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Abstract

The dressing field method (DFM), introduced by Dirac in 1955, constructs gauge-
invariant matter fields by attaching a Wilson line to the bare field. This dressed field is
often interpreted as the physical electron. In this paper we provide a rigorous analysis
of Dirac’s DFM. We begin by defining the dressed field and the associated dressed
electromagnetic potential, and we examine their path-dependence and multi-valuedness
in multiply-connected spaces. We then derive the exact Dirac equation satisfied by
the dressed field, as well as its non-relativistic limit, the Schrodinger equation. The
probabilistic interpretation (Born rule) is stated in terms of the dressed field. Next, we
apply the theory to the Aharonov—Bohm (AB) effect. Using explicit computations, we
show that the interference pattern predicted by the dressed field is independent of the
magnetic flux ®, in direct contradiction with the experimentally observed AB phase
shift e~**®. We trace the mathematical origin of this failure to the exact cancellation
of topological phases between the dressing factor and the bare wave function, which
follows from Stokes’ theorem and the multi-valuedness of the Wilson line in a multiply-
connected space. Finally, we discuss the implications: the dressed field cannot serve
as a complete physical description of the electron. The Dirac DFM is therefore not
equivalent to standard quantum mechanics in topologically non-trivial backgrounds.

1 Introduction

In 1955, Dirac proposed an elegant way to construct gauge-invariant matter fields in quantum
electrodynamics (QED) [4]. The idea is simple: attach a “dressing” factor—a Wilson line—to
the bare electron field,

Wp(r) = exp (—ie / I A, dy“) (),

where [', is a reference path from a fixed base point to z. The resulting dressed field ¥p is
gauge invariant up to a global phase, and therefore seems to represent the physical electron.
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This Dirac dressing field method (DFM) has since been widely used, from the study of
infrared divergences to the description of confinement [6, 2] [5, @, 3] (see also [§]). Implicit
in this approach is the claim that the gauge potential A can be “absorbed” into the matter
field, leaving a manifestly gauge-invariant description of charged particles.

But is the electron really dressed in this way? The Aharonov—Bohm (AB) effect [I]
provides a decisive test. In the AB setup, an electron beam is split and recombined around
a solenoid that contains a magnetic flux ®. Even though the electrons never enter the
magnetic field region, their interference pattern exhibits a phase shift e=®. This phase is a
topological effect: it depends only on the gauge potential’s holonomy around the solenoid.
If the dressing method truly eliminates the gauge potential from the physical description,
then the dressed electron should not see the flux at all—or so one might think.

In this paper we perform a rigorous analysis of Dirac’s DFM as a self-contained physical
theory. We carefully define the dressed field, examine its path-dependence and multi-valuedness
in the multiply-connected space of the AB setup, and derive the exact Dirac equation that
it satisfies. We then apply the method to the AB effect, computing the interference pattern
predicted for the dressed electron. The result is stark: the pattern is independent of the flux
®, which is in direct contradiction with the experimentally observed shift e~%®.

We trace the mathematical origin of this failure to an exact cancellation of topological
phases. The dressing factor itself becomes multi-valued in a multiply-connected space, with
different branches differing by the holonomy e~*®. Meanwhile, the bare wave function also
carries the opposite holonomy from the physical paths. When the two branches are added
at the detector, these holonomies cancel precisely, leaving no flux-dependent signal. This
cancellation is not an oversight; it is inherent in the Dirac construction whenever the reference
path is chosen in a field-free region.

Our result is a rigorous disproof of the claim that the Dirac DFM can serve as a com-
plete description of the physical electron. It suggests that the gauge potential A retains
irreducible topological information that cannot be eliminated by any local dressing proce-
dure. Consequently, any reformulation of QED based on dressed fields must be restricted to
simply-connected spacetimes; it fails for phenomena like the AB effect that depend on the
non-trivial holonomy of the gauge connection.

The paper is organized as follows. Section 2 defines the Dirac dressing field and its basic
properties, including its multi-valuedness in multiply-connected spaces. Section 3 derives the
exact dynamics of the dressed field, culminating in a Dirac (and Schrédinger) equation that,
in the AB setup, reduces to free propagation. Section 4 computes the interference pattern
for the dressed electron in the AB effect, showing it is flux-independent. Section 5 discusses
the implications for the DFM. Section 6 concludes.

