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Abstract
[bookmark: _Hlk212468298]Recently, I argued that nothing seems to logically or metaphysically prevent a traversal of the infinite (i.e., the completion of an infinite series of equally long successive additions) starting at some time. In this paper, I support a stronger claim: that physically reasonable models of general relativity (Malament-Hogarth models) provide reason to think such a traversal may be physically possible, at least in what I call a proxy fashion. Moreover, I advance a conjecture based on a speculative yet physically reasonable cosmological model (Conformal Cyclic Cosmology): that it may also be physically possible to traverse the infinite in a non-proxy fashion, i.e., by both starting and finishing at some time.


1. Introduction
[bookmark: _Hlk212471481]If the universe’s past is infinite, argues the past finitist, how did we get to the present moment? An infinite past would entail that an actually infinite series of past events is completed by successive addition, and this, says the past finitist, is a metaphysical impossibility.[footnoteRef:1] In a recent work, I addressed contemporary defenses of this traditional argument for past finitism, the Successive Addition Argument (SAA) (Viglione 2024). To that end, I criticized the First Addition Claim, a supposedly uncontroversial claim underpinning most of the SAA’s proponents’ argumentative strategies: [1:  On the common formulation, the SAA is phrased in terms of an infinite series being formed by successive addition. However, Morriston has argued that the SAA’s proponents should interpret ‘formed’ as ‘completed’, in order to exclude unwelcomed consequences (Morriston 2021, p. 4; Viglione 2024, p. 5).] 

FAC: An actually infinite series cannot be completed by successive additions of equal (finite) duration, starting with a first addition.[footnoteRef:2] [2:  Among contemporary authors who explicitly defended the claim, one finds Fred Dretske, (1965, 100), William Lane Craig (Craig & Sinclair 2009, p. 117), Andrew Loke (2022, p. 206), Wes Morriston (2021, p. 4) and Alex Malpass (2022, pp. 796-797), to name but some.] 

Let me briefly clarify the terms appearing in FAC. An actually infinite series is an ordered collection (non-mathematical multitude) possessing  elements that can stand in a one-to-one correspondence with a sequence (linearly ordered and discrete set). For a series to be completed by successive additions means that there is a time such that all the elements of the series have been added up one after the other in a given order, so that for each element that belongs to the series (except the first one) there is an element such that  was added immediately after . More formally, let be a series ordered by the dyadic relation , and let  be the dyadic relation “has been added immediately after”:
Additions Completed Condition: 
FAC is equivalent to the following claim: if each addition takes the same finite amount of time, and if  is taken to be actually infinite and to have a first element, then there cannot be a time when the Addition Completed Condition holds. Figuratively, to complete an actually infinite series by (equal) successive additions is to traverse the infinite, so that FAC can be stated as the claim that it is impossible to traverse the infinite by starting at some time (e.g., now).
[bookmark: _Hlk212535131]The reason why FAC is important to SAA’s proponents is that they often use it together with some auxiliary assumption to infer the SAA’s crucial premise: the impossibility of traversing the infinite simpliciter (that is, independently of whether one starts or ends the traversal at some time) (Whitrow 1978, p. 42; Puryear 2014, p. 621; Loke 2014, p. 75; 2022, p. 206; Erasmus, 2018, p. 117). This means that SAA’s proponents will also maintain the truth of the Last Addition Claim (LAC), i.e., the possibility of traversing the infinite by ending at some time; and of the First and Last Addition Claim (FLAC), i.e., the possibility of traversing the infinite by both starting and ending at some time. However, it is LAC that SAA’s proponents should be ultimately interested in establishing, for they take an infinite past to entail that an actually infinite series has been completed just now, with the end of the last past event. 
I have argued that FAC is not the safe ground SAA’s proponents hoped for, because there are no good reasons to accept it in the logical or metaphysical interpretation of its modality (Viglione 2024, p. 11). Therefore, it cannot be used to infer LAC in the logical or metaphysical interpretation of its modality. In this work, I intend to proceed even further with the critique of FAC, arguing that it should not be accepted even in the physical interpretation of its modality. I propose that, based on the physical reasonability of models of a well-confirmed physical theory, namely general relativity, one should conclude it is physically possible to traverse the infinite by starting at some time. Moreover, I advance a conjecture based on a speculative yet physically reasonable cosmological model: it is physically possible to traverse the infinite in the stronger sense of the denial of FLAC, by both starting at some time and finishing at some time. Since the falsity of FLAC entails the falsity of LAC, this would constitute a direct strike against the SAA.
2. Infinite Pavst Spacetimes
The theory of general relativity, or simply ‘relativity’, is one of our best empirically confirmed physical theories. For this reason, model solutions to its core equations, the Einstein field equations (EFEs), are often taken to represent physical possibilities, at least in so far as they satisfy some reasonability criteria (Manchak 2011).[footnoteRef:3] It is relevant here, therefore, to ask: what does relativity have to say about the possibility of traversing the infinite? Are there reasonable solutions to EFEs describing, so to speak, times beyond infinity? [3:  In what follows, I will assume the standard definition of a relativistic spacetime as a pair of mathematical objects  where  is a smooth connected four-dimensional manifold and  is a Lorentzian metric on  of signature . A relativistic model is a relativistic spacetime endowed with a stress–energy tensor field  which encodes the distribution of matter and energy.
] 

