General Covariance and the Objectivity of Space-time Point-Events: The Physical Role of Gravitational and Gauge Degrees of Freedom in General Relativity - DRAFT

Luca Lusanna Sezione INFN di Firenze Polo Scientifico Via Sansone 1 50019 Sesto Fiorentino (FI), Italy E-mail LUSANNA@FI.INFN.IT

and

Massimo Pauri Dipartimento di Fisica - Sezione Teorica Universita’ di Parma Parco Area Scienze 7/A 43100 Parma, Italy E-mail PAURI@PR.INFN.IT

Abstract

This paper deals with a number of technical achievements that are instrumental for a dis-solution of the so-called Hole Argument in general relativity. Such achievements include:

1) the analysis of the Hole phenomenology in strict connection with the Hamiltonian treatment of the initial value problem. The work is carried through in metric gravity for the class of Christoudoulou-Klainermann spacetimes, in which the temporal evolution is ruled by the weak ADM energy;

2) a re-interpretation of active diffeomorphisms as passive and metricdependent dynamical symmetries of Einstein’s equations, a re-interpretation which enables to disclose their (up to now unknown) connection to gauge transformations on-shell; understanding such connection also enlightens the real content of the Hole Argument or, better, dis-solves it together with its alleged ”indeterminism”;

3) the utilization of the Bergmann-Komar intrinsic pseudo-coordinates [1], defined as suitable functionals of the Weyl curvature scalars, as tools for a peculiar gauge-fixing to the super-hamiltonian and super-momentum constraints;

4) the consequent construction of a physical atlas of 4-coordinate systems for the 4-dimensional mathematical manifold, in terms of the highly non-local degrees of freedom of the gravitational field (its four independent Dirac observables). Such construction embodies the physical individuation of the points of space-time as point-events, independently of the presence of matter, and associates a non-commutative structure to each gauge fixing or four-dimensional coordinate system;

5) a clarification of the multiple definition given by Peter Bergmann [2] of the concept of (Bergmann) observable in general relativity. This clarification leads to the proposal of a main conjecture asserting the existence of i) special Dirac’s observables which are also Bergmann’s observables, ii) gauge variables that are coordinate independent (namely they behave like the tetradic scalar fields of the Newman-Penrose formalism). A by-product of this achievements is the falsification of a recently advanced argument [3] asserting the absence of (any kind of) change in the observable quantities of general relativity.

6) a clarification of the physical role of Dirac and gauge variables as their being related to tidal-like and inertial-like effects, respectively. This clarification is mainly due to the fact that, unlike the standard formulations of the equivalence principle, the Hamiltonian formalism allows to define notion of ”force” in general relativity in a natural way;

7) a proposal showing how the physical individuation of point-events could in principle be implemented as an experimental setup and protocol leading to a ”standard of space-time” more or less like atomic clocks define standards of time.

We conclude that, besides being operationally essential for building measuring apparatuses for the gravitational field, the role of matter in the nonvacuum gravitational case is also that of participating directly in the individuation process, being involved in the determination of the Dirac observables. This circumstance leads naturally to a peculiar new kind of structuralist view of the general-relativistic concept of space-time, a view that embodies some elements of both the traditional absolutist and relational conceptions. In the end, space-time point-events maintain a peculiar sort of objectivity. Some hints following from our approach for the quantum gravity programme are also given.

December 31, 2002

I. INTRODUCTION.

General Relativity is commonly thought to imply that space-time points have no intrinsic physical meaning due to the general covariance of Einstein’s equations. This feature is implicitly described in standard modern textbooks by the statement that solutions to the Einstein’s equations related by (active) diffeomorphisms have physically identical properties. Such kind of equivalence, which also embodies the modern understanding of Einstein’s Hole Argument, has been named as Leibniz equivalence in the philosophical literature by Earman and Norton [4] and exploited to effect of arguing against the substantivalist and in defense of the relational conception of space-time.

This paper is inspired by the belief that Leibniz equivalence is not and cannot be the last word about the intrinsic physical properties of space-time, well beyond the needs of the empirical grounding of the theory. Specifically, the content of the paper should be inscribed in the list of the various attempts made in the literature to gain an intrinsic dynamical characterization of space-time points in terms of the gravitational field itself, besides and beyond the mathematical individuation furnished to them by the coordinates. We refer in particular to old hints offered by Synge, and to the attempts successively sketched by Komar, Bergmann and Stachel. Actually, we claim that we have pursued this line of thought till its natural end.

The Hole Argument is naturally spelled out within the configurational Lagrangian framework of Einstein’s theory. Its very formulation, however, necessarily involve the mathematical structure of the initial value problem which, on the other hand, is intractable within that framework. The proper way to deal with such problem is indeed the ADM Hamiltonian framework with its realm of Dirac observables and gauge variables. But then the real difficulty is just the connection between such different frameworks, particularly from the point of view of symmetries.

Our analysis starts off from a nearly forgotten paper by Bergmann and Komar which enables us to enlighten this correspondence of symmetries and, in particular, that existing between active diffeomorphisms of the configurational approach and gauge transformations of the Hamiltonian viewpoint. Understanding this relation also enlightens the content of the Hole Argument definitely or, better, dis-solves it together with its alleged ”indeterminism”.

Although we believe that the topics we discuss on the basis of the acquired knowledge about the above correspondence of symmetries are conceptually very significant, they are at the same time highly technical and complicated so that it is important to keep a firm grip on the key leading ideas, which are essentially two. Precisely:

1) The Komar-Bergmann intrinsic pseudo-coordinates, constructed in terms of the eigenvectors of the Weyl tensor, are exploited to introduce a peculiar gauge-fixing to the superhamiltonian and super-momentum constraints in the canonical reduction of general relativity. The upshot is that, given an arbitrary coordinate system, the values of the Dirac observables for the vacuum (i.e., the phase space intrinsic degrees of freedom of the gravitational field), whose dependence on space and time is indexed by the chosen coordinates, reproduces precisely these latter as the Komar-Bergmann intrinsic coordinates in the chosen gauge. This means that the physical individuation of manifold’s points into point-events is realized by the intrinsic components (just four!) of the gravitational field, in a gauge dependent fashion.

2) The original multiple definition offered by Bergmann of the concept of ”(Bergmann) observable” [2], a definition that contains some ambiguities, is spelled out fully. Such observables are required to be invariant under standard passive diffeomorphisms and uniquely predictable from the initial data. Once fully clarified, the concept of predictability entails that, in order Bergmann’s multiple definition be consistent, only four of such observables can exist for the vacuum gravitational field, and can be nothing else than tensorial Lagrangian counterparts of the Hamiltonian Dirac observables. We formalize this result and related consequences into a main conjecture, which essentially amounts to claiming the internal consistency of Bergmann’s multiple definition. Incidentally, this result helps in showing that a recent claim about the absence of any kind of change in general relativity is not mathematically justified.

