In Defenseof Operational Quantum Logic

Sonja Smets

Abstract

In the literature the work of C. Piron on OQL, “the operational quantum logic of the Geneva School”, has a few times been criticised. Those criticisms were often due to misunderstandings, as has already been pointed out in [19]. In this paper we follow the line of defense in favour of OQL by replying to the criticisms formulated some time ago in [4] and [17]. In order for the reader to follow our argumen tation, we briefly analyze the basic conceptual machinery of OQL.

1 Intro duction

Operational Quantum Logic (OQL) corresponds to the theory of “Prop erty Lattices” which, developed by the Geneva School, originated in [1, 22, 23, 24, 28, 30]. OQL’s aim is to characterize physical systems, ranging from classical to quantum, by means of their actual and potential properties. Concretely, it provides an operational alternativ e to the standard approaches on the logical status of quantum theory and based on the point of view that the set of mathematical representativ es of the properties of an arbitrary physical system forms a complete lattice, the approach of the Geneva School is closely linked to the line of reasoning initiated by G. Birkhoff and J. von Neumann in [5]. This approach has been compared with those offor instance C.H. Randall and D.J.Foulis, G. Ludwig and of G.W. Mackey. It is not our intention to go into the details about the differences and similarities of those different approaches with respect to OQL, we instead refer to [7, 8, 9, 13, 18, 35] for some relevant material. In this paper we want to pay specific atten tion to some points of the theory which easily lead to misinterpretations. We will go over remarks and critiques aimed at OQL. Indeed, in the papers [4, 17, 21, 38], the work of C. Piron has been criticised. Many of these criticisms were merely misunderstandings. D.J. Foulis and C.H. Randall in [19] replied explicitly to the criticisms formulated in [21, 38].^1 In this reply, they exhibited a lot of possible pitfalls one might run into when learning about OQL. We do not have the intention just to go over all the remarks D.J. Foulis and C.H. Randall made, but will concentrate on two other papers, namely, [4, 17]. Before doing so, we analyze the necessary basic concepts so the reader will be able to follow the argumentation in defense of OQL later on. Note that our analysis in section 2 is based on all the available literature from the Geneva School and doesn’t restrict itself to the material present at the time when W. Balzer, W.K. Essler and G. Zoubek wrote their comments.

2 OQL’s Basic Conceptual Mac hinery

We exhibit here some conceptual machinery of OQL and limit our exposition to the notions which are necessary for grasping the argumentation in succeeding sections, a more detailed and recent analysis of OQL focusing on several different aspects can be found in [10, 11, 25, 36, 40]. We start from the basic notion of a particular physical system which, within the tradition of the Geneva School, has been perceived as an isolated and characterizable part of the external world.^2 Given a particular physical system, we can now focus on the notions of yes-no question, actual and potential property and state respectively.

2.1 Yes-No Questions

A (yes-no) question or a definite experimental project^3 as it more recently has been called, is specified in [25]:

1To [19], N. Hadjisa vvas and F. Thieffine replied with [20] though their paper does not add anything interesting to the discussion. Indeed, we agree with R. Piziak who reviewed [20] for the AMS’ MathSciNet and states: “It is right and proper for any scientific work to be scrutinized and criticized according to its merits. Indeed, this is a main impetus to progress. But if mathematics is to be used as a tool for criticism, let it be used properly.”

2Note that D. Aerts in [1] and his following papers, works with the notion of physical entity which is to be though t of equivalently.

3In this paper we take the liberty to use both the notion of definite experimental project and question freely, within citations we will sometimes insert clarifying notions between brackets.

We take “a definite experimental project [question] relative to a physical system to be a real experimental procedure where we have defined in advance what would be the positive response should we perform the experiment.” (p.65)

We think of an experimental procedure as a list of concrete actions which explicitly must or must not be performed in a specific way. Given that we execute such a procedure and that the conditions defining a positive result are known, we assign the response “y es” to the question if the conditions are satisfied, and the response “no” otherwise. The next notion we introduce is that of a true question or, a certain definite experimental project as it is called in [25]:

“A given definite experimental project is certain [a question is true] for a particular system if it is sure that the positive response would obtain should we perform the experiment.” (p.66)

Bear in mind that calling a question “true” does not presupp ose that the associated experiment has to be performed. A question can be true even if one does not have the intention to ever perform the associated experimental procedure. In the earlier work of C. Piron, the definition of a true question encompassed the preparation of the physical system, e.g. in [30]:

“When the physical system has been prepared in such a way that the physicist may affirm that in the event of an experiment the result will be “y es”, we shall say that the question is certain, or that the question is true.” (p.20)

The preparation procedure acts as an operational tool. A tool to obtain the answer “y es” with certainty for a prepared, non-tested, physical system with respect to a specific question. Since this operational tool is not explicitly modeled in the mathematical theory of the Geneva School, we prefer the first definition given. Although we intend to stick with the original Geneva School theory, we wish to note that C. Cattaneo and G. Nisticó focused on a syntactic scheme of the Jauch-Piron approach to the foundations of quantum physics, in which they allow as well-formed formulas predicates expressing that questions are true (respectively false) in a certain preparation [8].

The notion of an impossible question or impossible definite experimental project is defined as follows in [25]:

“A given definite experimental project is impossible [a question is impossible] for a particular system if it is sure that the positive response would not obtain should we perform the experiment.” (p.66)

“Imp ossible” means here that it is certain that we would obtain the negative response “no”, should we perform the experiment (see also [2]) — the positive response “y es” is not even a possible result. Another importan t notion, explicitly introduced by D. Aerts in [2], is that of a not true question or not certain definite experimental project — not to be confused with the impossible question,

A given definite experimental project is not certain [a question is not true] for a particular system if it is not sure that the positive response would obtain should we perform the experiment.

