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The Newtonian motion of a macroscopic particle is derived from the linear Schrödinger equation
with a Hamiltonian consisting of the free-particle term and a random Hamiltonian drawn from the
Gaussian Unitary Ensemble. The random term models interaction with the environment. We show
that the parameters governing the resulting state-space random walk, together with the treatment
of experimentally indistinguishable states as equivalence classes, explain the contrasting behavior of
microscopic and macroscopic systems. The analysis extends previous work deriving the Born rule
for microscopic particles when the free-particle term is negligible.

MOTIVATION AND OVERVIEW

It is widely asserted that linear dynamics cannot pro-
duce state reduction in quantum theory, which moti-
vates the introduction of nonlinear collapse models. Such
models, however, must reconcile linear unitary evolution
with nonlinear state reduction while remaining consistent
with stringent laboratory and cosmological bounds on
collapse-induced noise [1–9]. These constraints exclude
most parameter ranges, leaving only a narrow window of
admissible values.

Without contradicting the standard proofs that rule
out linear dynamics under certain assumptions, it was
shown in [10] that these assumptions need not apply in
a geometry based on equivalence classes of states. In
that work, the equivalence classes represent states that
are indistinguishable by a detector due to the finite res-
olution of measuring devices. Since unitary operators
can “squeeze” states into a given equivalence class, this
framework naturally leads to a linear stochastic model
of state reduction applicable to both classical and quan-
tum measurements. In the classical regime, the model
predicts a normal distribution for the position of a mea-
sured particle, while in the quantum regime it reproduces
the Born rule.

Here, we extend these results by deriving Newtonian
dynamics for macroscopic bodies from free Schrödinger
evolution combined with a linear stochastic process on
state space. We begin with a review of the previously de-
veloped formalism required for this derivation. In partic-
ular, the geometry of the embedding of Euclidean space
and classical phase space into quantum state space, which
connects Schrödinger and Newtonian dynamics, was de-
veloped in [10–12]. The relationship between Poisson
brackets and commutators of canonical observables that
follows from this geometry was established in [12]. The
embedding also yields a relation between commutators
and the curvature of state space, discussed in [11, 13]
and, in a more general mathematical context, in [14].
The connection between the normal probability distribu-
tion and Born-rule statistics arising from this embedding
was developed in [10] and [11].

The collapse model based on random Hamiltonians

drawn independently in time from the Gaussian Uni-
tary Ensemble, formulated as conjecture (RM), was in-
troduced in [10–12]. Equivalence classes of detector-
indistinguishable states, together with numerical simu-
lations confirming the emergence of Born-rule statistics
under the (RM) dynamics, were presented in [10].

After briefly reviewing these results, we discuss the
physical motivation for conjecture (RM) through its
analogy with Brownian motion and its connection with
random-matrix ideas in quantum theory, and provide
supporting numerical estimates. We then identify the
conditions under which the free Schrödinger evolution
and the evolution generated by the (RM) Hamiltonian
can be treated separately, confirming this numerically un-
der physically reasonable assumptions. Finally, we show
how this separation, combined with a physically justified
choice of random-walk parameters in (RM), yields New-
tonian motion for macroscopic objects and clarifies the
distinction between microscopic and macroscopic regimes
within a single framework. We also compare the present
framework with existing approaches. The Supplement
provides details on equivalence classes of states, the in-
duced geometry of the corresponding manifolds, and the
foliation structure used in the derivation of the Born rule.

We emphasize that, despite the physical motivation
noted above, conjecture (RM) remains exactly what it
is claimed to be: a conjecture. Still, its consequences
are mathematically precise and physically nontrivial. To
our knowledge, no previous collapse-type or measurement
model has shown simultaneously, within a single frame-
work with physically justified parameters, (i) strict uni-
tarity at the fundamental level, (ii) single outcomes dis-
tributed according to the Born rule, and (iii) recovery of
classical motion. Moreover, the conjecture isolates a spe-
cific structural property, namely isotropic random-matrix
effective dynamics, whose validity can in principle be in-
vestigated experimentally.
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DYNAMICS ON STATE SPACE

Let Mσ
3,3 ⊂ CPL2 denote the set of states represented

by functions in L2(R3) of the form

ϕ(x) = ra,σ(x) eip·x/~. (1)

Here

ra,σ(x) = σ−
3
2 r

(
x− a

σ

)
, (2)

where σ is a small positive parameter and r ∈ L2(R3) is a
fixed, normalized, real-valued, C2-function with variance
equal to 1. For σ → 0, one has r2

a,σ(x)→ δ3(x− a) [15].
Gaussian functions

ga,σ(x) =

(
1

2πσ2

)3/4

exp

[
− (x− a)2

4σ2

]
(3)

provide a convenient example, although the construction
does not depend on the particular functional form of the
representatives.

So far, σ has been introduced as a free mathematical
parameter controlling localization. Physically, however,
it is natural to relate σ to the resolution of position-
measuring devices. The resolution of a measuring device
determines which states can be experimentally distin-
guished and thereby leads to equivalence classes of states
that are indistinguishable to that device. In this inter-
pretation, Mσ

3,3 may be defined as the set of equivalence
classes formed from states whose position standard devi-
ation does not exceed σ. This more general formulation
will be introduced below (see also [10]).

The inclusion of Mσ
3,3 into CPL2 , furnished with the

Fubini-Study metric, induces the differentiable structure
and the Riemannian metric on Mσ

3,3. With an appropri-
ate choice of units, the map

Ω : (a,p) 7−→ ra,σ e
ip·x/~ (4)

is an isometry between the Euclidean space R3×R3 and
the Riemannian manifold Mσ

3,3. Moreover, a linear struc-
ture on Mσ

3,3 can be induced via Ω from the linear struc-
ture on R3 × R3.

Variation of the action functional

S[ϕ] =

∫
ϕ(x, t)

[
i~
∂

∂t
− ĥ
]
ϕ(x, t) d3x dt, (5)

where the Hamiltonian ĥ is given by

ĥ = − ~2

2m
∆ + V̂ (x, t) (6)

with respect to ϕ, yields the Schrödinger equation for a
particle. By constraining ϕ in (5) to lie on the manifold
Mσ

3,3 and assuming continuity of the potential, the action
functional takes the classical form

S =

∫ [
p · da

dt
− h(p,a, t)

]
dt, (7)

where

h(p,a, t) =
p2

2m
+ V (a, t) (8)

is the Hamiltonian function of the system. Constrained
variation yields the Newton equations.

