩ ⟨y−| ϱ)


(170)

whose value uniquely determines the quantum state ϱ. Note that v is no longer a probabil-
ity vector as its entries sum to 3 rather than to 1. On the other hand, because v uniquely
determines ϱ, its initial value uniquely determines its later values via the unitary evolution
of the quantum state—unlike the probability vector p⃗ in (144), which consists only of the
first two entries of (170) (with ϱ = |ψ⟩ ⟨ψ|). That is, there exists a well-defined mapping

Vt : v (0) 7→ v (t) (171)

where v (t) is the value of vector v at time t, obtained by substituting ϱ (t) for ϱ in (170).
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One may now ask: although the upper block corresponding to the first two entries does
not give rise to a linear evolution in the sense of Definition 14, is Vt, the time evolution of
the vector v as a whole, convex-combination preserving? The answer is affirmative. The
simple argument that follows is formulated in the concrete case of the Pauli measurements,
but it applies more generally to any tomographically complete set of observables.

Let D denote the convex set of density matrices and consider the map

ϕ : D → R6, ϱ 7→ v (172)

ϕ preserves convex combinations, and since the three Pauli measurements constitute a
tomographically complete set of observables, it is injective. Because the inverse of any
convex-combination preserving injection also preserves convex combinations, the inverse
map ϕ−1 : Ranϕ→ D is convex-combination preserving as well.17 Consequently, the time
evolution v (0) 7→ v (t), given by

Vt = ϕ ◦ Uϱ (t) ◦ ϕ−1 (175)

(where Uϱ (t) denotes the unitary evolution acting on density matrices as defined in (157)),
is a composition of convex-combination preserving maps and therefore itself preserves
convex combinations.

It should be emphasized that this fact is in no contradiction with the nonlinearity of
the evolution of the upper two-entry block of v, given by the probability vector p⃗ in (144).
We illustrate this in a simple explicit example provided by the superposition state |ψ⟩
defined in (149). One readily verifies that

v|1⟩
.= ϕ (|1⟩ ⟨1|) =

(
1, 0, 1

2 ,
1
2 ,

1
2 ,

1
2

)
(176)

v|2⟩
.= ϕ (|2⟩ ⟨2|) =

(
0, 1, 1

2 ,
1
2 ,

1
2 ,

1
2

)
(177)

v|ψ⟩
.= ϕ (|ψ⟩ ⟨ψ|) =

(1
2 ,

1
2 , 1, 0,

1
2 ,

1
2

)
(178)

While in the upper block v|ψ⟩ is an equal convex combination of v|1⟩ and v|2⟩, this is not
the case for the vectors as a whole:

v|ψ⟩ ̸=
1
2v|1⟩ + 1

2v|2⟩ (179)

Therefore, in complete harmony with the fact that the evolution Vt is convex-combination
preserving, we generally have

Vt

(
v|ψ⟩

)
̸= 1

2Vt

(
v|1⟩

)
+ 1

2Vt

(
v|2⟩

)
(180)

In general, this inequality already holds when restricted to the upper block, despite the
fact that the upper block of v|ψ⟩ is identical to that of 1

2v|1⟩ + 1
2v|2⟩. This explains why

17Let v1 = ϕ (ϱ1) and v2 = ϕ (ϱ2). For any λ ∈ [0, 1], λv1 + (1− λ) v2 ∈ Ranϕ, and we have

ϕ−1 (λv1 + (1− λ) v2) = ϕ−1 (λϕ (ϱ1) + (1− λ)ϕ (ϱ2)) = ϕ−1 (ϕ (λϱ1 + (1− λ) ϱ2)) (173)
= λϱ1 + (1− λ) ϱ2 = λϕ−1 (v1) + (1− λ)ϕ−1 (v2) (174)
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linearity can break down in the upper block, as seen in equation (156), even though Vt

is convex-combination preserving when considered as a whole.
It must be stressed once again that the vector v, by contrast with p⃗, is not a probability

vector. Therefore, even though the time-evolution of v is given by a convex-combination
preserving map, this does not license the conclusion that quantum mechanics can be
described in terms of what we have defined as a linear probability dynamics.

7.4 Concluding Remark
The discussion of this section illustrates the subtlety of describing quantum dynamics
within a classical probabilistic framework. We have seen that neither the notion of a
stochastic process (or stochastic process family) nor that of a probability dynamics is
adequate for this purpose. Instead, two alternative conceptual tools are available for
characterizing the dynamics: p⃗|ψ⟩ (t) or Vt. Under the first representation, the dynamics
fails to be linear and, in general, cannot even be expressed as a map. Under the second,
the dynamics is represented by a convex-combination preserving map; however, the object
whose evolution is thereby described—the vector v defined in equation (162)—cannot be
associated with a probability distribution over a single configuration space.

It must be emphasized that none of these facts about the probabilistic structure of
quantum theory can be anticipated on the basis of a priori reasoning about probability
alone. This point is particularly important in light of recent approaches in quantum
foundations that attempt to derive the formalism of quantum mechanics from seemingly
more natural probabilistic assumptions. In addition to Barandes [2025], a widely discussed
example is the framework of general probabilistic theories (e.g. Hardy [2001], Chiribella
et al. [2011], Masanes and Müller [2011], Müller [2021]). A common assumption in many
of these reconstruction programs is that the temporal evolution of probabilities preserves
convex combinations. Two main types of arguments are typically offered in support of this
assumption. The first, discussed in Section 3, is formulated in terms of a single probability
vector and appeals to the law of total probability. The second, examined in Section 6.5,
can be formulated either in terms of a single probability vector or in terms of a collection
of probability vectors thought to characterize the system’s probabilistic “state,” and relies
on the properties of statistical mixing.18 As we have seen, the first argument is flawed
because it conflates the concepts of probability dynamics and stochastic process. The
second has force only under a specific interpretation of the probabilities in question; more
precisely, it presupposes a particular underlying ontology for the system. That ontology,
however, is at odds with common interpretations of quantum mechanics. In view of all
this, even when quantum probability evolution can be represented in a convex-combination
preserving form, it remains questionable whether these reconstruction programs provide
an explanation for why that has to be the case.

Acknowledgements. This work has been supported by the Hungarian Scientific Re-
search Fund, Advanced 152165.

18In the general probabilistic theories approach, an object analogous to our vector v, encoding the
statistics of a set of “fiducial” measurements, appears to be treated as the primary object of the proba-
bilistic description. The argument from statistical mixing is then formulated in terms of this object. See
e.g. Hardy [2001], pp. 10–12.
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A Appendix
Proposition 2. Suppose that a probability dynamics P is implemented by a transition-
constant stochastic process family M. Then P is linear and P (t) = M (t) for all t ∈ T .

