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A classic theorem of Weyl ( ) states that a Weyl metric—a natural gen-
eralisation of a pseudo-Riemannian metric—is uniquely determined by its
conformal and projective structures (i.e. by its conformal structure and its set
of unparametrised geodesics). An equivalent formulation of Weyl’s result is
that a torsion-free linear connection compatible with a pseudo-Riemannian
conformal structure is uniquely determined by its projective structure. We
discuss analogous results for suitably defined notions of conformal structure
for Galilei and Carroll geometry, i.e. for spacetime geometries arising as the
‘non-relativistic’ and “ultra-relativistic’ limits of Lorentzian geometry.

1. Introduction

In 1921, Hermann Weyl proved that a given “Weyl metric’—of which a Lorentzian metric
is (in a certain sense to be made precise below) a special case—is fixed uniquely by its
associated projective and conformal structures (respectively: unparametrised geodesics of
the associated connection, and—in the case of indefinite signature—lightcone structure).
This result is a uniqueness theorem in the sense that those projective and conformal
structures fix the Weyl metric uniquely: there are no other Weyl metrics which they can be
used to define. Some fifty years later, in 1972, Ehlers et al. ( , ) (‘EPS’) proved inter
alia what can understood to be a related existence theorem: given a projective structure
and a conformal structure, and given further assumptions regarding their ‘compatibility’
(roughly: the unparametrised timelike geodesics given by the projective structure all lie
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inside the timelike lobes of the lightcones given by the conformal structure), they can be
used to construct a Weyl metric.

Since that work, many details have been shored up—see Adlam et al. ( ) and
references therein for a detailed study. And yet, there also remain technical questions
regarding Weyl’s theorem which have yet to be answered decisively. In particular, one
might ask: is it possible to prove versions of Weyl’s theorem in alternative spacetime
geometries, in particular the ‘non-relativistic’ and ‘ultra-relativistic” settings of Galilei
and Carroll geometries?" It is upon such questions that we focus in the present article,
giving an affirmative answer for the case of Galilei geometry, but showing that only a
weaker result is provable in the case of Carroll geometry.

In the Galilei case, there is some precedent for work on ‘non-relativistic” versions of
Weyl’s theorem. First, Ewen and Schmidt ( ) proved a version of this theorem—but
using a notion of Galilean conformal structure which, for reasons discussed by Adlam et
al. ( ) and March ( ), is arguably conceptually inadequate. (Essentially, Ewen and
Schmidt define conformal structure as spacelike projective structure, which is arguably
insufficiently related to a notion of Galilean scale transformations.) Moreover, Ewen and
Schmidt market their result as a Galilean version of the construction of Ehlers et al. ( ,

), but as pointed out by Adlam et al. ( , ch. 4) this is to confuse existence and
uniqueness results of the kind discussed above. (What Ewen and Schmidt prove is an
analogue of the 1921 uniqueness theorem of Weyl, not the 1972 existence result of Eps—
see Adlam et al., ch. 4 for further discussion.) After having presented a ‘non-relativistic’
version of the EPs construction using an improved notion of Galilean conformal structure
proposed by March ( ), Adlam et al. ( , § 4.5.1) assert that for a ‘non-relativistic’
version of Weyl’s theorem ‘the proof is exactly analogous to that sketched for the
relativistic case’, but do not go into further details; these details are filled in by March
( ), but only for Galilei structures on the assumption of metric compatibility.

To expand on this final point, return for a moment to the Lorentzian case. In that setting,
a special case of Weyl’s result for Lorentzian (rather than Weyl) metrics is presented
by Malament ( , ch. 2)—this special case assumes metric compatibility. Likewise,
because March ( ) assumes metric compatibility in the Galilean context, what remains
to be accomplished is a more general (and directly analogous) version of Weyl’s result for
the Galilean setting, in which one shows that a Galilean Weyl structure (suitably defined—
see Adlam et al. ( , ch. 4) and discussion below) is fixed uniquely by its associated

We use here the common designations ‘non-relativistic’ and ‘ultra-relativistic” for Galilei and Carroll
geometry, even though Galilean/Newtonian and Carrollian physics are relativistic as well, in the sense
of satisfying the principle of relativity. The principle is just implemented differently than in special or
general relativity (or their modifications), namely by the Galilei or Carroll group, respectively, instead of
the Poincaré group.

2A precursor to this notion of Galilean conformal structure can be found in Curiel ( ), but it is more
specialised than that proposed by March ( ). Curiel also claims to prove a Galilean version of Weyl’s
theorem, but the proof is erroneous as it omits crucial data needed to fix a connection uniquely with
respect to a given Galilei geometry—namely, a choice of timelike vector field. We discuss these extra
data in detail in the body of this article.



projective and conformal structures (plus, possibly, other relevant data’). Completing this
work shores up and completes our understanding of Galilean versions of Weyl’s theorem.

With this work on Galilean versions of Weyl’s theorem complete, in this article we
in addition consider the case of Carroll versions of the result. (Recall that Carollian
spacetime structures are the “ultra-relativistic’ versions of Lorentzian spacetime structures,
in which one sends ¢ — 0 and as such ‘narrows’ the lightcones—see March and Read
( ) for a pedagogical review, and Vigneron et al. ( ) for results regarding general
Carrollian connections upon which we draw in this article.) The conjecture here—in
parallel with the Lorentzian and Galilean cases—is that one can define a suitable notion
of Carrollian conformal structure such that a given Carrollian Weyl structure (again,
suitably defined) is fixed uniquely by its associated projective and conformal structures
(plus potential further relevant data, as in the Galilean case). In the second half of this
article, we show that a version of Weyl’s theorem can indeed be proved in the Carroll
context, but the result is strictly weaker than the Lorentzian and Galilean Weyl-type
theorems: a Carrollian Weyl structure is not fixed uniquely by its associated projective
and conformal structures (plus potential further relevant data), although this failure of
uniqueness can be quantified in a precise way.*

As such, the structure of this article is as follows. In section 2, we review the notion of
projective structure, since this is in fact the same structure in all of the three cases which
we consider. In section 3, we review the definition of Lorentzian conformal structure
and recall the essential contours of the original theorem of Wey] ( ). In section 4, we
do the same for the Galilean case. In section 5, we define Carrollian conformal structures
and prove a (weakened) Carrollian version of Weyl’s theorem. We close in section 6 with
some reflections on our results and potential directions for future research. (For the
impatient, a concise summary of our results may be found in table 1.) In appendices A
and B, we discuss some aspects of the classification of connections on Carroll manifolds
that are used in the main text.

2. Projective structures

In this section, we review some textbook material on projective structures which will
prove essential going forwards. Further discussion of projectively equivalent connections
can be found in e.g. Adlam et al. ( ) and Malament ( )-

Definition 2.1. Two linear connections on a differentiable manifold M are projectively
equivalent if they have the same autoparallels (i.e. unparametrised geodesics). A projective
equivalence class of connections is a projective structure on M.

3See footnote 2.

4We leave the project of a Carrollian version of the EPs construction—i.e., Carroll constructive axiomatics—
for another day. The failure of a Carroll version of Weyl’s theorem might, however, be taken to indicate
that there will exist serious roadblocks to such a construction.



Remark 2.2. Unlike much of the existing literature on projective structures, here we do
not demand the connections to be torsion-free. For this reason, we also provide the proof
of the following standard result in the general case with possibly non-vanishing torsion:

Proposition 2.3. Two linear connections on M are projectively equivalent if and only if their
difference tensor Dﬁv satisfies

P _ <P
D(w) - 6(#“@ (21)

for some one-form n € QY(M).
Proof. A direct computation shows that if the difference tensor has the stated form, the
two connections have the same autoparallels.

For the converse, assume that two connections have the same autoparallels. This

implies that for any autoparallel y we have Dﬁv()/(t)))j/“(t))'/‘”(t) = f(t)yP(t) for some
function f. Multiplying with y° and antisymmetrising in p, o, we obtain

0= 7Dl = DSy, (2:2)

Since any vector v € TM is tangent to some autoparallel, this shows that for all v we have

D;[ﬁ,é;z]v“v"v" =0, (23)
which is equivalent to
lp g0l _
D0, =0 (2.4)

Writing out the symmetrisation, this is equivalent to

[p <ol [p <ol [p ¢o] _
D(W)(SK +D(#K)6V +D(w<)6# =0. (2.5)

Contracting o and k, we obtain

—_ NP 0 _ 1o P P o _ 1o P P o _ 1o P
0= D)0 = Dy 00 F Dy 00 = Diyug) 0w + D)0 = Dy O
— P _ PP P _ o P P _ o P
= 1Dy = Dy ¥ Dy ™ Puoy?v + Py = Doy Ou
— P _ o P _ o P
=(n+ 1)D(W) D(W)év D(W)(SH (2.6)
— d; : P _ sP : _ 2 o
where n = dim M. This shows that D(W) =0 ') with 7, = mD(W). O

3. The pseudo-Riemannian case

We next recall the definitions of conformal structures and Weyl metrics in the pseudo-
Riemannian setting (which includes as a special case the Lorentzian, i.e. relativistic,
one). Having presented these details, we then recall the above-mentioned theorem of
Weyl (1921). All of this material is standard—see e.g. Adlam et al. ( ) and references
therein.