When we are not sure of a positive response, it is a sufficien t condition to state that the answer “no” is possible should we perform the experiment. When “no” can be a possible answer, the question cannot be true, and note that this is so, regardless ofwhether “y es” is possible or not — when not, then the question is impossible. The way in which these questions are constructed can lead to confusion. As C. Piron states in [29], “If the [positive] outcome for the question [called] β is not certain, the statemen t “ β is true” is false, but we do not say “ β is false”.” Because here “ β is false” means that “ β is impossible”.

There are some questions which have a specific status. First take a look at the trivial question, defined as the following specific definite experimental project in [25]:

Trivial question: “Do whatever you wish with the system and assign the response “y es”.” (p.67)

This also encompasses doing nothing with the physical system. We call this definite experimental project certain iff the system exists. Indeed, the trivial question is true when we are certain to obtain the positive answer “y es” were we to perform the question. The only condition of the trivial question is that we have a physical system to begin with. Next, consider the absurd question defined in [25] as the following specific definite experimental project:

Absurd question: “Do whatever you wish with the system and assign the response “no”.” (p.67)

The absurd question can never be a true question. Furthermore, we can state that the absurd question is an impossible question. Another point which deserves our focus is the product question, which is a question consisting of the product of a family of questions. More specifically the product question is defined as a specific definite experimental project in [25], for a specific family of questions which we call A and a question called α,

Product question: “Cho ose an α from the family A as you wish, and effectuate it.” (p.67)^4

In the definitions given by C. Piron it is more explicitly stated that the answer obtained from effectively performing the arbitrarily chosen question is the answer attributed to the product question. We then conclude that the product question is true if it is sure that the answer “y es” would obtain should we perform the experiment. In other words, we follow [25, p.67],

The product of a family of definite experimental projects called A is a “certain definite experimental project” [the product question is true] for a particular physical system iff each α ∈ A is certain [true] for the particular physical system.

And finally we obtain the inverse of a particular question, called the inverse question, by exchanging the responses “y es” and “no”. Note that the absurd question is the inverse of the trivial question and vice versa. The inverse of a product question with respect to a certain family of questions, is then the product question with respect to the family of the inverse component questions.

Concentrating on the mathematical language of OQL, we denote questions as α,β,... ∈ Q, the trivial question as I ∈ Q, the absurd question as O ∈ Q, the product question with respect to a family of questions α_i as Π_J α_i and to denote the inverse of a question we use:^∼ : Q → Q. When we consider all possible questions which could be performed on a particular physical system, we encounter a relation between questions by considering, as for example in [31], that,

4Note that “choose an α as you wish” means “choose an α at random or arbitrarily”.

“A question α is said to be stronger than a question β, i.e. α ≺ β, if every time α is true, β is true as well.” (p.399)

We call ≺ ⊆ Q × Q a preorder relation, indeed, it is reflexive and transitiv e. Of any collection of questions equipped with such a preorder relation, I is the maximal (top) element and O the minimal (bottom) element. Further, we call two questions equivalent, written α ≈ β, iff α ≺ β and β ≺ α. As made explicit in [24], this relation is reflexive, symmetric and transitiv e. When a question α is true then so are all questions equivalent to α. So every always true question is equivalent to I, the trivial question. And every question α is equivalent with αΠ I since αΠ I is true iff α is true. Coming back to some issues concerning the product question we write:

Π_J α_i is true ⇔ α_i is true ∀i ∈ J (Π_J α_i)^∼ = Π_J (α^∼_i )

2.2 Prop erties

In the tradition of the Geneva School, the properties a physical system possesses in reality have an objective existence. C. Piron states it in [31]:

“The system is and it is what it is. It possesses different properties and whether these are known or not by the physicist does not change anything to the reality of the object itself. We have to describe these properties and not to justify or to explain the knowledge of the physicist about them.” (p.397)

As we analyzed it in [36], with a particular physical system the physicist associates certain properties and analyzes their ontological value by means of possible experiments. More explicitly we follow [10],

Prop erties are construed as candidate elements of reality corresponding to the definite experimental projects defined for a particular physical system.

Of course, several questions can be associated with the same property and we can classify properties as actual or potential . It is importan t to note that as long as we deal with “the properties” of a physical system and “the associated questions”, we see the system at an abstract level. This is to say that only from the moment we make the distinction between the actualit y and potentialit y ofproperties, and similarly between true, not true and impossible questions, is the particular physical system inherently conceived to be in a specific state — this notion will be elaborated further on. In that way:

A property of a particular physical system is actual iff the questions which test it are true, and is potential otherwise.

More specifically, ifa question is not true, the associated property is potential. Referring to the criterion of reality put forward in [16] together with the above given definition of a true question, it is claimed that a true question corresponds to an element of reality. To the extent that one assigns an ontological value to the elements of reality, they are what we called actual properties.

Within the mathematical language used by OQL, we represent properties as a, b,... ∈ L. About a property associated with a particular question we can now say that there is a one-to-one correspondence between: 1) the property a, associated with the definite experimental project (question) α, and 2) the equivalence class of questions [α] which is the collection of all definite experimental projects β such that β ≈ α. This correspondence is realized through the identification of a and [α]. In other words, to each equivalence class of questions there “corresp onds” a property. For our convenience we will introduce the notation ζ : Q → L : α → a to express that a is associated with α ∈ [α]. Next, we call the property expressing the existence ofa physical system 1 = ζ(I) the trivial property and 0 = ζ(O) the absurd property. To the use of ζ, we must add that in the Geneva School literature one originally defined a as [α]. This is something we however try to avoid since it points to a form ofoperationalism which is not at all in accordance with the “op erational attitude” of the Geneva School — see [36] for details.