Proof. From (62)—valid only for p⃗0 ∈ SN with p01, p02, ..., p0N > 0—and the defining
equation (74) of M (t), we have

P (t, p⃗0) = M (t) p⃗0 (181)

for all t ∈ T and for all p⃗0 ∈ SN with p01, p02, ..., p0N > 0.
Now fix an arbitrary p⃗0 ∈ SN (allowing zero entries), fix t ∈ T , and let J .= {j ∈

C | p0j > 0}. For each i ∈ C, using that {Ej(0)}Nj=1 is a partition of Ω and that
µp⃗0(Ej(0)) = p0j, we have

µp⃗0(Ei(t)) =
N∑
j=1

µp⃗0(Ei(t) ∧ Ej(0)) =
∑
j∈J

µp⃗0(Ei(t) ∧ Ej(0))

=
∑
j∈J

µp⃗0(Ei(t) | Ej(0))µp⃗0(Ej(0)) =
∑
j∈J

µp⃗0(Ei(t) | Ej(0)) p0j (182)

By transition-constancy (73) and by (74), for each j ∈ J we have µp⃗0(Ei(t) | Ej(0)) =
Mij(t), hence

µp⃗0(Ei(t)) =
∑
j∈J

Mij(t)p0j =
N∑
j=1

Mij(t)p0j =
(
M(t)p⃗0

)
i

(183)

where the second equality uses that p0j = 0 for j /∈ J . Therefore P(t, p⃗0) = M(t)p⃗0 holds
for all p⃗0 ∈ SN and all t ∈ T .

Since Pt acts by matrix multiplication with M (t)—which is now independent of p⃗0—Pt

is convex combination preserving and P (t) = M (t), for all t ∈ T .

Proposition 3. Let P be a linear probability dynamics with T ⊆ R≥0. There exists a
transition-constant stochastic process family M that implements P.

Proof. First, let p⃗0 ∈ SN be fixed. We now define a suitable distribution function F to
which we can apply Kolmogorov’s extension theorem (e.g. Skorokhod [1996], p. 8). For
any t ∈ T and any Ct ⊆ C, let

Ft(Ct) .=
N∑
j=1

p0j
∑
i∈Ct

Pij(t) (184)

and for any t ∈ T and C0, Ct ⊆ C, let

F0,t(C0, Ct) .=
∑
j∈C0

p0j
∑
i∈Ct

Pij(t) (185)

Note that since P(0) = I, F0(C0) = ∑
j∈C0 p0j.

Higher-order joint distributions are defined as follows. Assume that t1, . . . , tm ∈ T are
distinct and 0 ̸∈ {t1, . . . , tm}, with m ≥ 2. For subsets C0, C1, . . . , Cm ⊆ C, let

Ft1,...,tm(C1, . . . , Cm) .=
N∑
j=1

p0j

m∏
k=1

∑
i∈Ck

Pij(tk)
 (186)
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and

F0,t1,...,tm(C0, C1, . . . , Cm) .=
∑
j∈C0

p0j

m∏
k=1

∑
i∈Ck

Pij(tk)
 (187)

We now verify the conditions of Kolmogorov’s extension theorem for the function F
defined above:

• Non-negativity and σ-additivity:

– Since P(t) is a stochastic matrix and p⃗0 ∈ SN , hence P(t)p⃗0 ∈ SN . Hence,
Ft : Ct 7→

∑N
j=1

∑
i∈Ct

Pij(t)p0j is a probability measure on C.
– F0,t is additive by definition. Moreover, since P(t) is a stochastic matrix and
p⃗0 ∈ SN , it follows that F0,t(C,C) = 1, so F0,t is a probability measure on C2.

– For general m, (186) is a convex combination (with weights p0j ≥ 0, ∑N
j=1 p0j =

1) of product measures on Cm, hence define a probability measures on Cm.
(187) is additive by definition. Moreover, since P(t) is a stochastic matrix and
p⃗0 ∈ SN , it follows that F0,t1,...,tm(C,C, . . . , C) = 1, so F0,t1,...,tm is a probability
measure on Cm+1.

• Symmetry under permutations: follows from (186)-(187), since the product over k is
commutative; for tuples containing time 0, the factor depending on C0 only appears
as restricting the j-sum, and the remaining factors are symmetric in the positive
times.

• Marginalization: for t, t1, t2 > 0

F0,t(C0, C) =
∑
j∈C0

p0j

(∑
i∈C

Pij(t)
)

=
∑
j∈C0

p0j = F0(C0) (188)

F0,t(C,Ct) =
∑
j∈C

p0j

∑
i∈Ct

Pij(t)
 = Ft(Ct) (189)

Ft1,t2(C1, C) =
N∑
j=1

p0j

∑
i∈C1

Pij(t1)
 · 1 = Ft1(C1) (190)

and similarly for all higher-order marginals. (Let S ⊆ T be a finite set of distinct
times and S ′ = S \ {sℓ} for some sℓ ∈ S. If sℓ ̸= 0, then summing over Cℓ =
C replaces the corresponding factor by ∑

i∈C Pij(sℓ) = 1 (since the matrices are
stochastic), yielding exactly the formula for FS′ from FS. If sℓ = 0, then summing
over C0 = C replaces ∑j∈C0 p0j by 1, again recovering the formula for FS′ .)

Since these three conditions hold, by Kolmogorov’s extension theorem there exists a
unique probability measure µp⃗0 on (Ω,F) whose finite-dimensional distributions are given
by the F ’s above:

µp⃗0(Ei1(t1) ∧ · · · ∧ Eim(tm)) = Ft1,...,tm({i1}, . . . , {im}) (191)

In particular, for every t ∈ T and i ∈ C,

µp⃗0(Ei(t)) =
N∑
j=1

p0jPij(t) = (P(t)p⃗0)i = (Pt(p⃗0))i (192)
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so µ⃗p⃗0(t) = P(t, p⃗0) for all t ∈ T , that is, the stochastic process µp⃗0 implements the
solution of P with initial condition p⃗0.

Moreover, for all t ∈ T and i, j ∈ C,

µp⃗0(Ej(0) ∧ Ei(t)) = p0jPij(t) (193)

hence whenever p0j > 0,
µp⃗0(Ei(t)|Ej(0)) = Pij(t) (194)

Now, by varying p⃗0 one obtains the required stochastic process family M : p⃗0 7→ µp⃗0 ,
since it follows from equation (194) that M is transition-constant. In particular, for
positive p⃗0 the common transition matrix (74) satisfies M(t) = P(t) for all t ∈ T .

Proposition 4. If a stochastic process is Markovian, then the Chapman-Kolmogorov equa-
tion (82) holds for all t, t′ ∈ T, 0 ≤ t′ ≤ t.