Definition 3.1. Let M be a differentiable manifold.

(i) A pseudo-Riemannian conformal structure on M is an equivalence class [¢] of pseudo-
Riemannian metrics on M under the equivalence relation ¢ ~ et¢ for A € C®(M).

(ii) A linear connection V on M is compatible with a pseudo-Riemannian conformal
structure if for some (and then any) representative g of the conformal structure
there is a one-form ¢ € Q'(M) such that Vg = ¢ ® g.

Remark 3.2. (i) If Vg = ¢ ® g, then for any conformally equivalent metric we have
Velg) =e'Vg+de'® ¢ = p®e'g +dA®etg = (p +dA) ® e'q. This shows the
‘and then any’ part in the definition of compatible connections (and hence that the
notion of compatibility is well-defined).

(ii) Further, this shows that a pair ([g], V) of a pseudo-Riemannian conformal structure
and a compatible connection defines a specific equivalence class [g, ¢] of pairs of
metrics and one-forms:

Definition 3.3. A Weyl metric on a differentiable manifold M is an equivalence class
[g, @] of pairs of pseudo-Riemannian metrics and one-forms under the equivalence
relation (g, ¢) ~ (e*g, ¢ +dA) for A € C®(M).

Proposition 3.4. Let M be a differentiable manifold. The natural map from the set of pairs of a
pseudo-Riemannian conformal structure and a torsion-free compatible connection on M to the set
of Weyl metrics on M, mapping ([g], V) to [g, @] where Vg = ¢ ® g, is a bijection.

Proof. We have seen above that a conformal structure and a compatible connection
determine a well-defined Weyl metric. Conversely, any representative (g, ¢) of a Weyl
metric defines a unique torsion-free connection V satisfying Vg = ¢ ® g, since torsion-free
connections are uniquely determined by their non-metricity with respect to a pseudo-
Riemannian metric. By construction, this connection is compatible with [ g]. Furthermore,
the above computation shows that V is already determined by the equivalence class (i.e.
the Weyl metric). O

Theorem 3.5 (Weyl ). Let M be a differentiable manifold with dim M > 1. Let [g] be a
pseudo-Riemannian conformal structure on M. If two torsion-free linear connections V,V are
compatible with [g] and projectively equivalent, then they agree, V = V.

Put differently: torsion-free connections that are compatible with a given pseudo-Riemannian
conformal structure are uniquely determined by their projective structure.

Proof. Fix some representative g of the conformal structure. By compatibility, there are
one-forms ¢, ¢ such that

Vg=¢9pog, Vg=9pog. (3.1)



By projective equivalence, there is a one-form 7 such that the difference tensor of the
connections is given by

(V- ﬁ)ﬁv = 6‘817?1,) . (3-2)

Note that due to torsion-freeness, this holds without symmetrisation of the difference in
its lower indices.
Combining these equations, we obtain
Pp&uv = Vp&uv

=Vogu — (V- V)Eygw -(V- V)ng}m

= QpQuv — 6&’?#)810/ - 56}771,)8%

= @p8uv = Nw8pyw ~ ulp)

= Pp8uv ~ Np&uv = &p(ul) - (3-3)
Contracting (3.3) with ¢g#" yields

nQp = n@p = nip = oug"ny = ngp—(n+ 1)1, , (3-4)

where n = dim M. On the other hand, contracting (3.3) with g#* yields

~ #pl - n+1 - n+3
Pv=Qv—MNv—§ E(gpyﬂv'*gpvn,u)zfpv_nv_ > =@y — > Ny - (3.5)

Subtracting 7 - (3.5) from (3.4) (and renaming the free index), we have

nn+3)  n?+n-2

0=—-(n+1n, + > Ny > Ny .

(3-6)

The expression n? 4+ n — 2 vanishes if and only if n € {-2,1}. Thus, since we assumed
n > 1, we obtain n,, = 0, finishing the proof. O

Remark 3.6. (i) Since Weyl metrics are equivalently determined by their conformal
structure and their associated torsion-free connection, Weyl’s theorem may also
be formulated as the statement that Weyl metrics are uniquely determined by their
conformal and projective structures. This is the original formulation of the theorem as
given by Weyl.

(i) Malament ( , Proposition 2.1.4) is a special case of this formulation of Weyl’s
theorem for pseudo-Riemannian metrics: pseudo-Riemannian metrics are determined
by their conformal and projective structure up to multiplication by a locally constant
function (where the projective structure is that of the metric’s Levi-Civita connection).
This follows from Weyl’s theorem since the Levi-Civita connection V of g is the
torsion-free connection corresponding to the Weyl metric [g, 0], and an integrable
Weyl metric—i.e. one such that for all representatives (g, ¢) the one-form ¢ is
exact—determines a pseudo-Riemannian metric up to a locally constant factor
(namely any metric ¢ such that (g, 0) is a representative).



(iii) Note that for the equivalence between Weyl metrics and pairs of conformal
structures and torsion-free compatible connections, it was crucial that a torsion-free
connection be uniquely determined by its non-metricity. If this were not the case,
several connections could correspond to the same Weyl metric. However, Weyl’s
theorem does not need this one-to-one correspondence, as long as it is understood as a
statement about uniqueness of connections. This will become important in the Galilei
and Carroll cases: our Weyl-type theorems will be concerned with uniqueness
of connections. Only when adding extra data on top of the non-metricity form ¢
(and part of the torsion, see below), they may be understood as statements on the
uniqueness of (suitably defined) analogues of Weyl metrics.

Construction 3.7. We may include torsion into this picture as follows. For two potentially
torsionful connections V and V, if we assume their torsion to agree, T = T, this means that
their difference tensor is symmetric, (V - @)EV =(V- @)Zw). Since the proof of Weyl’s
theorem (theorem 3.5) as presented above used the assumption of torsion-freeness only
for this equality, it applies in exactly the same manner to the case of two connections
with equal torsion.

Thus, we obtain the following torsionful generalisation of Weyl’s theorem:

Theorem 3.8 (Weyl's theorem with torsion). Let M be a differentiable manifold with
dimM > 1. Let [g] be a pseudo-Riemannian conformal structure on M. Let V,V be two
linear connections whose torsions agree, T = T. If the connections are compatible with [g) and
projectively equivalent, then they agree, V = V.

Put differently: connections that are compatible with a given pseudo-Riemannian conformal
structure are uniquely determined by their torsion and their projective structure. m]

Remark 3.9. If we define a torsional Weyl metric as a pair ([g, ¢], T) of a usual Weyl metric
[, @] and a tensor field T € I(TM ® A2T*M), then these are in natural bijection to
pairs ([g], V) of pseudo-Riemannian conformal structures and compatible connections
(possibly with torsion). The above torsionful generalisation of Weyl’s theorem may then
be formulated as the statement that torsional Weyl metrics are uniquely determined by their
torsion together with their conformal and projective structures.

4. The Galilei case

Our next task is to develop a parallel story to the above for the case of Galilei geometry,
on which see Cartan ( , ), Dombrowski and Horneffer ( ), Ehlers ( , ),
Friedrichs ( ), Hartong et al. ( ), Kiinzle ( , ), Malament ( ), Schwartz
( ), and Trautman ( , ). This builds upon prior work by Adlam et al. ( ),
Curiel ( ), Ewen and Schmidt ( ), and March ( , ).



4.1. Prerequisites
Definition 4.1. Let M be a differentiable manifold with dim M > 1.

(i) A Galilei structure5 on M is a pair (7, h) of a nowhere-vanishing clock form t € Q!(M)
and a space metric h € 1"(\/2 T M) which s positive semidefinite of rank n = dim M -1
such that 7 spans the degenerate direction of 1, i.e.

T, h* = 0. (4.1)

(ii) A conformal Galilei structure on M is an equivalence class [7, /1] of Galilei structures
under the equivalence relation (7, k) ~ (G%AT, e M h) for A € C®(M).

(iii) A linear connection V on M is compatible with a conformal Galilei structure if for
some (and then any) representative (7, /1) of the conformal structure there is a
one-form ¢ € Q'(M) such that VT = 19 ® 7, Vh = -9 ® h.

Remark 4.2. (i) We chose here a definition of conformal equivalence that uses related
conformal factors for the clock form and space metric, as it would result from a
Newtonian limit of a Lorentzian conformal transformation. This is also the reason
for the definition of compatibility using related one-forms.

One could try to relax this relation (i.e. use independent conformal equivalence
classes of clock forms and space metrics—see Adlam et al. ( ), Curiel ( ),
and March ( )). However, we try to stay as close as possible to the Lorentzian
origin of Galilei geometry here. Furthermore, our Weyl-type theorem needs this
stronger notion of conformal structure.

(ii) As in the pseudo-Riemannian case, the one-forms encoding the non-metricity of a
compatible connection with respect to different representatives conformally related
by A are related by ¢ +— ¢ + dA.