Note that it is not possible to conceive of the set of all properties of a given system. One could here follow the point of view taken in [1, 29] according to which one can only hope for a set which is large enough to contain the useful ones with respect to what we want to do with the system. We however consider it to be a useful “working-hypothesis” that the collection of all properties constitutes a set, in a mathematical sense. We now obtain a partial order relation, ≤ ⊆ L × L, on that collection of properties. It is the preorder relation on questions which induces this partial order relation, (see for instance [29, p.517]):

a ≤ b iff α ≺ β with ζ(α) = a and ζ(β) = b.

Here, a ≤ b states exactly that b is actual whenever a is actual. One easily verifies that this partial order relation is reflexive, transitiv e and antisymmetric. Within OQL one can now prove the theorem stating that the collection of all properties of a physical system, noted as L, is a complete lattice. Quoting C. Piron, [33], this means:

“qu’`a chaque famille de propriétés {a_i ∈ L | i ∈ J }, J quelconque, sont associés deux propriétés de L, ∧_J a_i et ∨_J a_i qui sont respectivement la borne inférieure (le plus grand minorant): x ≤ a_i ∀i ∈ J ⇔ x ≤ ∧_J a_i et la borne supérieure (le plus petit majorant): a_i ≤ x ∀i ∈ J ⇔ ∨_J a_i ≤ x.” (p.9)

For the detailed proof of this we refer to for instance [29, 30, 33]. What we do want to stress here is that the existence of a greatest lower bound or meet for any family of given properties a_i, is operationally provided by means of the product question, (see [25, p.68]):

∧_J a_i = ζ(Π_J α_i) with ζ(α_i) = a_i

The meet of physical properties as such obtains a physical meaning and its existence for any set of properties guarantees that the poset of properties is a complete meet semilattice. The join or least upper bound, on the other hand, cannot be attributed a direct physical meaning in the same sense and is defined by means of Birkhoff ’s theorem by which every complete meet semilattice is a complete lattice, (see [25, 29, 30]),

∨_J a_i = � {b∈ L | ∀i ∈ J : a_i ≤ b}

When we review the use of meet and join, we see that the meet corresponds to the classical conjunction whereas the join will not always correspond to the classical disjunction, due to the possibility of superpositions for quantum systems. Hence:

“ a ∧ b is actual ” ⇔ “ a is actual ” and “ b is actual ” ∀a, b∈ L “ a ∨ b is actual ” ⇐ “ a is actual ” or “ b is actual ” ∀a, b∈ L

As is proved in [29], if the latter implication holds in both directions, L is a distributiv e lattice.

2.3 States

Traditionally the state of a physical system was defined as the collection of all its actual properties (see e.g. [24, 29]). This definition is a translation of the beliefthat the information which fully represents a particular physical system in a singular realization is encrypted in its actual properties. Since we do not adopt a kind of operationalism such as P.W. Bridgman’s, we reconsider the concept of state as initiated in [25] and further elaborated on in [11],

States are construed as abstract names encoding the possible singular realizations of the given particular physical system.

The concept of state is built up in such a way that it can be the abstract name corresponding to the one ontological realization of a particular system or, that it can be the name corresponding to a realization in which the system “can be” but “is not”. It is importan t to grasp that for OQL the state is not an abstract statistical ensemble of physical systems, nor does it involve ontological probabilities — for details we refer to [3, 36]. According to OQL there should be no difference in the way in which we model the states of different physical systems ranging from classical to quantum.

We have seen that the actual properties of a physical system are “elemen ts of reality” and that it only makes sense to talk about the actualit y (potentialit y) of properties if the system is conceived to be in a specific state. This insight allows us to make the link between actual properties and the state of a physical system explicit. Indeed, the state stands in a correspondence relation to the system’s actual properties, though contra C. Piron and D. Aerts’ earlier conceptions, we believe that the state should not be defined as equal to a set of actual properties. This implies that the maximum amount of information which fully represents a particular physical system in a singular realization is not called “the state of a system” but following [36] has been called “the state set” which is defined as follows:

The state set is the set of all properties which are actual in case the particular physical system would be ontologically realized in a specified state.

From the moment that a physical system is conceived to be in a certain state or has been prepared as such, there is always at least one actual property which constitutes its state set with respect to that state. In the worst case, a state set contains only the property associated with the trivial question. It is importan t to mention that the notion of state set is so defined that one physical system can have several state sets; one for every of the states in which it can possibly be. Given the concept of a “state set”, the greatest lower bound of such a set is one property of the system and we know that if the greatest lower bound of a state set is an actual property then all the elements of the state set — elements which are necessarily equal or greater — will be actual. This greatest lower bound of a state set is said to represent the state in which it can be actual, in other words, it is called a “state property” — the notion is a translation of C. Piron’s propriété-état introduced in [33].

When modeling states, “p ossible” realizations of physical systems, within the mathematical language of OQL, we use the notation E ∈ Σ where Σ represents the state space. A state property of state E will be represented by p_E ∈ Σ_L, where Σ_L denotes the set of atoms of L, and a state set related to E is modeled as S(E) = {a | a ∈ L,a actual in E} ∈ P (L).^5 In [24, 29] it is stated that if we have a complete lattice L, S(E) satisfies some specific properties:

(1) If a ∈ S(E), b∈ L and a ≤ b then b∈ S(E) (2) If a_i ∈ S(E),∀i ∈ J then ∧_J a_i ∈ S(E) (3) 0 ∉S(E),1 ∈ S(E) for every state set S(E)

We call p_E = ∧_{a∈ S(E)}a the strongest property in L that is actual in the state E. If we now look at the notion of an atom as defined below, we see that an atom is the strongest property which will be actual in a certain state, hence atoms are state properties.

p_E is an atom of L if it is different from 0 and is such that: if there is a property a ∈ L and a ≤ p_E ⇒ a = 0 or a = p_E.