2 Dirac Dressing Field: Definitions and Properties

2.1 The Bare Theory

We work in natural units 4~ = ¢ = 1. The metric is (+, —, —, —). The bare Dirac field ¥ (x)
satisfies the minimally coupled Dirac equation

(iv"D,, —m)y = 0, D, =0, —ieA,, (1)



where «* are the Dirac matrices, A, = (¢, —A). The electromagnetic field strength is
F,, = 0,A, — 0,A,, with components Fy; = E;, F}; = €1, By.

We will also need the non-relativistic limit. The corresponding Schrédinger equation for
a spinless particle is

O = % (—iV + eA)*p — eg o). (2)

2.2 Definition of the Dressed Field

Choose a fixed reference point zy (e.g., at spatial infinity on the left). For each point z, fix
a smooth path I', from xg to x. The family of paths is assumed to vary smoothly with the
endpoint . Define the dressing factor

o) =exp(~ic [ ) =eso(ic [ Ay —ic [ oar). @)

In the static magnetic case (¢ = 0), this simplifies to h(x) = exp <z'e frz A - dy). The dressed
field is
vp(x) = hz) P(z). (4)

2.3 Gauge Transformation Properties
Under a U(1) gauge transformation,
Y(z) — e_ieX($)¢<x)7 Au(r) = Ayu(z) — auX(x)‘ (5)
The line integral transforms as
Au)dy" — | Au(y)dy" — x(x) + x(z0). (6)
Ty Iz

Hence
h(z) — exp (—z’e/ A, dy* +iex(z) — iex(x0)> = h(z) e*ex@)gmiex(@o) (7)
'y

Then

Up(z) = h(z)y(z) — h(z)e™X@eiex@) . omiex(@y(g) = e XTI p(g)ap(z) = e XT)pp(z).
(8)

Thus ¥p changes only by a global constant phase e *X(¥0) which is physically irrelevant.
Therefore ¥ p is a gauge-invariant object in the quantum mechanical sense.

2.4 Path-Dependence and Multi-Valuedness in Multiply-Connected
Spaces

The AB effect takes place in the space M = R?\ {0} (the plane with the solenoid removed).
This space is multiply-connected: there exist closed loops that cannot be continuously con-
tracted to a point. Consider a point x on the right side of the solenoid. From the reference
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point zy (say, at infinity on the left) to x, there are two homotopically distinct families of
paths: those that pass above the solenoid (call them I'y) and those that pass below (I'_).
Their line integrals differ by the magnetic flux:

A-dy=[ A-dy+0, (9)

r_ T,

where ® = ¢ A - dl is the total flux. Consequently,

h(x) = exp (z’e / _ A) ~ exp (ie 5 A+¢e<1>> — o (z) €0, (10)

Thus the dressing factor h(x) is multi-valued: it takes different values at the same spatial
point z depending on the homotopy class of the chosen reference path. To define a single-
valued function, one must fix a branch. This introduces a branch cut (e.g., along the negative
x-axis). However, in an interference experiment, the two wave packets naturally correspond
to the two different branches: the upper packet uses I'y, the lower packet uses I'_. This is
essential for the calculation.

2.5 Dressed Electromagnetic Potential

In modern DFM, one also introduces a dressed gauge potential via the standard DFM trans-
formation:

AL (2) = b7 (@) Au()h(e) + -0 ()0, (a) (11)
For the Abelian case, with h(z) = e7*®) and O(z) = [, A.(y)dy", we have h™! = ¢®.
Then , :
AL = Ay + Le00, (¢70) = Ay + L0 (=ie0, ) ® = A, — 0,0, (12)
Using the formula derived in the Appendix:
0,0 = Au(a) + [ Fuly)dy" 13

x

we obtain
af == (a4 [ Futa) = - [ Bt i (14)

Thus the dressed electromagnetic potential is directly given by the non-local line integral of
the field strength along the reference path I',. This expression is manifestly gauge invariant
because F),, is gauge invariant.

In the AB setup, the reference paths I'; and I'_ are chosen to lie entirely in the field-free
region (outside the solenoid). Along these paths, F),, = 0, so the integral vanishes:

A7 =0  for both I’y and I'_.