(iii) In Galilei geometry, the non-metricities of a connection need to satisfy two
conditions (Schwartz )- The one relating only the non-metricities, namely
TuVphtV = —ht#'V,1,, is satisfied for the non-metricities from the definition of
compatibility. The second condition involves the torsion: it reads

1T = (A0 = 2V - (4.2a)

For the above non-metricity, this becomes

wo(T(-,-)) =dt — %(p AT. (4.2b)

5We use here the name ‘Galilei structure’ for the pair of two ‘metric’ tensor fields of a Galilei manifold,
while this term commonly refers to the reduction of the structure group of the frame bundle induced by
them (i.e. the Galilei frame bundle). Since we make no use of frame bundles in this article, this should
not cause confusion.



This shows that connections compatible with a conformal Galilei structure can only
be torsion-free if T satisfies the Frobenius integrability condition, and even then
the non-metricity form ¢ is related to d7. Thus in general compatible connections
are not torsion-free.

Since—differently to the pseudo-Riemannian case—we cannot in general demand
that compatible connections be torsion-free, we need to allow for torsion. However,
we can hope for the uniqueness of connections in a Galilean Weyl-type theorem only
if we (partially) restrict the torsion, similar to the torsionful version of Weyl’s theorem
in the pseudo-Riemannian case (theorem 3.8). We are going to fix the ‘spatial” part of
the torsion with respect to some specified timelike direction, which, according to the
classification result of Schwartz ( ), is precisely the freely specifiable part of the
torsion:

Definition 4.3. Given a conformal Galilei structure [7, /1] on a differentiable manifold
M, the notion of a timelike direction (i.e. a timelike vector field up to rescaling) with
respect to [7, h] is well-defined: it is an equivalence class [v] of timelike vector fields,
7(v) # 0, under the equivalence relation v ~ Av for A € C®(M, R \ {0}). Given a timelike
direction [v], there is a well-defined unique spatial projector along [v], the vector bundle
endomorphism P of TM defined by projecting onto ker 7 (which is invariant under
rescaling of 7) and having kernel spanned by v (which is invariant under rescaling of v).

Fixing a representative (7, 1) of the conformal structure, there is a unique representative
v of the timelike direction satisfying 7(v) = 1, and in terms of these the spatial projector
takes the usual explicit form P}, = 6! — vtz,.

4.2. The Galilei Weyl-type theorem
With these prerequisites, we can now prove a Weyl-type theorem:

Theorem 4.4. Let M be a differentiable manifold with dim M > 2. Let [t, h] be a conformal
Galilei structure on M, and [v] a timelike direction with respect to [, h]. Let Vv,V be two
linear connections whose spatial torsions with respect to [v] agree, i.e. their torsions satisfy
P(T(-,-)) = P(T(:,)) where P is the spatial projector along [v]. If the connections are compatible
with [, h] and projectively equivalent, then they agree, V = V.

Proof. Fix some representative (7, h) of the conformal structure, and let v be the cor-
responding representative of the timelike direction satisfying 7(v) = 1. Denote the
difference tensor of the connections by D :=V - V.

By projective equivalence, there is a one-form ) such that the difference tensor satisfies

N
D(yv) - 6(;1171/) : (43)



Furthermore, both connections having the same spatial torsion with respect to [v] is
equivalent to

Py Dﬁw] =0, (4.4a)
implying
P _ P _
P;D,, = PgD(w) = P&nv) . (4.4b)

By compatibility of the connections with [7, /1], there are one-forms ¢, ¢ such that
VT:%gom,wz%gbm,w:—(p@hﬁh:—(p@h. (4.5)

Combining the two equations for compatibility with 7, we obtain

%(p,ﬂv = VHTV
= VHTV - Dﬁvrp
= %(p,ﬂv - D1y - (4.6)
Contracting with 1"9, from this we obtain
TpDﬁth‘j =0. (4.7)
Symmetrising the free indices of (4.6) yields

1 1 0
FPwW™) = 5Pw™) ~ Dy T
1.
= 5Pt = Tl 4 (4.8)

where we have used (4.3) for the symmetrised difference tensor. Contracting this with
vHvY, we obtain
20(0) = 300) - (@), 49
On the other hand, combining the two equations for compatibility with /, we obtain
—ppht" =V, ht
= ﬁph“‘” + DSKh"’V + Dy ht*
= @ ht" + 2D ", (4.10)

In order to simplify this equation, we consider its last term. From (4.7), we know that

the expression Dﬁvh” vanishes when contracted with 7,; i.e. the index p is spacelike.

Therefore, the expression is equal to its projection onto space along [v] on this index,

Dyyh"? = PYDj, 1. (4.11a)
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But the spacelike projected difference tensor can be expressed in terms of 1 according to
(4.4b), giving
Dy h*? = P, 1™
= %(Pﬁnvhm + Pynuh"™)
= L0 ), (4210

where n* = ht'n, is the spacelike vector field corresponding to 7. Now using (4.11b),
the compatibility equation (4.10) takes the form

—ppht" = =@, ht"" + PF(JHT]V) +npht. (4.12)
Contracting this with v” gives
—p(0)hH = —p(o)h” + (0)h”, (4139)
ie.
—@(v) = =¢(v) +1(0v). (4.13b)
Adding 2 - (4.9) to (4.13b), we obtain

0 =-n(v). (4-14)
Contracting (4.12) with y,,—the components of the covariant space metric® with
respect to v, defined by the requirements y,, = Yy, Yw0” = 0,and y, h'P = Pﬁ—yields
~nPp = =Py + Pyiy + 1y, (4.152)
where n = dim M — 1. Contracting this with 1", we obtain
-ne’ =-n@" +n+1)n". (4.15b)
On the other hand, contracting (4.12) with 6Z yields

v ~V 1 L v v v ~
—p" = ="+ 0u5(Ppn” + Pynt) + 1" = =

v ~V v

n+1l , n+3
+—2 n+n =-¢ +—2 n. (416)

Subtracting (4.15b) from n - (4.16), we have

n(n +3)

0= 5

n'=mn+1)n" = ———n". (4.17)

The expression n? + n — 2 vanishes if and only if n € {-2,1}. Thus, since we assumed
n > 1, we obtain
n" =0. (4.18)

0Tn the literature on Galilei geometry / Newton—Cartan gravity, the components of the covariant space
metric are commonly denoted by /. We choose here the symbol y instead, in parallel to Carroll
geometry; cf. Vigneron et al. ( )-

11



Since we can express 1 as 1, = (v°7, + Pﬁ)np = nO) 1y + Ywh'Pn, = n(@)ty + ywn’,
together with (4.14) this shows 17 = 0. Hence the symmetrised part of the difference
tensor vanishes,

D!, =0, (419)

and due to (4.12) we have
P =. (4.20)

The antisymmetric part of the difference D is given by (one half of) the difference of
the torsions of the two connections,

1 ~
D[PM = E(pr - T). (4.21a)

Due to the assumption of agreeing spatial torsion with respect to [v], this is given by

1 ~

D[p#v] = EUPTG(TU;W - Tayv)l (4.21b)
i.e. by the difference of the temporal torsions of the two connections. However, according
to (4.2b) the temporal torsions may be expressed in terms of dt and ¢, ¢. Thus, due to
@ = @, the temporal torsions of V and V agree. This shows D = 0, finishing the proof. O

Remark 4.5. Note that the proof of the vanishing of the spacelike part of ) was directly
analogous to the pseudo-Riemannian case. In fact, if we had assumed 7 A d7 = 0 (which
is invariant under conformal rescaling of 7), we could have appealed directly to the
Riemannian version of Weyl’s theorem for this conclusion: 7 A dt = 0 is equivalent to
the spacelike distribution ker 7 being integrable by n-dimensional ‘spatial leaves’ X, on
each of which [/] then induces a Riemannian conformal structure. The connections
V,V then induce ‘spatial connections’” on these leaves, both of which are compatible
with the Riemannian conformal structure. Further, the spatial connections’ geodesics
are precisely the spacelike geodesics of the spacetime connections, which agree up to
parametrisation; i.e. on each spatial leaf the two spatial connections are projectively
equivalent. Thus, Weyl’s theorem implies that the spatial connections agree.

4.3. A Galilei analogue of Weyl metrics
We may define an analogue of Weyl metrics for Galilei geometry as follows.

Construction 4.6. Fixing a Galilei structure (7, h) on M, with respect to a choice of unit
timelike vector field v € T'(TM), 7(v) = 1, any linear connection V on M is uniquely
determined by—and uniquely determines, vice versa—its 7-non-metricity Vz, the spatial
part PﬁPS V. h#V of its h-non-metricity, its spatial torsion (PT)"W = P;;’TPW , and its
Newton—Coriolis form Q, = 2(V|,0P)y,),; see Schwartz ( ). Assuming the non-
metricities to be of the form VT = 19 ® 1, Vh = —¢p® h, such that V is compatible with the
conformal Galilei structure [7, 1], we already know that fixing the connection V, under a

12



conformal rescaling (7, h) — (e%AT, e™‘h) with A € C*(M) the one-form ¢ transforms

as @ — @ + dA. Further, fixing the timelike direction [v], the spatial projector P along it
stays the same, such that the spatial torsion PT stays invariant. Rescaling v e 2} such
that it remains unit timelike with respect to the new representative of the conformal
structure, a direct computation shows that the Newton—Coriolis form of V with respect
to v transforms as Q > e 21Q.