Next it makes sense to postulate within OQL, that one state property should never imply the actualit y of another state property. The argumentation for this postulate is traced back to Aristotle and involves the beliefthat a change of states implies a shift between properties which are actual and potential. Such a shift is excluded when two state sets are subsets of one another or

5We allow ourselves to drop the subscripts of state properties when no confusion is possible.

when two state properties are less or equal to each other. From this postulate it follows that all the state properties of a physical system are atoms of a property lattice, in other words, the property lattice is atomic. Further, the property lattice can be called atomistic, i.e. each property a ∈ L can be written as � {p ≤ a | p is an atom} (see theorem 1 in [25]).

We are now in the position to redefine our notion of state set. Given the strongest actual property p_E = ∧_{a∈ S(E)}a in the state E, the state set S(E) has the following form (see [33]):

S(E) = {a ∈ L | p_E ≤ a}

Similar to how we handled the partial order relation on the set of properties of a physical system, we will now deal with an orthogonalit y relation on the collection of all states possible for a physical system. Following [25, 32, 34]:

“call E_1 and E_2 orthogonal, written E_1 ⊥ E_2, if there exists a definite experimental project α such that α is certain for E_1 and impossible for E_2.” [25, p.69].

The orthogonalit y relation is symmetric and antireflexive [25]:

“If E_1 ⊥ E_2 then E_2 ⊥ E_1 and E_1 ≠ E_2” (p.69)

We call a question [definite experimental project] α true [certain] for a state E in case the property a = ζ(α), is an element of S(E). A question α is impossible for a state E in the case α^∼ is true [certain] for E which implies that the property a = ζ(α) is not an element of S(E). Note that when E_1 and E_2 are represented by the state properties p and q respectively, we represent E_1 ⊥ E_2 also by p ⊥ q. Within OQL one then introduces the axiom stating that for every given state E there exists at least one question which is true if and only if the state is orthogonal to E. Exactly this axiom allows us to postulate the existence of “opp osite” properties, i.e. for every state property p in Σ_L, there exists a property p^♯ ∈ L which is actual if and only if the state is orthogonal to the one represented by p. The property p^♯ is the opposite of the state property p while the opposite of any other property of L is defined by means of the meet of such opposite properties p^♯, i.e. we introduce the map^′ : L → L : a → � {p^♯ | p ≤ a}. Another axiom insures that each property is the opposite of another one, in other words, the map^′ : L → L is surjective. Without going into further details we are now allowed to call ′ : L → L an ortho complementation, see for instance [33].

Returning to the concept of state, if T is a subset of Σ, we use the notation T^⊥ = {E ∈ Σ | E ⊥ η,f or all η ∈ T} for the set of all states orthogonal to those in T. Note that such orthogonalit y relations were, within the context of the Geneva School, explored first by D. Aerts in [1]. In a way this forms the cornerstone of a “state space description” of a physical system, parallel to its property lattice description. This parallelism is called the state-prop erty duality and can be characterized once we can associate with each property a the set of states μ(a) = {E ∈ Σ | a ∈ S(E)} in which it is actual and to each state E the set S(E) of its actual properties. Formally, μ : L → P (Σ) : a → μ(a) is called the Cartan map and is injective, order and meet-preserving. This Cartan map is surjective if we restrict the co-domain to the biorthogonally closed subsets of Σ, i.e. when we take subsets T ⊆ Σ which satisfy T^{⊥⊥} = T. Further we note that if the system satisfies the already mentioned axioms, the application of the Cartan map determines an isomorphism between L and (Σ ,⊥ ) the lattice of the biorthogonally closed subsets of Σ, ordered by inclusion, with the singletons {E} as its atoms (see [33]).

The above mentioned dual state-prop erty description for a particular physical system is very broad, both classical and quantum systems can be described by it. Of course, OQL would not have the known impact were it not the case that there is a representation theorem which proves the generality of the OQL-formalism with respect to the Hilbert space formalism. Indeed, C. Piron proved in [28] that a property lattice which is complete, atomic, orthomodular, which satisfies the covering law and some additional properties^6, can be represented in the form of the lattice of closed linear subspaces of a generalized Hilbert space. The crucial axioms at stake in Piron’s representation theorem — see [39] for a recent concise analysis — and which can not be stated to hold in general, are weak modularit y and the covering law. Indeed, those two quantum axioms as we may call them, are of a more mathematical nature than the others, and according to D. Aerts [1] they form the core-reason why it is impossible to describe separated systems by means of quantum theory. It is not at all our intention to elaborate on any more details here, hoping to have pointed out enough basic conceptual machinery to refer the interested reader to the OQL-literature.

6The property lattice has to be irreducible and must be of a sufficien t dimension.

3 A Reply to Criticism

In [17] we witness some confusion concerning C. Piron adhering to the stance of realism, we quote:

“His [Piron’s] epistemological or metaph ysical position is unclear. He adapts a realistic position without telling whether this realism — nowadays called “ph ysicalism” in order to distinguish it from ontological or “Platonic” realism — is an absolute (or naive) or hypothetical (or critical) one.” (p.411)

First of all, we would like to object to the point of view that the realistic position of the Geneva School would be some kind of physicalism or materialism — the view in which reality is reducible to, or emergent from, the realm of physical things and processes [26].^7 OQL’s realistic position also is not naive in the sense that certified truth is believed to be easily accessible, for details concerning this kind of debate in favor for a more critical realism we refer to for instance [26, 27]. And indeed, as we explained in [36, 37], the metaph ysical stance of the Geneva School lies in the nature of a critical scientific realism. W.K. Essler and G. Zoubek are not the only ones who thought Piron’s realistic position to be somewhat unclear. In [4] we see some confusion concerning realism and the EPR-principle of reality:

“By a realistic interpretation he [Piron] means an interpretation under which the objects of the theory can be described completely by their actual properties.” (p.403-404)

It is obvious that W. Balzer who wrote this comment in 1981, was mainly focusing on C. Piron’s earlier work. We think that in the meantime things have been put in a larger perspective. But it is indeed so that the state of a physical system has been conceived by C. Piron as the collection of its actual properties which describe the system completely. It is importan t however to see that the actual properties of a physical system only count as a complete description of it in Piron’s sense when we see it relative to a specific “singular realization” of that system. We mean this exactly in the sense that

7Although one will nowadays perhaps not anymore put the thesis of physicalism forward in the same strong terms, we still adopt its “old” meaning, i.e. “Ph ysicalism asserts that every term of the language of science — including beside the physical language those sublanguages which are used in biology, in psychology, and in social science — is reducible to terms of the physical language.” [6, p.467].

we can conceive a state set to describe a physical system. A more general and complete description of a physical system is however given by its property lattice consisting of all its properties. If we want to focus on states instead of properties, the closest we get to obtain a complete description of the system in general is by taking into account all possible states of the system, in other words, its state space. So we have to disagree with W. Balzer if he means that the realistic approach of the Geneva School only allows us to focus on actual properties to describe a physical system. We do retain the criterion of reality as put forward in the EPR-pap er, though this does not exclude potential properties. There is a difference between the lattice of all properties which characterizes the system in general and the set of actual properties which describes the system in a certain state! We think this may be a misconception in [4]. In his analysis of C. Piron’s work, he also tries to see properties and questions as sets of physical systems. This is obviously a picture which will not work, there is no need to give another interpretation of properties than the one we analyzed above. A property corresponds to an equivalence class of questions and a question is operationally characterized. Contrary to what is often thought, a question is not something vague but rather verywell specified. There is another misconception concerning properties and questions in [17], we quote:

“Since he [Piron] presupp oses an absurd question 0 he has to assume an absurd property 0 also which has then to be, according to his distinction, either an actual or a potential property. But obviously 0 is neither an actual nor a potential property of an object. He therefore has to distinguish the impossible properties both from the actual and from the potential properties.” (p.412)

In the sense that potentialit y of a property is defined within OQL, 0 is and will always be a potential property. Especially because “0 is potential” only means that it is “not actual”. Of course there is more to calling a property “p otential”, within OQL a deterministic or indeterministic change of a particular physical system entails a shift between certain of its actual and potential properties. It is therefore that we analyzed the notion of a potential property in [36] as a capabilit y with respect to actualization, however we wish to stress that such an analysis can only be applied to potential properties different from 0. If one thinks it would improve the theory it is of course possible to introduce the notion of an impossible property. In that case an impossible property could correspond to an equivalence class of impossible questions and an impossible property then implies that the property is potential, but not vice versa. Concerning the concept of a question, defined in [31] as an experiment leading to a well defined alternativ e of which the terms are “y es” or “no”, the “y es” corresponding to the expected result and the “no” to all the others; there also exists some confusion. It has maybe not been very clear in [31] but as we analyzed it above, using [25], it concerns an experimental procedure which is performable and is such that we can interpret the outcome of it in terms of yes and no — exactly which outcome corresponds to “y es” is decided upon in advance. There is even no need to specify which outcome of the experiment we interpret as “no” since it will be everything not leading to the response “y es”. If we concentrate on the possible confusion which arises here, we quote [17]:

“Other concepts of his approach are ambiguous and vague, especially his central concept of an “exp eriment leading to an alternative”. This concept of an experiment may be understo od in at least three different ways: (1) An experiment is a device that tells the scientist how to handle things by observing them and especially how to use an apparatus for this purp ose. (2) An experiment is a single performance of such an experimental device together with its result. (3) An experiment is a basic (or minimal covering) law that generalizes inductiv ely the connections between performance and result of that device.” (p.412)

Firstly note that there is more to a question than just performing an experiment. In any case, we believe that for C. Piron an experiment is similar to a procedure which we can perform. OQL clearly distinguishes an experiment and its performance, this means indeed that something along the lines of (1) is the case and not (2). However, W.K. Essler and G. Zoubek think that a reconstruction of C. Piron’s theory along the lines of (1) would make no sense of Piron’s use of the terms “actual” and “p otential” and therefore they exclude interpretation (1) as a possibility. This seems to be a mistake, regarding questions we first of all do not use the terminology of actualit y and potentialit y which is reserved for properties. But if W.K. Essler and G. Zoubek have the terminology of “true” and “not true” questions in mind, we still do not think there is a problem with accepting interpretation (1). A question is true if in case we would perform it, “y es” is a sure answer. Since this is a counterfactual definition, it is not in disaccordance with disconnecting experiments from their performance. However Essler and Zoubek are convinced that (3) is the case, questions are strict laws and therefore properties too are identified with a law or a theory [17, p.413-414]. One of their arguments concerns the counterfactual definition of a true question, [17]:

“The statemen t “If we performed the question the answer “y es” would be certain” cannot be justified by referring to some few experiments and its results but only either to some law inductively based on those results or gained by other laws or to some inductiv e method expressing the belief in uniformity of the performances of this experiment.” (p.414)

We agree with W.K. Essler and G. Zoubek if their statemen t points to the connection between the lawlike character ofutterances and the decidabilit y of those counterfactual stated utterances. Indeed, when some kind of question is always true on some kind of physical systems, the question is connected to some law-like behavior of the system. The same is the case for impossible questions, but not true questions are then linked to utterances which are definitely not law-like. Now, we still have to be careful with such generalizations here, for between utterances with an explicit law-like character and those without there is still a whole gray-scale left. We do not intend to enter the debate on the status of laws in connection with counterfactuals within philosophy of science, let us just mention instead that “exp eriments” are certainly not laws. We also do not believe one can so easily generalize and say that any question or property is a law. Maybe W.K. Essler and G. Zoubek have a small point here but according to us it will only involve true or impossible questions. Note that this also does not exclude that experiments can be interpreted as disconnected from their performances.