Proof. Let t, t′ ∈ T with 0 ≤ t′ ≤ t. Fix k ∈ C with µ(Ek(0)) > 0 and fix i ∈ C. Let

J
.=
{
j ∈ C : µ

(
Ej(t′) ∧ Ek(0)

)
> 0

}
(195)

By the law of total probability applied under the conditional measure µ(· | Ek(0)) (sum-
ming only over those j for which the relevant conditionals are defined), we obtain

µ (Ei (t) | Ek (0)) =
∑
j∈J

µ (Ei (t) | Ek (0) ∧ Ej (t′))µ (Ej (t′) | Ek (0)) (196)

If the process is Markovian, then for every j ∈ J ,

µ (Ei (t) | Ek (0) ∧ Ej (t′)) = µ (Ei (t) | Ej (t′)) (197)

and therefore

µ (Ei (t) | Ek (0)) =
∑
j∈J

µ (Ei (t) | Ej (t′))µ (Ej (t′) | Ek (0)) (198)

This is precisely the ik entry of the Chapman–Kolmogorov equation (82) (whenever the
conditional probabilities involved are well-defined).

Proposition 6. Suppose that P is a linear and decomposable probability dynamics. Then
each map Pt←t′ in the family decomposing P is convex-combination preserving.

Proof. Let t, t′ ∈ T, t′ ≤ t. Suppose that p⃗, q⃗ ∈ RanPt′ . Then there are p⃗0, q⃗0 ∈ SN
such that p⃗ = Pt′ (p⃗0) and q⃗ = Pt′ (q⃗0). Let λ ∈ [0, 1] be arbitrary. Since Pt′ is convex-
combination preserving, λp⃗+ (1− λ) q⃗ is also in RanPt′ . For this vector, we have:

Pt←t′ (λp⃗+ (1− λ) q⃗) = Pt←t′ (λPt′ (p⃗0) + (1− λ) Pt′ (q⃗0)) (199)
= Pt←t′ (Pt′ (λp⃗0 + (1− λ) q⃗0)) = Pt (λp⃗0 + (1− λ) q⃗0) (200)

= λPt (p⃗0) + (1− λ) Pt (q⃗0) = λPt←t′ (Pt′ (p⃗0)) + (1− λ) Pt←t′ (Pt′ (q⃗0)) (201)
= λPt←t′ (p⃗) + (1− λ) Pt←t′ (q⃗) (202)

Here we have used the assumption that Pt′ and Pt are convex-combination preserving,
as well as the definition of decomposability (equation (88)). Comparing (199) and (202)
confirms that Pt←t′ preserves the convex combination of vectors in its domain, RanPt′ .
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Proposition 7. Suppose P is a decomposable linear probability dynamics. Then P is
divisible if and only if each map Pt←t′ in the family decomposing P can be extended to a
convex-combination preserving map P̄t←t′ : SN → SN .

Proof. Let t, t′ ∈ T, t′ ≤ t. Suppose that the decomposing map Pt←t′ can be extended to
a convex-combination preserving map P̄t←t′ : SN → SN . Since any convex-combination
preserving map on SN uniquely extends to a linear map on RN (see footnote 5), there
exists a matrix P (t← t′) such that

Pt←t′ (p⃗) = P (t← t′) p⃗ (203)

for all p⃗ ∈ RanPt′ . Because P̄t←t′ maps probability vectors to probability vectors,
P (t← t′) must be stochastic. Then, for any p⃗0 ∈ SN ,

P (t) p⃗0 = Pt (p⃗0) = Pt←t′ (Pt′ (p⃗0)) = P (t← t′)P (t′) p⃗0 (204)

where the last equality follows from (203). Since this holds for all p⃗0 ∈ SN , and SN
contains the standard basis vectors of RN , we obtain the matrix equality

P (t) = P (t← t′)P (t′) (205)

As this equation holds for all t, t′ ∈ T, t′ ≤ t, it follows that P is divisible.
Conversely, suppose that P is divisible. Then for any t, t′ ∈ T, t′ ≤ t, the action of

stochastic matrix P (t← t′) defines a convex-combination preserving map P̄t←t′ : SN →
SN . Its restriction Pt←t′ to RanPt′ satisfies

Pt (p⃗0) = P (t) p⃗0 = P (t← t′)P (t′) p⃗0 = Pt←t′ (Pt′ (p⃗0)) (206)

for all p⃗0 ∈ SN , where the last equality holds because Pt←t′ coincides with the action of
P (t← t′) on RanPt′ . Thus, the family {Pt←t′}t,t′∈T, t′≤t decomposes P. By Proposition 5,
this family is unique, and therefore the maps P̄t←t′ provide the required extensions.

Proposition 9. (a) Every probability vector trajectory has a Markovian implementation.
Hence, every probability dynamics has a Markovian implementation.

(b) A probability vector trajectory has a non-Markovian implementation if and only if
it is non-degenerate. Hence, a probability dynamics has a non-Markovian implementation
if and only if it is non-degenerate.

Proof. (a) Let p⃗(t) : T → SN be a probability vector trajectory. Define, for any m ∈ N,
for any t1 < · · · < tm ∈ T , and for any subsets C1, . . . , Cm ⊆ C, the function

Ft1,...,tm(C1, . . . , Cm) .=
m∏
k=1

∑
i∈Ck

pi(tk)
 (207)

where pi(t) is the ith entry of p⃗(t). Given Ft1,...,tm for t1 < · · · < tm ∈ T , for any π1, . . . , πm
permutation of numbers 1, . . . ,m, further define

Ftπ1 ,...,tπm
(C1, . . . , Cm) .= Ft1,...,tm(Cπ−1

1
, . . . , Cπ−1

m
) (208)

We need to verify the following three conditions to be able to apply Kolmogorov’s exten-
sion theorem to the so-defined function Ftπ1 ,...,tπm

(C1, . . . , Cm):
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• Non-negativity and σ-additivity: For fixed t1, . . . , tm and all k = 1, . . . ,m, the map
C 7→ ∑

i∈C pi(tk) is a measure on C. Therefore, their product is a measure on Cm.

• Symmetry under permutations: guaranteed by definition.

• Marginalization:

Ft1,...,tm(C1, . . . , Cm−1, C) =
m−1∏
k=1

∑
i∈Ck

pi(tk)
 ·∑

i∈C
pi(tm) = Ft1,...,tm−1(C1, . . . , Cm−1)

(209)
since ∑i∈C pi(tm) = 1.

