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Abstract

Spontaneous symmetry breaking (SSB) is central to modern physics but is
conventionally defined only for infinite systems, raising challenges for its inter-
pretation in finite, real-world setups. This paper argues that the key to resolving
this issue lies in the underappreciated role of boundary conditions in quantum
systems. Inspired by both the relational approach to symmetries and the physical
mechanism behind symmetry breaking, we formulate a relational interpretation
of SSB: a finite system exhibits SSB relative to a reference environment which
can induce perturbations across the boundary. This eliminates the need for the
thermodynamic limit, offering a more physical picture of SSB that emphasizes
the observable consequences of the interactions that real-life systems inevitably
have with their environment. We show how, in this relational interpretation,
SSB for both lattice systems and (gauge) field theories should be understood as
subtle, rather than spontaneous, symmetry breaking, still in contrast to explicit
symmetry breaking. We also explain how algebraic definitions of SSB for infi-
nite systems relate to the intuitive picture of SSB in finite systems and illustrate
how asymptotic boundary conditions push the environment “to infinity”. In this
way, our relational interpretation of SSB provides a unified conceptual framework
applicable to symmetry-breaking in systems of any size.

Keywords: symmetry breaking, superselection, gauge symmetry, boundary
conditions, Ising model, quantum reference frames
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1 Introduction

It is a commonplace to note that symmetries are ubiquitous in modern physics. It is,
however, less commonplace to note that there really is much we do not understand
about symmetries in physics, especially regarding the concept of symmetry breaking. In
fact, while spontaneous symmetry breaking (SSB) is relatively well understood as an
equilibrium phenomenon (Anderson, 1952; Coleman, 1987; Koma and Tasaki, 1994),
multiple questions still exist about the form and even the possibility of its dynamics.
Dynamical symmetry breaking is discussed for example in the context of the elec-
troweak phase transition in cosmology (Hindmarsh et al., 2021; Weir, 2018) or open
quantum systems and quantum computing (Lessa et al., 2025; Hauser et al., 2026).
More fundamentally, the mechanism that allows one to dynamically break a symme-
try in quantum physics, a problem tightly connected to the measurement problem as
it requires a system to evolve non-unitarily (at least effectively), is still under investi-
gation (Wezel, 2010; Landsman and Reuvers, 2013; Landsman, 2017; Beekman et al.,
2026).

A core difficulty in developing a dynamical understanding of SSB lies in the multi-
faceted and thereby often obscured role of boundary conditions. These facets appear
in three different and often separately discussed descriptions of SSB: in terms of sin-
gular limits, by means of algebraic definitions and in (effective) field theories. The
aim of this article is to relate these descriptions of SSB to one another. Interestingly,
we find that these three descriptions of SSB are different not because of the number
of degrees of freedom of the system under consideration, but really because of the
different boundary conditions one considers.



The essential role of boundary conditions in SSB is closely related to the relational
view on symmetries. Indeed, the literature on philosophy of symmetry over the past
two decades has arrived at the consensus that symmetries acquire physical significance
only relationally, i.e. across a boundary between subsystems (Greaves and Wallace,
2014; Teh, 2016; Gomes, 2021; Wallace, 2022a,b; Teh, 2024). This idea is often referred
to as Galileo’s ship, but it has not yet been applied systematically to SSB. If one sub-
scribes to this relational view, then symmetry breaking must also be viewed through
a relational lens: one can tell how a system breaks a symmetry only in relation to an
external reference frame, separated from the system by a boundary or some other kind
of separation, which could simply be the fact that the system actually ends somewhere.
Any real-life system, however, is not perfectly isolated, enabling the possibility of SSB
occurring in this system via interaction with its environment through its boundary.
We believe that this viewpoint can shed light on SSB in both finite and idealized infi-
nite systems. Indeed, one reason that SSB in finite systems has been difficult to relate
to SSB in infinite systems and their algebraic descriptions is that infinite systems seem
to take some sort of a view from nowhere, where the environment is located at infinity
through asymptotic boundary conditions, whereas real-life finite systems are clearly
viewed from somewhere (say, the lab) and are separated from their environment by a
real, finite boundary. Incorporating the role of asymptotic and finite boundaries for the
physical significance of symmetries can therefore improve our understanding of SSB.

This boundary-centered perspective has a clear antecedent in the rigorous treat-
ment of classical spin systems. There, infinite-volume equilibrium states are not defined
by a single Boltzmann factor for the whole infinite lattice, but by Gibbs measures:
probability measures whose conditional distribution on every finite region is a finite-
volume Gibbs distribution with the exterior configuration held fixed as a boundary
condition (Dobrushin, 1968; Lanford and Ruelle, 1969; Georgii, 2011). At low tem-
perature, the same symmetric interaction can admit several infinite-volume Gibbs
measures, obtained for instance as limits with plus or minus boundary conditions in
the Ising model. These extremal Gibbs measures represent distinct pure phases and
break the spin-flip symmetry, while their symmetric mixture is non-extremal. Thus,
in classical spin systems, the dependence of SSB on boundary conditions is already
encoded in the Gibbs-measure formalism. Our aim is to extract this lesson and apply
it more broadly, including to quantum systems and field theories (both classical and
quantum), while also framing it explicitly in the relational language of the modern
philosophical literature on symmetry.

The interplay between boundaries and symmetries has recently received much
attention from physicists and philosophers alike, often in the context of gauge theo-
ries,! but also more generally in relation to (quantum) reference frames (Kabel et al.,
2025). In this article we defend the perspective that the interplay between bound-
aries and symmetries is not just a gauge-theoretical issue, but also plays a central role
in any model with a global symmetry, such as the Ising model of a ferromagnet. In
gauge theories boundaries are particularly challenging because of the additional need
to quotient out unphysical (gauge) degrees of freedom. However, symmetry breaking

1See e.g. (Rovelli, 2014; Donnelly and Freidel, 2016; Gomes et al., 2019; Gomes, 2019, 2021; Gomes and
Riello, 2021; Riello and Schiavina, 2024; Borsboom and Posthuma, 2025; Borsboom and de Haro, 2025;
Borsboom, 2026).



in gauge and non-gauge theories relies on a common idea: both gauge and non-gauge
symmetries can become physical only across a boundary, namely when the symmetry
transformation acts differently on a subsystem of interest than on its environment.
Thus we espouse a Leibnizian view, in which there are (contra Newton) no absolute
but only relative reference frames.

Depending on the nature of the system and its boundary, different types of bound-
ary conditions can be chosen. We argue that asymptotic boundary conditions on
infinite quantum systems, which lead to superselection sectors, simulate a system in
perfect isolation. For finite quantum and classical systems, a Dirichlet type of bound-
ary condition may represent an actual neighboring object or end to the system, and
can lead to something akin to a superselection structure, with the sectors labeled by
the allowed boundary states. As we will see, it is natural to represent the influence of
such a neighboring object or external environment via a perturbation in the system’s
Hamiltonian, forcing the system into one of its stable, symmetry-broken sectors. In
this spirit, we develop a novel view of symmetry breaking for both infinite and finite,
gauge and non-gauge systems that is centered around the idea of superselection through
boundaries. Our approach might be viewed as a boundary-centered development of
Wallace’s statement that “the real signature of SSB in finite systems is the breakdown
of those systems’ state spaces [...] into sectors that are approximately dynamically iso-
lated” (Wallace, 2018), where the boundary selects in which symmetry-broken sector
the system is found.

To develop our proposal we commence with an exploration of existing explanations
of SSB in Section 2, using the transverse-field Ising model and the BCS model of
superconductivity as case studies. We highlight how the co-existence of long-range
order and a global symmetry can lead to perturbation-induced symmetry breaking
in the thermodynamic limit, provided that the system is not isolated and interacts
with another system via its boundary. We argue that this makes SSB in real-life
finite systems only seemingly spontaneous, and that it is therefore better called subtle
symmetry breaking. Then, in Section 3, we discuss the algebraic treatment of SSB,
suitable to describe infinitely large systems. Here we relate the algebraic formalism
to SSB in finite systems, and point out the implicit role of asymptotic boundaries. In
Section 4 we turn to the Abelian Higgs model as an exemplar of SSB in both high-
energy physics and, as an effective field theory, in condensed matter physics. Here,
the story is more nuanced due to the breaking of a gauge (instead of a non-gauge)
symmetry. We show how the gauge symmetry of a field theory on Minkowski spacetime
becomes physical through an appropriate choice of asymptotic boundary conditions,
including in particular fall-off conditions on the order parameter. We then argue that
boundary conditions on the order parameter must similarly be implemented if the
field theory is defined on a finite region of spacetime, as is the case for e.g. a finite-
size superconductor. Section 5 concludes: by paying close attention to the hitherto
implicit role of boundary conditions, we show how SSB can be uniformly understood
as a system being compelled into a specific symmetry-broken state or superselection
sector due to influence through the boundary.