Another critical point concerns the product question. We quote [17]:

“In his book [30, p.20] he [Piron] tells us: “... one measures an arbitrary one of the α_i and attributes to Π_iα_i the answer thus obtained ... By starting from the definitions it is easy to verify the following rule: (Π_iα_i)^∼ = Π_i(α^∼_i )”. The equation “(Π_iα_i)^∼ = Π_i(α^∼_i )” holds only in very few degenerate lattices, e.g. if the lattice contains only the elements I and 0; in every other case we obtain: “(Π_iα_i)^∼ = Σ_i(α^∼_i )”. So Piron obviously takes “Π_i(α^∼_i ) = Σ_i(α^∼_i )” to be true.” (p.415)

It is not clear what W.K. Essler and G. Zoubek are getting at here; perhaps they have something like the De Morgan Laws in mind which ofcourse are not applicable here. But since we are talking about operational definitions, what is their interpretation of the Σ of a family of questions? Especially taking into account that it has to be operationally defined ! The product questions are operationally precisely defined and therefore “(Π_J α_i)^∼ = Π_J (α^∼_i )” does make sense. W.K. Essler and G. Zoubek try to analyze their confusion and assume two possible cases. One in which the members of the family on which a product is defined have to be questions of a similar kind and one in which they can be different. In the first case they use their previous lawargumentation which does not take them very far and in the second case they say that “Piron’s rule of handling a product is of course wrong since a product may be false even if the arbitrary chosen member is true, namely, if one of the remaining members is false” [17, p.415]. Here we believe they prett y well mix up some fundamental ideas. There is a difference between obtaining the answer “y es” for a question and a “true” question. A product question gives the result “y es” if we perform it, this means exactly that the arbitrarily chosen question gives “y es” if we perform it. So, even when all questions of a specific family are impossible except for one, the product can give the result “y es”. It is something different to say that a product question is true or not true. It is true when every question which we could pick out of the specific family — relative to which the product is defined — is true. And a product question is not true when not every question which we could pick out of the specific family is true; it is impossible when every question which we could pick is impossible. This leads us to conclude that W.K. Essler and G. Zoubek’sanalysis is simply wrong, a product question can never be “false” (impossible) when the arbitrary chosen member is true. A product question is “not true” in case the one chosen member is true and if at least one of the remaining members is not true. The main point here is that we cannot claim in the latter case that any “arbitrarily chosen” member is true. Truth and falseness — where false means impossible — of a product question does not have anything to do with the truth or falseness of one chosen member, but has to do with the status of the arbitrarily chosen member, in other words, with every member in the family. We agree that a product of questions is a confusing concept, being constructed such that we can still talk about the product of two questions even if their performances wouldn’t be possible together. Let us now concentrate on (Π_J α_i)^∼ = Π_J (α^∼_i ). A few possible situations indicate this equality:

1) Suppose we have a family of questions {α_i ∈ Q | i ∈ J } with J given. If now every α_i we could select, gives “y es” if we would perform it, then Π_J α_i is true and (Π_J α_i)^∼ impossible (or false). If every arbitrary question we could pick out of {α^∼_i | α_i ∈ Q, i ∈ J } gives “no” if we would perform it, then we say that Π_J (α^∼_i ) is impossible (or false). 2) If on the other hand not every α_i we could select gives “y es”, Π_J α_i is not true and so is (Π_J α_i)^∼ not true. If every α_i which we could choose gives “no”, Π_J α_i is impossible and so (Π_J α_i)^∼ is true. If any arbitrary α^∼_i which we could have selected gives “y es”, then we say that Π_J (α^∼_i ) is true. If not every arbitrary α^∼_i which we could have selected gives “y es”, then we say that Π_J (α^∼_i ) is not true.

W.K. Essler and G. Zoubek clearly did not understand that the product question has an operational definition and gives rise to a property called the meet. Contrary to what is claimed in [17], in order to test the affirmation “ a is actual and b is actual” we do not have to “p erform” two experiments on the same system! We only have to consider the product question αΠ β with ζ(α) = a and ζ(β) = b. On the other hand it is clear that the join, defined by means of Birkhoff ’s theorem, admits of no direct physical meaning [10]. More explicitly,

∨_J a_i = ζ(Π {β ∈ Q | ∀i ∈ J : α_i ≺ β}) with ζ(α_i) = a_i.

When we look at the disjunction, the classical “or”, we see that a OR b is a property of a physical system iff it is possible to construct a question that tests this property [1] — something which will in general not be the case.

Finally we want to say something with respect to ideal, first kind measurements. A recent and detailed analysis of the part of OQL dealing with such measuremen ts can be found in [36]. To be brief we mention that OQL paid special atten tion to the kind of questions which allow one to deal with properties — being actual or potential — after the associated experimental procedures have really been performed. It is obvious that not just any question is fitted for this purp ose, indeed performing an arbitrary given experimental procedure may destroy the particular physical system. So, what is called an ideal measuremen t of the first kind of a property a is a definite experimental project [a question] α which satisfies the following conditions [25, 33]:

(i) a = ζ(α) and a^′ = ζ(α^∼ ); (ii) if the positive response is obtained then a is actual immediately after the measuremen t; (iii) if the positive response is obtained then the perturbation suffered by the system is minimal.