Therefore, a conformal Galilei structure [, 1] on M together with a compatible linear
connection is equivalently characterised by an equivalence class [7, h, ¢, v, PT, Q] of
Galilei structures (7, 1), one-forms ¢, unit timelike vector fields v with respect to 7,
tensor fields PT € T'(kert ® \*>T*M), and two-forms Q on M under the equivalence
relation

(t,h,@,v,PT,Q) ~ (e%AT, e n, @ +dA, e_%Av, PT, e‘%AQ) (4.22)

for A € C®(M).

Alternatively, since v is uniquely determined by the timelike direction [v] once ©
is fixed, and PT is invariant, these are the same data as a triple ([7, i, ¢, Q], [v], PT)
consisting of (i) an equivalence class of Galilei structures, one-forms, and two-forms on
M under

(t,h,0,Q) ~ (e%AT, e 'n, @ +dA, e_%AQ); (4.23)

(ii) a timelike direction [v] with respect to the conformal Galilei structure [z, h]; and
(iii) a tensor field PT € T'(kert ® A>T*M).

Thus, we may reformulate our Weyl-type theorem for Galilei geometry (theorem 4.4)
as the statement that such a ‘Galilei Weyl metric’ ([t, h, @, Q], [v], PT) is uniquely determined
by its conformal and projective structures together with its timelike direction [v] and its spatial
torsion PT with respect to [v].

Note that differently to the pseudo-Riemannian case, for a ‘Galilei Weyl metric” we
always include the freely specifiable torsion PT as part of the data, since its vanishing is not
a meaningful invariant statement: the same connection may have PT = 0 with respect to
some choice [v] of timelike direction, but PT # 0 with respect to some other direction [].

Remark 4.7. The above formulation of the notion of a ‘Galilei Weyl metric” corrects and
generalises the notion of an ‘NR-Weyl manifold” presented by Adlam et al. ( , P- 170),
in which the data v, PT, Q are not included.

4.4. Necessity of the dimensionality assumption

We are now going to show that the ‘additional” assumption in theorem 4.4 as compared
to the torsionful version of Weyl’s theorem in the pseudo-Riemannian case, namely that
dim M > 2, is necessary for the conclusion of agreeing connections: we are going to
show that theorem 4.4 fails to apply if dim M = 2, and in fact precisely classify how it
fails.
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Proposition 4.8. Let M be a differentiable manifold with dim M = 2. Let [t, h] be a conformal
Galilei structure on M, and [v] a timelike direction with respect to [z, h].

(i) Let V,V be two linear connections whose spatial torsions with respect to [v] agree, i.e. their
torsions satisfy P(T(-,-)) = P(T(-,-)) where P is the spatial projector along [v].
If the connections are compatible with [, h] and projectively equivalent, then their difference
tensor D := V -V is given by

Diiy = nudy =y, Py (4.24a)

for a one-form 1 € QY(M) that is spacelike with respect to [v], i.e. that satisfies
n() = 0. (4.24b)

(ii) Conwversely, let V be a linear connection that is compatible with [, h]. Then for any choice
of n with n(v) = 0, the connection V := V — D with difference D given by (4.24a) is
compatible with [, h] and has the same spatial torsion with respect to [v] as V, and the
connections are projectively equivalent.

Proof. Fix some representative (7, I) of the conformal structure, and let v be the corres-
ponding representative of the timelike direction satisfying 7(v) = 1.

(i) Asin the proof of theorem 4.4, we denote the one-form determining the symmetric
part of the difference tensor D = V — V by 1, and the one-forms determining the
non-metricities of V and V by ¢ and @, respectively.

In the proof of theorem 4.4, we did not use any assumption on dim M in order to
show that

1n(v) =0and ¢(v) = ¢(0v). (4.252)

Therefore, these still hold in the present case dim M = 2. However, the spatial part
nt = ht¥n, of n need not vanish in the case n = dim M — 1 = 1: both (4.15b) and
(4.16) become

Pt = of = 2nf (4.25b)
in this case. Together, these equations show that for dim M = 2 we have
¢=¢-2n, (4.26)

with 7 spacelike with respect to [v].

Further, using (4.2b) this implies that the difference of the temporal torsions of V
and V is given by

Tp(prv - prv) = _((P[y - (P[p)'tv] = Zn[HTV] . (4~27)
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Therefore, using (4.21b), the antisymmetric part of the difference tensor is D[pw] =
0P1uTy)- Together with the equation determining the symmetric part of D in terms
of 17, we thus obtain

P _ <P _ sP p Py _ P P
Dy, = 6(#111/) + Moty = 6(y17V) + n[y(év] - Pv]) =10y — n[yPV] (4.28)

as stated.

(ii) Again, we denote the one-form determining the non-metricities of V by ¢, such
that we have

1
V1 = E(p@T,Vh =—p®h. (4.29)
Let 1 € Q}(M) be an arbitrary one-form satisfying n(v) = 0, and define Vi=V-D
with D given by (4.24a).
Directly from (4.24a), we obtain

P N
Dy = 0"y - (4.30)

showing projective equivalence of V and V. Further, the difference of their spatial
torsions with respect to [v] is

Py DEW] = Pgn[y(aﬁ] -~ Pf]) = Pony, 0P, =0, (4.31)
i.e. the spatial torsions agree.
Using (4.24a), we may compute

VHTV = VH’CV + Dﬁﬂp
1 p p
= E(PyTv + (miév - U[HPV])Tp

1
= 5(% +21)Ty (4.32a)
and
VhP? = VyhP? = Dy, h*7 = Dy, h?

= —@uhP’ = (ud) =, PLOR" = (67 = 1y, PR

— po _ P pve _ o 1,pv
= —puht = PR = Pk

1 1 i
= —uh?? = S+ 1°Py) = S(uhP? + 0P PY)

o)

= —(Qu +nuwh"’ - Pff’ 1 (4.32b)

Due to dim M = 2, i.e. there being only one spatial direction, and using that ) is

)

spacelike, we have Pff n” =n uh??. Hence, the previous equation becomes

?yhpg = —(u +2n,)h*7 . (4.320)

This shows compatibility of V with [T, K], as claimed. O
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Remark 4.9. In the situation of proposition 4.8, a direct computation shows that the
two connections V and V with difference tensor (4.24a) have agreeing Newton—Coriolis
forms Q = Q with respect to a choice v of representative of the timelike direction. Thus,
we have shown that on a 2-dimensional manifold with a conformal Galilei structure [7, h],
when fixing the spatial torsion with respect to [v] and the projective structure of a connection
compatible with [, h], the remaining freedom is precisely the spatial part Pl @y of the one-form
@ encoding the connection’s non-metricities.

5. The Carroll case

Here we develop a parallel story for the case of Carroll geometry, on which see Bergshoeff
etal. ( , ), Duval et al. ( ), and March and Read ( ).

5.1. Prerequisites

Definition 5.1. Let M be a differentiable manifold with dim M > 1.

(i) A Carroll structure on M is a pair (v,y) of a nowhere-vanishing vector field
v € I'(TM) and a positive-semidefinite y € T(\/>T*M) of rank n = dim M — 1 such
that v spans the degenerate direction of y, i.e.

oty = 0. (5.1)

(ii) A conformal Carroll structure on M is an equivalence class [v, y] of Carroll structures
under the equivalence relation (v, y) ~ (e_%Av, ely) for A € C*®(M).

(iii) A linear connection V on M is compatible with a conformal Carroll structure if for
some (and then any) representative (v, ) of the conformal structure there is a
one-form ¢ € QM) such that Vo = -9 ® 0, Vy = ¢ ® 7.

Remark 5.2. (i) As in the Galilei case, we chose a definition of conformal equivalence
that uses related factors for v and y, as this would result from the Carroll limit of
a Lorentzian conformal transformation. This is also the reason for the definition
of compatibility using related one-forms. This definition of conformal Carroll
structures is also used, e.g., by Herfray ( )-

As in the Galilei case, one could seek to relax this assumption.

(ii) As in the pseudo-Riemannian and Galilei cases, the one-forms encoding the
non-metricity of a compatible connection with respect to different representatives
conformally related by A are related by ¢ +— ¢ + dA.

(iii) As in the Galilei case, the non-metricities of a connection with respect to a Carroll
structure need to satisfy two conditions, see Vigneron et al. ( ). The one
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relating only the non-metricities, namely v*V,y,, = =y, V0¥, is satisfied for the
non-metricities from the definition of compatibility. The second condition involves
the torsion: it reads

1 1
Tuypv” = EUPVPV.UV + VoV - E(Lv?’)w ’ (5.2a)

where the first index on the torsion has been lowered with y. For the above
non-metricities, this becomes

1 1
Ti,uv)pvp = E@(U)yyv - E(-Evy)yv . (5.2b)

Therefore, as in the Galilei case, we have to allow for torsionful connections in
order to formulate a Carrollian analogue of Weyl’s theorem.