Other achievements are consequences and refinements of these leading ideas or reflections and hints originated by their development.

Previous partial accounts of the material of this paper can be found in Refs. [5,6].

The Hole Argument (see below in this Introduction for details) has a long history which began in late 1913 and crossed Einstein’s path repeatedly. Einstein found an answer only in late 1915 in terms of the now so-called point-coincidence argument which re-established his confidence in general covariance, but lead him to the final conviction that space and time must forfeit the last remnant of physical objectivity. In Einstein’s own words [7]:

”That the requirement of general covariance, which takes away from space and time the last remnant of physical objectivity, is a natural one, will be seen from the following reflexion. All our space-time verifications invariably amount to a determination of space-time coincidences. If, for example, events consisted merely in the motion of material points, then ultimately nothing would be observable but the meetings of two or more of these points. Moreover, the results of our measurings are nothing but verifications of such meetings of the material points of our measuring instruments with other material points, coincidences between the hands of a clock and points on the clock dial, and observed point-events happening at the same place at the same time. The introduction of a system of reference serves no other purpose than to facilitate the description of the totality of such coincidences”.

At first sight it could seem from these words that Einstein simply equated general covariance with the unavoidable arbitrariness of the choice of coordinates, a fact that, in modern language, can be translated into invariance under passive diffeomorphisms. The essence of the point-coincidence argument (a terminology introduced by Stachel in 1980), which satisfied Einstein doubts at the end of 1915, seems to be well in tune with the Machian epistemology he shared at the time, in particular as regards the ontological privilege of ”bodies” or ”fields” versus ”space”. This argument, however, offered mainly a pragmatic solution of the issue and was based on a very idealized model of physical measurement where all possible observations reduce to the intersections of the world-lines of observers, measuring instruments, and measured physical objects. Also, it does not do full justice to the field concept which is the essence of the theory. Furthermore, this solution left unexplored some important aspects of the role played by the metric tensor in the Hole Argument as well as of the related underlying full mathematical structure of the theory. On the other hand, that Einstein was not too much worried about such hidden properties of the metric tensor, is also shown by the circumstance that the subsequent geometro-dynamical re-interpretation of the metric field in more or less substantival terms, that took place in the late years of his life, did not lead Einstein to a re-visitation of the Hole phenomenology.

That the Hole Argument was in fact a subtler issue that Einstein seemingly thought in 1915 and that it consisted in much more than mere arbitrariness in the choice of the coordinates^1, has been revealed by a seminal talk given by John Stachel in 1980 [8], which gave new life to the original Hole Argument. Stachel’s rediscovery of the Hole Argument was followed by a later important work in philosophy of science published by John Earman and John Norton in 1987 [4]. This work was directed against any possible substantivalist interpretation of the space-time concept of general relativity and in favor of the view that such space-time - although not unreal and not deprived of any reality at all - has no reality independent of the bodies or fields it contains. Earman-Norton’s provocation raised a rich philosophical debate that is still alive today (the reader is referred to the works of John Norton for an extensive bibliography [9–12]). Getting involved in this debate is not our aim here: after all, we believe that this debate, which tends to reproduce, mainly by analogy, the classical Newton-Leibniz dispute on the alternative substantivalism/relationalism (a thorough exposition of this unending debate can be found in Ref. [13]), occasionally oversteps the philosophical latitude allowed by the very structure of general relativity. We shall resume these issues later on and offer our conclusive view in the Concluding Survey.

This said, one could legitimately ask why are we proposing to re-discuss the Hole Argument from a technical point of view, given the fact that the debate alluded above is mainly of philosophical interest and that all modern technical expositions of general relativity forget completely the Hole Argument as such. Thus, beside stressing the obvious circumstance that any conceptual clarification of the foundations of general relativity is welcome in the perspective of the quantum gravity programme, we owe the reader from the beginning a justification for our proposal of technical re-visitation of the issue. We shall do it, but only after having addressed a number of preliminary topics.

First of all, before briefly expounding the modern version of the Hole Argument, let us recall the basic mathematical concept that underlies it, namely the concept of active diffeomorphism and its consequent action on the tensor fields defined on a differentiable manifold. Our manifold will be the mathematical manifold M^4, the first layer of the would-be physical space-time of general relativity. Consider a (geometrical or active) diffeomorphism ϕ which maps points of M^4 to points of M^4: ϕ : p→ p^′ = ϕ · p, and its tangent map ϕ^∗ which maps tensor fields T → ϕ^∗ · T in such a way that [T ](p)→ [ϕ^∗ · T ](p) ≡ [T^′ ](p). Then [ϕ^∗ · T ](p) = [T ](ϕ^{−1} · p). It is seen that the transformed tensor field ϕ^∗ · T is a new tensor field whose components in general will have at p values that are different from those of the components of T . On the other hand, the components of ϕ^∗ · T have at p^′ - by construction -

1In fact, however, Einstein’s argument was not so naive, see below.

the same values that the components of the original tensor field T have at p: T^′ (ϕ·p) = T (p) or T^′(p) = T (ϕ^{−1} · p). The new tensor field ϕ^∗ · T is called the drag-along of T .

For later use it is convenient to recall that there is another, non-geometrical - so-called dual - way of looking at the active diffeomorphisms, which, incidentally, is more or less the way in which Einstein himself formulated the original Hole Argument^2. This duality is based on the circumstance that in each region of M^4 covered by two or more charts there is a one-to-one correspondence between an active diffeomorpshism and a specific coordinate transformation (or passive diffeomorphism). Note, incidentally, that such duality between the two types of transformations has often blurred the important conceptual distinction between active and passive diffeomorphisms, which remains true and should be kept clearly in mind. The coordinate transformation T_ϕ : x(p)→ x^′(p) = [T_ϕx](p) which is dual to the active diffeomorphism ϕ is defined such that [T_ϕx](ϕ · p) = x(p). In its essence, this duality transfers the functional dependence of the new tensor field in the new coordinate system to the old system of coordinates. By analogy, the coordinates of the new system [x^′] are said to have been dragged-along with the active diffeomorphism ϕ. A more detailed discussion or, better, the right mathematical way of looking passively at the active diffeomorphisms will be expounded in Section II, where the Bergmann-Komar [14] general group Q of passive dynamical symmetries of Einstein’s equations will be introduced.

Now, the Hole Argument, in its modern version, runs as follows. Consider a generalrelativistic space-time, as specified by the four-dimensional mathematical manifold M^4 and by a metrical tensor field g which represents at the same time the chrono-geometrical and causal structure of space-time and the potential for the gravitational field. The metric g is a solution of the generally-covariant Einstein equations. If any non-gravitational physical fields are present, they are represented by tensor fields that are also dynamical fields, and that appear as sources in the Einstein equations.