In [4, p.405] W. Balzer thinks that C. Piron in his definition of such kind of measuremen ts uses basic concepts which are new relative to the underlying theory he starts with. Especially the notion of a question which is “true afterwards” seems to be confusing. Note that C. Piron in [31]intended to talk about properties which were actual or not afterwards, but we could indeed consider questions as well. There is however nothing special going on here; what seems to be forgotten by W. Balzer is the fact that when we consider a question to be true, not true or impossible, the physical system is always in a specific singular realization. And it is of course always with respect to a specific state of the system that we can say that the property associated with a question is (potential) actual. As such, given a particular physical system we can ask whether a specific question is true or not and it makes sense to ask the question again after the state of the system has changed. What also may cause the confusion is that an ideal first kind measuremen t α is true and a is actual when it is sure that the mentioned conditions would be fulfilled should we perform the experiment and exactly those conditions refer again to a being actual, so there is some recursion involved. When focusing on condition (i) which is responsible for the label “first kind”, α is true and a is actual if a remains actual and α remains true should we repeatedly perform the associated experimental procedure. Further note that in case we deal with a quantum system, an ideal measuremen t of the first kind allows us to calculate the perturbation suffered by the system in course of action. This gave rise to the formulation of theorem 4.3 in [30, p.68] stating that if the response of β, ideal and first kind, is “y es” then the state of the system immediately after the experiment is (p ∨ b^′) ∧ b, where p is the state before and b = ζ(β). So actually we are puzzled by W. Balzer’s remark where he says:

“...I think the basic vocabulary must be enlarged in a nontrivial way and new axioms must be adduced. If this is not done I find it difficult to prove assertions like the following (compare also [30]): If a system is in state q, if question α is compatible with p and if α is performed and yields the answer “y es” then the state of the system after the experiment is (p ∨ a^′) ∧ a where a is the proposition defined by α.” (p.406)

Since this “assertion” is quite badly formulated we can only ponder what W. Balzer means. How are p and q related? What kind of question is α and what does it mean for questions to be compatible? C. Piron only talked about compatible properties where compatibilit y is used to explain the above mentioned condition (ii) formally. We can admit however that ideal and first kind questions belong to a part of OQL which deals with aspects of dynamics and that is a part which allows itself to further explorations (see for instance [12, 14, 15]).

Finally we may affirm that W.K. Essler and G. Zoubek did not understand C. Piron’s work very well, so we hope to have answered also some of their questions in this reply to criticism, especially when one reads the following in [17]:

“As long as Piron does not answer these and similar questions in a way satisfactory to logicians and especially as long as he does not determine the logical structure of the elements of his class Q of all questions his attempt remains as obscure as Heidegger’s approach to a new ontology: he is able then to immunize his theory against any critique by pretending that he has been misinterpreted, and no one will then be able to prove the interpretation’s correctness.” (p.417)

ACKNOWLEDGEMENTS I would like to thank Frank Valckenborgh and Bob Coecke for their useful comments which have led to the present content and form of the presentation in this paper.

AFFILIATION Sonja Smets Center for Logic and Philosophy of Science Free University of Brussels Pleinlaan 2, 1050 Brussels Belgium The author is a postdoctoral researcher at Flanders’ Fund for Scientific Research

References

[1] D. Aerts, The One and The Many, Towards a Unification of the Quantum and the Classical Description of One and Many Physical Entities , PhD-thesis, Free University of Brussels (1981)

[2] D. Aerts, “The Description of One and Many Physical Systems” in C.

Grub er, C. Piron, T.M. Tâm, R. Weill (eds.), Les fondements de la mécanique quantique, 25e cours de perfectionnement de l’Association Vaudoise des Chercheurs en Physique Montana, du 6 au 12 mars 1983, l’A.V.C.P., Lausanne, 63-148 (1983)

[3] D. Aerts, B. Coecke and S. Smets, “On the Origin of Probabilities in Quantum Mechanics: Creativ e and Contextual Aspects”, in G.C. Cornelis, S. Smets and J.P. Van Bendegem (eds.), Metadebates on Science, The Blue Book of “Einstein Meets Magritte” , VUB University Press/Klu wer Academic Publishers, Brussels/Dordrec ht, 291-302(1999)

[4] W. Balzer, “Piron’s Foundation of Quantum Mechanics (Comment on his Paper)”, Erkenntnis , 16, 403-406 (1981)

[5] G. Birkhoff and J. von Neumann, “The Logic of Quantum Mechanics”, Annals of Mathematics 37, 823-843 (1936), reprinted in C.A. Hooker (ed.), The Logico-algebraic Approach to Quantum Mechanics, vol. 1, D. Reidel Publishing Company, Dordrecht, 1-26 (1975)

[6] R. Carnap, “T estabilit y and Meaning”, Philosophy of Science, 3, 419- 417 (1936)

[7] G. Cattaneo, T. Marsico and G. Nisticó, “Individual Samples, Preparations, and States in Piron’s Approach to Quantum Physics”, Foundations of Physics, 24, 1293-1303 (1994)

[8] C. Cattaneo and G. Nisticó, “Axiomatic Foundations of Quantum Physics: Critiques and Misunderstandings. Piron’s Question- Prop osition System”, International Journal of Theoretical Physics, 30, 1293-1336 (1991)

[9] G. Cattaneo and G. Nisticó, “A Model of Piron’s Preparation-Question Structures in Ludwig’s Selection Structures”, International Journal of Theoretical Physics, 32, 407-431 (1993)

[10] B. Coecke, D.J. Moore and S. Smets, “F rom Operationalit y to Logicality: Philosophical and Formal Preliminaries”, submitted for publication.

[11] B. Coecke, D.J. Moore and S. Smets, “F rom Operationalit y to Logicality: Syntax and Semantics”, submitted for publication.