To see why this restriction gives the classical ac-
tion, note that for the restricted ansatz ϕa,p(x) =
ra,σ(x)eip·x/~, the non-potential terms in the Schrödinger
action already reduce to the classical form: the term
i~〈ϕ, ∂ϕ/∂t〉 equals p · da/dt up to a total derivative,
and the kinetic term equals p2/2m up to an additive σ-
dependent constant independent of a,p. Thus the only
genuine approximation in passing from the restricted
Schrödinger action to the classical action comes from the
potential term ∫

R3

V (x, t) r2
a,σ(x) d3x, (9)

which converges to V (a, t) as σ → 0 under mere continu-
ity of V at a.

For a general state of the form

ϕ(x, t) = ra,σ(x) eiΘ(x,t), (10)

assuming differentiability of the phase Θ at a, one may
write

Θ(x, t) = Θ0(t) +
1

~
p(t) · (x− a(t)) +R(x, t), (11)

where R(x, t) = o(|x − a|). Since the state is localized
on the scale σ, one has R = o(σ) on the localization
region. It follows that, for sufficiently small σ > 0, the
contribution of the nonlinear part of the phase to the
restricted Schrödinger action tends to zero with σ, so
that the action differs from the one obtained for a linear
phase by a term vanishing as σ → 0. This observation
will be important below when Mσ

3,3 is reformulated in
terms of equivalence classes of localized states.

From the obtained relation between the Schrödinger
and classical actions, it follows that the parameters (a,p)
play the role of classical position and momentum onMσ

3,3.
In particular, the parameter p is associated with the lin-
ear phase factor eip·x/~ and determines the group velocity
of the packet, which is the physically relevant quantity for
the transition to classical behavior. Thus the construc-
tion does not require sharply defined momentum eigen-
states. Rather, it singles out a phase-space manifold of
localized states whose induced Fubini–Study geometry is
Euclidean and whose tangent Schrödinger evolution re-
produces Newtonian dynamics in the variables (a,p).

The construction extends to many-body systems. In
particular, a two-particle system with Hamiltonian

ĥ = − ~2

2m1
∆1 −

~2

2m2
∆2 + V̂ (x1,x2, t) (12)
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whose state is constrained to the manifold Mσ
3,3 ⊗Mσ

3,3

evolves according to Newtonian dynamics.
Using the Gaussian representative ra,σ = ga,σ un-

til equivalence classes of states are introduced, one can
demonstrate directly from the Schrödinger equation the
role played by the constraint to Mσ

3,3. As shown in [12],
the Schrödinger velocity of a state ϕ ∈Mσ

3,3 decomposes
into three orthogonal parts: two tangent to Mσ

3,3, corre-
sponding to the classical velocity and acceleration, and
one normal to the manifold that describes wave-packet
spreading. The squared norms of these components add
up to ∥∥∥∥dϕdt

∥∥∥∥2

FS

=
v2

4σ2
+
m2w2σ2

~2
+

~2

32σ4m2
, (13)

where v is the classical velocity and w = −∇V/m the
classical acceleration. Constraining the motion to Mσ

3,3

suppresses the normal (spreading) component of

dϕ

dt
= − i

~
ĥϕ, (14)

reducing commutators to Poisson brackets and yielding
Newtonian dynamics [12].

The relation between the action functionals (5) and
(7) identifies Newtonian particles with quantum systems
whose states are constrained to the manifold Mσ

3,3 for
suitable σ. The isometry Ω then provides a direct identi-
fication between the Euclidean phase space R3 ×R3 of a
Newtonian particle and the manifold of states Mσ

3,3. Its
restriction

ω : a 7→ ga,σ (15)

is an isometry between the Euclidean position space R3

and the submanifold Mσ
3 ⊂ CPL2 of states ga,σ [11]. This

isometry is captured by the relation

e−
(a−b)2

4σ2 = cos2 ρ(ga,σ, gb,σ), (16)

which relates the Euclidean distance ||a − b|| with the
Fubini-Study distance ρ(ga,σ, gb,σ) between the corre-
sponding Gaussian states. For states including momenta,
ϕ = ga,σe

ip·x/~ and ψ = gb,σe
iq·x/~, the analogous rela-

tion is

e
− (a−b)2

4σ2
− (p−q)2

~2/σ2 = cos2 ρ(ϕ,ψ). (17)

The special role of the submanifolds Mσ
3,3 and Mσ

3 is
evident not only in establishing the connection between
Schrödinger and Newtonian dynamics, but also in relat-
ing the canonical commutation relations to the curvature
of the state space. As a first step, the embedding of
the Euclidean classical phase space into the curved state
space CPL2 naturally gives rise to nontrivial position-
momentum commutators. For states ϕ ∈ Mσ

3,3, the po-
sition operator acts as the generator of momentum dis-
placements,

x̂ϕ = −i~∇pϕ. (18)

The vector fields −~∇pϕ and −~∇xϕ commute, and
their integral curves furnish orthogonal coordinates on
Mσ

3,3, confirming its identification with the Euclidean
phase space R3 × R3.

Because states in Mσ
3,3 form a complete set in the

Hilbert space, the vector field −~∇pϕ extends uniquely
to a linear vector field on the full space, which by (18) is
precisely −ix̂ϕ [16]. Although the Lie bracket of −~∇pϕ
and −~∇xϕ vanishes on Mσ

3,3, the bracket of their exten-

sions, −ip̂ϕ and −ix̂ϕ, tangent to the unit sphere SL2 or
pushed down to CPL2 , yields

[x̂, p̂]ϕ = i~ϕ. (19)

Since ϕ is now an arbitrary normalized state, equation
(19) is simply the operator equality. The derivation
therefore provides, within the proposed framework, the
classical geometric origin of the operators satisfying the
canonical commutation relation, as unique extensions of
the corresponding classical quantities.

Furthermore, unlike the submanifold Mσ
3,3, the full

state space CPL2 has nontrivial curvature. The sec-
tional curvature in the plane spanned by the tangent vec-
tors −ip̂ϕ and −ix̂ϕ can be expressed through their Lie
bracket, that is, through the commutator [x̂, p̂]. The cur-
vature is independent of ϕ and corresponds to the sphere
S2 = CP1 of radius ~/2 in that section [11]. Thus the clas-
sical phase space appears as a flat submanifold embedded
in a Planck-scale curved state space. The “quantumness”
of the microworld arises from extending classicality from
the manifolds Mσ

3 = R3 and Mσ
3,3 = R3 × R3, which

“wind” through the infinite dimensions of CPL2 , to the
entire state space. The nontrivial canonical commutation
relation between x̂ and p̂ thus reflects the nonvanishing
sectional curvature of CPL2 .