Assume now that M^4 contains a Hole H: that is, an open region where all the nongravitational fields are zero. On M^4 we can prescribe an active diffeomorphism ϕ that re-maps the points inside H, but blends smoothly into the identity map outside H and on the boundary. Now, just because Einstein’s equations are generally covariant so that they can be written down as geometrical relations, if g is one of their solutions, so is the drag-along field g^′ = ϕ^∗ ·g. By construction, for any point p ∈ H we have (geometrically) g^′(ϕ·p) = g(p), but of course g^′(p) ≠ g(p) (also geometrically). Now, what is the correct interpretation of the new field g^′? Clearly, the transformation entails an active redistribution of the metric over the points of the manifold, so the crucial question is whether, to what extent, and how the points of the manifold are primarily individuated.

In the mathematical literature about topological spaces, it is always implicitly assumed that the entities of the set can be distinguished and considered separately (provided the Hausdorff conditions are satisfied), otherwise one could not even talk about point mappings or homeomorphisms. It is well known, however, that the points of a homogeneous space can-

2This point is very interesting from an historical point of view [10].

not have any intrinsic individuality^3. Quite aside from the phenomenological stance implicit in Weyl’s quoted words, there is only one way to individuate points at the mathematical level that we are considering: namely by coordinatization, a procedure that transfers the individuality of 4-tuples of real numbers to the elements of the topological set. Precisely, we introduce by convention a standard coordinate system for the primary individuation of the points (like the choice of standards in metrology). Then, we can get as many different names, for what we consider the same primary individuation, as the coordinate charts containing the point in the chosen atlas of the manifold. We can say, therefore, that all the relevant transformations operated on the manifold M^4 (including active diffeomorphisms which map points to points), even if viewed in purely geometrical terms, must be constructible in terms of coordinate transformations. In this way we cross necessarily from the domain of geometry to that of algebra (for a related viewpoint based on more elaborate mathematical structures like fibered manifolds, see Stachel [16]).

Let us go back to the effect of this primary mathematical individuation of manifold points. If we now think of the points of H as also physically individuated spatio-temporal events even before the metric is defined, then g and g^′ must be regarded as physically distinct solutions of the Einstein equations (after all, as already noted, g^′(p) ≠ g(p) at the same point p). This, however, is a devastating conclusion for the causality, or better, determinateness of the theory, because it implies that, even after we completely specify a physical solution for the gravitational and non-gravitational fields outside the Hole - for example, on a Cauchy surface for the initial value problem, assuming for the sake of argument that this intuitive and qualitative wording is mathematically correct, see Section V - we are still unable to predict uniquely the physical solution within the Hole. Clearly, if general relativity has to make any sense as a physical theory, there must be a way out of this foundational quandary, independently of any philosophical consideration.^4

3As Hermann Weyl [15] puts it: ”There is no distinguishing objective property by which one could tell apart one point from all others in a homogeneous space: at this level, fixation of a point is possible only by a demonstrative act as indicated by terms like this and there.”

4In this paper we prefer to avoid the term determinism, and replace it by adopting determinateness or causality, because we believe that the metaphysical flavor of the former tends to overstate the issue at hand. This is especially true if determinism is taken in opposition to indeterminism, which is not mere absence of determinism. The issue of determinism was however the crucial ingredient of the quoted Earman-Norton’s argument [8], which, roughly speaking, ran as follows. Under the substantivalist assumption, (manifold) space-time points possess an individual reality of their own (i.e., independent of bodies and fields of any kind), so that the rearrangement of the metric field against their background, as envisaged in the Hole Argument, would originate a true change in the physical state of space-time. But now - as said before - if diffeomorphically related metric fields represent different physical states, then any prescription of initial data outside the Hole would fail to determine a corresponding solution of the Einstein equations inside the Hole, because many are equally possible. In this way, Earman and Norton intend to confront the substantivalist with a dire dilemma: accept indeterminism, or abandon substantivalism. We want to add here, however, that we find it rather arbitrary to transcribe Newtonian absolutism (or at least part of

In the modern understanding, the most widely embraced escape from the (mathematical) strictures of the Hole Argument (which is essentially an update to current mathematical terms of the pragmatic solution adopted by Einstein), is to deny that diffeomorphically related mathematical solutions represent physically distinct solutions. With this assumption, an entire equivalence class of diffeomorphically related mathematical solutions represents only one physical solution. This statement, is implicitly taken as obvious in the contemporary specialized literature (see, e.g. Ref. [21]), and, as already said, has come to be called Leibniz equivalence in the philosophical literature.

It is seen at this point that the conceptual content of general covariance is far more deeper than the simple invariance under arbitrary changes of coordinates. Stachel [22,23] has given a very enlightening analysis of the meaning of general covariance and of its relations with the Hole Argument, expounding the conceptual consequences of the de facto Einstein’s acceptance of modern Leibniz equivalence through the point-coincidence argument. Stachel stresses that asserting that g and ϕ^∗ · g represent one and the same gravitational field is to imply that the mathematical individuation of the points of the differentiable manifold by their coordinates has no physical content until a metric tensor is specified. In particular, coordinates lose any physical significance whatsoever [9]. Furthermore, as Stachel emphasizes, if g and ϕ^∗ · g must represent the same gravitational field, they cannot be physically distinguishable in any way. So when we act on g with an active diffeomorphisms to create the drag-along field ϕ^∗ · g, no element of physical significance can be left behind: in particular, nothing that could identify a point p of the manifold as the same point of space-time for both g and ϕ^∗ · g. Instead, when p is mapped onto p^′ = ϕ · p, it brings over its identity, as specified by g^′(p^′) = g(p). A further important point made by Stachel is that simply

it) into the so-called manifold substantivalism, no less than to assert that general relativity is a relational theory in an allegedly Leibnizian sense. As emphasized by Rynasiewicz [17], the crucial point is that the historical debate presupposed a clear-cut distinction between matter and space, or between content and container; but by now these distinctions have been blurred by the emergence of the so-called electromagnetic view of nature in the late nineteenth century (for a detailed modeltheoretical discussion of this point see also Friedman’s book [18]). Still, although some might argue (as Earman and Norton do [4]) that the metric tensor, qua physical field, cannot be regarded as the container of other physical fields, we argue that the metric field and, in particular, its dynamical degrees of freedom have ontological priority over all other fields. This preeminence has various reasons [19], but the most important is that the metric field tells all of the other fields how to behave causally. We also agree with Friedman [18] that, in consonance with the general-relativistic practice of not counting the gravitational energy induced by the metric as a component of the total energy, we should regard the manifold, endowed with its metric, as space-time, and leave the task of representing matter to the stress-energy tensor. It is just because of this priority, beside the fact that the Hole is pure gravitational field, that we maintain, unlike other authors (see for example Ref. [20]), that the issue of the individuation of points of the manifold as physical pointevents should be discussed primarily in the context of the vacuum gravitational field, without any recourse to non-gravitational entities, except perhaps at the operational level. Nevertheless even matter plays peculiar role in the process of individuation when present. We shall come back to such qualifications in the Concluding Survey.

because a theory has generally covariant equations, it does not follow that the points of the underlying manifold must lack any kind of physical individuation. Indeed, what really matters is that there can be no non-dynamical individuating field that is specified independently of the dynamical fields, and in particular independently of the metric. If this was the case, a relative drag-along of the metric with respect to the (supposedly) individuating field would be physically significant and would generate an inescapable Hole problem. Thus, the absence of any non-dynamical individuating field, as well as of any dynamical individuating field independent of the metric, is the crucial feature of the purely gravitational solutions of general relativity as well as of the very concept of general covariance.