Since the three conditions are met, by Kolmogorov’s extension theorem there exists a
stochastic process (Ω,F , X, µ) whose finite dimensional distributions are given by:

µ (Ei1(t1) ∧ · · · ∧ Eim(tm)) = Ft1,...,tm({i1}, . . . , {im}) =
m∏
k=1

pik(tk) (210)

Since µ(Ei(t)) = Ft({i}) = pi(t), this stochastic process implements p⃗(t). Finally, this
implementation is Markovian since

µ
(
Eim+1(tm+1) | Eim(tm) ∧ · · · ∧ Ei1(t1)

)
=

m+1∏
k=1

pik(tk)
m∏
k=1

pik(tk)
(211)

= pim+1(tm+1)pim(tm)
pim(tm) = µ

(
Eim+1(tm+1) | Eim(tm)

)
(212)

(b) First, we show that if a solution of a probability dynamics is non-degenerate
then it has a non-Markovian implementation. Let p⃗(t) : T → SN be a non-degenerate
probability vector trajectory. Since p⃗(t) is non-degenerate, there exists tk1 < tk2 < tk3 ∈ T
and i1k1 , i

2
k1 , i

1
k3 , i

2
k3 ∈ C such that 0 < pi1

k1
(tk1), pi2

k1
(tk1) < 1 and 0 < pi1

k3
(tk3), pi2

k3
(tk3) < 1.

(b1) Furthermore, let us assume that there also exist i1k2 , i
2
k2 ∈ C such that 0 <

pi1
k2

(tk2), pi2
k2

(tk2) < 1. In this case, for j, l, n ∈ C define Kjln as

Kjln =


pj(tk1)pl(tk2)pn(tk3) if j ̸∈ {i1k1 , i

2
k1} or l ̸∈ {i1k2 , i

2
k2} or n ̸∈ {i1k3 , i

2
k3}

pj(tk1)pl(tk2)pn(tk3) + ϵ if j = iak1 , l = ibk2 , n = ick3 and a+ b+ c is odd
pj(tk1)pl(tk2)pn(tk3)− ϵ if j = iak1 , l = ibk2 , n = ick3 and a+ b+ c is even

(213)

where a, b, c takes values from {1, 2} and 0 < ϵ < 1 is chosen so that 0 ≤ Kjln ≤ 1 for all
j, l, n ∈ C (due to the assumptions, such an ϵ exists).

Note that∑
j∈C

Kjln =
 ∑
j ̸∈{i1

k1
,i2

k1
}
pj(tk1)pl(tk2)pn(tk3)

+ pi1
k1

(tk1)pl(tk2)pn(tk3) + pi2
k1

(tk1)pl(tk2)pn(tk3) + ϵ− ϵ

= pl(tk2)pn(tk3)
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similarly, ∑l∈C Kjln = pj(tk1)pn(tk3) and ∑
n∈C Kjln = pj(tk1)pl(tk2). It follows that∑

j,l,n∈C Kjln = 1. Thus, Kjln yields a probability distribution on C3 which marginal-
izes to product distributions on C2, e.g.

∑
j∈C, l∈C1, n∈C2

Kjln =
∑

l∈C1, n∈C2

pl(tk2)pn(tk3) =
∑
l∈C1

pl(tk2)
 ·

∑
n∈C2

pn(tk3)
 (214)

Analogously to the proof in (a) we now define a function Ft1,...,tm(C1, . . . , Cm) to which
we then apply the Kolmogorov extension theorem. Let m ∈ N, t1 < · · · < tm ∈ T , and
let C1, . . . , Cm ⊆ C. If tk1 , tk2 , tk3 ∈ {t1, . . . , tm} then define Ft1,...,tm(C1, . . . , Cm) as

Ft1,...,tm(C1, . . . , Cm) .=
 ∏
k∈{1,...,m}\{k1,k2,k3}

∑
i∈Ck

pi(tk)
 · ∑

j∈Ck1 , l∈Ck2 , n∈Ck3

Kjln (215)

otherwise, define Ft1,...,tm(C1, . . . , Cm) as

Ft1,...,tm(C1, . . . , Cm) .=
m∏
k=1

∑
i∈Ck

pi(tk)
 (216)

finally, given a so-defined Ft1,...,tm for t1 < · · · < tm ∈ T , for any π1, . . . , πm permutation
of numbers 1, . . . ,m, define

Ftπ1 ,...,tπm
(C1, . . . , Cm) .= Ft1,...,tm(Cπ−1

1
, . . . , Cπ−1

m
) (217)

We only need to verify the three conditions to be able to apply Kolmogorov’s exten-
sion theorem when Ft1,...,tm(C1, . . . , Cm) takes the form (215) (namely, when tk1 , tk2 , tk3 ∈
{t1, . . . , tm}; the case when Ft1,...,tm(C1, . . . , Cm) takes the form (216) has already been
covered by the proof of part (a)).

• Non-negativity and σ-additivity: for fixed t1, . . . , tm, the map

(Ck1 , Ck2 , Ck3) 7→
∑

j∈Ck1 , l∈Ck2 , n∈Ck3

Kjln

is a probability measure on C3; the map

(. . . , Ck, . . . ) 7→
∏

k∈{1,...,m}\{k1,k2,k3}

∑
i∈Ck

pi(tk)


is a probability measure on Cm−3; hence their product is a probability measure on
Cm.

• Symmetry under permutation: guaranteed by definition.

• Marginalization: for k ∈ {1, . . . ,m} \ {k1, k2, k3} the proof is analogous to the
proof in (a). For k ∈ {k1, k2, k3} marginalization follows from the fact that Kjln

marginalizes to product distributions on C2.
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Since the three conditions are met, by Kolmogorov’s extension theorem there exists a
stochastic process (Ω,F , X, µ) whose finite dimensional distributions are given by

µ (Ei1(t1) ∧ · · · ∧ Eim(tm)) = Ft1,...,tm({i1}, . . . , {im}) (218)

Since µ(Ei(t)) = Ft({i}) = pi(t), this stochastic process implements p⃗(t). Finally, this
implementation is non-Markovian since

µ
(
Ei1

k2
(tk2)

)
= pi1

k2
(tk2) (219)

µ
(
Ei1

k1
(tk1) ∧ Ei1

k2
(tk2)

)
= pi1

k1
(tk1)pi1

k2
(tk2) (220)

µ
(
Ei1

k2
(tk2) ∧ Ei1

k3
(tk3)

)
= pi1

k2
(tk2)pi1

k3
(tk3) (221)

µ
(
Ei1

k1
(tk1) ∧ Ei1

k2
(tk2) ∧ Ei1

k3
(tk3)

)
= pi1

k1
(tk1)pi1

k2
(tk2)pi1

k3
(tk3) + ϵ (222)

and hence

µ
(
Ei1

k3
(tk3) | Ei1

k2
(tk2) ∧ Ei1

k1
(tk1)

)
=
pi1

k1
(tk1)pi1

k2
(tk2)pi1

k3
(tk3) + ϵ

pi1
k1

(tk1)pi1
k2

(tk2) ̸= (223)

pi1
k2

(tk2)pi1
k3

(tk3)
pi1

k2
(tk2) = µ

(
Ei1

k3
(tk3) | Ei1

k2
(tk2)

)
(224)