It turns out that the manifolds Mσ
3,3 and Mσ

3 are also
essential for establishing a connection between measure-
ment processes in classical and quantum systems. The
familiar normal distribution of position outcomes for a
classical particle arises when the measurement is mod-
eled as a random walk of its position in R3 during the
measurement interval, approximating Brownian motion.
Such a model is physically well motivated, since measure-
ment errors result from the cumulative effect of many
small fluctuations produced by interactions between the
particle, the measuring device, and the surrounding en-
vironment.

The following proposition defines an extension of this
walk from Mσ

3 = R3 to the full state space CPL2 . We will
show that the proposition parallels Einstein’s assump-
tions for Brownian motion [17], to which the process re-
duces when constrained to Mσ

3 , and yields a model of
position measurement for microscopic particles:

(RM) The dynamics of a particle’s state un-
der position measurement can be modeled as
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a random walk in the space of states. In
the absence of drift, each step is generated by
the Schrödinger equation with a Hamiltonian
drawn independently at each instant from the
Gaussian Unitary Ensemble (GUE).

Here (RM) denotes “random matrices”. Physically,
such Hamiltonians may arise from the complicated and
rapidly fluctuating interaction between the particle and
its measuring apparatus or environment, reminiscent of
Wigner’s approach to complex spectra [18] and of the
Bohigas-Giannoni-Schmit conjecture [19], here applied in
a time-dependent setting.

Although (RM) is a conjecture, the forthcoming es-
timates provide support for it. Conjecture (RM) yields
precisely the features expected of a quantum measure-
ment: the previously established uniqueness of the mea-
surement outcome and validity of the Born rule, together
with the transition to Newtonian dynamics and classical
measurement demonstrated in this paper.

A small step in the state’s random walk, driven by the
Hamiltonian in (RM), is represented by a random vector
in the tangent space to CPL2 . The distribution of such
steps is normal, homogeneous, and isotropic [12], imply-
ing that the transition probability between two states de-
pends only on their Fubini-Study distance. Indeed, since
the GUE is invariant under unitary transformations and
the action of the unitary group on CPL2 is transitive, the
transition probability is identical for any pair of states
separated by the same Fubini-Study distance. Note that
the action of the orthogonal group is not transitive on
CPL2 . In particular, replacing the GUE with the GOE
would not yield an analogous result.

When the steps are constrained to Mσ
3 , the walk re-

duces to a walk with Gaussian steps on R3, which yields
Brownian motion on R3, and the transition probability
follows a normal distribution. Without this constraint,
the same isotropic process yields the Born rule [10–13].
Under appropriate conditions, the connection between
the normal probability distribution on the classical sub-
manifold and the Born rule on state space can also be
derived directly from (16). This establishes a dynami-
cal link between classical and quantum measurements,
placing them on an equal footing.

Since Newtonian motion and the model of macroscopic
position measurement are obtained by constraining the
Schrödinger evolution and the random walk in (RM)
to Mσ

3,3 and Mσ
3 , a dynamical explanation of this con-

straint is required. We show that an appropriate choice
of the time-step and step-size parameters in (RM) en-
forces this constraint and thereby distinguishes micro-
scopic from macroscopic behavior. As noted above, the
finite resolution of measuring devices implies that suffi-
ciently localized states must be treated in terms of equiv-
alence classes rather than individual states. We now in-
troduce these equivalence classes.

Restricting for simplicity to one spatial dimension with
state spaces L2(R) and CPL2 , the classical Euclidean sub-
manifold Mσ

1 = R is represented, in particular, by the
Gaussian states

ga,σ(z) =

(
1

2πσ2

)1/4

exp

[
− (z − a)2

4σ2

]
. (20)

Among all functions in L2(R) with finite position expec-
tation µz and standard deviation δz ≤ σ, the equivalence
class {gc}, interpreted as a physical eigenstate of posi-
tion, consists of those with expectation value µz = c. For
a measuring device whose position resolution is no finer
than σ, all states in a given equivalence class yield ex-
perimentally indistinguishable probabilities for detecting
the particle within an interval of resolution size centered
at µz.

The Fubini-Study distance between a state ϕ ∈ L2(R)
and an equivalence class {gc} is defined by

ρ(ϕ, {gc}) = inf
ψ∈{gc}

ρ(ϕ,ψ), (21)

where ρ(ϕ,ψ) denotes the Fubini-Study distance between
states. A state ϕ reaches the physical eigenstate {gc} pre-
cisely when ρ(ϕ, {gc}) = 0. The distance between nearby
equivalence classes {gc} and {gd} is defined similarly:

ρ({gc}, {gd}) = inf
ϕ∈{gc}

ρ(ϕ, {gd}). (22)

For d sufficiently close to c, this distance agrees with the
distance between the Gaussian representatives gc,σ and
gd,σ in Mσ

1 , up to o(|c− d|/σ) corrections. In particular,
these representatives determine the induced line element
on M̃σ

1 . Hence the manifold M̃σ
1 of equivalence classes

{gc}, globally parametrized by c ∈ R and equipped with
the metric defined by (22), is isometric to Mσ

1 = R.
The two-dimensional manifold Mσ

1,1 is defined analo-

gously to Mσ
3,3. The manifold M̃σ

1,1 of equivalence classes
is obtained by augmenting the equivalence classes of real-
valued functions satisfying δz ≤ σ with a factor eipz/~.
The distance between a state and an equivalence class
in M̃σ

1,1 is defined as in (21). The metric on M̃σ
1,1 is de-

fined using the Gaussian representatives gc,σe
ipz/~. The

isometry between Mσ
1,1, M̃σ

1,1, and R2 is established using
(17). See the Supplement for details.

As shown in [10], in this framework the position of a
classical particle is specified by an equivalence class of
states labeled by the expectation value µz and width δz.
The sets of states satisfying µz = τ and δz = λ are the
level sets of the map

F (ϕ) = (µz, δz), (23)

and form the leaves of a codimension-two foliation of
state space. In [10] and in the Supplement, we show that
by translating and scaling any suitable initial state ϕ,
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one obtains a two-dimensional submanifold Mϕ ⊂ CPL2 ,
equipped with the induced metric, on which τ = µz
and s = ln(δz/σ) serve as orthogonal coordinates. Thus
Mϕ = R2, and points in Mϕ parameterize the leaves
of the foliation. State reduction is then described by a
stochastic process on R2.