2 From Spontaneous to Subtle Symmetry Breaking

In this Section we explore the mechanism and defining properties of SSB, i.e. the
phenomenon in which the ground or thermal equilibrium state of a large system breaks
the symmetry of its dynamics (governed by a Hamiltonian or Lagrangian), seemingly
spontaneously. We explain how in equilibrium SSB can be understood for systems of
both infinite and finite size. We distinguish between two lattice models, namely the
transverse-field Ising model with a discrete global symmetry and the BCS theory of
superconductivity with a continuous global (gauge) symmetry and stress the key role
that boundaries play in selecting a symmetry-broken ground state for these models.

2.1 The textbook definition

It is useful to start our discussion with a textbook definition of SSB, which aims to
describe the phenomenon in a somewhat formal way. Here, and in the rest of this
Section, we consider a typical quantum system on a d-dimensional lattice. The system
is of finite size, i.e. we consider a subset of the lattice of N = n? < oo sites. The dynam-
ics of the system is governed by a Hamiltonian Hy € B(Hy ), where H y is the Hilbert
space of the total system. The Hamiltonian is local, meaning that it only contains
interactions between ith nearest-neighbors, with ¢ < r. an N-independent parame-
ter.? For example, the local Hamiltonian Hy € Ay := B(CQN) of the transverse-field
Ising model is defined by (Schultz et al., 1964; Pfeuty, 1970; Kogut, 1979)
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Here, o;(x) is the ith Pauli spin matrix applied to site z of a one-dimensional lat-
tice A C Z, |[A| = N, B is the transverse field strength and the spin coupling is
ferromagnetic. The model has only nearest-neighbor interactions, so r, = 1.

We say a system possesses a symmetry group G if the Hamiltonian is invariant
under the action of any transformation g € G. This means the unitary operator U(g)
representing the transformation commutes with the Hamiltonian: [Hy, U(g)] = 0 for
all g € G. For example, the transverse-field Ising Hamiltonian has symmetry group
Zo generated by the global spin-flip operator

UN= HO’l(l‘). (2)
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SSB can now be defined as a property of a stable state, commonly meaning a ground
or thermal equilibrium state of the system, that is therefore invariant under time
evolution (Beekman et al., 2026).3

2There exist models with a nonlocal Hamiltonian, such as the Lieb-Mattis model of anti-ferromagnetism,
that exhibit SSB. We focus on local lattice models simply because our main study objects, the transverse-
field Ising model and the BCS model, have a local Hamiltonian and together offer rich enough behavior for
our discussion.

3A similar definition exists for systems described by a Lagrangian or action.



Definition 1. Consider a system with a Hamiltonian Hy defined on a Hilbert space
Hy, and with symmetry group G. Let p : Hy — Hpn be a stable state of the system.
Then G is said to be spontaneously broken by p if*

Jdg € G:U(9)pU(9)" # p. (3)

According to this definition, when SSB occurs the system is found in a state that is
invariant under time evolution and does not exhibit the symmetries of the Hamiltonian
under which the system evolves, i.e. there is a mismatch between the symmetries of the
system’s fundamental laws and the symmetries of its observed state. This is surprising,
for what causes the system to choose a symmetry-broken state when the dynamics are
perfectly symmetric? The system seems to have spontaneously® (i.e. without a cause)
chosen to be in one of many symmetry-broken states.

However, in our view, the above notion of stability leads to confusion both about
the possibility of SSB and the precise condition leading to SSB. First of all, most
finite systems whose thermodynamic limit would satisfy Definition 1 do not satisfy
it themselves, since their symmetry-broken states are no ground states and often not
even energy eigenstates. This raises the question of how finite, real-life systems can
spontaneously break a symmetry. It is possible to answer this question, and we will do
so in Section 2.2, but only if one accepts a different, more physical notion of stability.
Secondly, there are non-interacting systems that possess symmetry-broken ground
states which do satisfy Definition 1, but are very different from the systems that are
generally considered to spontaneously break a symmetry. Consider for example a one-
dimensional chain of non-interacting spin-1/2 particles. The Hamiltonian H of this
system is equal to zero and trivially has a global spin-flip symmetry of e.g. [[, o1 (z).
Any configuration of spins will be a ground state of the system, but e.g. the ground
state |000. .. 0) breaks the global spin-flip symmetry of H, thus satisfying Definition 1.
However, any local perturbation eos(z) of the Hamiltonian will locally change the
ground state configuration to a different symmetry-broken state. In other words, the
symmetry-broken ground state, while invariant under time-evolution, is not physically
stable in any real-life situation. As a consequence, if perturbations come from all sides,
on average the system will be symmetric. But because of the lack of stability, this form
of symmetry-breaking is not persistent, unlike the phenomena which SSB is meant to
describe.

Therefore, we introduce a second notion of stability, based on whether the state
would be stable in a real-life setting. This notion is twofold. First of all, states need to
be stable under local measurements, meaning that measuring e.g. the magnetization at
position = does not affect the outcome of a later measurement at far-away position y.
This is equivalent to satisfying the cluster decomposition (Beekman et al., 2026), which
states that for any two local observables a(x), b(y)

Cap(,y) := (a(x)b(y)) — (a(x)) (b(y)) — 0 for [z —y| — oc. (4)

4For a pure state p = |) (¢| the definition reduces to U(g) |¢) # ¥ |4) for any ¢ € R.
°For an in-depth study of the meaning of the term ‘spontaneous’ in natural philosophy and physics,
including in relation to SSB, see Borsboom (2024a).



Secondly, the state has to be invariant under local perturbations of the Hamiltonian to
avoid the symmetry-broken state evolving simply to a different state. This dynamical
stability is guaranteed by the state having (quasi) long-range order. A state |1} is said
to have quasi long-range order if

1

(0()'0(y)) = WlO() Oy)I) T %70 (5)

i.e. polynomial instead of exponential decay of correlations in the local order parameter
O(zx). If @ = 0, the correlation length diverges and the state is said to have long-range
order (Beekman et al., 2026). When all symmetry-broken states have long-range order,
tunneling from one state to another is exponentially suppressed. Different symmetry-
broken states have a different value of their order parameter, and because of their
long-range order differ at order N sites. This means that tunneling from one state to
another scales as exp(—N). For typical systems of N ~ 10%® particles, exp(—N) = 0,
meaning that the symmetry-broken state is stable with respect to local perturbations
of the Hamiltonian. In the thermodynamic limit N — oo tunneling rates become
exactly zero, leading to superselection sectors, which we will treat in Section 3.

The description of a stable state in terms of the clustering decomposition and long
range order allows for an explanation of SSB for finite systems and distinguishes SSB
from accidental symmetry breaking in non-interacting systems. For this reason we take
stability of states in the textbook Definition 1 of SSB to refer to this second notion of
stability.

2.2 The mechanism

In this Section we make the mechanism of SSB in finite lattice models explicit by
showcasing two examples, one with a discrete and one with a continuous symmetry.
We show that SSB in both cases can be understood as originating from tiny symmetry-
breaking perturbations, making the symmetry-breaking only seemingly spontaneous
and thus better called subtle symmetry breaking (SSB).

Generally, the symmetry-broken states of a system with a symmetric Hamiltonian
are no energy eigenstates, let alone ground states of the Hamiltonian. For example,
for any B > 0, N < oo the symmetry-broken all-spin-up state |1) of the transverse-
field Ising model (recall the Hamiltonian from Eq. (1)) is no energy eigenstate for any
B = 0 since for any ¢, E € R (Tasaki, 2020a)

Hy[1) = =N[t)+BY oi(x)[1) # Ee?[1). (6)

zeEA

This raises the question of how they can be stable states of the system. For many
quantum systems the answer lies in the existence of symmetry-broken states which
have approximately ground state energy and become both dynamically stable and
clustering when the system approaches the thermodynamic limit (to be discussed more
rigorously in Section 3).