(b2) In case there does not exist i1k2 , i
2
k2 ∈ C such that 0 < pi1

k2
(tk2), pi2

k2
(tk2) < 1, then

let i1k2 be the index for which pi1
k2

(tk2) = 1 (hence pl(tk2) = 0 for all l ̸= i1k2). Define Kjln,
instead of (213), as

Kjln =



0 if l ̸= i1k2

pj(tk1)pn(tk3) if l = i1k2 and
(
j ̸∈ {i1k1 , i

2
k1} or n ̸∈ {i1k3 , i

2
k3}
)

pj(tk1)pn(tk3) + ϵ if j = iak1 , l = i1k2 , n = ick3 and a+ 1 + c is odd
pj(tk1)pn(tk3)− ϵ if j = iak1 , l = i1k2 , n = ick3 and a+ 1 + c is even

(225)

where a, c ∈ {1, 2} and 0 < ϵ < 1 is chosen so that 0 ≤ Kjln ≤ 1 for all j, l, n ∈ C (such
an ϵ exists because 0 < pi1

k1
(tk1), pi2

k1
(tk1) < 1 and 0 < pi1

k3
(tk3), pi2

k3
(tk3) < 1).

Then Kjln is a probability distribution on C3 with the following marginals:

• for the pairs involving tk2 one has∑
n∈C

Kjln = pj(tk1)pl(tk2) and
∑
j∈C

Kjln = pl(tk2)pn(tk3) (226)

since pl(tk2) = 0 for l ̸= i1k2 and the ±ϵ perturbations cancel in the relevant sums;

• for the (tk1 , tk3)-marginal define

Jjn
.=
∑
l∈C

Kjln = Kj i1
k2
n (227)

which satisfies ∑n∈C Jjn = pj(tk1) and ∑
j∈C Jjn = pn(tk3), but is not the product

distribution (because of the ±ϵ terms).
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Now repeat the above construction of the finite-dimensional distributions, with the
following (minimal) modification of the definition of Ft1,...,tm : keep (215) unchanged when
tk1 , tk2 , tk3 ∈ {t1, . . . , tm}, but when tk1 , tk3 ∈ {t1, . . . , tm} and tk2 /∈ {t1, . . . , tm} (letting
k1, k3 denote the positions of tk1 , tk3 in the ordered list t1 < · · · < tm) define instead

Ft1,...,tm(C1, . . . , Cm) .=
 ∏
k∈{1,...,m}\{k1,k3}

∑
i∈Ck

pi(tk)
 · ∑

j∈Ck1 , n∈Ck3

Jjn (228)

In all remaining cases (i.e., if neither {tk1 , tk2 , tk3} ⊆ {t1, . . . , tm} nor {tk1 , tk3} ⊆ {t1, . . . , tm})
keep the product definition (216).

With this modification, Kolmogorov consistency is verified similarly as before: the
only additional marginalization to check is that marginalizing (215) over tk2 yields (228),
which holds because ∑l∈C Kjln = Jjn.

Finally, the resulting implementation is non-Markovian: since µ(Ei1
k2

(tk2)) = pi1
k2

(tk2) =
1 and

µ
(
Ei1

k1
(tk1) ∧ Ei1

k2
(tk2)

)
= pi1

k1
(tk1) (229)

µ
(
Ei1

k1
(tk1) ∧ Ei1

k2
(tk2) ∧ Ei1

k3
(tk3)

)
= Ki1

k1
i1
k2
i1
k3

= pi1
k1

(tk1)pi1
k3

(tk3) + ϵ (230)

we obtain (whenever the conditional probabilities are well-defined)

µ
(
Ei1

k3
(tk3)

∣∣∣∣ Ei1k2
(tk2) ∧ Ei1

k1
(tk1)

)
=
pi1

k1
(tk1)pi1

k3
(tk3) + ϵ

pi1
k1

(tk1) ̸= (231)

pi1
k3

(tk3) = µ
(
Ei1

k3
(tk3)

∣∣∣∣ Ei1k2
(tk2)

)
(232)

so the process is not Markovian.

Second, we show that a degenerate solution cannot have a non-Markovian imple-
mentation. There are three cases in which a solution p⃗(t) = P(t, p⃗0) of probability
dynamics P can be degenerate: either for all time t ∈ T there is an it ∈ C such
that pit(t) = 1; or there only exists one time t ∈ T for which there is an i ∈ C
such that 0 < pi(t) < 1; or, there only exists two times tm < tm+1 ∈ T for which
there are im, im+1 ∈ C such that 0 < pim(tm), pim+1(tm+1) < 1, but there does not ex-
ist t ∈ T such that tm < t < tm+1. One can easily verify for these three cases that
the Markov condition (whenever it is meaningful) is always trivially satisfied. For in-
stance, µ

(
Eim+1(tm+1) | Eim(tm) ∧ Eim−1(tm−1) ∧ · · · ∧ Ei1(t1)

)
in the third case is only

well-defined when µ(Eim−1(tm−1)) = · · · = µ(Ei1(t1)) = 1, but then

µ
(
Eim+1(tm+1) | Eim(tm) ∧ Eim−1(tm−1) ∧ · · · ∧ Ei1(t1)

)
= µ

(
Eim+1(tm+1) | Eim(tm)

)

Proposition 11. (a) PD is decomposable if and only if D is decomposable.
(b) MD is Markovian if and only if D is decomposable.

Proof. (a) SupposeD is decomposable. Then there is a family of maps {Dt←t′ : RanDt′ → C}t,t′∈T, t′≤t
decomposing D. For each decomposing map Dt←t′ , introduce an extension D̄t←t′ : C → C
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to the whole of C, satisfying D̄t←t′
∣∣∣
RanDt′

= Dt←t′ ; the values of D̄t←t′ on C \ RanDt′ are
chosen arbitrarily. We then define, for all t, t′ ∈ T, t′ ≤ t, the stochastic matrices:

(
PD (t← t′)

)
ij

.=
1 if D̄t←t′ (j) = i

0 if D̄t←t′ (j) ̸= i
(233)

Clearly,
PD (t) = PD (t← t′)PD (t′) (234)

for all t, t′ ∈ T, t′ ≤ t. Hence, the family of convex combination preserving maps{
PD
t←t′

∣∣∣
RanPt′

: RanPt′ → SN
}
t,t′∈T, t′≤t

(235)

determined by the stochastic matrices PD (t← t′) decomposes probability dynamics PD.
Conversely, suppose D is not decomposable. This means that there exist t, t′ ∈ T, t′ <

t, and i, j ∈ C such that D (t′, i) = D (t′, j) but D (t, i) ̸= D (t, j). This entails that
PD (t′, e⃗i) = PD (t′, e⃗j) but PD (t, e⃗i) ̸= PD (t, e⃗j); in which case, due to Proposition 5 (i),
PD is not decomposable.