The first thing one must notice is that relativity is straightforwardly compatible with counterexamples to LAC, the claim that an infinite series of equal successive addition ending with a last addition is impossible. Indeed, many relativistic solutions are geodesically complete, meaning that any inextendible geodesic in the manifold is infinitely extended in both directions (Choquet-Bruhat 2009, p. 372). It becomes therefore possible to conceptualize an ideal observer performing an infinite series of (equal) successive additions along one of these timelike geodesics , up to a certain point . Counterexamples to LAC are thus consistent with relativity, the basic example of a time-orientable geodesically complete spacetime being a Minkowski spacetime.
However, past finitists have already an answer at hand. Given the SAA, they contend, we should not consider relativistic solutions depicting infinite pasts (or a global infinite past) as representing physical possibilities (Ellis, Kirchner, & Stoeger 2004, pp. 927–928):
The arguments against an infinite past time are strong – it is simply not constructible in terms of events or instants of time, besides being conceptually indefinite. We emphasize that the problem with infinity is not primarily physical, in the usual sense – it is primarily a conceptual or philosophical problem with the idea of ‘realized infinity’. 
That the “strong” arguments against an infinite past mentioned in this passage are just the SAA and FAC-based arguments for its crucial premise is made clear by William R. Stoeger (2003, pp. 139–140):
Defenders of an actual infinite past argue […] that, though it is true that it is impossible to conceive constructing an infinite past by successive addition of moments, that is simply because we are still locked into thinking of doing it in a finite time. We need to realize that this is done only in an infinite time. This reply, however, still seems lame – simply because there is no way of definitely conceiving a completed infinite series of moments, even in an infinite time – we just do not have the capacity to model a completed infinite time. All we have is the concept of a series of moments which continues forever without end, and without definite completion, without ever reaching a point at which it has already been going on for an infinite amount of time. 
[bookmark: _Hlk209784313]Here the argument appears to be the following: since we cannot model a completed infinite series of (equal) successive additions starting at some point (i.e., FAC in the logical interpretation of its modality), then we cannot conceive a completed infinite series of (equal) successive additions ending with a last addition (i.e., LAC in the logical interpretation of its modality), as it would occur if the past were actually infinite. It is not evident, from this passage, which auxiliary assumption should grant the inference from FAC to LAC. However, setting this issue aside, I already argued that FAC in the logical interpretation of its modality seems unjustified (Viglione 2024, pp. 11–12). For instance, a temporal series formed by successive addition can be consistently modeled to be in one-to-one correspondence with the non-standard order of the integers :
.
If this is correct, then one must reject the claim that, when it comes to infinite series with a beginning, “all we have is the concept of a series of moments [additions] which continues forever without end”.
However, the past finitist retains the move of scaling the modality of FAC down to physical, so that they can propose a specular argument for LAC in the physical interpretation of its modality: since it is not physically possible to traverse the infinite by starting at some time, they could argue, then it is not physically possible to traverse the infinite by ending at some time. I will overlook the obvious issue of which auxiliary assumption should grant the inference, and focus instead on the plausibility of FAC in its physical interpretation. In what follows, I consider whether there are reasonable relativistic solutions suggesting that it is, after all, physically possible to traverse the infinite by starting at some time.
3. Malament-Hogarth Spacetimes
Recently, Daniel Linford has pointed out that, at least prima facie, the relativistic solutions most naturally suited for a traversal of the infinite starting at some time are Malament-Hogarth (M-H) solutions.[footnoteRef:4] An M-H spacetime is commonly defined on the following lines (Earman & Norton 1993, p. 26; Etesi & Németi 2002, p. 353; Manchak 2010, p. 276; 2018, p. 4; Manchak & Roberts 2022, p. 14):   [4:  Linford has shared his manuscript in personal correspondence.] 