The random walk in (RM) on CPL2 reduces to a
Gaussian random walk on R2. The component along τ
yields the normal distribution, which by isotropy extends
uniquely to the Born rule on CPL2 , while, by symmetry
of the walk, the component along s gives probability ap-
proximately 1/2 that the state lies on M̃σ

1 , i.e., satisfies
δz ≤ σ [10]. This accounts for both the nonzero prob-

ability of reaching M̃σ
1 and the emergence of the Born

rule, and it plays a direct role in deriving the Newtonian
behavior of macroscopic bodies from (RM).

MAIN RESULT: EMERGENCE OF NEWTONIAN
DYNAMICS FOR MACROSCOPIC BODIES

Newtonian motion and the state of rest of macroscopic
bodies presuppose experimentally accessible knowledge
of their positions and velocities at any given moment.
Such information arises not only from explicit observa-
tion, e.g., illumination and detection of scattered light,
but also from continual interaction with the environ-
ment, which records the body’s position and momentum
through the scattering of ambient particles and radiation.
For Newtonian motion to hold without explicit reference
to the environment, these interactions must be weak yet
not absent; otherwise neither position nor momentum
would be well defined, and the notion of Newtonian mo-
tion would lose its operational meaning.

This effective “continuous” measurement, together
with the small diffusion coefficient of the associated
Brownian motion, allows the body’s Newtonian trajec-
tory to remain well defined over long times without sig-
nificant growth of positional uncertainty. Environmen-
tal interactions cause the position distribution to spread,
but the acquisition of new positional information repeat-
edly contracts it. This alternating cycle of spreading and
contraction stabilizes the observed Newtonian trajectory.
Although the normal distribution permits rare large de-
viations from the Newtonian path, such events are ex-
tremely unlikely and lie within the tolerance of classical
measurements.

Let us show that, with appropriate parameter choices,
the walk in (RM), combined with free Schrödinger evo-
lution, reproduces this behavior on the full state space,
extending the classical dynamics defined on Mσ

3 = R3 (or
Mσ

1 = R) and simultaneously yielding Newtonian motion
for macroscopic bodies. Mathematically, the process we
aim to derive is a random walk with intermittent condi-
tioning. The (RM) term produces isotropic random in-
crements in projective state space, while the Schrödinger

flow contributes Newtonian tangent drift whenever the
state lies sufficiently close to M̃σ

1,1. When the path

reaches the σ-localized sector M̃σ
1 , the coordinate a is

recorded and the subsequent walk is conditioned on the
recorded value. The observed positions then form a se-
quence of conditional random variables centered on the
Newtonian trajectory. The task is to show that physically
reasonable choices of the time step and step variance al-
low the (RM) and Schrödinger contributions to be sepa-
rated and keep these conditional distributions narrow on
the resolution scale σ.

We first show that, during each short interaction win-
dow, the free evolution contributes only an observation-
ally negligible tangent drift together with negligible or-
thogonal spreading, so that on the dynamically rele-
vant sector its commutator with the (RM) term is neg-
ligible. We assume that the external potential V is
differentiable in a neighborhood of a. Then V (x) =
V (a) + ∇V (a) · (x − a) + o(|x − a|), so on a localiza-
tion region of size σ the potential is linear up to an o(σ)
correction, which is sufficient for the tangent component
of the free Schrödinger velocity on Mσ

1,1 to reproduce the
corresponding Newtonian drift step.

Let the manifoldMσ
1,1 consist of states of a macroscopic

point particle at position resolution σ. The projected
Schrödinger velocity of a state ψ = ψσa,p ∈ Mσ

1,1 admits
the orthogonal decomposition

− i
~
ĥψ =

da

dt

∂ψ

∂a
+
dp

dt

∂ψ

∂p
+X⊥, (24)

where the first two terms are tangent to Mσ
1,1 and X⊥ is

orthogonal to Mσ
1,1. Here

da

dt
=

p

M
,

dp

dt
= −dV

da
, (25)

and

‖X⊥‖ ∼
~

Mσ2
. (26)

This is the one-dimensional specialization of the decom-
position (13) of the Schrödinger velocity. For states on
Mσ

1,1, the free-evolution velocity thus decomposes into a
tangent component generating classical drift and an or-
thogonal component responsible for spreading.

A macroscopic body is continuously monitored by its
environment through scattering of air molecules and am-
bient radiation. Each such scattering event is localized
in time and may be treated as a short interaction episode
(“kick”) during which position information is transferred
to environmental degrees of freedom. Let us estimate the
size of these contributions during a single environmental
collision.

Tangent displacement during one collision. For air
at room temperature, the typical thermal velocity of
molecules is

vth ∼ 5× 102 m/s. (27)
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Taking a conservative interaction range of molecular scale

` ∼ 1 nm = 10−9 m, (28)

the duration of a collision is

τair ∼
`

vth
∼ 2× 10−12 s. (29)

For photons, vrel = c. Even taking a conservative scale

` ∼ 1µm = 10−6 m, (30)

one obtains

τγ ∼
`

c
∼ 3× 10−15 s. (31)

Thus realistic environmental interaction windows satisfy

τ . 10−12 s (air), τ . 10−15 s (radiation). (32)

Take

σ = 1µm = 10−6 m. (33)

For a macroscopic body moving with v . 1 m/s,

∆a ∼ vτ. (34)

For air:

∆aair ∼ (1)(2× 10−12) = 2× 10−12 m. (35)

For photons:

∆aγ ∼ 3× 10−15 m. (36)

Relative to σ,

∆a

σ
∼

{
2× 10−6 (air),

3× 10−9 (radiation).
(37)

Hence

vτ

σ
� 1 (38)

by six to nine orders of magnitude. The classical (tan-

gent) drift generated by ĥ is therefore dynamically invis-
ible at σ-resolution during each collision.

Orthogonal spreading during one collision. The
spreading time scale is

Tspr =
Mσ2

~
. (39)

For example, even for a small macroscopic mass

M = 10−6 kg, σ = 10−6 m, (40)

Tspr =
10−6 · 10−12

10−34
∼ 1016 s. (41)

Thus

τ

Tspr
.