So what systems will spontaneously break the symmetry of their Hamiltonian? The
answer is that a system which possesses (i) a global symmetry and (ii) only ground
states with long-range order will, in real life, have an approximate ground state that
spontaneously breaks this global symmetry provided that the system is large enough.
The explanation of how these approximate ground state become true ground states in
the thermodynamic limit is quite technical, and we will give it first schematically and
then in detail for the two different models. Let us note already that a system satisfying
only condition (i) will not necessarily exhibit SSB in the sense of Definition 1, the non-
interacting spin-1/2 particles on a lattice, which have zero correlation between different
sites, being a counterexample. Moreover, the requirement of long-range order ensures
that symmetry-broken states satisfy already one of two stability requirements, namely
that of dynamical stability under (time-dependent) perturbations of the Hamiltonian.

Discrete symmetry breaking

For global discrete symmetries, Horsch and von der Linden have proven that a sym-
metric ground state with long range order is accompanied by a low-lying excited state
(Horsch and Von Der Linden, 1988, Thm 2.2) whose excitation energy is smaller than
1/N times a constant and whose fluctuations of (O(x)) vanish in the thermodynamic
limit. This means that in the thermodynamic limit there exists a symmetry-broken
state with ground state energy. Because of its low excitation energy Ay = O(1/N),
for finite system size the low-lying excited state can become the ground state when the
Hamiltonian is perturbed by a perturbation of order 1/N, which is extremely small
for typical systems containing about 10%% particles. The perturbation then selects in
which one of the symmetry-broken states the system is found.

As an example, consider again the transverse-field Ising model with Zs-symmetry
generated by the operator in Eq. (2). The quantum Ising model has two phases, driven
by the transverse field strength B. For B > 1 it has a paramagnetic ground state,
where, in the limit of B — oo, the field pushes the spin at each site to the o1-eigenstate.
For B < 1 its ground state is a symmetric superposition |[+5) = (|15) + |{58))V?2 of
the dressed states

1
118) ::m<|0...0>+B§w:al(x)|0...0>>, (7)
similarly defined for || g) (Pfeuty, 1970; Kogut, 1979). This state has long-range order
since 1B
(o3(z)os(y)) =1 - 1+ NB2

for any = # y, which is independent of x,y. It will therefore be dynamically stable:
if the system starts in this symmetric ground state, small symmetry-breaking pertur-
bations introduced at later times will not drastically change the state. However, the
symmetric state will not satisfy the cluster decomposition since a local measurement
of o3(x) will collapse the symmetric state on either [T5) or |{5). This means that even
though the symmetric state |+ ) has long-range order, it is not expected to be found in
any real-life scenario, where the environment can introduce such local measurements.



The question then becomes which states one does expect to find in real life. The
answer can be found by looking at the energy behavior of the symmetry broken states.
The first excited state of Hy (up to first order perturbation theory) is:

I=5) = (15) — [B))/V2. (8)

By solving the quantum Ising model, one can show that the energy difference Ay
between the ground state and the first excited state goes to zero with increasing system
size (Suzuki et al., 2013):

Ay = (1 - B*)B"V. (9)

This means that Ay — 0 exponentially in the thermodynamic limit® as long as the
system is in a ferromagnetic phase with 0 < B < 1. Therefore, in this limit |15), [{5),
which are formed as a superposition of the ground and first excited state, have ground
state energy, even though strictly speaking they are still no energy eigenstates. More-
over, contrary to |+5), these states do satisfy the cluster decomposition and therefore
are not only dynamically stable states, but also stable under local measurements.
The final question is then what causes the system to be in one of its symmetry-
broken states. As a consequence of the small energy-difference between the symmetric
and symmetry-broken states, a local perturbation —eoz(x) of the Hamiltonian Hy of
Eq. (1) can push the system in one of the symmetry-broken states (Bogoliubov, 1961).
Indeed, suppose that N is finite and let € > 0 and of order Ay . Then the ground state
of Hy is [T5), which for B < 1 has a nonzero average magnetization (Pfeuty, 1970),

<M> _ <Zm_}\703($)> — (1 _ 32)1/8 ) (10)

Notably, if one first lets the system size increase to N’ > N and then the size of €
decrease to smaller Ay < Ay, the system stays in a magnetized ground state. Con-
trarily, if one assumes the system is in perfect isolation and there are no perturbations
of any size € present, the Hamiltonian is perfectly symmetric and has a symmetric
ground state for any system size. Phrased differently, we find so-called singular or
non-commuting limits of the global order parameter (M) (Bogoliubov, 1961):

0= lim lim (M) # lim lim (M) = (1 — B%)/8, 11

These non-commuting limits illustrate the diverging susceptibility of the system’s
order parameter to symmetry-breaking perturbations in the thermodynamic limit,
thus explaining how a large system can be found in a symmetry-broken state with
nonzero order parameter. For this reason, non-commuting limits are often used in
physics as a signature of SSB.

SNotice that this scaling of the excitation energy is consistent with the upper bound Ay = O(1/N) in
(Horsch and Von Der Linden, 1988).



Continuous symmetry breaking

When the global symmetry is continuous, a symmetric ground state with long range
order has been shown to be accompanied by a so-called tower of states (Tasaki, 2019).
This tower, first described in Anderson (1952), consists of states whose energy differ-
ences scale as o« 1/N. Koma and Tasaki further argued why the states in the tower
are physically natural: they satisfy the cluster decomposition and are thus stable in
real-life situations (Koma and Tasaki, 1994; Tasaki, 2020b). In the thermodynamic
limit of N — oo, the tower of states ‘collapses’ in that the energy difference between
states in the tower goes to zero. Then, the symmetry-broken states formed from this
tower obtain ground state energy.” This means that the tiniest perturbation of the
Hamiltonian will be enough to propel the system into a symmetry-broken ground state.

The BCS-model of superconductivity is an example of such a quantum system with
a continuous global U (1) symmetry. The reduced BCS Hamiltonian is defined as:

G
Hpeos = Z Uo7 Z CLTCT_MCfuClT, (12)
k.o k.1

where ey is the single-particle energy at momentum k, ng , = c;rwck[, is the number
operator for electrons with spin o € {1}, G > 0 is the attractive pairing strength,
V is the system volume, and CLJ (cko) are the electron creation (annihilation) opera-
tors. This Hamiltonian commutes with the total particle number operator Zk’a Nk,o,
which generates the global U(1) gauge symmetry when exponentiated (more on this
in Section 4.2). The order parameter of the superconducting phase is identified with
the expectation value of the Cooper pair density, i.e. the density of electron pairs of
opposite momentum and spin.

By solving the model exactly, one can show that it possesses a tower of states of
collective low-energy eigenstates (Wezel and Brink, 2008). The excitations correspond
to the creation of Cooper pairs, which add vanishingly small energy when N — oo.
The symmetry-broken states, formed by states in the tower, have nonzero expectation
value of the order parameter. Because the tower of states collapses for large N, the
ground state of the system changes drastically when the BCS Hamiltonian is perturbed
by a small symmetry-breaking field of the form —eckic_x. In that case one again
finds non-commuting limits as a signature of SSB (Bogoliubov, 1961):

0= lim lim (cxrc—x) # lim lim (cxpe_k) # 0. (13)

N—o0 €l0 el0 N—oo

2.3 Boundaries and perturbations

Thus far in our presentation of SSB we have not elaborately discussed boundary
conditions. Here, we show that the role of boundaries is threefold:
e incorporating the fact that the system has an environment from which it can
receive the perturbations necessary for SSB;

"For the breaking of a continuous symmetry one furthermore needs the tower of states to be thinly
occupied, such that its contribution to the free energy vanishes in the thermodynamic limit (Wezel and
Brink, 2007; Wezel and Brink, 2008). For this reason, the tower of states is also known as the thin spectrum.