[bookmark: _Hlk193294607]M-H spacetime: A relativistic spacetime (,) is Malament-Hogarth if there is a spacetime point  and a future-directed timelike half-curve  such that the proper time along  is infinite () and .
 standardly indicates the set of all spacetime points  such that there is a future-directed non-spacelike curve going from  to . It denotes the causal past of , or, in other words, the set of spacetime points within the past lightcone of an event occurring at . The worldline  infinitely extends in the future direction without ever escaping ’s causal past. Thus, an ideal observer following  would experience infinite proper time, while remaining strictly within the past lightcone of an event occurring at .
At first glance, this may seem paradoxical: given that the speed of light is finite and constant, how can an observer experience infinite time and yet never escape the past lightcone of ? To conceive this, consider one of the less exotic types of M-H spacetimes: Anti-de-Sitter (AdS) spacetimes. AdS spacetimes have negative curvature, “bending” curves in such a way that a timelike half-curve  can extend infinitely into the future while asymptotically approaching the boundary of the past lightcone of a spacetime point . 
[image: Diagrama
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Fig. 1: Half-curve   in AdS spacetime.

Intuitively, as an observer following  approaches this boundary, their proper time appears to “tick faster and faster” from the perspective of a second observer whose worldline passes through . This effect becomes so pronounced that the observer following  experiences infinite time, while the second observer only experiences finite time. Other classic examples of M-H spacetimes are specific black hole solutions (such as the rotating Kerr black hole), and spacetimes with closed timelike curves (Andréka et al. 2018, p. 208).
M-H spacetimes are often discussed in the context of supertasks and even hypercomputation (Earman & Norton 1993; 1996, pp. 247–250; Etesi & Németi 2002; Manchak 2010; 2018; Andréka et al. 2018). This is because, in M-H spacetimes, an ideal observer (the sender) following could, in principle, perform an infinite number of tasks and communicate the outputs to a second ideal observer (the receiver) who followed a different worldline and only experienced finite proper time. Here is how John Byron Manchak formulates this point (Manchak 2010, p. 277):
[…] the curve  represents the worldline of some observer. Because  has infinite proper time, she may complete an infinite number of tasks. But, at every point in , it is possible to send a signal to the point . Because there always exists a curve  with future endpoint  which has finite proper time, we can think of  as the “sender” and  as the “receiver” of a signal. In this way, the receiver may complete an infinite number of tasks in a finite time.
As an example, consider the Collatz conjecture in number theory, which states that, given an arbitrary positive integer, one can obtain by repeatedly applying one of two simple arithmetic operations. The sender may check the Collatz Conjecture by simply starting with  and proceeding through the positive integers in their standard order, taking one minute to check the conjecture for each number. Were they to find a counterexample, they would communicate it to the receiver at . If the receiver at  does not receive a message from the sender, they would know no counterexamples exist for Collatz Conjecture (Earman & Norton 1993, p. 27; Earman & Norton 1996, p. 247).
If M-H spacetimes represent physical possibilities, then FAC is false on the physical interpretation of its modality. For consider the example of the Collatz Conjecture. One can conceive the infinite number of checks performed by the sender as an infinite series of successive additions. Since the sender takes the same proper time to check each positive integer, then each addition obviously takes the same time. Since the sender starts with a first check, the series of successive additions has a first addition. Therefore, at , the receiver can say that the Additions Completed Condition holds for the series of successive additions (of checks) made by the sender. However, are M-H spacetimes physically reasonable representations of the way the world could be?
The philosophical debate on M-H spacetimes has produced much material in the attempt to answer this question. One important shortcoming of M-H spacetimes is that they are not globally hyperbolic. A globally hyperbolic spacetime can be foliated by Cauchy surfaces, i.e., spacelike hypersurfaces such that every timelike curve without endpoints intersects them exactly once (Geroch 1970). Physicists rank globally hyperbolic spacetimes as among those with a good “causal behavior”.[footnoteRef:5] This is because globally hyperbolic spacetimes satisfy a strong form of determinism: the data on a Cauchy surface , together with EFEs and any additional matter-field laws, uniquely determine (up to isometry) the union of the future and past domains of causal dependence  (Choquet-Bruhat & Geroch, 1969).[footnoteRef:6] However, it has been proved that M-H spacetimes cannot be foliated by Cauchy surfaces (Hogarth 1992, pp. 177–178; Earman & Norton 1993, p. 27; Belot 2023, p. 81). This means that M-H spacetimes fail to satisfy the strong form of determinism satisfied by globally hyperbolic spacetimes. [5:  For details on why these spacetimes are best at satisfying certain conditions regarding causality see Minguzzi and Sanchez (2008).]  [6:  Note that the maximal globally hyperbolic extension of a Cauchy surface  does not necessarily correspond to the entire spacetime.] 