In order to fix the free parts of the torsion, we again need a notion of timelike direction,
or more specifically a co-direction in this case:

Definition 5.3. Given a conformal Carroll structure [v, y] on a differentiable manifold M,
the notion of a timelike co-direction (i.e. a timelike one-form up to rescaling) with respect to
[0, ] is well-defined: it is an equivalence class [7] of timelike one-forms, 7(v) # 0, under
the equivalence relation 7 ~ At for A € C®°(M, R\ {0}). Given a timelike co-direction [7],
there is a well-defined unique spatial projector along [ 7], the vector bundle endomorphism
P of T*M defined by projecting onto ker v (which is invariant under rescaling of v) and
having kernel spanned by 7 (which is invariant under rescaling of 7).

Fixing a representative (v, ) of the conformal structure, there is a unique representative
7 of the timelike co-direction satisfying 7(v) = 1, and in terms of these the spatial projector
takes the usual explicit form Pl =6 — ot

Construction 5.4. Let [v, ] be a conformal Carroll structure on M, and [7] a timelike
co-direction with respect to it. Further, let P be the spatial projector along [7]. Fix some
representative (v, ) of the conformal structure.

By (5.2), the components of a connection’s torsion that are determined by the non-
metricities are those of the form T(,,),v”: we lower the first index with y, symmetrise
the first two indices, and take the temporal component on the third index (with respect
to (v, y)). All other components of the torsion not determined by these may be freely
specified in the definition of a connection (see appendix A for a detailed discussion of
the classification of connections on Carroll manifolds, based on Vigneron et al. ( ).

The first set of freely specifiable torsion components is given by

T[yv]pvp ’ (53a)

where we still take the temporal component on the third index, but lower the first index
with y and then antisymmetrise the first two indices. Together with the components
Tiuv)pvP determined by the non-metricities, these are all torsion components of the form
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Tuvpo?, i.e. spatial on the first index and mixed spatial-temporal on the second and third
index. The missing freely specifiable torsion components are thus the second set

PiP] Tipa (5.3b)
which is spatial on all three indices, and the third set
(6g - Pg)TG/.Lv (53C)

which is temporally projected (with respect to [7]) on the first index.
Combined, we have thus seen that the freely specifiable torsion components with
respect to a choice of timelike co-direction [7] are

(T[yv]pvp ’ PﬁpgTKpo ’ (6g - Pg)Tgyv ) . (5-4)

This field may be understood as a section of the bundle

(/\2 ker v) > (kerv ® A ker v) ® (span{v} ® A2 T*M) . (5-5)

Note that the form of the free torsion components as given in (5.4) depends on the choice
of representative (v, ) of the conformal Carroll structure. For a discussion of the free
torsion in a conformally invariant way, see appendix B.

5.2. The Carroll Weyl-type theorem

With these prerequisites, we can now prove a Weyl-type theorem, which is however
significantly weaker than in the case of Galilei geometry:

Theorem 5.5. Let M be a differentiable manifold with dim M > 1. Let [v, y] be a conformal
Carroll structure on M, and [1] a timelike co-direction with respect to [v, y].

(i) Let V,V be two linear connections whose free torsion components with respect to [t) agree,
i.e. their torsions satisfy Tiuvpo? = T[W]pvp, PEP;’TKPG = PEP;’TKP(,, and (6£ —Pg)T“HV =
(6 - P )T"W , where P is the spatial projector along [t].” If the connections are compatible
with [v, v] and projectively equivalent, then their difference tensor D =V =V is given by

Div = frudy (56)
for a function f € C*(M) and a representative T of the timelike co-direction.

(ii) Conversely, let V be a linear connection that is compatible with [v, y]. Then for any choice
of f and 1, the connection V := V — D with difference D given by (5.6) is compatible
with v, y] and has the same free torsion components with respect to [t] as V, and the
connections are projectively equivalent.

7Note that the condition of agreeing free torsion is invariant under change of representative (v, ) of the
conformal structure.
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Remark 5.6. Note that even though the assumptions of part (i) of this theorem are the
direct analogues of those in the Galilei case (theorem 4.4), we cannot infer complete
equality of the connections: we cannot prove covariant derivatives in temporal direction
to agree. Part (ii) shows that this conclusion cannot be improved: any difference tensor
of the form inferred in part (i) can indeed be realised. Note also that this bears some
similarity to the failure of the Galilean theorem for dim M = 2 (proposition 4.8).

Proof of theorem 5.5. Fix some representative (v, y) of the conformal structure, and let ©
be the corresponding representative of the timelike co-direction satisfying 7(v) = 1.

(i) By projective equivalence, there is a one-form ) such that the difference tensor
satisfies

P <P
D(w) - 5(#”V) : (5.7)

Furthermore, both connections having the same free torsion components with
respect to [7] implies in particular

PEP;TVKAD[};U] =0, (5.8a)

implying
PLPy D2 = PiPIy D} =PipPS 8b
ulv VAl pg ufv YA (po) utv Vr(pllo) - (5.8b)

It also implies

D[, =0, (5.92)

implying
TpDﬁv = TPD(pW) = T(uly) - (5.9b)

By compatibility of the connections with [v, 7], there are one-forms ¢, @ such that
1 ~ 1. ~ -
Vv:—i(p@)v,Vv:—E(p®v,Vy:(p®y,Vy:—(p®y. (5.10)

Combining the two equations for compatibility with v, we obtain

1
—E(P;ﬂ’p = V0P

= Wyvp + Dﬁvvv

1
= —Q@UP + Dﬁvvv. (5.11)

From this, we will now derive three equations. First, contracting with Vpo, We
obtain

)/pgDEVvV = 0. (5.12)
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Second, contracting (5.11) with v#, we obtain

1 1 p v
—Ego(v)vp = —Ego(v)vp + D(W)U“v
1.
= —5p@)of +n0)’, (5:13)

where we have used (5.7). This directly implies
1 1.
—5¢(©) = —5¢() +n(v). (5-14)
Third, contracting (5.11) with 27, yields

_(PH = _(p}l + 2T(HT]V)’0V = —(‘b# + T}('U)T‘u + T]y ’ (515)

where we used (5.9b). Contracting this with h#'—the components of the con-
travariant space metric with respect to 7, defined by the requirements h*" = h'¥,
ht't, = 0,and h*"y,, = P;f—yields

V—_

- =-p" +1", (5.16)

where @V = h*" ¢, is the T-spacelike vector field corresponding to ¢, and analog-
ously for ¢ and 7.

On the other hand, combining the two equations for compatibility with y, we
obtain

PoYuv = VpYuv
= vpyyv - DEHyKV - ngy[,tK
= qbpyyv - ZDZ([J)/V)K : (5.17)
Contracting this with hf? yields
7Yy = 9TV = 27Dg 7, (518)

In order to simplify (5.18), we consider its last term. From (5.12), we know that the
expression Y, wa vanishes when contracted with v"; i.e. the index v is spacelike.
Therefore, the expression is equal to its projection onto space along [7] on this
index,

VPGDEV = VpopﬁDZA . (5.19a)
Contracting with h#*, we have
Vpoh**Dffy = ypoh*PyDy,
= hmyngsP{,‘DﬁA . (5.19b)
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But the totally spacelike projected difference tensor can be expressed in terms of 1
according to (5.8b), giving

VpohyKDﬁv = hmPfoPvA?/a(MA)
= hwpfz\?/o(u’]/\)
= %hk’lpﬁ\(%ym + Vorlu)
= %(PEPSUA + Youll")- (5:19¢)
Now using (5.19¢), the compatibility equation (5.18) takes the form

O Vur = Q% Yy — P(‘;Pﬁ)m - Ywn’. (5.20)
Contracting this with h*" yields

ne’ =n@’ —n’ —nn’ =n@’ —(n +1)n°, (5.21)
where n = dim M - 1. Adding n - (5.16) to (5.21) (and renaming the free index), we
obtain

0=, (5.22a)
ie.

n=1n)r. (5.22b)
Inserting this result, using (5.7) we may write the difference tensor as

1 1
P _ P P _ sP P _ P P
Dy, = D(W) + D[W] = 6(u17v) + E(AT) wv = n(v)é(y’cv) + E(AT) v s (5.23)

where AT := T — T denotes the difference between the two connections’ torsions.
By performing a spacelike-timelike decomposition (i.e. by using 8, = P}, + v¥1,), a
straightforward calculation shows that the torsions may be expressed in terms of
their free components with respect to [7] and their constrained components as

T = (05 = POT Yy + (hP Ty Ty + hP Ty 0Ty = (1 > v)) + hpapgpng .

(5.24)
Since we assumed the free torsion components with respect to [7] to agree, the

torsion difference is thus given by
(AT)pyv = hpa(AT)(U‘u)KUKTV - ([J < V)~ (525)

Now by (5.2b) the constrained torsion components are given by

) 1 1
Tia‘u)KvK = 5@(0)%# - E(Lvy)op . (5.26)
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Hence their difference is
(Ao = 3(0(0) = §@)yo
= =1©)You , (5.27)
where we used (5.14). Inserting this into (5.25), the torsion difference evaluates to
(AT) = =hP71(0)Youty — (1 © V)
= —n(v)Pit, = (u & v)
= Zn(v)P[F; Ty
= 21](0)(6/[31/ - UPT[V)TH]
= Zn(v)éfvfy] . (5.28)
Inserting this into (5.23), the difference tensor is given by
wa = n(v)éfy’cv) + T](U)(S[pv’(y] = 17(0)65@ . (5.29)

Thus, we have proved that it takes the form from the theorem statement with
f=n().