(b) Suppose D is decomposable, with decomposing family of maps

{Dt←t′ : RanDt′ → C}t,t′∈T, t′≤t (236)

First we verify that

µDp⃗0 (Ei (t) |Ej (t′)) =
1 if Dt←t′ (j) = i

0 if Dt←t′ (j) ̸= i
(237)

for all t, t′ ∈ T, t′ ≤ t, i, j ∈ C, with µDp⃗0 (Ej (t′)) > 0, and all p⃗0 ∈ SN . Indeed, by Bayes’
rule and the law of total probability we have

µDp⃗0 (Ei (t) |Ej (t′)) =
∑N
k=1 µ

D
p⃗0 (Ei (t) ∧ Ej (t′) ∧ Ek (0))∑N
k=1 µ

D
p⃗0

(Ej (t′) ∧ Ek (0))
(238)

Using (99) and the existence of maps Dt←t′ , the terms in the numerator can be ex-
pressed as

µDp⃗0 (Ei (t) ∧ Ej (t′) ∧ Ek (0)) =
µDp⃗0 (Ek (0)) if D (t′, k) = j and Dt←t′ (j) = i

0 otherwise
(239)

By (99) and (102), the terms in the denominator can be written as

µDp⃗0 (Ej (t′) ∧ Ek (0)) =
µDp⃗0 (Ek (0)) if D (t′, k) = j

0 otherwise
(240)

We have two cases:

• if Dt←t′ (j) = i, then the numerator and denominator of (238) coincide, hence
µDp⃗0 (Ei (t) |Ej (t′)) = 1,

• if Dt←t′ (j) ̸= i, then the numerator of (238) vanishes and µDp⃗0 (Ei (t) |Ej (t′)) = 0.
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This verifies (237).
Now, it is an elementary fact from probability theory that for any probability mea-

sure µ: if µ (A|B) ∈ {1, 0}, then for any event C (with µ (B ∧ C) > 0), it holds that
µ (A|B ∧ C) = µ (A|B). Applying this fact yields

µDp⃗0

(
Eim+1 (tm+1) |Ei1 (t1) ∧ ... ∧ Eim (tm)

)
= µDp⃗0

(
Eim+1 (tm+1) |Eim (tm)

)
(241)

for all m ∈ N, i1, ..., im, im+1 ∈ C, t1 ≤ t2 ≤ ... ≤ tm ≤ tm+1 ∈ T , and p⃗0 ∈ SN (whenever
both sides are well-defined). Hence the stochastic process family MD is Markovian.

Conversely, suppose D is not decomposable. Then there exist t, t′ ∈ T, t′ < t, and
i, j, k, l ∈ C such that D (t′, i) = D (t′, j) = k and D (t, i) = l ̸= D (t, j). Choose p⃗0 ∈ SN
with p0i = p0j = 1/2. Using equations (102)-(103) and (238), one finds

µDp⃗0 (El (t) |Ek (t′) ∧ Ei (0)) = 1 (242)

µDp⃗0 (El (t) |Ek (t′)) = 1
2 (243)

Thus the stochastic process family MD is not Markovian.

Proposition 13. Let M : p⃗0 7→ µp⃗0 be an arbitrary stochastic process family with
C = {1, ..., N} and T = {0, 1, ..., τ} finite. Then there exists an ancillary system Λ =
{1, ...,M}, a deterministic system-ancilla dynamics A : T ×C × Λ→ C, and a family of
probability distributions {π⃗p⃗0 ∈ SNM} p⃗0∈SN

such that MA = M.

Proof. Let M = N τ and identify the elements of Λ = {1, ..., N τ} with those of Cτ , ordered
arbitrarily. In this setting, a configuration pair (i, α) ∈ C × Λ corresponds to a temporal
trajectory of the target system through C, i.e. to an ω ∈ Ω, where i specifies the initial
configuration and α encodes the remainder of the trajectory.

With the identification ω = (i, α), define the deterministic system-ancilla dynamics
by

A (t, i, α) .= Xt (ω) (244)
for all t ∈ T , i ∈ C, α ∈ Λ, and define the initial probability distributions by

(πp⃗0)i,α .= µp⃗0 ({ω}) (245)

for all i ∈ C, α ∈ Λ and p⃗0 ∈ SN . Here, (πp⃗0)i,α denotes the entry of π⃗p⃗0 representing
the probability that the target system is in configuration i ∈ C and the ancilla is in
configuration α ∈ Λ. Then, from (107), (108), and (245) we have

µAp⃗0 =
N∑
i=1

M∑
α=1

(πp⃗0)i,αµAi,α =
∑
ω∈Ω

µp⃗0 ({ω}) δω = µp⃗0 (246)

for all p⃗0 ∈ SN , where δω is the Dirac measure on Ω concentrated at ω. Hence, MA (p⃗0) =
M (p⃗0) for all p⃗0 ∈ SN , and therefore MA = M.

Proposition 17. Let P be an arbitrary linear probability dynamics. Then there exists a
stochastic dynamical system S such that PS = P.

Proof. Fix i ∈ C and consider the probability vector trajectory t 7→ P (t, e⃗i). By Propo-
sition 9, there exists a stochastic process µi that implements this probability vector tra-
jectory. Since P (0, ·) is the identity map on SN , we have

µ⃗i (0) = P (0, e⃗i) = e⃗i (247)
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Hence µi satisfies (120), the defining condition of process µSi . We therefore define µSi
.= µi

for all i = 1, ..., N .
Now let p⃗0 ∈ SN . Based on the definition of the statistical mixture (121) and the

linearity of P, we obtain

PS (t, p⃗0) = µ⃗Sp⃗0 (t) =
N∑
i=1

p0iµ⃗i (t) =
N∑
i=1

p0iP (t, e⃗i) = P (t, p⃗0) (248)

for all t ∈ T . Hence PS = P, as claimed.

Proposition 16. Let S be an arbitrary stochastic dynamical system with C = {1, ..., N}
and T = {0, 1, ..., τ} finite. Then there exists an ancillary system Λ = {1, ...,M}, a
deterministic system-ancilla dynamics A : T ×C ×Λ→ C, and a probability distribution
λ⃗0 ∈ SM , such that

(i) µSi = ∑M
α=1 λ0αµ

A
i,α, for all i ∈ C;

(ii) with the family of uncorrelated distributions {π⃗p⃗0} p⃗0∈SN
defined by (114), MA =

MS.