This conclusion led Stachel to the conviction that space-time points must be physically individuated before space-time itself acquires a physical bearing, and that the metric itself plays the privileged role of individuating field: a necessarily unique role in the case of spacetime without matter. More precisely, Stachel claimed that this individuating role should be implemented by four invariant functionals of the metric, already considered by Bergmann and Komar [1] (see Section IV). However, he did not follow up on his suggestion. As a matter of fact, as we shall see, the question is not straightforward.

Let us come to our program of re-visitation of the Hole Argument. There are many reasons why one should revisit the Hole Argument nowadays, quite apart from any philosophical interest. First of all, this paper is inspired by the conviction that a deeper mathematical clarification of the Hole Argument is needed anyway because the customary statement of Leibniz equivalence is too much synthetic and shallow. As aptly remarked by Michael Friedman [18], if we stick to simple Leibniz equivalence, ”how do we describe this physical situation intrinsically ?”. The crucial point of the Hole issue is that the mathematical representation of space-time provided by general relativity under the condition of general covariance evidently contains superfluous structure hidden behind Leibniz equivalence and that this structure must be isolated. At the level of general covariance, only the equivalence class is physically real so that, on this understanding, general covariance is invariably an unbroken symmetry and the physical world is to be described in a diffeomorphically invariant way. Of course, the price to be paid is that the values of all fields at manifold points as specified by the coordinates, are not physically real. One could say [24] that only the relations among these field values are invariant an thereby real. However, this point of view collapses if we are able to isolate the intrinsic content of Leibniz equivalence and to individuate physically the manifold’s point in an independent way. On the other hand, this isolation appears to be required de facto both by any explicit solution of Einstein’s equation, which requires specification of the arbitrariness of coordinates, and by the empirical foundation of the theory: after all any effective kind of measurement requires in fact a definite physical individuation of space-time points in terms of physically meaningful coordinates. Summarizing, it is evident that breaking general covariance is a pre-condition for the isolation of the superfluous structure hidden within Leibniz equivalence.

Secondly, the program of the physical individuation of space-time points sketched by John Stachel must be completed because, as it will appear evident in Section IV, the mere recourse to the four functional invariants of the metric alluded to by Stachel cannot do, by itself, the job of physically individuating space-time points. Above all, it is essential to realize from the beginning that - by its very formulation - the Hole Argument is inextricably entangled with the initial value problem although, strangely enough, it has never been explicitly discussed in that context in a systematic way. Possibly the reason is that most authors have implicitly adopted the Lagrangian approach, where the Cauchy problem is intractable because of the non-hyperbolic nature of Einstein’s equations^5 (see Ref. [28] for an updated review).

Our investigation will be based on the Hamiltonian formulation of general relativity for it is precisely the entanglement referred to above that provides the right point of attack of the Hole problem. This is no surprise, after all, since the constrained Hamiltonian approach is just the only proper way to analyze the initial value problem of that theory and to find the deterministically predictable observables of general relativity. It is not by chance that the modern treatment of the initial value problem within the Lagrangian configurational approach [28] must in fact mimic the Hamiltonian methods (see more in Section V).

Finally, only in the Hamiltonian approach can we isolate the gauge variables, which carry the descriptive arbitrariness of the theory, from the Dirac observables (DO), which are gauge invariant quantities providing a coordinatization of the reduced phase space of general relativity, and are subjected to hyperbolic (and therefore ”determinated” or ”causal” in the customary sense) evolution equations.

Just in the context of the Hamiltonian formalism, we find the tools for completing Stachel’s suggestion and exploiting the old proposal advanced by Bergmann and Komar for an intrinsic labeling of space-time points by means of the eigenvalues of the Weyl tensor. Precisely, Bergman and Komar, in a series of papers [29,1,30] introduced suitable invariant scalar functionals of the metric and its first derivatives as invariant pseudo-coordinates^6. As already anticipated, we shall show that such proposal can be utilized in constructing a peculiar gauge-fixing to the super-hamiltonian and super-momentum constraints in the canonical reduction of general relativity. This gauge-fixing makes the invariant pseudo-coordinates into effective individuating fields by forcing them to be numerically identical with ordinary coordinates: in this way the individuating fields turn the mathematical points of space-time into physical point-events. Eventually, we discover that what really individuates space-time points physically are the very degrees of freedom of the gravitational field. As a consequence, we advance the ontological claim that - physically - Einstein’s vacuum space-time is literally identified with the autonomous physical degrees of freedom of the gravitational field, while the specific functional form of the invariant pseudo-coordinates matches these latter into the manifold’s points. The introduction of matter has the effect of modifying the Riemann and

5Actually, David Hilbert was the first person to discuss the Cauchy problem for the Einstein equations and to realize its connection to the Hole phenomenology [25]. He discussed the issue in the context of a general-relativistic generalization of Mie’s special relativistic non linear electrodynamics and pointed out the necessity of fixing a special geometrically adapted (Gaussian in his terms, or geodesic normal as known today) coordinate system to assure the causality of the theory. In this connection see also Ref. [26]. However, as again noted by Stachel [27], Hilbert’s analysis was incomplete and neglected important related problems.

6Actually, the first suggestion of specifying space-time points absolutely in terms of curvature invariants is due to Synge [31]b

Weyl tensors, namely the curvature of the 4-dimensional substratum, and to allow measuring the gravitational field in a geometric way for instance through effects like the geodesic deviation equation. It is important to emphasize, however, that the addition of matter does not modify the construction leading to the individuation of point-events, rather it makes it conceptually more appealing.

Finally, the procedure of individuation that we have outlined transfers, as it were, the noncommutative Poisson-Dirac structure of the Dirac observables onto the individuated point-events. The physical implications of this circumstance might deserve some attention in view of the quantization of general relativity. Some hints for the quantum gravity programme will be offered in the final Section of the paper (Concluding Survey).