Hence the dressed potential is identically zero and carries no topological information about
the enclosed flux. The entire topological phase (the holonomy) resides in the dressing factor

h(x) itself, as shown in Eq. (10).



3 Dynamics of the Dressed Field

3.1 Derivation of the Dirac Equation

We derive the equation of motion for the dressed field from the bare theory.
From v¥p = hy) we have

a/ﬂ/’P - (auh)w + ha;ﬂp‘ (15)
Solving for hd,1 and substituting ¢ = h™'¢p gives
hOu = Ouibp — (auh)h_llpP' (16)

Then compute hD, with D, = 9, — ieA,:
hD, = ho,) — ie hA). (17)
Insert and 1 = h™1p:
AD,b = |9 = (Oum)h™" — ie hAh~ v, (18)
Using the definition of the dressed potential (1)), this becomes the exact identity
KD, = (3, — e AT . (19)

Finally, start from the bare Dirac equation

(iv" D,y — m)p = 0, (20)
and multiply by h:
h(iv* D, — ma) = 0. (21)
Using v¥p = ht) and the identity above, we obtain
" (0, — ie Al )p — mypp = 0. (22)

Thus the dressed field 1p satisfies a Dirac equation in which the original gauge potential
A, is replaced by the gauge-invariant, non-local field Af . In the AB setup, one can choose
reference paths I'y and I'_ for the upper and lower arms that lie entirely in the field-free
region outside the solenoid. Along both paths Fj,, = 0, so Af = 0. Consequently, each
dressed component 1p . satisfies the free Dirac equation, even during interference at the
detector.

3.2 Non-Relativistic Limit
The non-relativistic limit of for a spinless particle gives the Schrodinger equation
. 1 .
idbp = 5~ (~iV eAP) pp — e p. (23)

In the AB setup with the reference path avoiding the solenoid, A” = 0 and ¢* = 0, so we
obtain the free Schrodinger equation.



3.3 Probabilistic Interpretation (Born Rule)

In standard quantum mechanics, the probability density for a particle at position x at time
tis p(x,t) = |¥(x,t)[%. Since [¢vp|* = |hp|? = |h|*[]* = |¢|* (because |h| = 1), the dressed
field yields the same probability density:

pp(x,t) = [¥p(x, )] = [(x, 1) (24)

Therefore, the Born rule is preserved when using the dressed field. For interference experi-
ments, the total wave function at the detector is the sum of the contributions from the two
paths: Wp(D) = 1p1(D) + 1¥p2(D). The probability is [¥p(D)|?. This is the quantity we
will compute.

4 The Aharonov—Bohm Test

4.1 Setup and Geometry

Consider the standard magnetic AB setup. An infinite solenoid of negligible radius is placed
along the z-axis, carrying a magnetic flux ®. The electron source S is located at a point on
the left (x = —L,y = 0), and the detector D at a point on the right (x = +L,y = 0). Two
classical paths from S to D are considered: v; passes above the solenoid (upper half-plane),
72 passes below (lower half-plane). The magnetic field is zero everywhere along these paths,
but the vector potential A is non-zero. In the Coulomb gauge, A(r,0) = %QA

The space M = R?\ {0} is multiply-connected. We fix an arbitrary reference point
(e.g., at infinity on the left). Choose a fixed reference path I'g from zy to the source S. This
path may lie, for instance, in the upper half-plane; the exact choice is irrelevant because it
will be common to both branches.

4.2 Dressed Fields and Cancellation of the Vector Potential

For the upper branch, we define the reference path from xy to a point z on 7; as the
concatenation

TN =Tg o vilsse,

where 7|g_,, is the segment of the physical path from S to x. For the lower branch we
similarly use

I® =T o 7alse.

Because the upper and lower half-planes are each simply connected (they do not contain
the solenoid), any other choice of reference path within the same half-plane would give the
same line integral of A (by Stokes’ theorem, since the difference would enclose zero flux).
Therefore the above choice is completely general.