10



® encoding the requirement that the object ends and hence that the order parameter
of the object goes to zero;

® allowing for an exterior reference frame which, by the relational interpretation of
symmetries, is necessary for the physicality of the symmetry breaking in question.
The first point is a bit subtle. On the one hand, boundary conditions do serve to
separate a system from its environment. Thus, they might seem to isolate the subsys-
tem. However, boundary conditions can also encode influences from the environment
— influences which are always present for a realistic finite system. In classical sys-
tems, these influences are explicitly taken into account in the definition of a Gibbs
measure (Georgii, 2011). However, in quantum systems they are not, and should be
included by hand if one deems them relevant for the description of the system. Often,
the role of the environment in the Hamiltonian of a system is implicit. For instance,
the transverse field present in the quantum Ising model is usually not a feature of the
ferromagnetic spin system itself, but represents a large external magnetic field which
is present outside of the system. In the case of SSB, once one accepts that a perfectly
symmetric Hamiltonian is an idealized description of a real-life system, embedded in
an environment, the tiny O(1/N) perturbations required to ‘spontaneously’ break the
symmetry of finite systems can be naturally introduced by the environment. Here,
a point of caution should be made. For magnets such as the transverse-field Ising
model, it is very reasonable to expect an object, e.g. an oxygen molecule, with nonzero
magnetic moment to be present when the magnet undergoes a phase transition, and
thereby introduce the required symmetry-breaking perturbations. However, for BCS
superconductors the symmetry-breaking field corresponds to a nonzero expectation
value of Cooper pairs, which occur less naturally in the environment. In general, one
needs a symmetry-breaking perturbation which couples to the order parameter of the
system in order to establish SSB (Beekman et al., 2026). For a magnet such pertur-
bations abound, for a superconductor their origin is not as clear, and the dynamical
emergence of a definite global U (1) phase remains less well-understood (Greiter, 2005;

Wezel and Brink, 2008).%

At the same time, for a finite system one has to deal with the fact that the system
actually ends at a certain point. This means that outside of the system the order
parameter must vanish. If the system is considered in isolation, the order parameter
will vanish completely. For an ordinary magnet, for instance, the magnetic field, and
therefore the order parameter, will decay as 1/r3. But realistically, the system is not
perfectly isolated. This is the tension central to SSB: on the one hand, one studies the
system as if it is isolated, requiring the order parameter to vanish on the boundary. On
the other hand, one knows that, after removing the idealization of perfect isolation, the
environment always induces perturbations on that boundary. Thus one must relax the

8In our view, the position that a superconductor breaks its U(1) symmetry only when another super-
conductor is brought in is contestable for two reasons. First of all, because of the long-range order of the
symmetric state, the superconductor can only adiabatically move to a symmetry-broken state, thus resulting
in a delayed Josephson current between the two superconductors. We are not aware of any experiments that
have been done to verify this delay. Secondly, if the symmetry of the symmetric superconductor is broken
by the other superconductor, one would (at least naively, by introducing the presence of a symmetry-broken
superconductor as a perturbation of the form —ecktc_xy in the Hamiltonian of the symmetric supercon-
ductor) expect them to have the same U(1) phase, thus resulting in no Josephson current at all. It would
be interesting to investigate a less naive picture of the interaction between two superconductors and the
resulting effect on the Josephson current.

11



strict requirement of the order parameter vanishing on the boundary. The boundary
condition induced by the environment will then determine the stable symmetry-broken
sector in which the system ends up.

This two-fold role of boundaries in SSB fits well with the relational view on sym-
metries developed by philosophers (Greaves and Wallace, 2014; Teh, 2016; Gomes,
2021; Wallace, 2022a,b; Teh, 2024). The relational interpretation states that symmetry
transformations can have physical significance only relationally, i.e. across a boundary
separating subsystem from environment. The idea is often referred to by the Galileo’s
ship thought experiment, in which one imagines a person in the cabin of a ship at sea.
This person cannot tell whether the ship is boosted by a constant velocity from within
the cabin, but only in relation to the water or the shore. When the relational view
is applied to symmetry-breaking systems, one has to conclude that one can tell apart
the various directions in which a symmetry can be broken only in relation to other
objects which are in a state that breaks the same symmetry. In Section 4.2 we will
see that this relational physical significance of symmetry breaking is in fact perfectly
instantiated by superconductors.

2.4 A note on spontaneity

In this Section we have seen how for the Ising model and the BCS superconduc-
tor, as system size increases, the presence of a global symmetry and long range
order make the symmetric ground state of a system increasingly unstable under
small symmetry-breaking perturbations of its idealized, perfectly symmetric Hamilto-
nian. This increased sensitivity explains why the idealized Hamiltonian gives incorrect
predictions about the system’s ground state, and why for real-life systems a symmetry-
broken instead of a symmetric ground state is observed. In all cases, the system is
required to be on its way to the thermodynamic limit. Otherwise, the two stability
requirements are not met. When N is small, the symmetry-broken states are not even
approximately of ground state energy. Moreover, when N is small, the system can
tunnel to a different symmetry-broken state with probability e~ > 0.

Thus, we have seen that the phenomenon called spontaneous symmetry breaking
is, despite its name, not truly spontaneous® (Wezel, 2010; Landsman, 2013; Fraser,
2016; Wallace, 2018; Beekman et al., 2026), since, even in the thermodynamical limit
some nonzero perturbation is necessary to introduce a preferred direction in which the
system’s state is broken. However, because the required symmetry-breaking perturba-
tions are extremely small and decrease exponentially with system size, the mechanism
is also inherently different from explicit symmetry breaking, where the symmetry-
breaking ‘perturbations’ are large fields that scale with system size.'® Therefore, we
propose a new interpretation of the acronym SSB, namely subtle symmetry breaking,
which is itself only subtly different from the original nomenclature. For the remainder

9An alternative name for SSB in finite systems has also been obscured symmetry breaking (Koma and
Tasaki, 1994). In a way, this naming is enlightening, because the SSB of finite systems is simply not
spontaneous, and the origin of the SSB in finite systems is obscured by the idealized, perfectly symmetric
Hamiltonian that represents the system.

OFor example, adding the transverse-field B to the ferromagnetic Ising Hamiltonian (the first term in
Eq. (1)) explicitly breaks its global o5 and o3 spin-flip symmetry, but qualitatively affects the ground state
only for B larger than the ferromagnetic coupling and present at all lattice sites.
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of this article we read ‘SSB’ as subtle symmetry breaking, which is only seemingly,
but not truly spontaneous.'!

3 The Thermodynamic Idealization

In the previous Section our treatment of SSB was expressly ‘physical’ and focused on
the underlying mechanism for systems of finite size. If one wants to push the expla-
nation to systems of infinite size, for example to describe SSB on an infinitely large
spacetime, then the Hilbert space of states and the algebra of observables become
mathematically ill-defined. To remedy this, a sophisticated, algebraic tradition of
mathematical SSB has been developed (Landsman, 2017). Here, we show how alge-
braic definitions of SSB, which apply to quantum systems with an infinite number of
degrees of freedom only, use the robustness and low energy of symmetry-broken states
to define SSB based on superselection sectors. These sectors are encoded naturally in
completeness conditions on the algebra of observables, which result in a C*-algebra of
(quasi-)local observables that makes it impossible to go from one sector to another via
operators in the algebra. Furthermore, we show how asymptotic boundary conditions
on the states effectively isolate the system, thereby hiding the perturbative boundary
mechanism that explains why, in nature, a finite system is always found in one of its
symmetry-broken sectors.

3.1 Algebraic quantum theory

In algebraic approaches to quantum theory (Haag, 1996; Bratteli and Robinson, 1998;
Strocchi, 2008; Ruetsche, 2011; Landsman, 2017) the aim is to formalize quantum
theory and in particular quantum systems with infinitely many degrees of freedom.
This formalization has led to multiple definitions of SSB. Here, we briefly introduce
the terminology needed to formulate these definitions.

In the algebraic formalism, observables are the self-adjoint elements (i.e. those sat-
isfying a* = a) of an abstract C*-algebra A instead of simply B(#), the bounded
operators on the state space H. For a lattice spin-1/2 system, this would be the C*-
algebra generated by all local spin operators, i.e. Pauli matrices. Here local means
acting on finitely many lattice sites. The resulting C*-algebra, because of complete-
ness conditions, contains limit points in addition to all local operators, and is called
the quasi-local algebra of observables.'? This is similar to how the algebra C.(X) of
compactly supported functions on a locally compact space X is completed to Co(X),
the algebra of continuous functions. A state in the C*-algebraic formalism is a linear
map w: A — C, i.e. an assignment of expectation values to the operators. For this
map to be an algebraic state it must be positive: w(a*a) > 0 for all a # 0, and have
norm one. In the algebraic formalism, a state w is called mized'? if it is a nontrivial

1 We thank Klaas Landsman for suggesting the terminology ‘subtle’ symmetry breaking.

12For details on how to construct this algebra, see e.g. (Landsman, 2005) or (Strocchi, 2008).