Some authors have argued that this failure should not by itself disqualify M-H spacetimes as physically reasonable (Earman 1995, pp. 97–99; Hogarth 1996, p. 83; Manchak 2011; Etesi 2016; Andréka et al. 2018, p. 209). Indeed, many M-H spacetimes at least satisfy stable causality, i.e., the condition that no arbitrary small perturbation in the metric introduces closed timelike curves (CTCs) (Earman 1995, p. 165; Earman & Norton 1996, note 18; Manchak 2010, p. 279). Therefore, if the criterion for physical reasonability is not as strict as global hyperbolicity, it seems that some M-H spacetimes should be taken as representing real physical possibilities, therefore implying the physical possibility of an infinite series of successive additions that starts with a first addition.[footnoteRef:7] [7:  The failure of M-H spacetimes to satisfy global hyperbolicity entails the presence of at least weakly naked singularities. However, many M-H spacetimes, such as AdS spacetime, are free from strongly naked singularities (Andréka et al. 2018, p. 209). Therefore, if one takes the Strong Cosmic Censorship Hypothesis by Roger Penrose as a criteria for physical reasonability, some M-H spacetimes are not excluded.] 

However, Earman and Norton (1993; 1996) and Etesi and Németi (2002) have identified some problems with the claim that M-H spacetimes allow the completion of an infinite number of equally long specific tasks, even when it comes to stably causal M-H spacetimes. One such issue is the so-called blueshift problem: in certain M-H setups, the sender is assumed to send infinitely many lightlike signals (signals whose worldlines are lightlike geodesics) to the receiver. Given some further assumptions on how the signals are sent, one can show that the frequencies of the recorded signals diverge, so that the total energy carried by the signals received at is infinite (Malament 1985; Earman & Norton 1993, p. 31). Moreover, in some M-H setups (such as those realized in AdS spacetime), the total (integrated) acceleration of the sender is infinite. Therefore, once again, the receiver can say, at , that an infinite amount of total energy has been expended.[footnoteRef:8] [8:  Sometimes, the problem is phrased in terms of required fuel. As Manchak puts it: “a rocket ship which carries a finite amount of fuel cannot traverse a curve with infinite total acceleration (assuming it cannot refuel along the way)” (Manchak 2010, p. 280).
] 