A Section of the paper is devoted to our second main topic: the clarification of the concept of Bergmann’s observable (BO) [2]. Bergmann’s definition has various facets, namely a configurational side having to do with invariance under passive diffeomorphisms, an Hamiltonian side having to do with Dirac’s concept of observable, and the property of predictability which is entangled with both sides. According to Bergmann, (his) observables are passive diffeomorphisms invariant quantities (PDIQ) ”which can be predicted uniquely from initial data”, or ”quantities that are invariant under a coordinate transformation that leaves the initial data unchanged”. Bergmann says in addition that they are further required to be gauge invariant, a statement that can only be interpreted as implying that Bergmann’s observables are simultaneously DO’s. Yet, he offers no explicit demonstration of the compatibility of this bundle of statements. The clarification of this entanglement leads us to the proposal of a main conjecture asserting the i) existence of special Dirac’s observables which are also Bergmann’s observables, as well as to the ii) existence of gauge variables that are coordinate independent (namely they behave like the tetradic scalar fields of the Newman-Penrose formalism). A by-product of this achievement is the falsification of a recently advanced argument [3] asserting the absence of (any kind of) change in the observable quantities of general relativity.

Two fundamental independent but conceptually overlapping interpretational issues of general relativity have been debated in the recent literature, namely the question of the objectivity of temporal change, and that of change in general. It is well-known that many authors claim that general relativity entails the absence of objective temporal change. Although such claims are not strictly related to the issue of point individuation, if sound in general they could seriously weaken the conceptual appeal of our very program. Therefore we are obliged to take issue against some conclusions of this sort. As to the first point, for the sake of argument, we will restrict our remarks to the objections raised by Belot and Earmann [32] and Earman [3] (see also Refs. [33–35] as regards the so called problem of time or frozen time). According to these authors, the reduced phase space of general relativity is indeed a frozen space without evolution. We shall argue that their claim cannot have a general ontological force, essentially because is model dependent and it does not apply to all families of Einstein’s space-times. We show in particular that globally-hyperbolic non-compact space-times exist - defined by suitable boundary conditions and asymptotically flat at spatial infinity^7 - that provide an explicit counterexample to the frozen time argument. The role of the generator of real time evolution in such space-times is played by the weak ADM energy, while the super-hamiltonian constraint has nothing to do with temporal change and is only the generator of gauge transformations connecting different admissible 3+1 splittings of space-time. We argue, therefore, that in these space-times there is neither a frozen reduced phase space nor a possible Wheeler-De Witt interpretation based on some local concept of time as in compact space-times. In conclusion, we claim that our gauge-invariant approach to general relativity is perfectly adequate to accommodate real temporal change, so that all the consequent developments based on it are immune to ontological criticisms like those quoted above.

There is, however, a stronger thesis about change that has been recently defended by John Earman in Ref. [3] and must be addressed separately. We shall call this thesis the universal no-change argument. Indeed, Earman claims that the deep structure of general relativity linked to Leibniz equivalence and Bergmann’s definition of observable are such that:

”Bergmann’s proposal implies that there is no physical change, i.e., no change in the observable quantities, at least not for those quantities that are constructible in the most straightforward way from the materials at hand.”

Note that Earman’s argument is allegedly independent of Hamiltonian techniques so that it too does not menace our first topic directly. However, if technically viable, it would imply an inner contradiction of Bergmann’s multiple definition of obervables [2] and, in particular, a flaw in the relation between Bergmann’s and Dirac’s notions, whose explanation is the second of our main goals.

Earman’s argument is entirely based on the configurational side of the definition and depends crucially upon the property of predictability. The argument exploits the implications of the initial value problem of general relativity by referring to a Cauchy surface Σ_o in M^4 as specified by an intuitive geometrical representation within the Lagrangian approach. Earman’s radical conclusion is that the conjunction of general covariance and predictability in the above Cauchy sense implies that, for any observable Bergmann’s field B(p), and any active diffeomorphism p^′ = ϕ · p that leaves Σ_o and its past fixed, it follows B(p) = B(ϕ^{−1} · p) = B^′(p) ≡ ϕ^∗B(p). Then, since Σ_o is arbitrary, the Bergmann’s observable field B(p) must be constant everywhere in M^4.

We shall argue that this conclusion cannot be reconciled with the Hamiltonian side of Bergmann’s definition of observable in that concerns predictability, while the Lagrangian configurational concept of predictability is substantially ambiguous in the case of Einstein’s equations. The flaw in the argument should indeed be traced to the naive way in which the Cauchy problem is usually dealt with within the configurational Lagrangian approach.

A third result - obtained again thanks to the virtues of the Hamiltonian approach - is something new concerning the overall role of gravitational and gauge degrees of freedom.

7Precisely the Christodoulou-Klainermann space-times [36] we use in this paper.

Indeed, the distinction between gauge variables and DO’s provided by the Shanmugadhasan [37] transformation (see Section III), conjoined with the circumstance that the Hamiltonian point of view brings naturally to a re-reading of geometrical features in terms of the traditional concept of force, leads to a by-product of our investigation that, again, would be extremely difficult to characterize within the Lagrangian viewpoint at the level of the Hilbert action or Einstein’s equations. The additional by-product is something that should be added to the traditional wisdom of the equivalence principle asserting the local impossibility of distinguishing gravitational from inertial effects. Actually, the isolation of the gauge arbitrariness from the true intrinsic degrees of freedom of the gravitational field is instrumental to understand and visualize which aspects of the local effects, showing themselves on test matter, have a genuine gravitational origin and which aspects depend solely upon the choice of the (local) reference frame and could therefore even be named inertial in analogy with their non-relativistic Newtonian counterparts. Indeed, two main differences characterize the issue of inertial effects in general relativity with respect to the non-relativistic situation: the existence of autonomous degrees of freedom of the gravitational field independently of the presence of matter sources, on the one hand, and the local nature of the general-relativistic reference systems, on the other. We shall show that, although the very definition of inertial forces (and of gravitational force in general) is rather arbitrary in general relativity, it appears natural to characterize first of all as genuine gravitational effects those which are directly correlated to the DO’s, while the gauge variables appear to be correlated to the general relativistic counterparts of Newtonian inertial effects.

Another aspect of the Hamiltonian connection ”gauge variables - inertial effects” is related to the 3+1 splitting of space-time required for the canonical formalism. Each splitting is associated with a foliation of space-time whose leaves are Cauchy simultaneity space-like hyper-surfaces. While the field of unit normals to these surfaces identifies a surface-forming congruence of time-like observers, the field of the evolution vectors identifies a rotating congruence of time-like observers. Since a variation of the gauge variables modifies the foliation, the identification of the two congruences of time-like observers is connected to the fixation of the gauge, namely, on-shell, to the choice of 4-coordinates. Then a variation of gauge variables also modifies the inertial effects.