13This is a somewhat misleading definition as it suggests that such states are also mixed in the quantum
mechanical use of ‘mixed state’, i.e. as if they represent either an ensemble of pure states or a subsystem
that is entangled with a larger system. In the algebraic definition, this is however not the case. The algebraic
state induced by the quantum mechanically pure state “all up + all down” is mixed in the algebraic sense,
since no observables in the algebra connect the “all up” to the “all down” state.
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convex sum of states, i.e. one can write it as
w(A) = Awr(A) + (1 = Aws(A) (14)

for some A € (0,1) C R, with wy # ws. A symmetry in algebraic quantum theory is
a *-isomorphism ~v: A — A, i.e. an automorphism of the algebra that preserves all
the relevant structure, including the linear structure, the algebra structure, and the
involution.!* The dynamics of a quantum system with C*-algebra A is determined
from the local Hamiltonian Hy of the finite system, which was originally defined on N¢
lattice sites. Indeed, when Hy is local (as defined in Section 2.1), for each a € A,t € R
it induces a *-automorphism on A given by (Landsman, 2017, Thm 9.15)

a(a) = J\}E}noc ety ge=itHy (15)

The resulting 1-parameter family of *-automorphisms a: R — Aut(A),t — oy, gives
the system’s dynamics in the Heisenberg picture. Finally, we say that a system with
dynamics « : R — Aut(.A) has a symmetry group G, if for any g € G and for all t € R

Q¢ O %Yg = Vg © O, (16)

in other words if v, commutes with the dynamics for all g.

Within this algebraic framework, the stability of a state w is defined by its behavior
under the dynamics a4, leading to the formal identification of equilibrium states. For a
system at zero temperature, a state is a ground state if it satisfies the energy condition
w(a*d(a)) > 0 for all a in the domain of the derivation &, where ¢ is the generator
of the dynamics a; = €™° (intuitively, this requirement states that any alteration
to the system induced by the operator a can only change the energy positively).
At finite temperature 3 = (kgT)~!, stable states are characterized as KMS (Kubo-
Martin-Schwinger) states , which satisfy the condition w(aw;s(b)) = w(ba) for all
a,b € A (Kubo, 1957; Martin and Schwinger, 1959; Haag et al., 1967; Bratteli and
Robinson, 1998). Unlike the physical notion of stability under local measurements and
perturbations used in finite systems, these algebraic conditions ensure that the state
is a global extremum of the relevant thermodynamic potential and is robust against
perturbations of the dynamics in the thermodynamic limit, i.e. is what we previously
called ‘dynamically stable’.

The structure of the algebra A provides the basis for superselection'®: transitions
between distinct sectors cannot be induced by any (quasi-)local observable a € A.16
Physically, this implies that a state is stable under local measurements, as its expecta-
tion values remain confined to a single sector. This stability is captured mathematically
by the unitary inequivalence of GNS representations, which is a way to represent the
C*-algebra A on a Hilbert space H, i.e. to revert back to standard quantum mechanics.

M These latter two statements just mean that y(ab) = v(a)y(b) and v(a*) = v(a)* for all a,b € A.

15For a detailed study of various definitions of superselection sectors see Earman (2008).

161t is sometimes said that “infinite energy” would be required, which is correct in the sense that a
nonzero field has to be applied at infinitely many lattice sites and even then, moving from one sector to
another would happen adiabatically and thus take an infinite amount of time.

14



The GNS construction takes a specific state w: A — C and produces a representa-
tion'” 7,: A — B(H.) on a Hilbert space H,, that is “built up” from the original
state w, which itself is represented as a “vacuum state” |Q2) € H,,. The Hilbert space
H,, consists of all states that differ only (quasi-)locally from the original state w. Two
states w and w’ belong to different superselection sectors if and only if there exists no
unitary operator U : H,, — H,» such that Um,(a) = 7. (a)U for all a € A. Conse-
quently, if a symmetry transformation -, acts globally, altering the state at infinitely
many sites, the transformed state w o 7y, will yield a GNS representation unitarily
inequivalent to that of w. This inequivalence is the basis for formalizing SSB in the
thermodynamic limit: the symmetry is “broken” when the state space is partitioned
into disjoint Hilbert space sectors, preventing any physical process described by A
from restoring the symmetry or forming a coherent superposition between different
symmetry-broken sectors. More precisely, this means that two states lying in different
sectors automatically produce a mixed state when superposed.

In the framework of Doplicher-Haag-Roberts (DHR) superselection in algebraic
QFT (Doplicher et al., 1969a,b, 1971; Doplicher and Roberts, 1989), superselection
sectors represent all states with the same conserved quantum numbers associated to
some symmetry group action, think e.g. of charge or any symmetry-induced conserved
quantity. States in different DHR sectors are non-superposable because they carry dif-
ferent conserved quantum numbers. This means that the symmetry transformation
responsible for those conserved quantities acts differently on states in different sub-
spaces, prohibiting a pure superposition of such states. To derive the results of DHR
theory, one assumes the so-called selection criterion, which states that all expectation
values (of all observables) should approach the vacuum expectation values uniformly
when the region of measurement is moved away from the origin. Clearly, the super-
selection criterion is an implementation of asymptotic boundary conditions, encoded
in the fall-off of expectation values as compared to the vacuum expectation value.
Thus, this provides a concrete example of how superselection arises from asymptotic
boundary conditions in quantum theory.

Similarly, for systems with SSB, different symmetry-broken states become non-
superposable in the thermodynamic limit. This deviates from the finite-size description
of SSB, where two different symmetry-broken states live in the same Hilbert space
and can always be superposed. Here “non-superposability” of symmetry-broken states
refers to the fact that such superpositions are mixed states and are therefore unsta-
ble against local measurements and do not satisfy cluster decomposition. In this
way, this physical requirement for stability is implicitly incorporated in the algebraic
superselection structure.

3.2 Algebraic definitions of SSB

The algebraic formalization has led to multiple definitions of SSB, of which we discuss
three. We view the definitions listed here as attempts at essential definitions, i.e.
definitions that are meant to capture a concept (SSB) which is preformal (Landsman,
2025), as evinced by the fact that SSB is observed experimentally and used widely in a
heuristic fashion in theoretical physics. Consequently, these definitions and any others

"Here B(H) denotes the algebra of bounded operators on H.
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that try to formalize an empirical concept should be viewed merely as hypothetical.
That is, we may use them as a basis of rigorous, mathematical reasoning. However,
the resulting mathematical statements, e.g. about where and when SSB may occur,
can only be compared to experimental reality and no conclusions about reality itself
can be drawn from them. This also means that, ultimately, there is no guarantee
that any definition of SSB will fully capture the phenomenon. We will see that the
algebraic definitions rigorously describe the phenomenon for infinite systems but are
applicable to hardly any finite system. If SSB is understood as a phenomenon occurring
for systems of finite size too, these definitions evidently suffer from an idealization
problem.

In the thermodynamic limit of usual quantum systems, neither the Hamiltonian
nor the state space H are well-defined. This makes Definition 1 unsuitable as a
rigorous definition of SSB for infinite quantum systems. To remedy this, we straight-
forwardly reformulate Definition 1 in the C*-algebraic approach to quantum theory.

Definition 2. Consider a system with time evolution o : R — Aut(A) on the C*-
algebra A. Let G be a symmetry-group of the system. Let w : A — C be a stable state
on A. Then G is said to be spontaneously broken by w if

dgeG:woyy #w. (17)

This definition uses the fact that a stable state is mapped to another stable state
by a symmetry transformation. However, it does not apply to general finite systems,
for the same reason that Definition 1 does not apply, namely that the symmetry-
broken state has to be stable, which in the algebraic framework means that it is a
ground- or KMS-state. As we have mentioned previously, for general finite systems,
the symmetry-broken states are no exact ground states or even energy eigenstates
(the transverse-field Ising model with zero field-strength being a notorious exception).
Thus most of these systems do not satisfy the requirements of Definition 2.

There exists a second definition of SSB in the algebraic formalism which is com-
monly used by mathematical physicists and philosophers, centered around the fact
that in the thermodynamic limit of a quantum system, no local operator can trans-
form between distinct asymmetric ground states, the reason being that these differ by
a global operation, which for an infinite system acts non-trivially on infinitely many
sites.

Definition 3. Consider a system with time evolution o : R — Aut(A) and symmetry-
group G, inducing v, € Aut(A) for allg € G. The symmetry is said to be spontaneously
broken by a stable state w: A — C if there exists a g € G such that v4: A — A is not
unitarily implementable in the GNS representation 7, : A — B(H,,), i.e. there does
not exist a unitary map U : H,, — H,, satisfying

Tw(vg(a)) = U nm,(a)U,  foralla € A.