How decisive are these problems for the physical possibility of M-H spacetimes? The answer is: “not very”. Notably, neither the blueshift problem nor the acceleration problem occur in every M-H setup: one can construct M-H setups where it is possible to escape both problems, while satisfying a wide range of further reasonability conditions, including stable causality (Manchak 2010; Andréka et al. 2018, pp. 210–212). Moreover, while in the context of the discussion of supertasks communication between the sender and the receiver is crucial, this is not the case for the purpose of suggesting that some M-H setups are genuine counterexamples to FAC. Indeed, independently on whether the sender and the receiver can communicate, it remains true that, at , the Additions Completed Condition holds for the infinite series of successive additions performed by the sender. In other words, since the whole infinite timelike half-curve that is the sender’s travel in spacetime is in the past of , from ’s perspective one can say, independently of the reception of any signal, that the sender has completed an infinite series of additions by starting with a first addition. If the M-H setup is such that only a finite amount of energy is consumed by the sender, and the spacetime is stably causal, then one may have a good candidate for a physically reasonable counterexample to FAC.
4. Proxy and Conformal Traversals
In the previous section I argued, following Linford’s suggestion, that in M-H spacetimes one can provide a counterexample to FAC, the claim that there cannot be a time such that an infinite but commencing traversal completely lies in its past. However, consider again the case of the sender checking the Collatz Conjecture on AdS spacetime: at no point of  the sender can say to have checked all positive integers for the Collatz Conjecture. In general, since γ has no endpoint by definition, no infinite but ending series of equally long and immediately successive tasks can be performed along .
In this sense, M-H setups can be said to represent cases of a proxy (commencing) traversal of the infinite. Whenever, according to an ideal observer (the sender), an infinite worldline has been traversed by starting somewhere, it has always been traversed by another ideal observer (the receiver). Therefore, the question: are there spacetime structures that provide grounds for a non-proxy (commencing) traversal of the infinite? That is, are there spacetime structures where something can traverse the infinite from first-person perspective, by starting at some spacetime point? If so, such spacetime structures may constitute a counterexample to FLAC, the claim that there cannot be a time such that an infinite traversal with both a first and a last step completely lies in its past. I suggest that, in order to find one such example, one must leave the realm of classic solutions of EFEs and look at a speculative cosmological model developed by Roger Penrose: Conformal Cyclic Cosmology (CCC). In this model one has a conformal relativistic structure, which does not correspond to any solution of EFEs. Although speculative, the model has the merit of providing an explanation for the low entropy initial conditions at the Big Bang, as well as suggesting potentially testable predictions (Penrose 2010, Part. 3). Moreover, prima facie the structure seems to satisfy the criteria for physical reasonability mentioned so far, and therefore is a candidate to represent a physical possibility.
A conformal relativistic structure is a structure in which the ratios between smooth curves’ lengths are fixed, while the lengths per se are not. For this reason, one can rescale such lengths at different spacetime points without affecting the conformal structure. This is achieved by means of a conformal transformation, which consists in multiplying the metric  by a conformal factor  (where  is a positive real scalar quantity defined at each spacetime point, varying smoothly over space) (Penrose 2010, p. 89). Such transformations always preserve the angles between intersecting curves at each point (Blair 2000). Since the angles between lightlike geodesics remain the same, the causal structure is also preserved (d'Inverno & Vickers 2022, p. 348).
A similar rescaling occurs in the case of CCC. In building this speculative cosmological model, one begins with a suitable cosmological solution of Einstein Field Equations with positive cosmological constant Λ, which admits a well-defined cosmic time function and features both an initial singularity and an infinite period of exponential expansion in the remote future. Through conformal rescaling, one can extend the conformal spacetime geometry at and beyond the boundaries by stretching the metric by a conformal factor which tends smoothly to zero at the future boundary (so that an infinite spacetime region is rescaled to a finite one) and is allowed to become infinite at the past boundary (so that the singular region is rendered finite and smooth) (Penrose 2006, p. 2761; Penrose 2010, p. 119; Le Bihan 2024, p. 2). 
However, what described so far is just a mathematical trick, apt to “scale down” or “scale up” infinitely large or infinitely small regions in order to represent them as a finite regions. A similar mathematical trick can be performed in the simpler case of Minkowski spacetime, as represented by a strict conformal diagram:
[image: Diagrama
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Fig. 2: Strict conformal diagram of Minkowski spacetime.