It is clear by now that a complete gauge fixing within canonical gravity has the following implications: i) the choice of a unique 3+1 splitting with its associated foliation; ii) the choice of well-defined congruences of time-like observers; iii) the on-shell choice of a unique 4-coordinate system. In physical terms this set of choices amount to choosing a network of intertwined and synchronized local laboratories made up with test matter (obviously up to a coherent choice of chrono-geometric standards). This interpretation shows that, unlike in ordinary gauge theories where the gauge variables are inessential degrees of freedom, the concept of reduced phase space is very abstract and not directly useful in general relativity: it is nothing else than the space of gravitational equivalence classes each of which is described by the set of all laboratory networks living in a gauge orbit. This makes the requirement of an intrinsic characterization for the reduced phase space asked by Belot and Earman [32] rather meaningless.

The only weakness of the previous distinction is that the separation of the two autonomous degrees of freedom of the gravitational field from the gauge variables is, as yet, a coordinate (i.e. gauge) - dependent concept. The known examples of pairs of conjugate DO’s are neither coordinate-independent (they are not PDIQ) nor tensors. Bergmann asserts that the only known method (at the time) to build BO’s is based on the existence of Bergmann- Komar invariant pseudo-coordinates. The results of this method, however, are of difficult interpretation, so that, in spite of the importance of this alternative non-Hamiltonian definition of observables, no explicit determination of them has been proposed so far. A possible starting point to attack the problem of the connection of DO’s with BO’s seems to be a Hamiltonian reformulation of the Newman-Penrose formalism [38] (it contains only PDIQ) employing Hamiltonian null-tetrads carried by the time-like observers of the congruence orthogonal to the admissible space-like hyper-surfaces. This suggests the technical conjecture that special Darboux bases for canonical gravity should exist in which the inertial effects (gauge variables) are described by PDIQ while the autonomous degrees of freedom (DO’s) are also BO’s. Note that, since Newman-Penrose PDIQ are tetradic quantities, the validity of the conjecture would also eliminate the existing difference between the observables for the gravitational field and the observables for matter, built usually by means of the tetrads associated to some time-like observer. Furthermore, this would also provide a starting point for defining a metrology in general relativity in a generally covariant way^8, replacing the empirical metrology [39] used till now. It would also enable to replace by dynamical matter the test matter of the axiomatic approach to measurement theory (see Appendix C).

A final step of our analysis consists in suggesting how the physical individuation of spacetime points, introduced at the conceptual level, could in principle be implemented with a well-defined empirical procedure, an experimental set-up and protocol for positioning and orientation. This suggestion is outlined in correspondence with the abstract treatment of the empirical foundation of general relativity as exposed in the classical paper of Ehlers, Pirani and Schild [40]. The conjunction of the Hamiltonian treatment of the initial value problem, with the correlated physical individuation of space-time points, and the practice of general-relativistic measurement, on the backdrop of the axiomatic foundation closes, as it were, the coordinative circuit of general relativity.

The plan of the paper is the following. In Section II the Einstein-Hilbert Lagrangian viewpoint and the related local symmetries are summarized. Particular emphasis is given to the analysis of the most general group Q of dynamical symmetries of Enstein’s equations (Bergmann-Komar group), and the passive view of active diffeomorphisms is clarified. The ADM Hamiltonian viewpoint and its related canonical local symmetries are expounded in Section III. Building on the acquired knowledge about the structure of Q, particular emphasis is given to a discussion of the general Hamiltonian gauge group and to the correspondence between active diffeomorphisms and on-shell gauge transformations. Section IV is devoted to the central issue of the individuation of the mathematical points of M^4 as physical pointevents by means of a peculiar gauge-fixing to Bergmann-Komar intrinsic pseudo-coordinates. A digression on the concept of BO’s and the criticism of the frozen time and universal nochange arguments are the content of Section V where our main conjecture is advanced concerning the relations between DO’s and BO’s. The results obtained in Sections III,

8Recall that this is the main conceptual difference from the non-dynamical metrology of special relativity

IV and V about the canonical reduction lead naturally to the physical interpretation of the DO’s and the gauge variables as characterizing tidal-like and inertial-like effects, respectively: this is discussed in Section VI. An outline of the empirical coordinative circuit of general relativity is sketched in Section VII. A Concluding Survey containing some hints in view of the quantum gravity programme and three Appendices complete the paper.

II. THE EINSTEIN-HILBERT LAGRANGIAN VIEWPOINT AND THE RELATED LOCAL SYMMETRIES.

Given a pseudo-Riemannian 4-dimensional manifold M^4, the Einstein-Hilbert action for pure gravity without matter^9

S_H = ∫ d^4x L(x) = ∫ d^4x

√_4

g^4R, (2.1)

defines a variational principle for the metric 2-tensor^4g_{μν} (x) over M^4. The associated Euler-Lagrange equations are Einstein’s equations

4G_{μν} (x)^{def}=^4R_{μν} (x) − 1 2 4R(x)^4g_{μν} (x) = 0. (2.2)

Although - as clarified in the Introduction - we should look at the above equations as pure mathematical relations, we will discuss the counting of the degrees of freedom following the procedure applied in any classical singular field theory.

As well known, the action (2.1) is invariant under general coordinate transformations. In other words, the passive diffeomorphisms_P Diff M^4 are local Noether symmetries (second Noether theorem) of the action. This has the consequence that:

i) Einstein’s equations are form invariant under coordinate transformations (a property usually named general covariance);

ii) the Lagrangian density L(x) is singular, namely its Hessian matrix has vanishing determinant.

This in turn entails that:

i) four of the ten Einstein equations are Lagrangian constraints, namely restrictions on the Cauchy data;

ii) four combinations of Einstein’s equations and their gradients vanish identically (Bianchi identities).

In conclusion, there are only two dynamical second-order equations depending on the accelerations of the metric tensor. As a consequence, the ten components^4g_{μν} (x) of the metric tensor are functionals of two ”deterministic” dynamical degrees of freedom and eight further degrees of freedom which are left completely undetermined by Einstein’s equations even once the Lagrangian constraints are satisfied. This state of affairs makes the treatment of both the Cauchy problem of the non-hyperbolic system of Einstein’s equations and the definition of observables extremely complicated within the Lagrangian context [28]. Let us stress that precisely this arbitrariness is the source of what has been interpreted as indeterminism of general relativity in the debate about the Hole Argument.

Since passive diffeomorphisms play the role of Lagrangian gauge transformations, a complete Lagrangian gauge fixing amounts to a definite choice of the coordinates on M^4, a choice

9x^μ is a coordinate chart in the atlas of M^4.

which, on the other hand, is necessary in order to explicitly solve the Einstein partial differential equations.

On the other hand, in modern terminology, general covariance implies that a physical solution of Einstein’s equations properly corresponds to a 4-geometry, namely the equivalence class of all the 4-metric tensors, solutions of the equations, written in all possible 4-coordinate systems. This equivalence class is usually represented by the quotient 4Geom =^4Riem/_P Diff M^4, where^4Riem denotes the space of metric tensors solutions of Einstein’s equations. Then, any two inequivalent Einstein space-times are different 4- geometries.