[12] B. Coecke, D.J. Moore and S. Smets, “Logic of Dynamics & Dynamics of Logic; Some Paradigm Examples”, invited paper for D. Gabbay, S. Rahman, J. M. Torres and J.P. Van Bendegem (eds.), Logic, Epistemology and the Unity of Science, submitted for publication, arXiv: math.LO/0106059.

[13] B. Coecke, D. Moore and A. Wilce, “Op erational Quantum Logic: An Overview”, in B. Coecke, D. Moore and A. Wilce (eds.), Current Research in Operational Quantum Logic: Algebras, Categories, Languages, Kluwer Academic Publishers, Dordrecht, 1-36 (2000)

[14] B. Coecke and S. Smets, “A Logical Description for Perfect Measurements”, International Journal of Theoretical Physics, 39, 591-599, arXiv:quan t-ph/0008017 (2000)

[15] B. Coecke and S. Smets, “The Sasaki Hook is not a [Static] Implicativ e Connective but Induces a Backward [inTime] Dynamic One that Assigns Causes”, submitted for publication.

[16] A. Einstein, B. Podolsky and N. Rosen, “Can Quantum-Mechanical Description of Physical Reality be Considered Complete?”, Physical Review, 47, 777-80 (1935), reprinted in J.A. Wheeler and W.H. Zurek (eds.), Quantum Theory and Measurement, Princeton University Press, New Jersey, 138-141 (1983)

[17] W.K. Essler and G. Zoubek, “Piron’s Approach to the Foundations of Quantum Mechanics”, Erkenntnis , 16, 411-418 (1981)

[18] D. Foulis, C. Piron and C. Randall, “Realism, Operationalism, and Quantum Mechanics”, Foundations of Physics, 13, 813-841 (1983)

[19] D.J. Foulis and C.H. Randall, “A Note on Misunderstandings of Piron’s Axioms for Quantum Mechanics”, Foundations of Physics, 14, 65-81 (1984)

[20] N. Hadjisavvas and F. Thieffine, “Piron’s Axioms for Quantum Mechanics: A Reply to Foulis and Randall”, Foundations of Physics, 14, 83-88 (1984)

[21] N. Hadjisavvas, F. Thieffine, and M. Mugur-Schächter, “Study ofPiron’s System of Questions and Prop ositions”, Foundations of Physics, 10, 751-765 (1980)

[22] J.M. Jauch, Foundations of Quantum Mechanics, Addison-Wesley, Reading, Massachusetts (1968)

[23] J.M. Jauch and C. Piron, “Can Hidden Variables be Excluded in Quantum Mechanics?”, Helvetica Physica Acta, 36, 827-837 (1963)

[24] J.M. Jauch and C. Piron, “On the Structure of Quantal Prop osition Systems”, Helvetica Physica Acta, 42, 842-848 (1969)

[25] D.J. Moore, “On State Spaces and Prop erty Lattices”, Studies in History and Philosophy of Modern Physics, 30, 61-83 (1999)

[26] I. Niiniluoto, “Varieties of Realism”, in P. Lahti and P. Mittelstaedt (eds.), Symposium on the Foundations of Modern Physics, 1987, The Copenhagen Interpr etation 60 Years after the Como Lecture, Joensuu, Finland, 6-8 August 1987, World Scientific, Singapore (1987)

[27] I. Niiniluoto, Critical Scientific Realism, Oxford University Press, UK (1999)

[28] C. Piron, “ Axiomatique quantique (PhD-Thesis)”, Helvetica Physica Acta, 37, 439-468 (1964), English Translation by M. Cole: “Quan tum Axiomatics” RB4 Technical memo 107/106/104, GPO Engineering Departmen t (London).

[29] C. Piron, “Surv ey of General Quantum Physics”, Foundations of Physics, 2, 287-314 (1972), reprinted in C.A. Hooker (ed.), The Logico- Algebraic Approach to Quantum Mechanics, vol I, D. Reidel Publishing Company, Dordrecht (1975)

[30] C. Piron, Foundations of Quantum Physics, W.A. Benjamin Inc., Massachusetts (1976)

[31] C. Piron, “Ideal Measurement and Probabilit y in Quantum Mechanics”, Erkenntnis , 16, 397-401 (1981)

[32] C. Piron, “Quan tum Mechanics Fifty Years After”, in P. Lathi and P.

Mitterstaedt (eds.), Symposium on the Foundations of Modern Physics, World Scientific, 207-211 (1985)

[33] C. Piron, Mécanique quantique. Bases et applications, Presses polytechniques et universitaires romandes, Lausanne (Second corrected edition 1998) First Edition (1990)

[34] C. Piron, “Quoi de neuf en physique quantique ?”, Note Mat. Fis. Ed.

Cerfim, 5, 139-152 (1991)

[35] C.H. Randall and D.J. Foulis, “Prop erties and Operational Prop ositions in Quantum Mechanics”, Foundations of Physics, 13, 843-857 (1983)

[36] S. Smets, The Logic of Physical Properties in Static and Dynamic Perspective, PhD-thesis, Free University of Brussels (2001)

[37] S. Smets, “The Epistemology behind Operational Quantum Logic”, Foundations of Science, submitted for publication (2002)

[38] F. Thieffine, N. Hadjisavvas and M. Mugur-Schächter, “Supplemen t to a critique of Piron’s system of questions and propositions”, Foundations of Physics, 11, 645-649 (1981)

[39] F. Valckenborgh, “Op erational Axiomatics and Compound Systems”, in B. Coecke, D. Moore and A. Wilce, Current Research in Operational Quantum Logic: Algebras, Categories, Languages, Kluwer Academic Publishers, Dordrecht, 219-244 (2000)

[40] F. Valckenborgh, Compound Systems in Quantum Axiomatics, Analysis of Subsystem Recognition and Classification of the Various Products from a Categorical Perspective, PhD-thesis, Free University of Brussels (2001)