The dressing factors at a point x on the respective branches are

hi(x) = exp (ie/ A - dl) = exp (z’e/ A - dl) exp (z’e/ A - dl) : (25)
ngl) I's ’71|S~>z



ho(z) = exp <z’e A dl) = exp (ie/ A . dl) exp (ie/ A . dl) . (26)
r{® I's 12l5 5w

The bare wave functions at the same point x (before reaching the detector) are

Uy () = et @ exp (—ie/ A - dl) , Vo(2) = 1hoe™ 0@ exp (—z’e/ A - dl) ,
7|5z 2|5z

(27)
where Sy(z) is the free action from S to = (equal for both paths for simplicity). Hence the
dressed fields at any point along the branches are

Ypi(z) = hi(x) ¥ ()

= exp (z’e/ A - dl) exp (ie/ A - dl) Yoe™0®) exp <—ie/ A- dl)
I's Yls—a Tls—a

= exp <ie / A-dl) Yoe™ 0@ (28)
I's

¢P,2($) = hy(z) ()

= exp (ie/ A - dl) exp (ie/ A - dl) woeiSO(‘”) exp (—2’6/ A - dl)
I's 'YQ‘S—m 72‘S—>ac

= exp (ie/ A - dl) Yo', (29)
s

Thus, along each branch the A-dependent exponentials cancel exactly pointwise. In partic-
ular, at the detector D we have

Vpa(D) = Pps(D) = exp (z‘e /F A-dl) et SoP), (30)

4.3 Predicted Interference Pattern

The total dressed wave function at the detector (up to an overall normalization) is
Wp(D) = 5 (D) + pa(D) = 2 exp ( [ a dl) Yo D) (31)
s
The probability density (interference pattern) is

pp(D) = |‘I’P(D)|2 = 4|¢0|27 (32)

which is independent of the magnetic flux . The constant factor exp(z'e st A) cancels in the
absolute value. Thus DFM predicts no flux-dependent phase shift, in direct contradiction
with the experimentally observed AB shift e=%®.

Note that in the AB setup, the dressed field satisfies the free Dirac equation (or free
Schrodinger equation) for each branch, as shown in Sec. 3. Since both branches originate
from the same initial dressed field at the source (the reference path is unique there) and
evolve freely, they remain identical throughout propagation. Consequently, at the detector
we have ¢p1(D) = ¢pa(D), and the interference pattern is independent of the flux @, in
agreement with the explicit calculation above.
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4.4 Extension to Quantum Dressing Operators

The above analysis treated the dressing factor as a classical c-number phase. A natural
objection is that in QED the gauge field is operator-valued, and the dressing should be
defined as a Weyl operator

W) = exp (— /A dyﬂ> ,

which creates a coherent photon cloud [9]. However, in the AB experiment the magnetic
flux @ is produced by a macroscopic solenoid, and the electromagnetic field is prepared in a
coherent state |®) with large mean flux. For any closed loop 7 enclosing the solenoid, the
Wilson loop operator W () satisfies

(W (7)|@) = e + O(h), (33)

where the O(h) term is negligible in the semiclassical (large-flux) limit. In this limit we
may treat 1 () as the c-number phase e~*® when acting on |®). Therefore, the quantum
dressing factor effectively reduces to its classical counterpart, and the previous cancellation
proof applies. In other words, DFM does not restore the AB phase either in the full quantum
theory.

5 Implications

The calculation in Section 4 shows that the Dirac DFM predicts a flux-independent inter-
ference pattern for the AB effect, in direct contradiction with experiment. This failure has
several important implications for DFM and its claimed equivalence to standard QED.

5.1 The Electron is not Dressed (in Dirac’s Sense)

The title of this paper asks whether the electron is dressed. Dirac’s DFM gives a specific
prescription: the physical electron is the gauge-invariant combination ¢p = ht. Our calcu-
lation in Section 4 shows that this dressed field predicts no AB phase shift — the interference
pattern is independent of the magnetic flux ®, in contradiction with experiment. Therefore,
if “dressed” means “described by Dirac’s dressed field”, then the electron is not dressed.

Why does the method fail? In a multiply-connected space, the dressing factor h carries a
holonomy e%® while the bare wave function carries the opposite holonomy e~*®. Their prod-
uct cancels the flux dependence exactly. The very mechanism that makes ¢p gauge-invariant
erases the topological information needed for the AB effect. Hence, the electron cannot be
described as dressed in Dirac’s sense.