Equivalently, we may say that w spontaneously breaks the symmetry 4 if w and woy,
generate unitarily inequivalent GNS representations (Strocchi, 2008; Landsman, 2017).
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This definition moves from the initial idea that a symmetry -, is spontaneously broken
if w # w oy, to the much stronger and more involved notion of a state and its
symmetry-transformed counterparts living in different superselection sectors, related
by a global symmetry transformation. Definition 3 applies only to systems whose
algebra allows unitarily inequivalent representations in the first place, i.e. systems
that are of infinite size or have a non-simple'® C*-algebra of observables. The Stone-
von Neumann theorem guarantees that the usual finite quantum systems on R™ have
a unique representation up to unitary equivalence. Thus, for finite systems with a
simple algebra of observables, any symmetry is unitarily implementable in the GNS
representation of any state w: A4 — C and SSB never occurs according to Definition 3.

The last algebraic definition of SSB that we discuss and, for mathematical sim-
plicity, give at zero temperature only,'? is as follows.

Definition 4. A system with time-evolution oy : R — Aut(A) on a C*-algebra A
and symmetry group G (i.e. oy commutes with the x-automorphism v, € Aut(A)
implementing the symmetry for any g € G) is said to spontaneously break the symmetry
G at zero temperature if there exist no pure G-invariant (i.e. symmetric) ground states
(Landsman, 2017).

To understand this definition, we need to examine the somewhat subtle requirement
that there exist no pure G-invariant ground states. Recall that a state w is mixed if
it is a nontrivial convex sum of states. For any infinite system exhibiting SSB, the
symmetry-broken states are macroscopically distinct, and thus lie in different super-
selection sectors. Since the (typically unique) symmetric ground state is formed as
a non-trivial linear combination of symmetry-broken states, but no observable con-
nects the symmetry-broken states, the symmetric ground state will be mized (i.e.
not pure) in the algebraic sense. Consequently, according to Definition 4, no pure
symmetric ground states exist. A beautiful result in algebraic quantum theory states
that precisely the algebraically pure (or primary) states satisfy the cluster decompo-
sition (Landsman, 2017, Cor 8.22 & Thm 8.23), meaning that they are stable under
local measurements. One can then rephrase Definition 4 as: a system spontaneously
breaks the symmetry of its dynamics if its symmetric ground state is not pure (or
primary), and therefore non-clustering and unstable.

Thus, we see how SSB for infinitely large systems can be rigorously defined in
various ways. The algebraic Definitions 3-4 elegantly use the structure of the quasi-
local algebra of observables to identify superselection sectors of states that are both
dynamically stable and clustering. Because of their stability and ground state energy,
these states will be the physically natural ground states of the infinite system. However,
because the definitions require a nontrivial superselection structure, they only apply to
infinite systems, which do not satisfy Earman’s principle?®: as soon as the idealization

18 A C*-algebra is called simple if it has no two-sided, closed, nontrivial ideals.

9For nonzero temperature, the definition defines SSB to occur when there exist no primary KMS-states.

20This principle states that “While idealizations are useful and, perhaps, even essential to progress in
physics, a sound principle of interpretation would seem to be that no effect can be counted as a genuine
physical effect if it disappears when the idealizations are removed” (Earman, 2004a).
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of working in the thermodynamic limit is removed, the definitions of SSB no longer
apply (Landsman, 2013).

So far, however, the thermodynamic idealization has been understood solely in
terms of the dimensionality of the quantum system in question. We will now show that
the thermodynamic limit used in Definition 3 can alternatively be thought of as the
idealization of locating the boundary of the system “at infinity”, i.e. by implementing
asymptotic boundary conditions.

3.3 The role of asymptotic boundary conditions

In Section 2.3, we identified three primary roles of boundary conditions in finite
systems:

® incorporating the environment as a source of perturbations;

® demarcating a subsystem beyond which the order parameter vanishes;

® enabling the relational physicality of symmetries and by extension symmetry

breaking.

For infinite systems in the algebraic formalism, the first role disappears since the envi-
ronment is located “at infinity”. However, the latter two roles are preserved through
asymptotic boundary conditions, which, as we will now explain, effectively isolate the
system from the environment at infinity, and result in superselection sectors of sta-
ble, symmetry-broken ground states which differ only relationally, in that there is no
absolute preferred sector.

The implementation of asymptotic boundary conditions is implicit in the GNS
representation of a quasi-local algebra. By constructing a Hilbert space H,, from all
states arising via finitely many excitations of some “vacuum” state w, one restricts the
physical state space to states that asymptotically approach the vacuum configuration
at sufficient rapidity, at least on the dense subspace generated by quasi-local observ-
ables. Anticipating the relation between finite energy and asymptotic conditions in
field theories in the next Section, one can roughly think of this as a condition on the
energy of GNS states: if the Hamiltonian is normalized to assign zero energy to the
GNS vacuum, the GNS states that differ only locally from this vacuum carry finite
energy. This does not mean that every vector in H,, has finite energy above the vac-
uum: firstly, there are GNS states corresponding to a quasi-local element of the algebra
which is not strictly local, and secondly the Hilbert-space closure may contain limits
that fail to lie in the domain of the Hamiltonian or have infinite energy expectation
(after all, the Hamiltonian is an unbounded operator). Nonetheless, the GNS repre-
sentation determines which states asymptotically approach the corresponding GNS
vacuum sufficiently quickly in order to be allowed as members of that representation.
This procedure effectively decouples the system from any environment at infinity, since
local or quasi-local excitations of the vacuum do not extend out far enough towards
infinity to count as global operations.

Crucially, these asymptotic conditions in the GNS representation do not need to
be imposed by hand; they are intrinsic to the structure of the quasi-local algebra A.
Constructed as the inductive limit of finite-volume algebras Ay, the algebra A con-
tains operators acting on any finite number of sites, and, in its norm closure, only
those observables that can be approximated by such local operators. Consequently,
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global operations—such as the Zy spin-flip in the Ising model that acts on all sites
simultaneously—exist only as automorphisms of A and not as elements within it (i.e.,
they are not inner automorphisms), leading to symmetry-related superselection sec-
tors. The quasi-local structure also ensures that the dynamics a; € Aut(.A) defined by
Eq. (15) are well defined in the N — oo limit (even if the Hamiltonian Hx were not
normalized, as the constant energy shift drops out of the commutator with any local
observable, and hence does not affect ay).

For a concrete example, consider the transverse-field Ising model from Section 2.
Let us assign zero energy to the all-up or all-down ground states. In comparison, a
state with alternating spins in the N — oo limit carries infinite energy because a
unit of energy is associated with every misaligned pair ad infinitum. Because of the
structure of the quasi-local algebra, such an infinitely alternating state cannot be
part of the GNS representation of the all-up or all-down ground state. The elements
from which the GNS representation is constructed have approximately finite tails for
N — o0: as one moves toward infinity, the spins must eventually align with the chosen
vacuum. The Hilbert space consists not of ¢2 over all spin configurations, but only of
a restricted space of configurations, together with its Hilbert-space closure. Thus the
infinitely alternating state and the all-up state can never be part of the same GNS
representation, and the root of this fact is that these states differ at infinitely many
sites.

In conclusion, the asymptotic fall-off inherent in the quasi-local algebra gives rise
to distinct superselection sectors generated by symmetry-broken states of ground state
energy. The quasilocal algebra does not in itself specify which state is taken as the
vacuum state, from which other states can only differ quasi-locally. This choice of
vacuum also cannot be induced by a perturbation from the environment because the
environment has been pushed out to infinity, making the system effectively isolated.
Consequently, the symmetry-broken sector in which the system is found, has to be
imposed by hand and the symmetry seems to be broken spontaneously.

4 SSB in field theories

In the previous Sections we explained that boundaries are central to SSB in both
finite and infinite systems and used two lattice models as examples. In this Section
we explain that boundaries play very similar roles for field theories. In fact, the ide-
alization problem that arises when moving from finite to infinite lattices, and thereby
from finite to asymptotic boundaries, also appears in field theories, both classical and
quantum ones.

To argue this point we introduce the classical Abelian Higgs model on both infi-
nite Minkowski spacetime (Section 4.1) and on a finite region (Section 4.2). We
thereby find some kind of “classical superselection” structure arising inevitably from
the boundaries.
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4.1 The Abelian Higgs model in Minkowski spacetime

The Abelian Higgs model (Higgs, 1964a,b; Englert and Brout, 1964; Guralnik et al.,
1964) consists of an electromagnetic field coupled to a scalar Higgs field. Its quantum-
field theoretical foundations on Minkowski spacetime are relatively well-understood
(Strocchi, 2013), though not at the level of rigor desired in AQFT. Also, it is contested
whether the universe really experienced some sort of dynamical electroweak phase
transition shortly after the Big Bang.