Proof. We adopt similar notation to the one introduced in the proof of Proposition 13.
Let Ω be the set of trajectories ω : T → C with T = {0, 1, . . . , τ}. Set M .= (N τ )N and
identify the elements of Λ = {1, . . . ,M} with those of (Cτ )N , ordered arbitrarily. Thus
each α ∈ Λ can be written as

α =
(
α(1), . . . , α(N)

)
, α(r) ∈ Cτ (r = 1, . . . , N) (249)

where α(r) encodes a sequence of configurations of length τ for times 1, . . . , τ .
For each i ∈ C and α ∈ Λ, define the trajectory ωi,α ∈ Ω by

ωi,α(0) .= i, ωi,α(t) .= α(i)(t) for t = 1, . . . , τ (250)

(where we view α(i) as a function on {1, . . . , τ} in the natural way). Define the determin-
istic system-ancilla dynamics by

A(t, i, α) .= Xt(ωi,α) = ωi,α(t) = α(i)(t) (251)

In particular, A(0, ·, α) is the identity on C for every α ∈ Λ.
Next, define a probability distribution λ⃗0 ∈ SM as follows. For each r ∈ C and each

β ∈ Cτ , let ωr,β ∈ Ω denote the trajectory with ωr,β(0) = r and (ωr,β(1), . . . , ωr,β(τ)) = β,
and set

qr(β) .= µSr ({ωr,β}) (252)
(These qr satisfy ∑

β∈Cτ

qr(β) = 1 (253)

since µSr is a probability measure and is supported on trajectories starting at r at time
0.) Now define, for α = (α(1), . . . , α(N)) ∈ Λ,

λ0α
.=

N∏
r=1

qr(α(r)) (254)

Then ∑α∈Λ λ0α = 1, hence λ⃗0 ∈ SM .
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We now verify (i): µSi = ∑M
α=1 λ0αµ

A
i,α for all i ∈ C. Fix i ∈ C and β ∈ Cτ . For ωi,β

we then have∑
α∈Λ

λ0αµ
A
i,α({ωi,β}) =

∑
α∈Λ

λ0α δωi,α
({ωi,β}) =

∑
α∈Λ:

ωi,α=ωi,β

λ0α =
∑
α∈Λ:
α(i)=β

λ0α (255)

=
∑
α∈Λ:
α(i)=β

N∏
r=1

qr(α(r)) (256)

= qi(β)
∑

α(1)∈Cτ

· · ·
∑

α(i−1)∈Cτ

∑
α(i+1)∈Cτ

· · ·
∑

α(N)∈Cτ

∏
r ̸=i

qr(α(r)) (257)

= qi(β)
∏
r ̸=i

 ∑
γ∈Cτ

qr(γ)
 = qi(β) · 1 = µSi ({ωi,β}) (258)

where the first equality uses (107) together with (251) (µAi,α is the Dirac measure concen-
trated at ωi,α); the third equality uses that ωi,α = ωi,β is equivalent to α(i) = β by the
definition of ωi,α; the fourth equality uses (254); the seventh equality uses (253); and the
last equality uses (252). Hence ∑α λ0αµ

A
i,α = µSi for all i ∈ C, proving (i).

For (ii), define the family {π⃗p⃗0}p⃗0∈SN
by the independence condition

(πp⃗0)i,α = p0iλ0α (259)

for all i ∈ C, α ∈ Λ. Then, using (108) and (115),

µAp⃗0 =
N∑
i=1

M∑
α=1

p0iλ0αµ
A
i,α =

N∑
i=1

p0i

(
M∑
α=1

λ0αµ
A
i,α

)
=

N∑
i=1

p0iµ
S
i = µSp⃗0 (260)

Therefore MA = MS.

B Appendix
As throughout Sections 2–7, let C = {1, . . . , N} be a set of configurations, 0 ∈ T ⊆ R a
set of time indices, Ω the set of all T → C functions, F the cylinder σ-algebra of Ω, M
the set of probability measures (the set of canonical stochastic processes) µ over (Ω,F),
P : T × SN → SN a probability dynamics, and M : SN → M, p⃗0 7→ µp⃗0 a (canonical)
stochastic process family. Suppose that M implements P. Starting from the stochastic
process family M we now define a single, non-canonical stochastic process M̃ which, in a
precise sense, contains the same information about probability dynamics P as does M.

Thus, let Ω̃ .= Ω × SN , F̃ .= F ⊗ B(SN), let λ be the normalized Lebesgue measure
on (SN ,B(SN)), and let µ̃p⃗ be the probability measures on (Ω,F) defined as µ̃p⃗ .= µp⃗ for
each p⃗ ∈ SN . For any Ã ∈ F̃ and for any p⃗ ∈ SN define Ap⃗ ∈ F as

Ap⃗
.= {τ ∈ Ω | (τ, p⃗) ∈ Ã} (261)

and define the probability measure µ̃ on (Ω̃, F̃) as

µ̃(Ã) =
∫
SN

µ̃p⃗(Ap⃗) dλ(p⃗) (262)
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Finally, let X̃ : T × Ω̃→ C be the random variable defined as

X̃(t, (τ, p⃗)) .= τ(t) (263)

We arrived at a single, non-canonical stochastic process M̃ = (Ω̃, F̃ , X̃, µ̃) which we may
call as the uniform inner representation of the (canonical) stochastic process family M.

Define the sets
Ẽi(t) .= {τ ∈ Ω | τ(t) = i} (264)

and the vector
⃗̃µp⃗(t) .= (µ̃p⃗(Ẽ1(t)), . . . , µ̃p⃗(ẼN(t))) (265)

for all t ∈ T . We say that stochastic process (Ω̃, F̃ , X̃, µ̃) inner-implements probability
dynamics P iff, for all t ∈ T and for all p⃗0 ∈ SN , we have

⃗̃µp⃗0(t) = P(t, p⃗0) (266)

From the previous construction it is easy to see the following:

Proposition 19. Let P be a probability dynamics, M a (canonical) stochastic process
family, and let the stochastic process M̃ be the uniform inner representation of M. Then
M implements P if and only if M̃ inner-implements P.

Combined with Proposition 1, which asserts that a probability dynamics can always
be implemented by a stochastic process family, Proposition 19 shows a sense in which
a probability dynamics can also be reproduced by a single stochastic process on an en-
larged sample space. In some cases such a single stochastic process may provide a natural
probabilistic description of a physical system. However, it is important to distinguish this
construction from a system–ancilla implementation in which an ancilla is prepared inde-
pendently in a fixed state and then marginalised: in the inner representation, the relevant
system statistics are recovered conditional on the value of an additional parameter, rather
than by averaging it out.

For example, the uniform inner representation of the stochastic process family imple-
menting the probability dynamics of the coin toss example of the Introduction can be
described as follows. The coin is first “shaken”, which we model as the selection of an ini-
tial parameter p⃗ ∈ S2 according to the uniform (Lebesgue) measure on S2. This parameter
p⃗ labels the corresponding member of the implementing family and thereby determines
a conditional probability measure µp⃗ on configuration trajectories C3 via equations (18)–
(25). The so-prepared coin is then tossed three times, changing the position of its inner
weight according to (15)–(17). The sample space of the uniform inner representation is
C3×S2 and its probability measure µ on C3×S2 is generated from the conditional proba-
bility measures µp⃗ on C3 for p⃗ ∈ S2 via equation (262). Crucially, the probability dynamics
of interest is obtained from this single measure by conditioning on the selected value of p⃗
(i.e. by working with µp⃗), not by taking the unconditional marginal on C3, which would
correspond to averaging over p⃗ and in general would not reproduce the original (possibly
nonlinear) dependence on the initial parameter.