Besides local Noether symmetries of the action, Einstein’s equations, considered as a set of partial differential equations, have their own dynamical symmetries [41] which only partially overlap with the former ones. Let us stress that:

i) a dynamical symmetry is defined only on the space of solutions of the equations of motion, namely it is an on-shell concept;

ii) only a subset of such symmetries (called Noether dynamical symmetries) can be extended off-shell in the variational treatment of action principles. The passive diffeomorphisms_P Diff M^4 are just an instantiation of Noether dynamical symmetries of Einstein’s equations.

iii) among the dynamical symmetries of Einstein’s equations, there are all the active diffeomorphisms_ADiff M^4, which, as said in the Introduction, are the essential core of Einstein’s Hole Argument^{10}.

Yet, according to Stachel [8], it is just the dynamical symmetry nature of active diffeomorphisms that expresses the real physically relevant content of general covariance. On the other hand the natural Noether symmetries of the Hilbert action are the passive diffeomorphisms. This dualism active-passive has been a continuous source of confusion and ambiguity in the literature. We claim, however, that a clarification of the issue can be drawn from a nearly forgotten paper by Bergmann and Komar [11]^{11} in which it is shown that the biggest group Q of passive dynamical symmetries of Einstein’s equations is not_P Diff M^4 [x^{′ μ} = f^μ(x^ν )] but instead a larger group of transformations of the form

Q : x^{′ μ} = f^μ(x^ν ,^4g_{αβ}(x)), (2.3)

which, of course is thereby extended to tensors in the standard way:^4g^′_{μν} (x^′ ) = ∂x^α ∂f^μ ∂x^β ∂f^ν 4g_{αβ}(x). It is clear that in this way we allow for metric dependent coordinate systems, whose associated 4-metrics are in general different from those obtainable from a given

10Note that a subset of active diffeomorphisms are the conformal isometries, i.e. those conformal transformations which are also active diffeomorphisms, namely^4g̃ = Ω^{2 4}g ≡ ϕ^{∗ 4}g for some ϕ ∈ ADiff M^4 with Ω strictly positive. Since the Hilbert action is not invariant under the conformal transformations which are not ordinary isometries (i.e. conformal isometries with Ω = 1 for which L_X^4g = 0, if X is the associated Killing vector field), only these latter are Noether dynamical symmetries.

11See, however, Ref. [42].

4-metric solution of Einstein’s equations by passive diffeomorphisms: actually, these transformations map points to points, but associate with a given point x an image point x^′ that depends also on the metric field^{12}. It is remarkable, however, that not only these new transformed 4-metric tensors are still solutions of Einstein’s equations, but that indeed they belong to the it same 4-geometry, i.e. the same equivalence class generated by applying all it passive diffeomorphisms to the original 4-metrics:^4Geom =^4Riem/Q =^4Riem/_P Diff M^4. Note, incidentally, that this circumstance is mathematically possible only because_P Diff M^4 is a non-normal sub-group of Q. The 4-metrics built by using passive diffeomorphisms are, as it were, a dense sub-set of the metrics obtainable by means of the group Q.

There is no clear statement in the literature about the dynamical symmetry status of the group_ADiff M^4 of active diffeomorphisms and their relationship with the group Q, a point which is fundamental for our program. To clarify this point, let us consider an infinitesimal transformation of the type (2.3) connecting a 4-coordinate system [x^μ] to a new one [x^{′μ}] by means of metric-dependent infinitesimal descriptors:

x^{′ μ} = x^μ + δ x^μ = x^μ + ξ^μ(x,^4g). (2.4)

This will induce the usual formal variation of the metric tensor^{13}

δ̄^4g_{μν} = − ( ξ_{μ;ν} (x,^4g) + ξ_{ν;μ}(x,^4g) ) . (2.5)

If δ̄^4g_{μν} (x) is now identified with the local variation of the metric tensor induced by the drag along of the metric under an infinitesimal active diffeomorphism^4g →^4g̃ so that

δ̄^4g_{μν} =≡^4g̃_{μν} (x) −^4g_{μν} (x) = − ( ξ_{μ;ν}(x,^4g) + ξ_{ν;μ}(x,^4g) ) , (2.6)

the solution ξ_μ(x,^4g) of these Killing-type equations identifies a corresponding passive Bergmann-Komar dynamical symmetry belonging to Q. We see that, just as said in the Introduction, the new system of coordinates [x^{′μ}] is identified with the drag along of the old coordinate system.

This result should imply that all the active diffeomorphisms connected with the identity in ADiff M^4 can be reinterpreted as elements of a non-normal sub-group of generalized passive transformations in Q. Clearly this sub-group is disjoint from the sub-group_P Diff M^4: this in turn is possible because diffeomorphism groups do not possess a canonical identity. Let us recall, however, that unfortunately there is no viable mathematical treatment of the diffeomorphism group in the large.

What has been defined in the Introduction as (Earman-Norton) Leibniz equivalence of metric tensors^4 means that an Einstein (or on-shell, or dynamical) gravitational field is an equivalence class of solutions of Einstein’s equation modulo the dynamical symmetry transformations of_ADiff M^4. Therefore, we also have

12Strictly speaking, Eqs.(2.3) should be defined as transformations on the tensor bundle over M^4.

13What is relevant here is the local variation δ̄^4g_{μν} (x) = L_{−ξ}γ_{∂γ}^4g_{μν} (x) =^4g^′_{μν} (x) −^4g_{μν} (x) which differs from the total variation by a convective term: δ^4g_{μν} (x) =^4g^′_{μν} (x^′ ) −^4g_{μν} (x) = δ̄ 4g_{μν} (x) + δ xγ ∂_γ 4g_{μν} (x).

4Geom =^4Riem/_ADiff M^4 =^4Riem/Q =^4Riem/_P Diff M^4. (2.7) It is clear that a parametrization of the 4-geometries should be grounded on the two independent dynamical degrees of freedom of the gravitational field. Within the framework of the Lagrangian dynamics, however, no algorithm is known for evaluating the observables of the gravitational field, viz. its two independent degrees of freedom. The only result we know of is given in Ref. [36] where, after a study of the index of Einstein’s equations, it is stated that the two degrees of freedom are locally associated to symmetric trace-free 2-tensors on two-planes, suggesting a connection with the Newman-Penrose formalism [38].

On the other hand, as we shall see in the next Section, it is the Hamiltonian framework which has the proper tools to attack these problems. Essentially, this is due to the fact that the Hamiltonian methods allow to work off-shell, i.e., without immediate transition to the space of solutions of Einstein’s equations. Thus the soldering to the above results is reached only at the end of the canonical reduction, when the on-shell restriction is made^{14}.

14Note nevertheless that even at the Lagrangian level one can define off-shell (or kinematical) gravitational fields defined as^4Riem^′ /_P Diff M^4, where^4Riem^′ are all the possible metric tensors on M^4. Of course only the subset of solutions of Einstein equations are Einstein gravitational fields.