Geometrically, every timelike geodesic acquires, in the conformal completion, both the point representing the future timelike infinity, , and the point representing the past timelike infinity,  (Penrose 2010, p. 109). Moreover, every null geodesic () acquires a past endpoint on the past lightlike boundary, I–, and a future endpoint on the future lightlike boundary, I+. It is important to remark that the conformal completion of Minkowski spacetime is just a mathematical artifact, with no physical meaning attached to it. However, a null geodesic reaching its endpoint at infinity (where the boundary is a spacelike hypersurface in this model) does acquire physical meaning in the case of the speculative “outrageous” model of Penrose.
[bookmark: _Hlk212565523]The crucial speculative hypothesis in CCC is that, given enough time, all massive particles will eventually decay, so that their total rest-mass approaches zero in the limit (Penrose 2010, 154). Moreover, Penrose is quite clear that the total rest‑mass of particles actually reaches zero prior to the future spacelike-boundary at infinity (Penrose 2010, p. 160). However, Penrose thinks that spacetime lengths are fixed only when massive particles are around. In a slogan, when only massless particles are present, the universe “loses track of the scale of time” (Penrose 2010, p. 155). One has therefore a reason to postulate what I call a conformal era prior of the future spacelike-boundary at infinity, where the metric of spacetime actually becomes conformal. Moreover, Penrose identifies this future spacelike-boundary with the past spacelike-boundary of a successive period of expansion. He calls each of such period an aeon. The result is a cyclic, eternal cosmological model describing an infinite series of aeons, the end of each aeon being smoothly connected with the beginning of the next. Each aeon is represented as a relativistic spacetime with positive  and with its own physical metric, while the whole series of aeons is described by a single conformal metric, to which all of the physical metrics are conformal.[footnoteRef:9] [9:  Le Bihan (2024) has argued that CCC would be better interpreted as describing a single aeon occurring over a cosmic loop I will assume here the standard interpretation of CCC. However, Le Bihan’s interpretation is consistent with everything I say below.] 

The series of aeons, however, by itself does not constitute a counterexample to FLAC. There is no aeon, in the model, that is infinitely many aeons apart from some other aeon. However, CCC seems to provide a physical setting where a counterexample to FLAC can be found. Indeed, according to the CCC, massless particles actually reach, and cross, the future spacelike-boundary at infinity. So, the question arises: can the traversal of each aeon by massless particles be characterized as a non-proxy traversal of the infinite, giving rise to a counterexample to FLAC?
5. Infinite Null Steps to Null Infinity
When in vacuum, massless particles (e.g., photons) travel spacetime along null geodesics. However, according to relativity, the proper time between each two distinct spacetime points along a null geodesic is always zero. Therefore, one can say, with Penrose (2010, p.146), that a photon leaving the Sun’s surface reaches Earth’s atmosphere after exactly the same proper time it would take it to reach future null infinity: zero. Therefore, one may be tempted to argue that, since in CCC only massless particles traveling on null geodesics reach the future spacelike-boundary of each aeon, and since zero proper time elapses along null geodesics, nothing really traverses the infinite in CCC. However, this reasoning is incorrect: according to FAC, for a traversal of the infinite to be complete one must perform an infinite series of successive additions, each of the same finite duration. This does not necessarily entail an overall infinitely long traversal. 
Consider the ideal case of a photon traveling along a null geodesic  including a spacetime point  representing the photon’s emission on the Sun’s surface, a spacetime point  representing its absorption by some molecule on the Earth’s atmosphere, and an intermediate spacetime point . Relativity gives us the same proper time value from  to  and from  to , namely zero. Moreover, the null interval [is different and immediately successive to the null interval , so that the whole null geodesic  can be conceptualized as a series of two null intervals formed by successive addition (the two different null intervals can be conceived as actualized one after another). Now, by selecting a new intermediate point, it is always possible to increase of one the number successive null intervals constituting the null geodesic, and since spacetime points on the geodesic are uncountably many, nothing prevents us from postulating that the null geodesic is composed of an infinite series of successive null intervals. Each of these sub-intervals would have the same finite proper time length (zero).[footnoteRef:10] Moreover, the series would have both a first and a last element, the last null-interval being the one where the photon reaches .[footnoteRef:11] One can therefore provide an argument for the claim that any null curve is a case of a non-proxy traversal of the infinite by a massless particle. [10:  To support the claim that each zero-length lightlike interval has a finite length, consider that, in the philosophy of mathematics, it is common to consider the cardinal number ’’ on a par with the other finite cardinal numbers (Barton 2020, p. 5).]  [11:  Both a ω+ω* and ω+n ordering types are candidates for describing the order of null intervals here, but it is debatable whether the latter is discrete and therefore adequate for a series as required by FAC and FLAC.] 