5.2 Comparison with the Madelung Formulation

It is instructive to compare the DFM with the Madelung hydrodynamic formulation. In
Madelung’s approach, one writes the wave function as ¢ = \/p ¢S and obtains a gauge-invariant
velocity field v = (VS+eA)/m [7]. In the AB effect, Madelung reproduces the correct phase
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shift because it imposes an additional global quantization condition on the circulation of v.
The DFM, on the other hand, attempts to eliminate A entirely by absorbing it into a phase
factor attached to the matter field. The result is a dressed field that satisfies a free equation
but loses the memory of the flux. The comparison highlights that eliminating the gauge
potential is not always harmless; the topological information encoded in the line integrals of
A must be preserved to correctly describe interference in multiply-connected spaces.

5.3 Consequences for Practical Applications

Despite its failure in topologically non-trivial backgrounds, the Dirac DFM remains a useful
technical tool in simply-connected spacetimes. It has been successfully applied to problems
such as the elimination of infrared divergences in QED, the description of infraparticles,
and the construction of gauge-invariant quark fields in QCD [6], 2, B, @, B]. Our analysis
implies that these applications should be restricted to situations where the topology is trivial
(e.g., Minkowski space with no holes or defects). When dealing with systems that exhibit
topological effects (e.g., the AB effect or systems with magnetic monopoles), the DFM must
be either abandoned or supplemented by additional non-local information.

In summary, the failure of the Dirac DFM in the AB effect demonstrates that the method
is not universally equivalent to standard QED. The equivalence holds only in simply-connected
backgrounds. This result clarifies the range of validity of the DFM and warns against its
uncritical use in topologically non-trivial settings.

6 Conclusion

We have provided a rigorous analysis of Dirac’s DFM. We defined the dressed field and its
associated dressed electromagnetic potential, examined their path-dependence and multi-
valuedness in multiply-connected spaces, and derived the exact Dirac equation satisfied by
the dressed field. In field-free regions with a suitably chosen reference path, the dressed field
satisfies the free Dirac (and therefore free Schrédinger) equation. Applying the theory to the
AB effect, we computed the interference pattern predicted for the dressed field. The result is
independent of the magnetic flux @, in direct contradiction with the experimentally observed
AB phase shift e=*®. The mathematical origin of this failure is the exact cancellation of
the topological phases between the dressing factor and the bare wave function, which follows
from Stokes’ theorem and the multi-valuedness of the Wilson line.

Thus, the Dirac DFM cannot serve as a complete physical description of the electron;
it fails to account for the AB effect. This also suggests that the gauge potential A retains
irreducible topological information that cannot be eliminated by a local dressing. Conse-
quently, any claim that DFM provides an equivalent reformulation of QED must be restricted
to simply-connected spacetimes, where all closed loops are contractible and holonomies are
trivial.
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Appendix: Derivative of the Path-Dependent Phase

In this appendix we derive the identity

0,0() = Ay (x) + / Foly) dy”, (A1)

for the path-dependent phase
Ox) = | Aly)dy’, (A2)
™
where I'; is a path from a fixed reference point =y to the point z, and F,, = 9,4, — 0, A,
is the field strength.
Let © — x+0dx be an infinitesimal displacement of the endpoint. The path ', is deformed
to a nearby path I',,s,. The change in © is

56 — / A-[ a (A3)
Fac+§a: Ty

The difference between the two integrals can be represented as an integral over a closed
contour formed by traversing I, forward and ', s, backward, together with a short segment
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connecting = to x + dx. This closed contour naturally decomposes into two contributions.
The short segment at the endpoint gives

= A, (z) " (A4)

}endpoint -

In addition, the deformation of the path sweeps out a narrow strip between I', and I',,,.
By Stokes’ theorem, this produces a surface contribution

@’surface = /EFNV(y) dal“/’ (A5)

where Y denotes the infinitesimal surface between the two paths. To first order in dx, the
surface element can be written as do"” = dy” dx* along the strip, yielding

00 ‘surface - / F/W (y) dyl/ oz’ (A6>
r

x

Combining the endpoint and surface contributions, we obtain

50 = [AM@) + /F z Fu(y) dy”} szt (A7)

Since this holds for arbitrary dz#, it follows that

0,0() = A, (x) + / Foly) dy”, (A8)

T

which establishes Eq. (A]).

The above derivation assumes that the deformation of the path is smooth and does not
cross singular regions (for example, the interior of an idealized solenoid); in the presence of
such regions, the result applies within a fixed homotopy class of paths.
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