(ii) Since V is compatible with [v, )], there is a one-form ¢ such that

1
Vo = —E(p®v,Vy =p®Yy. (5.30)
Let f € C*(M) be an arbitrary smooth function, and define V := V — D for
Dpy, = f1u0) . (5:31)

We have to show that V is compatible with [v, '], that its free torsion components
with respect to [7] agree with those of V, and that the two connections are
projectively equivalent. All of this follows by direct computations, which we will
spell out in the following.

First, considering projective equivalence, by definition we directly obtain
P P _ <P
D(w) =f T(#(SV) B 6(#171/) (5-32)
with 1) := f7, showing that V and V are projectively equivalent.

Next, we turn to compatibility with the conformal structure. We compute
Vyof =V, of - wavv
1
— p
= —Egoyvp - fru0,0"

1
= —5(% +2f1,)oP (5-33)
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and

@pyw = Vpyw + Dpuyiev + Dy vux
= QpYuv + fTp0u Vv + fTp04 Vi
= (@p +2fTp)yuv - (5-34)

This means

1. - N
Vo=-—5¢p®0,Vy=9®Yy (5.35)

with ¢ = @ + 2f1, showing that V is compatible with [v, ].

Finally, the difference AT := T — T between the connections’ torsions is given by

P _ P _ P
(AT) = 2D, = 2f7,50, . (5.36)
This directly implies
(66 = POAT)y, = 0P1a2f71,07; = 2fvP 11T = 0. (5.37)
Further, we have
(AT)oyv = Vap(AT)pyv
= Yop2f T[yéﬁ]
= 2f Tyl
= fTuYve = f Vo (5-38)
from which we obtain
(AD)uvipo” = (f T Vipl = f oY iwp)o” =0 (5-39)
as well as
P;L\JP;(/(AT)UMV = PXPJE(nyVm - fTv)/ya) =0. (5-40)
But (5.37), (539), and (5.40) mean that (8} = PO)T%, = (8 = PT%, , Tiupo” =
T[W] pvp, and PZ PiTouy = P)’CP,‘Q Topv—i.e. the connections’ free torsion components
with respect to [7] agree. O

5.3. A Carroll analogue of Weyl metrics

We may define an analogue of Weyl metrics for Carroll geometry as follows, in parallel
to the Galilei case.
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Construction 5.7. Fixing a Carroll structure (v, y) on M, with respect to a choice of
unit timelike one-form 7 € QY(M), t(v) = 1, any linear connection V on M is uniquely
determined by—and uniquely determines, vice versa—its v-non-metricity Vo, the
spatial part Pﬁ PPV yps of its y-non-metricity, its free torsion components Tgee With
respect to [7] as discussed in construction 5.4, and the field %, = PﬁPg V(pTo); see
Vigneron et al. ( ) and our discussion in appendix A. Assuming the non-metricities
to be of the form Vo = —%(p ® v, Vy = ¢ ® v, such that V is compatible with the
conformal Carroll structure [v, )], we already know that fixing the connection V, under
a conformal rescaling (v, y) +— (e‘%Av, ety) with A € C*(M) the one-form ¢ transforms
as ¢ — @ + dA. Further, the free torsion may be written in a conformally invariant way,
see appendix B. Rescaling 7 — ez’ such that it remains unit timelike with respect to the
new representative of the conformal structure, a direct computation shows that the ¢
field of V with respect to 7 transforms as { — e2h X.

Therefore, a conformal Carroll structure [v, y] on M together with a compatible linear
connection is equivalently characterised by a triple ([v, ¥, @, X], [T], Tiree) consisting of
(i) an equivalence class of Carroll structures (v, ), one-forms ¢, and symmetric tensor
fields £ € \/*ker v on M under the equivalence relation

©,7,9,%) ~ (v, ely, ¢ +dA, e }) (5.41)

for A € C*(M); (ii) a timelike co-direction [7] with respect to the conformal Carroll
structure [v, y]; and (iii) a section Tiee of the bundle in which the conformally invariant
free torsion takes its values, as discussed in construction B.3, in particular (B.12).

In order to reformulate our Weyl-type theorem for Carroll geometry (theorem 5.5)
in terms of such a ‘Carroll Weyl metric’ ([v, y, ¢, X], [7], Tiree), we have to examine the
influence of the non-uniqueness in the theorem statement on the fields defining the
connection. A direct computation shows that, fixing [v, ] and [7], a change of the
connection according to V — V — D as allowed by the theorem—i.e. with Dﬁv =f Tyéf,’—
leaves { invariant. In the proof of theorem 5.5 we have further seen that and how ¢
changes—namely by addition of 2f .

Thus, we may reformulate theorem 5.5 as the statement that a ‘Carroll Weyl metric’
([v, v, @, X1, [t], Tiee) is uniquely determined by its conformal and projective structures together
with its timelike co-direction [t] and its free torsion Tiee with respect to [t], up to addition of
(functional) multiples of T to ¢.

6. Conclusions

In this article, we have proved versions of one famous theorem of Weyl (1921)—that a
Weyl metric is fixed uniquely by its associated projective and conformal structures—for
the cases of Galilei and Carroll geometries; for both of the latter two cases, we used the
appropriate notion of conformal structure as would arise in the relevant ‘non-relativistic’
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or ‘ultra-relativistic” limit. Our Galilean result generalises and extends prior work by
Curiel ( ), Ewen and Schmidt ( ), and March ( ); our Carrollian result is
entirely new to the literature—although also interestingly weaker than those for the
pseudo-Riemannian and Galilei cases, as the equivalent uniqueness result does not hold
in the Carroll context. A concise summary of our results may be found in table 1.

There are various payoffs of this work. From a conceptual point of view, one merit
of undertaking this work is that one comes to understand better the ‘sub-metrical’
constituents of both Galilei and Carroll geometries. This is particularly pertinent since in
recent years there has been heightened interest in conformal structures in both the Galilei
and Carroll contexts. One motivation for this interest has been due to the application
of these non-relativistic conformal geometries in the context of holography; the work
has mostly so far had to do with Galilean conformal geometry—see e.g. Bagchi and
Gopakumar ( ) and Bagchi and Mandal ( ). Another motivation has had to
do with the study of non-relativistic field theories more generally—see e.g. Alishahiha
etal. ( ), Bagchi et al. ( , ), Chen and Liu ( ), Duval and Horvathy ( ),
and Hagen ( ) for conformal structures in Galilean field theory, and e.g. Bergshoeff
et al. ( ), Chen et al. ( ), Dutta ( ), Duval et al. ( ), and Gupta and
Suryanarayana ( ) for conformal structures in Carrollian field theory. A further
motivation has to do with the study of asymptotic symmetries and the BMS group; to
these issues it is Carroll conformal structures which are most pertinent—see e.g. Ciambelli
et al. ( ). Finally, conformal Galilei structures have found application in work on
non-relativistic twistor theory—see Dunajski and Gundry ( ), Dunajski and Penrose
( ), and March ( )—which raises the question of whether conformal Carroll
structures of the kind discussed in this article could find application to ultra-relativistic
versions of twistor theory.

One might, indeed, anticipate that the results presented in this article could interact
quite directly with the above contexts. For example, if one is in the context of working
with a conformal Galilei or Carroll structure (perhaps e.g. working with holography
or asymptotics), then the introduction of a preferred class of observers would ipso facto
introduce a projective structure, which would in turn suffice to derive a Galilei/Carroll
Weyl spacetime. As such, this work might well serve as a simple illustration of the
‘emergence of spacetime” which has aroused physicists” interests in (for example) the—
admittedly much more advanced!—context of ‘dressing to the observer’ in algebraic
quantum field theory.?

There are also more foundational /conceptual payoffs of this work. As mentioned
in the introduction, taking the lead from Wey] ( ), Ehlers et al. ( ) (EPS) sought
to provide a constructive axiomatisation (in the sense of Reichenbach ( ); for more
on constructive axiomatic approaches to spacetime theories see Adlam et al. ( )) of
(the kinematical structures of) the general theory of relativity, which is to say that they
sought to (i) build up projective and (relativistic) conformal structures from elementary,

8Gee e.g. Chandrasekaran et al. ( ) and Witten ( ).
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Table 1: Summary of definitions and properties for conformal and projective structures in the pseudo-Riemannian,
Galilean, and Carrollian cases. Welet A, f € C*(M), A e C®(M,R\ {0}), and n, ¢ € QYM).