The Lagrangian of the Abelian Higgs model on Minkowski spacetime is given by

1 v *
L= _EF# Fu, — (Dy)* D" — V (),

where F),, is the electromagnetic field strength tensor of the gauge field A,, D, the
covariant derivative and V' (¢) the (Mexican hat) potential of the Higgs field. Crucially,
the Lagrangian exhibits a gauge symmetry given by A, — A, + .\, ¢ — e*p. The
well-known standard narrative of the Higgs mechanism then starts from an expansion
around a minimum ¢g = v/v/2 of V() and derives a new expression of £ that contains
a massive gauge boson. The choice of minimum “breaks” the U(1) gauge symmetry of
the theory, which is why it is said that the Higgs mechanism functions through gauge
symmetry breaking.

This standard narrative has been contested at length (Earman, 2004b; Smeenk,
2006; Lyre, 2008; Struyve, 2011; Friederich, 2013; Berghofer et al., 2023), leading to the
more refined understanding that the physical part of gauge symmetry breaking is the
breaking of the global U(1) symmetry, corresponding to constant gauge parameters A
(Borsboom and de Haro, 2025).

Crucially, the physical difference between global and local gauge symmetries only
arises because of the presence of asymptotic boundary conditions on the fields F},,, A,
and ¢ (Borsboom and de Haro, 2025). Indeed, on a Cauchy surface in Minkowski
spacetime one needs to impose fall-off conditions on electric, magnetic, gauge and
Higgs fields in order to ensure a well-defined Lagrangian, Hamiltonian and Legendre
transform between them. These boundary conditions must be respected by the gauge
group acting on the fields, leading in turn to asymptotic conditions on the gauge
transformations themselves.?! Loosely speaking, since the electric, magnetic and gauge
fields are required to vanish at infinity, gauge transformations must approach a con-
stant towards spatial infinity at a fast enough rate, to ensure that their derivative is
zero so that A, remains unchanged. However, in the theory of constrained Hamilto-
nian systems?? with boundary conditions, only gauge transformations that become
the identity at spatial infinity are generated by the constraints and are interpreted
as redundant. Thus there is a residual asymptotic global gauge group isomorphic to
U(1) which is physical, namely the quotient of the group G’ of asymptotically con-
stant gauge transformations (which leave the boundary conditions Invariant) by the

2lFor details see e.g. (Sniatycki, 1988; Sniatycki, 1991; Binz et al., 1988; Giulini, 1995; Lusanna and
Valtancoli, 1997; Struyve, 2011; Teh, 2016; Gomes and Riello, 2018; Gomes et al., 2019; Gomes, 2019; Gomes
and Riello, 2021; Riello, 2021; Wallace, 2022b; Riello and Schiavina, 2024, 2025; Borsboom and Posthuma,
2025; Borsboom and de Haro, 2025).

225ce (Binz et al., 1988; Henneaux and Teitelboim, 1992; Marsden and Ratiu, 1999; Gotay et al., 1997,
2004; Gotay and Marsden, 2006)
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group G*° of asymptotically trivial gauge transformations vanishing at infinity (which
are interpreted as unphysical).?? Symmetry breaking in the Abelian Higgs model on
Minkowski spacetime can then be understood as a breaking of this global gauge group
G'/G> = U(1). Physical significance here is understood in a relational sense, where
the subsystem-environment distinction is between space (represented by the Cauchy
surface) and spatial infinity (the conformal boundary of the Cauchy surface).

Importantly, the global U(1) gauge symmetries can only be detected when a
charged matter field (such as the Higgs field) is present, since such a field actually
transforms (with a constant phase) under a global gauge transformation. The gauge
field A,, itself does not change because of the derivative 9, . In other words: the Higgs
field is an order parameter for the global U(1) gauge symmetry breaking. One has a
choice as to what one calls the ‘vacuum’: it could either be a zero value of the Higgs
field, or a minimum of the Mexican hat potential. The zero value is unstable, whereas
the minima are stable under small fluctuations. This is a classical analog of what hap-
pens in the Ising model, where one can build up the GNS representation either from
the mixed, non-clustering and hence unstable superposition |+) = (|1) + [1))/V2, or
from the stable |1) or |]) states.

So far this is a purely classical story, but it can be extended to axiomatic QFT
by means of the Wightman approach (Morchio and Strocchi, 2007; Strocchi, 2013,
2019; Borsboom, 2024b; Borsboom and de Haro, 2025). In the quantization of the
Abelian Higgs model, two types of superselection structure appear. The first consists of
the Doplicher-Haag-Roberts (Doplicher et al., 1969a,b; Doplicher and Roberts, 1990)
charge sectors labelled (for U(1)) by elements of Z. These charge sectors exist only
in the unbroken phase, when the global U(1) gauge symmetry is still intact (Mor-
chio and Strocchi, 2007; Strocchi, 2013). They also have a classical analogue (Riello
and Schiavina, 2024), known as fluz superselection sectors. The second type are the
sectors corresponding to directions of global U(1) symmetry breaking in the sense
of Definition 3. In other words: the superselection sectors correspond to the different
directions in which the global U(1) gauge symmetry can be broken, which is why they
are relevant for our study of SSB.

But, similarly to the quasi-local algebra in Section 3.3, these superselection sectors
exist only because of the presence of boundary conditions, viz. the fall-off conditions at
spatial infinity. If one imposes the asymptotic boundary condition in which the Higgs
field approaches a covariantly constant minimum, then the global U(1) symmetry is
broken and one is forced into a particular U(1) “superselection” sector. Heuristically
speaking, a “global operation” is required to go from sector to sector, since one would
need to change the Higgs field all the way at spatial infinity to do so. The underlying
idealization is therefore the asymptotic (and thus possibly unrealistic) nature of the
boundary conditions, rather than the mere fact that the quantum system in question
is finite- or infinite-dimensional. Indeed, a quantum field already contains an infinite

23This interplay between allowed and trivial gauge transformations is very popular in current high energy
physics, where so-called asymptotic symmetry groups are studied in the context of holography. See e.g.
(Strominger, 2014, 2018; Henneaux and Troessaert, 2018; Pasterski et al., 2021; Tanzi and Giulini, 2020;
Riello and Schiavina, 2025). By finding e.g. the asymptotic symmetry group of the gravitational field in
asymptotically flat spacetime, one may hope to construct a dual quantum field theory on the conformal
boundary whose symmetry group is that asymptotic symmetry group. The most famous example is the
BMS group on a null boundary (Bondi et al., 1962; Sachs, 1962).
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number of degrees of freedom in a bounded space, so the idealization that leads to
a superselection structure here is clearly not (only) the one of moving to an infinite-
dimensional Hilbert space, but rather that of extending the fields out towards infinity
while still requiring finiteness of energy.

4.2 Superconductors and the Josephson effect

Let us therefore consider what happens when one does not make the thermody-
namic idealization. Superconductors provide a useful case study of such a finite-size
application of the Abelian Higgs model. In fact, superconductors predated the Higgs
mechanism in particle physics and were actually its inspiration (Nambu and Jona-
Lasinio, 1961a,b), though the analogy has been argued against because, unlike in
superconductors, the Higgs mechanism in particle physics is not well-understood as
a dynamical mechanism with accompanying phase transition (Fraser and Koberinski,
2016). On the other hand, physicists do look for empirical signatures of such a phase
transition, for instance in the guise of domain formation and cosmic strings (Kibble,
1976; Vilenkin and Shellard, 2000).

For superconductors the Ginzburg-Landau (GL) (Ginzburg and Landau, 1950)
order parameter ¥ functions like the Higgs field (derived microscopically as the density
of Cooper pairs) in that it is coupled to the electromagnetic field through a covariant
derivative. Its nonzero vacuum value breaks the global U(1) gauge symmetry, gener-
ated by the BCS number operator defined in Section 2.2, and gives photons inside the
superconductor an effective mass.

Despite their finite extent superconductors provide empirical evidence for the idea
that the global U(1) gauge symmetry group of the Abelian Higgs model is physical,
namely via the Josephson current (Josephson, 1962). This current flows between two
superconductors that are brought close together, and depends only on their relative
global U(1) phase difference. Thus, although it does not allow one to observe the
absolute phase of a Ginzburg-Landau order parameter, it clearly exhibits the relational
character of the physical U(1) symmetry. Crucially, the Josephson current flows across
the boundary between two superconductors. This underscores that it is indeed the
presence of a boundary that makes the global gauge group of the Abelian Higgs model
physical, even in the case of a finite system. In the language of the Galileo’s ship
thought experiment, one superconductor plays the role of the ship’s cabin and the
other of the reference sea/shore. The GL phase is analogous to the velocity of the ship.
From “inside” the superconductor one does not notice in which direction the GL phase
points, but from an environment separated by a boundary one does notice a difference
in this phase. When the boundary between two superconductors is eliminated and the
phases align, they form one big superconductor, and there is no Josephson current.