{
10−28 (air),

10−31 (radiation).
(42)

Therefore

‖X⊥‖τ � 1 (43)

is exceptionally small and the orthogonal component of
the free Schrödinger velocity cannot accumulate during
a collision window.

Effective commutation on the σ-resolved sector. Let
Pσ denote the projection onto the σ-localized tube
around the manifold Mσ

1,1 of states in the Hilbert space.
Thus ψ ∈ Ran(Pσ), where Ran(Pσ) denotes the range of
the operator Pσ, means that ψ lies in a σ-neighborhood
of Mσ

1,1 in the Hilbert-space norm. Since we are work-
ing here with normalized representatives in Hilbert space
rather than directly in projective space, the free evolution
may include an overall phase factor eiθ, where θ is a real
phase depending on the state and the short time interval
τ . The above bounds imply that for ψ ∈ Ran(Pσ),

e−
i
~ ĥτψ = eiθψ +O

(vτ
σ

)
+O

(
τ

Tspr

)
. (44)

Hence, on the σ-resolved sector,

ĥψ = Eψψ +O(ε), ε ∼ vτ

σ
+

τ

Tspr
, (45)

where Eψ is the scalar by which ĥ acts on ψ to leading
order. For the numerical values above,

ε . 10−6 (tangent and orthogonal contributions).
(46)

Let ĥRM denote the Hamiltonian in (RM). Then, for
ψ ∈ Ran(Pσ),

[ĥ, ĥRM]ψ = EψĥRMψ− ĥRM(Eψψ)+O(ε) = O(ε), (47)

and consequently

Pσ[ĥ, ĥRM]Pσ = O(ε), (48)

with ε� 1 for realistic environmental parameters.
So, for macroscopic bodies at resolution σ = 1µm, the

following holds: (i) environmental interactions occur in
extremely short windows (τ . 10−12 s); (ii) during each
such window, free evolution produces a σ-invisible tan-
gent shift and negligible orthogonal spreading; (iii) con-
sequently, on the dynamically relevant σ-localized sector,
the action of the free Hamiltonian differs from a scalar
action only by a very small error; (iv) therefore, the com-

mutator [ĥ, ĥRM] vanishes to high accuracy on the states
of interest; (v) the total evolution can thus be described
as alternating free segments generating Newtonian tan-
gent flow on M̃σ

1,1 and short environmental “kicks”.
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Our next goal is to estimate the time step dt and Gaus-
sian step variance (dz)2 parameters of the random walk in
(RM) for macroscopic body. The environmental interac-
tion described above induces extremely frequent scatter-
ing events. It is therefore natural to describe the dynam-
ics in a coarse-grained stochastic form, where each short
time interval dt contains many microscopic collisions.

Effective time step. For air at room temperature,

vth ∼ 5× 102 m/s, ` ∼ 1 nm, (49)

so that the collision duration is

τair ∼
`

vth
∼ 2× 10−12 s. (50)

A natural coarse-grained time step is therefore

dt ∼ τair ∼ 10−12 s. (51)

The molecular flux at standard conditions is

Φ ∼ nvth

4
∼ 3× 1027 m−2s−1, (52)

and for a body of radius R with cross-sectional area A ∼
πR2 the collision rate is

Γair ∼ ΦA. (53)

For R = 1 mm,

Γair ∼ 1022 s−1. (54)

Hence during one coarse-grained interval dt ∼ 10−12 s,
the number of independent microscopic collisions is

N = Γairdt ∼ 1010 � 1. (55)

This is precisely the regime in which the net environmen-
tal effect is well approximated by a diffusion process.

Step variance and diffusion coefficient. Let ∆pk de-
note the momentum transfer from the k-th collision.
Each transfer has characteristic magnitude

|∆pk| ∼ pair ∼ mairvth ∼ 2.5× 10−23 kg m/s. (56)

Over N independent collisions within dt, the total mo-
mentum increment satisfies

E[∆p] = 0, Var(∆p) ∼ Np2
air. (57)

Thus

Var(∆p) ∼ Γairdt p
2
air. (58)

The associated momentum diffusion coefficient is

Dp ∼ Γairp
2
air. (59)

The induced position diffusion coefficient is

Da ∼
Dp

M2
. (60)

Magnitude of stochastic corrections. For a macro-
scopic body of mass

M = 10−6 kg, (61)

the classical momentum at v ∼ 1 m/s is

pmacro ∼ 10−6 kg m/s. (62)

Using N ∼ 1010,

∆pRM ∼ pair

√
N ∼ (2.5×10−23)(105) ∼ 2.5×10−18 kg m/s.

(63)
Hence

∆pRM

pmacro
∼ 10−12. (64)

Thus even though the environmental kicks are extremely
frequent, their cumulative effect on the macroscopic mo-
mentum over dt is negligible compared to the determin-
istic classical value.

Stroboscopic Newtonian motion. On the manifold
Mσ

1,1, the deterministic tangent flow generated by the
Hamiltonian satisfies

da

dt
=

p

M
,

dp

dt
= −dV

da
. (65)

The environmental (RM)-based contribution produces
stochastic increments

∆aRM ∼ ξa
√
dt, ∆pRM ∼ ξp

√
dt, (66)

where ξa and ξp are random variables with zero mean
and variances determined by Da and Dp, respectively.
Because

E[∆pRM] = 0, E[∆aRM] = 0, (67)

the mean motion satisfies the classical equations of mo-
tion, while fluctuations accumulate only diffusively.

The orthogonal deviation from the classical manifold
resulting from the random walk may be described in
terms of the variable s = ln(δz/σ), where the standard
deviation δz measures the transverse distance from the
state to Mσ

1,1. Under the (RM) dynamics with negligi-
ble drift in s, the discrete-time process sn, evaluated at
kick times tn = ndt, where n = 0, 1, 2, . . ., is a symmet-
ric random walk. By the Sparre Andersen theorem, the
probability that the process has not returned to s ≤ 0
after n steps satisfies

P(τ > n) =

(
2n
n

)
22n

∼ 1√
πn

. (68)

Hence, with probability 0.999968 (four standard devia-
tion contribution), the state returns to the tubular neigh-
borhood δz ≤ σ within approximately

n ≈ 1

π(1− 0.999968)2
≈ 3.1× 108 steps. (69)
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For the physically motivated coarse-grained step dt ∼
10−12 s, this corresponds to a time

T0.999968 ≈ 3× 10−4 s. (70)

Thus, with overwhelming probability, the state un-
der the transverse diffusion returns to Mσ

1,1 on a sub-
millisecond time scale. As shown earlier in the paper,
when the state lies on Mσ

1,1 (or M̃σ
1,1), its Schrödinger

evolution coincides with Newtonian motion on the classi-
cal manifold. Environmental scattering then encodes the
particle’s position into the surroundings in an effectively
classical manner. This transfer of information reinitial-
izes the coarse-grained diffusion.