Quantities

pseudo-Riemannian geometry

Galilei geometry

Carroll geometry

Projective structure £ = [V]
Metric structure

Conformal structure

Conformally compatible
connection

Timelike (co-)direction
Spatial projector

Free parts of the torsion (Tfree)
given fixed non-metricities

N : PP
V ~V + D with D(W) 6(ynv)

[g] with
g ~e'g

Vg=¢®g

uv

DEFINITIONS

same

(T, h) with 7, h*" =0

[T, h] with
(T, h) ~ (G%AT, e h)

VTZ%(p@)’C, Vh=-p®h

[v] with 7(v) #0,v ~ Av
Pl = 8% — dtr, where § € [v]
such that 7(9) = 1

PLT",,
with respect to a choice of [v]

same

(v,y) withoty,, =0
[0, y] with

(v,7) ~ (€730, ely)
sz—%(p@v, Vy=¢p®Yy
[t] with 7(v) 20, T ~ At

PL =6l — vt where 7 € [1]
such that 7(v) = 1

T 0F, PLPSyaT%,y , (85 — PHTY,

Vi vlp
with respect to a choice of [7]

Weyl-type theorem

Connection and
(torsional) Weyl metric

Theorem 3.8: For dim M > 1,
given [¢] and P with fixed T,
V € P compatible with [g]

is unique.

(8], V) e ([8, @], Tiree)
with (g, ¢) ~ (e'g, ¢ +dA)

PROPERTIES

Theorem 4.4: Fordim M > 2,
given [, h] and P with fixed Tiee,
V € P compatible with [, k]

is unique.

([t, 1], V) & ([, h, 9, Q], [v], Tiree)
with (7, h, ¢, Q)
~ (e%AT,e‘Ah, Q@+ d/\,e‘%AQ)

Theorem 5.5:

Given [v, y] and P with fixed Tiree,
V € P compatible with [v, y]

is unique up to Dﬁv = fT#(Sfj.

([0, 7],V) e ([v, 7, @, ], [7], Tiree)
with (v, v, @, X)
~ (e‘%}‘v, eAy, @ +dA, e%}‘f()




empirically-informed axioms, and then (ii) show how those structures, together with
further ‘compatibility” assumptions, yield the familiar Lorentzian geometries of general
relativity. In this article, we have provided the Weyl-style ‘uniqueness’ result as a
complement to the Eps-style ‘existence’ result for Galilean physics provided by Adlam
et al. ( , ch. 4); moreover, the failure of the Carrollian “‘uniqueness’ result might raise
some prima facie concerns about the possibility of Carroll constructive axiomatics.?

Another foundational question in the vicinity of our work has to do with the logic
of experimental tests of spacetime theories. Recently, it has been argued by Hansen
etal. ( ) that many of the classic experimental tests of general relativity would also
be met by modified Newtonian theories of gravity (with, generically, torsion and/or
non-metricity); Wolf et al. ( ) analyse these claims and consider whether these
experimental tests are in fact best understood as testing projective/conformal structures.
Given that we now have better control over e.g. conformal Carroll structures, it would be
worthwhile to consider the extent to which these claims regarding experimental tests
carry over to the Carroll context.

And there is yet more work to be done besides the above. Having now thoroughly
assessed the status of Weyl's theorem in non-relativistic contents, one might now turn to
consideration of the behaviour of the Weyl tensor in such settings. How does the object
behave in the relevant limits? Does it remain an invariant of the relevant conformal
structure in each case? Can it be used to classify non-relativistic spacetimes, 4 Ia
the Petrov classification of relativistic spacetimes? Although some work has already
been undertaken in this vicinity (see in particular Dewar and Read ( ), Dewar and
Weatherall ( ), and Ehlers and Buchert ( ), the results of this article should pave
the way to a more systematic treatment of the Galilei and Carroll cases.

In the end, all this triangulates that there remains much work to be done, along many
axes, which draws upon the results of this article. It is our hope that what we have
achieved here lays the groundwork for these future investigations.
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A. The classification of connections on Carroll manifolds

Here, we will discuss the classification of connections on Carroll manifolds in terms of
freely specifiable tensor fields, based on Vigneron et al. ( )-

Construction A.1. Let (v, y) be a Carroll structure on M. In Vigneron et al. ( ), it
was shown that any linear connection V on M satisfies the two conditions

o*V oy = =y Voot (A.1a)
and
1 1
Tun)p0? = QUPVPVW + VpVioP = E(LUV)HV (A.1b)

where T is the torsion, whose first index has been lowered with y. Further it was shown
that, fixing a unit timelike one-form 7 (i.e. T € Q(M), 7(v) = 1), the difference of any

connection V to a reference connection V (fully determined by v, ), T) can be expressed
algebraically in terms of

(1) v, y, 7, and the contravariant space metric & with respect to 7,

(2) the connection’s non-metricities Vy, Vo and torsion T (subject to the above identit-

ies), as well as

(3) the field V(‘u’[v),
where the dependence on Vy, Vo, T, and V(,7,) is affine. (An explicit formula may be
found in Vigneron et al. ( , Proposition 2.1).)

However, Vigneron et al. ( ) did not study to a full extent which components of
these fields may be specified independently of each other, i.e. how to fully classify a
connection in terms of these fields. We are now going to deduce this classification. For
this discussion, denote by P the spatial projector along 7.

First considering the identity (A.1a), we see that when arbitrarily fixing the v-non-
metricity

Voot, (A.2a)

this determines the temporal part v#V .y, of the y-non-metricity, leaving free precisely
its purely spatial part (w.r.t. T) on its last two indices,

PLPIViYpo - (A.2b)

With the non-metricities fixed, the identity (A.1b) fixes the part Tj,,),0f of the torsion.
As discussed in the main text in construction 5.4, the remaining free components of the
torsion then are those of the form

(T[w]pvp, POPSTops , (S5 —Pg)T“HV). (A.2c)
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Finally, regarding the field V(,7,), one can show that given the non-metricities and
torsion, it is fully determined by knowing only its purely spatial part'®

Ruv = PIPIV ()T - (A.2d)

These fields may be understood as sections of the following vector bundles: the v-non-
metricity is a section of
T"M® TM; (A.3a)

the purely spatial part of the y-non-metricity on its last two indices is a section of
"M ® \/* kerv; (A.3b)
the free torsion is a section of
Efree torsion = (Az ker v) ® (kerv ® /\2 ker v) ® (span{v} ® /\2 T*M) ; (A.30)
and the purely spatial part § of V(,7,) is a section of
/2 kero. (A.3d)

Thus, the collection of all these freely specifiable fields

(vpv“, PEPSY Voo s Tuip0” , PAPSTeps , (65— PO)TS,, ;(W) (A.4a)

is a section of the vector bundle
Efree fields = (T*M ® TM) @ (T*M ® \/2 ker U) ® Efree torsion © \/2 kerwo. (A~4b)

Now considering in addition the affine bundle Conn(T M) of linear connections on M,
we have an affine bundle homomorphism

Wi Conn(TM) — Efree fields (A.5)

mapping a connection V to the field (A.4a). Conversely, as shown by Vigneron et al.
( ), any connection V can be expressed affinely in terms of Vy, Vo, T, Vit by our
above construction, these may further be expressed solely via (A.4a). This provides an
affine bundle homomorphism

D : Efree fields — COIII’I(TM) (A6)

1°This may be seen as follows. First, performing a spacelike-timelike decomposition, V( 1) is determined by
its purely spatial part PEPS V(pTo), its purely temporal part v#0"V 7y, and its mixed part Pﬁ 0"V =
PEUVVP Ty — Pﬁv"v[p T,]- Next, covariantly differentiating ’[Hv“ = 1, we see that the non-metricity Vo
determines the expression v#V 1, and hence the purely temporal part and the first term of the mixed
part. Finally, the antisymmetric covariant derivative V[, 7, is determined by the exterior derivative dt

and the torsion expression 7, T*%,, , thus fixing the second term of the mixed part.
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of which we know ®; o W; = idconn(rm). We are now going to show that the ranks of
Efree fields and Conn(T M) are equal, such that for dimensional reasons ®; and W, are
mutually inverse isomorphisms.

Writing dim M = n + 1, the ranks of the direct summands of Efree fields are

t(T'M® TM) = (n +1)%, (Aa)
2
(e ars) o B
rk(Efree torsion) = n(nz_ 1) +n- n(nz_ 1) +1- (n 4‘21)1’1
_ nn-1) nn+1)
=(+n) ———+—
_n(n?-1) N n(n +1)
= 5 5
n*(n+1
- 2 ! (A7)
rk(Vhero) = n(n; 2, (A7d)
respectively. Thus, we have
V= , nn+1)? n’(n+1) nn+1)
rk(Eﬁree ﬁelds) = (Tl + 1) + > + 5 + 5
2 2
=(n+1)*+ n(n;—l) + n(n;—l)
=(n+1)>. (A.8)

This is indeed equal to the rank of Conn(TM). Therefore we may indeed conclude that
W, is an isomorphism of affine bundles.

That is, choosing a unit timelike one-form 7, any linear connection V on M is uniquely
determined by, and uniquely determines, the corresponding field (A.4a), which is a section of

Efree fields (A4b)

Remark A.2. Note that regarding the independent degrees of freedom in the definition
of a linear connection, it is crucial that with fixed non-metricities and torsion only the
purely spatial part X ., = PﬁP{,7 V(pTs) of V(1) may be freely specified. This was not
explicitly realised in the discussion in Vigneron et al. ( ), where instead the whole
quantity x,v = V(,T,) was considered.