However, the nature of the boundary of a finite superconductor is different from
the asymptotic boundary conditions of the Higgs model on Minkowski spacetime.
For a physical superconductor the electric and magnetic fields do not vanish on the
boundary, but only inside the superconductor (for the magnetic field this is due to the
Meissner effect), whereas on Minkowski spacetime electric and magnetic fields were
required to fall-off asymptotically to ensure finite energy. Furthermore, because the
physical superconductor has an actual end, the order parameter does need to vanish
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outside this boundary, since there one can no longer support a Ginzburg-Landau
phase, unless a second superconductor is brought in. The question is what happens
when two superconductors, both with their own GL order parameters, are first sep-
arated by a boundary on which the order parameter vanishes, and subsequently are
brought together. This situation is known as the problem of gluing (Gomes, 2021;
Gomes and Riello, 2021), i.e. the question of how the gauge-invariant data of two
gauge subsystems can be combined to form the gauge-invariant data of the combined
system. Gomes has answered this question as follows (Gomes, 2021, Theorem 1).

Theorem 1 (Rigid variety for U(1)). For electromagnetism as coupled to a Klein-
Gordon scalar field in a simply-connected universe: given the physical content of two
regions, for matter vanishing at the boundary but not in the bulk of the regions, the
universal state is underdetermined, resulting in a residual variety parametrized by an
element of U(1), where the particular action of U(1) is that which leaves the gauge-
fields invariant, but not the matter fields.

When this result is applied to the Abelian Higgs model it can be used to under-
stand the physical origin of the Josephson effect. Considered individually, the global
U(1) phase of the Ginzburg-Landau order parameter of a superconductor is physically
meaningless. But when a second superconductor is brought in, there will inevitably
be interactions, implying that the two superconductors must be viewed as a combined
system. The ambiguity in this combination is precisely the global U(1) phase differ-
ence of the two Ginzburg-Landau order parameters. The Josephson current flows until
this phase difference has been eliminated. In terms of Galileo’s ship, this would be
similar to bringing two separate ships moving at different speeds into some kind of con-
tact, such that their relative velocity decreases until they move with the same speed.
The relative velocity of the ships becomes a physically meaningful quantity from the
moment any kind of interaction is established.

Thus, like in the case of Minkowski spacetime, there is a residual group of constant
global gauge transformations acting also on the boundary of the superconductor, which
carries direct, though relational, empirical significance. Different directions in which
the U(1) symmetry is broken can be thought of as superselection sectors. Changing
the GL phase can only be achieved by external means, namely by adding another
superconductor and using the Josephson current, or more generally by using any
kind of coupling to the order parameter. In this sense the different ways to break
the U(1) symmetry correspond to sectors that cannot “communicate”’: one has to
move out of the system to achieve a transition between them, analogously to how, for
asymptotic boundaries, one has to perform an operation at infinity to change between
superselection sectors.

Recognizing this, it becomes straightforward to relate the theory of asymptotic
symmetry groups to bounded systems with finite boundaries. Indeed, one can think
of the asymptotic boundary as representing a domain in which there is absolutely no
external influence on the physical system in question, i.e. representing perfect isolation.
The “environment” is then located at infinity. For finite systems this environment is
finitely far away, and the boundary is an actual finite boundary. Then, one imposes
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the condition that the order parameter (in this case: the Higgs field) vanishes beyond
the boundary to represent the idea that this boundary separates the system from its
(laboratory) environment, such that external perturbations do not affect the system.
One then finds the same superselection structure for the finite system as for the infinite
system, with the sectors labeled by all possible relational values that the corresponding
order parameter could have with respect to the environment once the idealization of
perfect separation is removed. But for the infinite system these sectors look intrinsic
to the system, prompting us to call symmetry breaking spontaneous. This is, however,
an illusion that results from us having located the boundary at infinity. For a finite
system it is immediately clear that the meaning of the different sectors lies in the
relation with the environment. When the order parameter is required to vanish on
the boundary, the system can remain in a symmetric state. But when it is recognized
that this is an unrealistic idealization, and that really there will be sufficiently strong
perturbations from the environment, the order parameter can no longer realistically be
required to be strictly zero on the boundary and one finds a symmetry-broken ground
state, induced ultimately by the interaction with the environment. In this respect,
our view of SSB might align better with a so-called open systems view (Cuffaro and
Hartmann, 2026).

5 Conclusion

The enigmatic phenomenon of spontaneous symmetry breaking (SSB) continues to
present profound conceptual challenges. Conventional definitions of SSB predomi-
nantly rely on the idealization of infinite quantum systems, a reliance that introduces
significant tension when attempting to explain observed symmetry breaking in finite,
real-world systems like a common fridge magnet or a superconductor. In this paper we
have argued that boundary conditions are crucial for bridging the gap between SSB in
infinite and finite systems. Though this is well-known for classical spin systems, espe-
cially in the context of Gibbs measures, we have applied this idea in a much wider sense
and framed it explicitly in terms of the modern philosophical literature on symmetry.

Our central proposal offers a novel perspective on SSB that shifts the focus to the
interplay between a system and its environment at a boundary. We propose that a
separating boundary condition, with the order parameter required to vanish on the
boundary, creates superselection sectors because there is an ambiguity in how the sys-
tem relates to the environment. This perspective is inherently relational, meaning that
a system’s symmetry is broken only in relation to an external reference across a bound-
ary. For infinite systems this boundary is located “at infinity” and the superselection
structure appears intrinsic to the system. For finite systems, however, perturbations
from the environment will inevitably make the assumption of a vanishing order param-
eter on the boundary unrealistic, forcing the system into one superselection sector.
The sector here indicates one of the possible stable configurations of the system with
respect to its environment. This is quite similar to the description of classical phase
transitions via Gibbs measures.

Our boundary-centered language should, however, be understood with some flexi-
bility. For short-range interacting lattice systems, boundary conditions select a sector
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because the system has a spatial exterior: the environment can be idealized as acting
at the edge of the system, or at infinity. In mean-field models such as the Curie-
Weiss model, by contrast, sector selection is not mediated by a spatial boundary,
since every degree of freedom couples to every other. The role of the environment is
then better represented by a separate, macroscopic mean field, or by an arbitrarily
small symmetry-breaking perturbation coupled directly to the order parameter as a
whole. Still, the same conceptual structure survives: the symmetric finite state becomes
unstable in the thermodynamic limit, extremal symmetry-broken states appear, and a
symmetry-breaking reference selects one sector. Thus, in non-local models, the relevant
“boundary condition” is not literally spatial, but is still needed in the specification of
how the system’s mean field relates to the mean field of its environment.

However, our account of SSB focuses on the problem of defining SSB kinematically
and does not treat its dynamics (Landsman, 1991; Wezel and Brink, 2008; Wezel,
2010; Landsman and Reuvers, 2013; Borsboom, 2024a). The standard account of SSB
is an equilibrium description; it describes the structure of the state space but provides
no dynamical account of how a particular asymmetric ground state is selected. It is
this standard account that we have attempted to improve in terms of superselection
and boundary conditions. But even if one grants the existence of a symmetry-related
superselection structure, the symmetric laws of motion provide no mechanism to propel
the system from a symmetric state into a symmetry-broken sector, leaving a significant
explanatory gap in the physical account (Landsman, 2013).

All in all, our proposal opens several intriguing questions and avenues for future
research. How does this perspective, emphasizing the role of the environment and
boundary conditions, intersect with the long-standing measurement problem in
quantum mechanics? Could the act of measurement itself be understood as impos-
ing specific boundary conditions that “collapse” a symmetric superposition into a
broken-symmetry state? Furthermore, can this framework be rigorously extended to
non-Abelian gauge theories or gravity? Finally, what are the direct experimental impli-
cations of viewing SSB in this relational way? Could designing experiments with
precise control over boundary conditions allow for the observation or even manipu-
lation of these “boundary symmetries” and their breaking in novel ways? Exploring
these questions will undoubtedly deepen our understanding of one of physics’ most
paradoxical phenomena.
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