Moreover, the short return time provides an upper
bound on the classical displacement accumulated dur-
ing a renewal cycle. The stochastic contribution to the
classical position satisfies

∆aRM ∼
√
Da T , Da =

Dp

M2
, (71)

where Dp arises from environmental scattering. For rep-
resentative macroscopic parameters (e.g. air at room
temperature and M ∼ 10−6 kg ), one obtains Da ∼
10−12 m2/s. Using the high-probability return time

T0.999968 ≈ 3× 10−4 s, (72)

the resulting displacement during one renewal cycle is

∆aRM ∼
√
DaT0.999968 ∼ 10−8 m. (73)

Over the same interval, the free Schrödinger spreading of
a Gaussian packet with σ ∼ 10−6 m and M ∼ 10−6 kg is
∆σ ∼ 10−20 m, which is entirely negligible.

Thus, with overwhelming probability, the stochas-
tic deviation accumulated between successive returns to
M̃σ

1,1 is on the order of nanometers. Since the diffusion
process is reinitialized upon each return, such deviations
do not accumulate over macroscopic observation times,
and the Newtonian trajectory remains statistically stable
even over arbitrarily long intervals, up to exceptionally
rare excursions. Exceptional long excursions remain pos-
sible, but their probability is comparable to the classi-
cal likelihood of finding a particle far from its expected
position under a Gaussian distribution, whose tails are
non-zero over all space. In this sense, the rare deviations
predicted by the (RM) dynamics are statistically indis-
tinguishable from ordinary classical fluctuations and do
not introduce any new instability beyond that already
present in classical probabilistic descriptions.

The obtained behavior is easily visualized on the (τ, s)
plane: the state executes a random walk on R2 with a
Newtonian drift along the τ -axis and a small drift in s.
The environment acts as a detector array that registers
a position whenever the walk enters s ≤ 0 (i.e., when the

state lies on M̃σ
1 ), after which the walk restarts from the

recorded value of τ . The sequence of recorded positions
τm forms a set of narrow conditional distributions whose
widths depend on the time since the previous detection.
Note also that registering the state when it lies on M̃σ

1

does not constitute collapse: the state is already reduced,
and the detector merely confirms this with certainty.

This reproduces the behavior of a macroscopic body,
except that the random walk occurs in a neighborhood of
the set underlying M̃σ

1,1 within the full state space, rather

than being confined strictly to the classical space M̃σ
1 or

the classical phase space M̃σ
1,1. Successive returns to M̃σ

1

then generate a sequence of recorded positions on R that
are normally distributed around the Newtonian trajec-
tory. The Newtonian dynamics of a macroscopic body
under these conditions then follows, including the clas-
sical behavior of macroscopic measuring devices them-
selves.

As in Brownian motion on R3, the time-step and vari-
ance parameters of the walk in (RM) may vary with the
properties of the body, the environment, and their inter-
action. In deriving Newtonian motion, we argued in fa-
vor of many frequent, sufficiently small steps so that the
diffusion coefficient Da is negligible. With appropriate
tuning of these parameters, the motion of microscopic
particles in various media can be described within the
same dynamical framework. In particular, the observed
similarity between the tracks of microscopic particles in
a bubble chamber and the trajectories of macroscopic
bodies in natural environments may reflect comparable
parameter regimes.

Conversely, modeling the position measurement of a
microscopic particle under typical laboratory conditions
requires a very small time step dt but larger step sizes dz,
and hence a larger diffusion coefficient Da. The resulting
random walk spreads into the surrounding state space;
however, by symmetry of the walk, after a short time the
state still has probability ≈ 1/2 of lying on M̃σ

1 . At such
moments, the interaction with the measuring device is ef-
fectively Newtonian, producing a classical measurement
record. If the measurement interval is sufficiently short,
the contribution of the free Hamiltonian ĥ may be ne-
glected, eliminating the associated drift and yielding the
Born rule without Newtonian displacement through the
action of ĥRM alone [10]. Detailed estimates of parame-
ter values for different systems and environments, as well
as an analysis of the influence of these parameters on the
motion of microscopic and macroscopic bodies, will be
presented in subsequent work. See [10] for an analysis of
the double-slit experiment within this framework.

Taken together, the estimates obtained above for the
macroscopic case characterize the classical regime in the
present model. The inequalities

vτ

σ
� 1,

τ

Tspr
� 1, Pσ[ĥ, ĥRM ]Pσ = O(ε), ε� 1,

(74)
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show that during each environmental interaction window
the deterministic tangent displacement is observationally
negligible, the orthogonal spreading is negligible, and the
commutator of the free and (RM) contributions is neg-
ligible on the dynamically relevant sector. Together with
the estimate that the stochastic momentum correction is
many orders of magnitude smaller than the classical mo-
mentum and with the sub-millisecond return time to the
tubular neighborhood of Mσ

1,1, this implies that the state
remains, with overwhelming probability, close to the clas-
sical manifold and that its recorded motion is Newtonian
on the resolution scale σ. Thus the macroscopic classi-
cal regime is defined here by a combined drift–diffusion–
resolution condition rather than by any single time, mass,
or length scale taken in isolation.

We conclude that the same linear Schrödinger dynam-
ics, supplemented by the random-matrix term (RM),
yields Born-rule state reduction for microscopic particles
and Newtonian trajectories for macroscopic ones. The
quantum-to-classical transition therefore appears in the
present framework as a change of regime within a single
dynamical model rather than as a consequence of dif-
ferent underlying laws. In particular, the effective con-
finement of a macroscopic particle’s state to a classical
phase-space submanifold is not an added postulate but
an emergent feature of the combined drift–diffusion dy-
namics together with conditioning on detection events.

COMPARISON WITH EXISTING APPROACHES

Relation to decoherence theory.