It is important to emphasize that, while the state space of each stochastic process
of a (canonical) stochastic process family agrees with the set of configurations C of the
probability dynamics, and while their sample spaces consist of the configuration trajecto-
ries Ω, the sample space of the inner representation is inflated to Ω× SN . This inflation
of the sample space allows the inner representation to contain the same set of probabil-
ity measures on (Ω,F) (as conditional probabilities parametrized with p⃗ ∈ SN) which a
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(canonical) stochastic process family explicitly expresses. In general, Proposition 19 is
due to the mathematical concept of a stochastic process being flexible enough to repre-
sent any sort of information. However, Proposition 19 does not change the key conceptual
point that a set of probability measures for the configuration trajectories is needed to im-
plement or inner-implement a probability dynamics, and a single probability measure for
the configuration trajectories is not sufficient to do so.

In order to put emphasis on this conceptual point, and despite that in some cases it may
be natural to probabilistically describe a physical system with a single stochastic process
whose sample space differs from the possible configuration trajectories or whose state
space differs from the possible configurations, the article focuses on canonical stochastic
processes and (canonical) stochastic process families.

C Appendix
To recover the formalism of quantum mechanics, Barandes [2025] considers what we would
describe as a linear and indivisible probability dynamics P, with the special property that
the matrices P (t) are unistochastic. This means that there exists a family {U (t)}t∈T of
unitary matrices such that

P (t) = U (t)⊙ U (t) (267)
for all t ∈ T. Here the overline denotes complex conjugation and ⊙ is the Schur-Hadamard
product, defined for arbitrary N × N matrices X and Y as entry-wise multiplication:
(X ⊙ Y ) ij ≡ XijYij. In the interpretation proposed in Barandes [2025], U (t) plays the
role of the unitary time-evolution operator familiar from quantum theory—here emerging
from the description of a generic “indivisible stochastic process.” The author writes:

There is an alternative—and far-reaching—way to understand the generic in-
divisibility of a time-dependent transition matrix P (t). To this end, suppose
that P (t) happens to be unistochastic, with unitary time-evolution operator
U (t). Then, for any two times t and t′, one can define a relative time-evolution
operator

U (t← t′) ≡ U(t)U−1 (t′) (268)
which is guaranteed to be unitary and which yields the composition law

U(t) = U (t← t′)U (t′) (269)

Note that this composition law does not extend to the transition matrix P (t)
due to cross terms.
With

Pkj (t′) ≡ |Ukj (t′)|2 (270)
defined as usual, and defining

Pik (t← t′) ≡ |Uik (t← t′)|2 (271)

[...] one sees that the discrepancy between the true transition matrix P (t) and
its would-be division P (t← t′)P (t′) is given by

Pij (t)− [P (t← t′)P (t′)]ij =
∑
k ̸=l
Uik (t← t′) (U (t′) e⃗j)kUil (t← t′) (U (t′) e⃗j)l

(272)
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[...] Remarkably, the right-hand side of (272) gives the general mathematical
formula for quantum interference, despite the absence of manifestly quantum-
theoretic assumptions. One sees from this analysis that interference is a direct
consequence of the stochastic dynamics not generally being divisible. More
precisely, interference is nothing more than a generic discrepancy between the
actual indivisible stochastic dynamics and a heuristic-approximate divisible
stochastic dynamics. (Barandes [2025], p. 12, emphasis in original, with no-
tation adjusted to present purposes)

Aside from the methodological concern about whether one can identify “the general math-
ematical formula for quantum interference” solely on the basis of a formal similarity be-
tween expressions with “cross terms,” there is a concrete mathematical problem with this
interpretation. The problem is that the “discrepancy” between P (t) and P (t← t′)P (t′),
as described above, is unrelated to indivisibility. Notice that the comparison is effectively
between P (t) and

(
U (t← t′)⊙ U (t← t′)

)
P (t′). And these two matrices do not generally

coincide even when the probability dynamics is divisible. The reason is that P (t← t′),
defined via the condition that the probability dynamics is divisible, does not in general
equal U (t← t′)⊙U (t← t′). This is a consequence of the fact that the Schur-Hadamard
product, on the one hand, and matrix multiplication and inversion, on the other, are not
commutative operations. More precisely:

U (t)U (t′)−1 ⊙ U (t)U (t′)−1 ̸=
(
U (t)⊙ U (t)

) (
U (t′)⊙ U (t′)

)−1
(273)

assuming that the inverse on the right-hand side exists. In other words, the following
diagram does not commute:

U(t), U(t′) U(t)U(t′)−1

P(t), P(t′) P(t)P(t′)−1

dynamics
decomposition

Schur-Hadamard
square

Schur-Hadamard
square

dynamics
decomposition

On the left-hand side of (273) we have U (t← t′) ⊙ U (t← t′); on the right-hand side,
we have P (t)P (t′)−1. The two expressions diverge even in cases where—and, indeed,
regardless of whether—P (t)P (t′)−1 happens to be a stochastic matrix, that is, when the
dynamics is divisible. The following example illustrates this point.

Example 5. Let N = 2, T = {0, 1, 2}, and consider the linear probability dynamics P
defined by:

P (1) =
(

cos2 π
8 sin2 π

8
sin2 π

8 cos2 π
8

)
, P (2) =

(
cos2 3π

8 sin2 3π
8

sin2 3π
8 cos2 3π

8

)
(274)

These matrices are unistochastic, since each is the Schur–Hadamard square of the corre-
sponding unitary (rotation) matrix:

U (1) =
(

cos π
8 − sin π

8
sin π

8 cos π
8

)
, U (2) =

(
cos 3π

8 − sin 3π
8

sin 3π
8 cos 3π

8

)
(275)
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It is straightforward to verify that P (1) is invertible and

P (1)−1 =
√

2
(

cos2 π
8 − sin2 π

8
− sin2 π

8 cos2 π
8

)
(276)

P (2)P (1)−1 =
(

0 1
1 0

)
(277)

Since P (2)P (1)−1 is a stochastic matrix, P is a divisible probability dynamics, with
P (2← 1) .= P (2)P (1)−1.

On the other hand,

U (2← 1) .= U(2)U−1 (1) =
(

cos π
4 − sin π

4
sin π

4 cos π
4

)
(278)

and its Schur-Hadamard square is

U (2← 1)⊙ U (2← 1) =
(

1
2

1
2

1
2

1
2

)
(279)

which is not equal to P (2← 1), as given by (277).
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