However, it is admittedly very weird to conceive different intervals as being successive while their (proper) length is zero.[footnoteRef:12] One could resist this move by (perhaps reasonably) restricting the formulation of FLAC as requiring equal, non-zero, finite durations. Moreover, when it comes to null geodesics, physicists usually make use of parameters different from proper time. Often, indeed, one makes use of affine parameters to define the affine length of null geodesics, rather than their proper length. [12:  I suspect a complete analysis of the origins of this weirdness should address the very foundations of the theory of relativity, and the operational character of the notion of proper time.] 

An affine parameter for a geodesic is whichever parameter satisfies the geodesic equation, which informally means that the intrinsic acceleration is equal to zero, as it should be on a geodesic. However, affine parameters are not the only ones that can have some mathematical usefulness in the parametrization of null geodesics. For instance, if spacetime has an FLRW metric, one can choose to use cosmic time to parametrize null geodesics. This has its advantages because in FLRW metric one needs the scale factor to parametrize null geodesics and the scale factor is itself singled out in relation to cosmic time (d'Inverno & Vickers 2022, p. 502).[footnoteRef:13] Similarly, in each CCC aeon, one can parametrize null geodesics in relation to the scale factor, so that the time parameter would go to infinity towards the future conformal boundary. [13:  Of course, under non-affine parametrization the tangential component of the intrinsic acceleration of a massless particle is non-zero. This, however, must be correctly interpreted as a mathematical artifact. For a lecture on the subject see Poisson 2012.] 

However, one might wonder how to preserve some form of Einstein’s equations with constant positive  throughout the entire history of an aeon. After all, the universe loses track of the scale of time in the conformal era. Penrose suggests (2010, p. 153):
What we can do, although this would hardly be a ‘practical’ solution for the purposes of building a clock, would be to use  itself to determine a scale, or, what appears to be closely related to this, we might use the effective value of the gravitational constant G. Then the picture of an evolving and unendingly exponentially expanding universe continuing into its remote future would be retained, but without seriously disturbing the philosophy that, locally, the universe will eventually lose track of the scale of time.
Since each aeon has a property called “future null completeness”, then every null geodesic can be extended into the future to an indeﬁnitely large (finite) value of this parameter while preserving  (Hawking & Ellis 1973, p. 122). However, in CCC particles traveling on null geodesics actually reach, and cross, the future infinite boundary. So, it can be postulated that a null geodesic connecting a spacetime point  to the future spacelike boundary of its aeon is composed of an infinite series of successive null intervals of equal length (by the parametrization preserving ), the last null-interval being the one where the photon reaches the boundary. In this sense, then, one can say that CCC allows one to construct a counterexample to FLAC, the claim that there cannot be a time such that all the elements of an actually infinite series have been added up by successive addition, with each addition taking the same amount of time, and the series of additions having both a first and a last element.[footnoteRef:14] [14:  Note that the set of the infinite null-intervals has the same cardinality of the integers, so that they can be put into one-to-one correspondence with the integers in the non-standard order ω+ω*. I suspect this is precisely the correct way of representing the infinite series of null-intervals composing a boundary-reaching null geodesics in CCC. However, I will not provide an argument for this claim here.] 

6. Concluding Remarks
As seen, some philosophers think that relativistic models describing an infinite past should not be considered physically reasonable for philosophical reasons, i.e., for considerations connected with the Successive Addition Argument. However, once these philosophical concerns are set aside, one finds out that relativity allows not only for the possibility of a traversal of the infinite that never began (e.g., Minkowski spacetime), but also for the possibility of a traversal of the infinite that began at some spacetime point (Malament-Hogarth spacetimes). Moreover, according to speculative cosmological models with testable predictions (Conformal Cyclic Cosmology), one can even suggest that it is possible, for special kinds of things, to traverse the infinite starting now, and finishing at some time in the future of their own worldline.
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