The modern theory of decoherence (environment-
induced superselection, pointer states, collisional deco-
herence, etc.) provides a well-developed account of sup-
pression of interference and stability of narrow wave
packets under environmental monitoring [20, 21]. For
instance, [22] explores gradual emergence of classical re-
sponse as thermal occupation grows, while [23] analyzes
the role of entanglement and back-action in continuous
monitoring and classical emergence. Experimental stud-
ies of quantum-classical crossovers involving light coher-
ence and other observables, e.g. [24], show continuous
transition regimes in controlled systems. Related stud-
ies based on coarse-grained measurements [25–28] like-
wise exhibit controlled quantum-to-classical transition
regimes. These works demonstrate how environmental
coupling selects robust pointer states and yields classical-
like reduced dynamics.

(RM) dynamics is fully compatible with this frame-
work at the level of diffusion scales: the parameters en-
tering (RM) (e.g., Dp) are directly traceable to colli-
sional decoherence theory. However, decoherence alone
yields an improper mixture in the reduced density ma-
trix; it does not account for the emergence of a single

outcome with Born-rule probabilities. The conjecture
(RM), combined with equivalence classes, extends this
picture by proposing that, under coarse-graining, the ef-
fective state evolution becomes isotropic diffusion in pro-
jective Hilbert space, yielding genuine single outcomes
with Born probabilities while preserving strict unitarity.

A related microscopic perspective is provided by
system–environment models such as the Caldeira–
Leggett model [29], in which a distinguished degree of
freedom is linearly coupled to a bath of harmonic oscil-
lators. Such models derive dissipation and decoherence
from an explicit Hamiltonian and lead, after tracing out
the bath, to effective reduced dynamics for the system.
The role of (RM) is different. It is not introduced here
as a competing microscopic derivation of environmen-
tal coupling, but as an effective stochastic description
of the cumulative action of many short and complicated
interaction events on the full state space. In this sense,
Caldeira–Leggett-type models and (RM) operate at dif-
ferent levels: the former provide microscopic bath mod-
els, while the latter provides an effective geometric model
of the induced diffusion. At the same time, the diffusion
scales entering (RM) are intended to be compatible with
the parameters familiar from decoherence theory, as re-
flected in the estimates given above.

Another route to classicality, closer in spirit to [30, 31],
derives classical center-of-mass motion for large quantum
systems through many-particle concentration or central-
limit-type arguments. In such approaches, the center-
of-mass distribution becomes sharply peaked, often ap-
proximately Gaussian, and the resulting trajectory sat-
isfies classical equations of motion. This line of work is
relevant to the general problem addressed here, but it
differs conceptually from the present framework. In our
construction, Gaussian functions are used only as conve-
nient representatives of localized states, viewed as points
of the state space where the dynamics takes place; the
geometric derivation of classical dynamics does not de-
pend on exact Gaussianity and extends to equivalence
classes of arbitrary sufficiently localized states. The es-
sential ingredients here are instead the geometry of the
localized phase-space submanifold of state space and, for
macroscopic particles, the dynamical stabilization of its
neighborhood by the (RM) mechanism.

Relation to continuous measurement and
unravelings.

In continuous measurement theory (quantum trajecto-
ries) [32, 33], one begins with a Lindblad master equation

ρ̇ = − i
~

[H, ρ] +
∑
k

D[Lk]ρ, (75)

describing the reduced dynamics of a system interacting
with an environment.



10

One then constructs a stochastic unraveling, leading to
a stochastic Schrödinger equation (SSE) of the form

d|ψ〉 =

(
− i
~
H dt+ drift

)
|ψ〉+

∑
k

noise term dWk.

(76)
The defining structural features are: (i) The condi-

tional state evolution is explicitly stochastic; (ii) The
equation is nonlinear in the state; (iii) Noise statistics are
chosen so that ensemble averaging reproduces the mas-
ter equation; (iv) Single outcomes arise due to the non-
linear stochastic terms; (v) The Born rule is built into
the construction through consistency with the Lindblad
dynamics.

Thus, in quantum trajectory theory, stochasticity is
introduced at the level of the effective state equation.
The stochastic Schrödinger equation is postulated as an
unraveling of the master equation. (RM) differs con-
ceptually: the underlying evolution remains unitary, and
stochasticity arises from the conjectured random-matrix
structure. The Born rule is not imposed through noise
statistics but instead follows from the isotropy of the in-
duced diffusion in projective space and the use of equiv-
alence classes.

Difference from the Ehrenfest limit.

The Ehrenfest theorem [34] ensures that expectation
values approximately follow classical equations of motion
when wave packets remain narrow. However: (i) Ehren-
fest dynamics applies only to expectation values; (ii) It
does not suppress interference; (iii) It does not guarantee
stability of wave packets; (iv) It does not produce single
measurement outcomes. Decoherence theory improves
upon Ehrenfest by explaining suppression of interference
and pointer-state stability. (RM) dynamics goes fur-
ther by directly addressing outcome selection, preserving
strict unitarity, explaining Born-rule statistics, and ac-
counting for the transition to Newtonian dynamics.

Relation to collapse models

Collapse models [35, 36] introduce explicit non-unitary
stochastic terms into the Schrödinger equation, leading
to localization events that select outcomes. These models
successfully produce single outcomes, but at the price of
modifying quantum mechanics and typically introducing
universal heating or diffusion.

In contrast, (RM) dynamics: (i) preserves strict uni-
tarity; (ii) requires no fundamental modification of the
Schrödinger equation; (iii) derives stochasticity from geo-
metric diffusion induced by environmental coupling; (iv)
produces single outcomes with Born probabilities; (vi)

does not imply universal heating beyond environmental
effects.

SUPPLEMENT

Equivalence Classes of localized States and Their
Geometry

Fix σ > 0. Let gc := gc,σ be the unit Gaussian function
in L2(R) of width σ centered at c ∈ R. The equivalence
class {gc} ⊂ L2(R) is defined by

ϕ ∈ {gc} ⇐⇒ µz(ϕ) = c, δz(ϕ) ≤ σ. (77)

Each class {gc} contains infinitely many mutually orthog-
onal elements of L2(R).

Let ρ(ψ,ϕ) denote the Fubini–Study distance in CPL2 .
The distance from ψ to the class {gc} is defined by

ρ(ψ, {gc}) = inf
ϕ∈{gc}

ρ(ψ,ϕ). (78)

Criterion for membership. A state ψ belongs to {gc}
if and only if

ρ(ψ, {gc}) = 0. (79)

Necessity is obvious; sufficiency follows because the class
{gc} contains a complete family of functions with µz = c
and δz ≤ σ.