The explicit counting of dimensions that we performed above shows that the field
(A.4a) captures all the freedom in the definition of a linear connection, expressed with
respect to the Carroll structure, without any ‘double-counting’.
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B. The free torsion of connections on conformal Carroll
manifolds in conformally invariant form

Here, we will discuss how the freely specifiable torsion components of connections on
manifolds with a conformal Carroll structure may be written in a conformally invariant
way.

Construction B.1. Let [0, y] be a conformal Carroll structure on M, and [7] a timelike
co-direction with respect to it. Further, let P be the spatial projector along [7].

In construction 5.4, we have seen that the components of the torsion that may be freely
specified when defining a connection in terms of its non-metricities may be written in
the form

Tty ) PEPS T, (65— PDITS, ) (B.1)

with respect to [7] (cf. (5.4)), where a choice of representative (v, ) of the conformal
structure was made. In the first two terms, the first index on T was lowered with y. We
are now going to write the free torsion components in a form that is independent of the
choice of representative of the conformal structure, i.e. conformally invariant.
For that, let h be the contravariant space metric of (v, y) with respect to [7], defined by
the requirements!
" =hn', W't =0, h'y,, = PS . (B.2)

The conformally invariant form of the free torsion components is then given by

(h*”"yA[KTAV]U (85— PS), PAPOPITY,, , (57 - PO)T,, ) . (B.3)

The second and third terms in (B.3) are manifestly conformally invariant, since the spatial
projector P along [7] is. Further, under a conformal rescaling (v, y) — (e 2%, ety) the
contravariant space metric transforms as & — e~*h. Hence, the first term in (B.3) is
conformally invariant as well. Of course, however, the free torsion components (B.3) still
depend on the choice of timelike co-direction [7].

Next, we are going to discuss the space where the conformally invariant form of the
free torsion lives. For this, we need a few prerequisites:

Construction B.2. (i) Let V be a finite-dimensional real vector space and g € \/2 V*a
non-degenerate inner product on it (of any signature).

For a linear map X: V — V, the condition of being self-adjoint or anti-self-adjoint
with respect to g,

Vo,weV: g, X(w)) =+3(X(v),w), (B.4)

*Note that the second of these equations depends only on [7].
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is invariant under rescaling of ¢: a linear map X is (anti-)self-adjoint with respect to
g if and only if it is (anti-)self-adjoint with respect to etg, for any A € R. Therefore,
the notion of (anti-)self-adjointness depends only on the conformal class [g] of the inner
product. In particular, given only a conformal class [g] of non-degenerate inner
products on V, the space

so(V,[g]) ={X: V — V linear | X anti-self-adjoint w.r.t. [g]} (B.5)

is well-defined.'?

Further, this implies that the decomposition of a linear endomorphism X:V — V
into its self-adjoint and anti-self-adjoint parts with respect to a conformal class [g] is
well-defined. Concretely, taking any non-degenerate inner product ¢ € \/* V*, with
components g5, and denoting its inverse by ¢~ € \/? V, with components ¢, the
decomposition of X is given by

Xﬂb — gacgdCde
_ d d
=g" (gd(cX by T 8ape X b])
= g“cgd(chb) + g“cgd[chb] (B.6a)

with the first summand being the self-adjoint and the second being the anti-self-
adjoint part. Equivalently, the decomposition can be written as

Xab _ gbdgc(an)C +gbdgc[dX”]C ' (B.6b)

Scaling ¢ with e?, the inverse ¢! is scaled with e, such that the decomposition
stays invariant.

(ii) Let M be a differentiable manifold of dimensionn +1, n > 1, and (v, ) a Carroll
structure on it. y induces a natural positive-definite bundle metric )y on the vector
bundle kerv C T*M of spacelike covectors. Concretely, choosing any timelike
co-direction [7] and considering the contravariant space metric i of (v, y) with
respect to [7] (defined by (B.2)), (”)y can be expressed as

Wy(a,B) = h* ayBy (B.7)

for a,p € I'(kerv) (i.e. (”)y is the restriction of / to ker v).

12Similarly, the condition of a linear map R: V — V being orthogonal with respect to g,
Yo, w eV :g(R(@),R(w)) =g, w),

is also invariant under rescaling of g, and hence only depends on the conformal class [g]. Therefore,
the orthogonal group O(V, [¢]) with respect to a conformal class of inner products is well-defined, and
so(V, [g]) is its Lie algebra.
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Conformally rescaling (v,y) — (e‘%}\v,e)\y), this bundle metric gets rescaled
according to ™y s e~ . Wy In particular, a conformal Carroll structure [v, )]
on M induces a positive definite conformal bundle metric [(”)y] on kerv. Thus,
according to our previous discussion, the bundle

so(kerwv, [(”)y]) c End(kerv) (B.8)

is well-defined, given a conformal Carroll structure [v, y]."> Any vector bundle
endomorphism of ker v may then be decomposed into its self-adjoint and anti-self-
adjoint parts with respect to ["y], and the anti-self-adjoint part is a section of
so(ker v, [My]).

Given a timelike co-direction [7], we may identify vector bundle endomorphisms
of ker v with vector bundle endomorphisms of T*M which are purely spatial with
respect to [7], i.e. which take values in ker v and vanish on span{7}."* Under this
identification, the decomposition of such a purely spatial map X: T"M — T*M
into its self-adjoint and anti-self-adjoint parts with respect to ["y] reads

v _ 1,V0 P vo P
Xy =h 7/P(GX#) +h 7/P[JX#J ! (B.9)

where """ is the contravariant space metric with respect to [].

Further, under transposition (i.e., abstractly speaking, taking dual maps), purely
spatial (w.r.t. [7]) endomorphisms of T*M correspond to endomorphisms of TM
which are purely spatial w.r.t. [7] in the sense of vanishing on span{v} and taking
values in ker 7. Therefore, the decomposition of a purely spatialmapY: TM — TM
according to

Y, = htoy va) +htoy YP (B.10)

plo ple = v]

—lowering the first index with y, decomposing into symmetric and antisymmetric
parts, and raising the first index again with hi—corresponds to the decomposition
of endomorphisms of ker v into self-adjoint and anti-self-adjoint parts with respect

to ["y], under this identification.'>

Construction B.3. Let [0, ] be a conformal Carroll structure on M, and [7] a timelike
co-direction with respect to it. Further, let P be the spatial projector along [7].

3Note that ker v is invariant under rescaling of v, and hence well-defined given only a conformal Carroll
structure.
*4Concretely, the identification map reads

End(kerv) 3 X S 1oRoPe {X € End(T*M) Xlspan{r} =0, im(X) € kerv} ,

where (: kerv — T*M is the inclusion and P: T*M — kerv is the co-restriction of P, the spatial
projector along [7], to ker v. The inverse to this map is restriction and co-restriction of X to ker v.

'5That is, under the identification of purely spatial endomorphisms of TM first with purely spatial
endomorphisms of T*M via transposition, and then with endomorphisms of ker v by restriction and
co-restriction to kerv.
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In construction B.1, we have seen that when defining a connection on M in terms of its
non-metricities w.r.t. [v, ], the freely specifiable torsion components w.r.t. [t] may be
written in the conformally invariant form (B.3)

(h*“‘yA[KTAV]U (8% - PS), PAPOPITY,, , (87 - PO)T,, ) . (B.11)

We will now discuss the space in which this form of the free torsion lives.

The second term in (B.11)—the “purely spatial” projection of the torsion w.r.t. [7]—may
be seen as a section of the vector bundle ker 7 ® /\? ker v. Similarly, the third term—the
temporal projection w.r.t. [7] on the first index—is a section of span{v} ® A\*T*M.

In the first term in (B.11), the third index of the torsion is temporally projected. Hence,
due to the anti-symmetry of the torsion, the second index becomes purely spatial (i.e.
contractions of the second index with elements of span{v} vanish). The first index of the
torsion is spatially projected by contraction with y. Thus, comparing to (B.10), we see
that we may interpret the first term in (B.11) as follows: we temporally project the third
index of the torsion, and on the first two indices, we spatially project and then take the
anti-self-adjoint part w.r.t. the conformal bundle metric ["y] on ker v, in the sense of
construction B.2 (ii). Therefore, implicitly identifying purely spatial endomorphisms of
TM with endomorphisms of ker v as in construction B.2 (ii), the first term in (B.11) is a
section of so(ker v, [y]) ® span{t}."°

Combined, we have thus seen that and how the conformally invariant form of the free
torsion (B.11) of a connection on a conformal Carroll manifold with respect to a timelike
co-direction [7] is a section of the bundle

(so(ker v, [y e span{T}) ® (kerT ® N ker v) &> (span{v} ® A2 T*M) . (B.2)

Note that this value space (B.12) of the conformally invariant form of the free torsion
depends on the choice of timelike co-direction [7]. (This is different to the case of Galilei
geometry (Schwartz ), where the value P! T, of the free torsion depends on the
choice of timelike direction [v], but the space ker T ® A% T*M in which it takes values
does not.) We may get rid of this [t] dependence of the value space, however at the cost

of giving up conformal invariance—see the discussion in construction 5.4.
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