The distance between two classes {gc} and {gd} is de-
fined by

ρ({gc}, {gd}) = inf
ψ∈{gc}

ρ(ψ, {gd}). (80)

To first order of |c − d|, this distance coincides with the
distance between the Gaussian representatives gc,σ and
gd,σ. Using their inner product, we obtain

cos2 ρ(gc,σ, gd,σ) = |〈gc,σ, gd,σ〉|2 = exp

[
− (c− d)2

4σ2

]
.

(81)
Thus

ρ(gc,σ, gd,σ) = arccos
(
e−(c−d)2/8σ2

)
. (82)

Under the embedding into CPL2 , the set

Mσ
1 = {ga,σ | a ∈ R} (83)

is a one-dimensional submanifold with the induced
Fubini–Study metric. With an appropriate choice of
units, the map a 7→ ga,σ is an isometry between the Eu-
clidean line R and Mσ

1 . Using Gaussian representatives
gc,σ to define distances, the set

M̃σ
1 = {{ga} | a ∈ R} (84)
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with the resulting metric is likewise a Riemannian man-
ifold isometric to both Mσ

1 and R.
Similarly,

Mσ
1,1 = {ga,σ(z) eipz/~ | a, p ∈ R} (85)

embeds as a two-dimensional submanifold of CPL2 , and
the corresponding set of equivalence classes

M̃σ
1,1 =

{
{ga} · eipz/~ | a, p ∈ R

}
(86)

is defined analogously. Distances defined using Gaussian
representatives satisfy

cos2 ρ
(
ga,σe

ipz/~, gb,σe
iqz/~

)
= exp

[
− (a−b)2

4σ2 − (p−q)2σ2

~2

]
.

(87)
With suitable units, this yields the isometries

M̃σ
1,1
∼= Mσ

1,1
∼= R2. (88)

Finite Gaussian Partition Spaces and Orthogonality
of (τ, s) Coordinates

Let z1, . . . , zN be an equally spaced finite set of points
in R, and define equal-width Gaussian functions centered
at these points

gk(z) := gzk,σ(z). (89)

Assume that the width σ is much smaller than the spac-
ing, so that the functions are approximately orthogonal.
Define the finite-dimensional subspace of L2(R)

V = span{g1, . . . , gN}. (90)

The set of all finite linear combinations of translates
of a single Gaussian function is dense in L2(R) [14, 37].
Moreover, any function in L2(R) can be approximated to
arbitrary precision by a finite superposition of approxi-
mately orthogonal, equal-width Gaussians of sufficiently
small width. In fact, this is true for continuous functions,
which form a dense subset of L2(R). Because of finite de-
tector resolution, measurement outcomes are naturally
described in terms of equivalence classes of states that
correspond to equivalent probability distributions of the
particle’s position as measured by the detector. Thus,
any experimentally distinguishable state can be repre-
sented by a vector in a corresponding space V .

For any ϕ ∈ V , define

ϕτ,λ(z) =
√
λϕ
(
λ(z − µz − τ) + µz

)
, (91)

and set s = ln(λ/σ). A displacement in τ shifts the ex-
pectation value of position, whereas a displacement in s
rescales the spread δz [10]. Since µz and δz are indepen-
dent of the global phase of ϕ, this construction defines a
two-dimensional submanifold Mϕ of the projective space
CP(V ).

Assume ϕ ∈ V and ||ϕ|| = 1. Then,∫
ϕ(z)ϕ′(z) dz = 0 (92)

holds exactly, and∫
(z − µz) |ϕ′(z)|2 dz = 0, (93)

up to exponentially small corrections. These relations
imply orthogonality of the tangent vectors ∂τϕτ,s and
∂sϕτ,s:

〈∂τϕτ,s, ∂sϕτ,s〉 = 0. (94)

It follows that (τ, s) form an orthogonal coordinate sys-
tem on the two-dimensional submanifold

Mϕ := {ϕτ,s | (τ, s) ∈ R2 } ⊂ CPL2 , (95)

which is therefore isometric to the Euclidean plane R2.
Moreover, the manifolds Mϕ arise as orbits of the action
of the translation group in τ and s on the dense subspace
of L2(R) consisting of functions with finite µz and δz.

State reduction as a motion on R2

Reduction or collapse of the state under a position
measurement, as described by Schrödinger evolution with
the Hamiltonian in (RM), is understood as the approach

of the state to the manifold M̃σ
1 in the metric (78).

For each point of Mϕ, specified by coordinates (τ, λ)
and represented by an element of the unit sphere S(V ) ⊂
V , consider the set of all functions in S(V ) satisfying
µz = τ and δz = λ. These sets form a foliation of S(V )
of codimension two; each leaf {ϕ}τ,λ consists of all states
in S(V ) sharing the same values of µz and δz.

More formally, define the smooth map

F : S(V ) −→ R2, F (ϕ) =
(
µz(ϕ), δz(ϕ)

)
. (96)

The map F has full rank on S(V ) except on a subset
Ssing(V ) of measure zero. On the regular set Sreg(V ) :=
S(V ) \ Ssing(V ), the level sets F−1(µz, δz) are smooth
submanifolds of codimension 2, and these leaves fit to-
gether to form a smooth foliation of Sreg(V ). Thus, each
generic state lies on a unique leaf specified by its mean po-
sition and spread, while nongeneric states, for which the
rank of dFϕ drops, form a thin exceptional set that does
not affect the reduction dynamics, as they can be well ap-
proximated by generic states. Since F (eiθϕ) = F (ϕ), the
same construction produces a foliation of the projective
space CP(V ) = S(V )/S1.

Because (τ, s) are orthogonal coordinates on Mϕ for
each ϕ ∈ CP(V ), the corresponding components of a
step of the random walk in (RM) are independent ran-
dom variables. Since the step distribution in (RM)
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is homogeneous, the probability laws for the τ - and s-
components, measured in the Fubini-Study metric, are
identical at all points ϕ. By definition, µz and δz remain
constant along the leaves through Mϕ. Consequently,
step components tangent to a leaf do not change µz or
δz, and therefore do not contribute to collapse into a
physical eigenstate of position.

Thus, in this framework, state reduction can be fully
described within the two-dimensional space Mϕ

∼= R2. In
particular, after sufficiently many steps, the initial state
is guaranteed to reach an equivalence class {gc}.
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