III. THE ADM HAMILTONIAN VIEWPOINT AND THE RELATED CANONICAL LOCAL SYMMETRIES.

This Section provides the technical analysis of the Cauchy problem and the counting of degrees of freedom within the framework of the ADM canonical formulation of metric gravity [43]. Recall that this formulation holds for globally hyperbolic pseudo-Riemannian 4-manifolds M^4 which are asynptotically flat at spatial infinity^{15}. Unlike the Lagrangian formulation, the Hamiltonian formalism requires a 3+1 splitting of M^4 and a global time function τ. This entails in turn a foliation of M^4 by space-like hyper-surfaces Σ_τ (simultaneity Cauchy surfaces), to be coordinatized by adapted 3-coordinates ⃗σ^{16}. A canonical formulation with well-defined Poisson brackets requires in addition the specification of suitable boundary conditions at spatial infinity, viz. a definite choice of the functional space for the fields^{17}. Finally, one should not forget the fact that the problem of the boundary conditions constitutes an intriguing issue within the Lagrangian approach.

The reader is referred to Appendix A for the relevant notations and technical developments of the Hamiltonian description of metric gravity, which requires the use of Dirac- Bergmann [45–49] theory of constraints (see Refs. [50,51] for updated reviews).

We start off with replacement of the ten components^4g_{μν} of the 4-metric tensor by the

15As shown in Ref. [44] and said in the Introduction, in this case the so-called problem of time can be treated in such a way that in presence of matter and in the special-relativistic limit of vanishing Newton constant, one recovers the parametrized Minkowski theories equipped with a global time: in such theories, however, space-time points are individuated as point-events in a kinematical and absolute way. Of course, this result is precluded if space-time is spatially compact without boundary (or closed). Let us remark that parametrized Minkowski theories give the reformulation of the dynamics of isolated systems in special relativity on arbitrary space-like hyper-surfaces, leaves of the foliation associated with an arbitrary 3+1 splitting and defining a surface-forming congruence of accelerated time-like observers. In these theories the embeddings z^μ(τ, σ) of the space-like hyper-surfaces are new configuration variables at the Lagrangian level. However they are gauge variables because the Lagrangian is invariant under separate τ- and ⃗σ-reparametrizations (which are diffeomorphisms). This form of special relativistic general covariance implies the existence of four first class constraints analogous to the super-hamitonian and super-momentum constraints of ADM canonical gravity, playing the role of assuring the independence of the description from the choice of the 3+1 splitting (there is no Hole phenomenology)

16An improper vector notation is used throughout for the sake of simplicity.

17See Ref. [44] for a detailed discussion of this point. It is pointed out there that in order to have well defined asymptotic weak and strong ADM Poincare’ charges (generators of the asymptotic Poincare’ group) all fields must have a suitable direction-independent limit at spatial infinity. In presence of matter, switching off the Newton constant reduces these charges to the conserved generators of the Poincare’ group for the isolated system with the same matter. Of course, in closed space-times, the ADM Poincare’ charges do not exist and the special relativistic limit is lost.

configuration variables of ADM canonical gravity: the lapse N(τ, ⃗σ) and shift N_r(τ, ⃗σ) functions and the six components of the 3-metric tensor on Σ_τ ,^3g_{rs}(τ, ⃗σ). Einstein’s equations are then recovered as the Euler-Lagrange equations of the ADM action S_{ADM} = ∫ dτ L_{ADM} (τ) = ∫ dτd^3σL_{ADM} (τ, ⃗σ) = = −ϵk ∫ △τ dτ ∫ d^3σ { √ γN [^3R +^3K_{rs}^3K^{rs} − (^3K)^2]}(τ, ⃗σ), (3.1)

which differs from Einstein-Hilbert action (2.1) by a suitable surface term. Here^3K_{rs} is the extrinsic curvature of Σ_τ ,^3K its trace, and^3R the 3-curvature scalar.

Besides the ten configuration variables listed above, the ADM functional phase space Γ_{20} is coordinatized by ten canonical momenta π̃^N (τ, ⃗σ), π̃^r_{⃗N} (τ, ⃗σ),^3Π̃^{rs}(τ, ⃗σ)^{18}. Such canonical variables, however, are not independent since they are restricted to the constraint submanifold Γ_{12} by the eight first class constraints π̃^N (τ, ⃗σ) ≈ 0, π̃^r_{⃗N} (τ, ⃗σ) ≈ 0, H̃(τ, ⃗σ) = ϵ[k√γ^3R − 1 2k √ γ 3G_{rsuv}^3Π̃^{rs 3}Π̃^{uv}](τ, ⃗σ) ≈ 0, 3H̃^r(τ, ⃗σ) = −2^3Π̃^{rs}_{|s}(τ, ⃗σ) = −2[∂_s^3Π̃^{rs} +^3Γ^r_{su}^3Π̃^{su}](τ, ⃗σ) ≈ 0. (3.2)

While the first four are primary constraints, the remaining four are the super-hamiltonian and super-momentum secondary constraints arising from the requirement that the primary constraints be constant in τ. More precisely, this requirement guarantees that, once we have chosen the initial data inside the constraint sub-manifold Γ_{12}(τ_o) corresponding to a given initial Cauchy surface Σ_{τo} , the time evolution does not take them out of the constraint sub-manifolds Γ_{12}(τ), for τ > τ_o.

The evolution in τ is ruled by the Hamilton-Dirac Hamiltonian

18As shown in Ref. [44], a consistent treatment of the boundary conditions at spatial infinity requires the explicit separation of the asymptotic part of the lapse and shift functions from their bulk part: N(τ, ⃗σ) = N_{(as)}(τ, ⃗σ) + n(τ, ⃗σ), N_r(τ, ⃗σ) = N_{(as)r}(τ, ⃗σ) + n_r(τ, ⃗σ), with n and n_r tending to zero at spatial infinity in a direction-independent way. On the contrary, N_{(as)}(τ, ⃗σ) = −λ_τ (τ) −^1_2 λ_{τ u}(τ) σ^u and N_{(as)r}(τ, ⃗σ) = −λ_r(τ) −^1_2 λ_{ru}(τ) σ^u. The Christodoulou- Klainermann space-times [36], with their rest-frame condition of zero ADM 3-momentum and absence of super-translations, are singled out by these considerations. The allowed foliations of these space-times tend asymptotically to Minkowski hyper-planes in a direction-independent way and are asymptotically orthogonal to the ADM four-momentum. They have N_{(as)}(τ, ⃗σ) = ϵ, N_{(as)r}(τ, ⃗σ) = 0. Therefore, in these space-times there are asymptotic inertial time-like observers (the fixed stars or the CMB rest frame) and the global mathematical time labeling the Cauchy surfaces can be identified with their rest time. For the sake of simplicity we shall ignore these aspects of the theory, with the caveat that the canonical pairs N, π̃^N , N_r, π̃^r_{⃗N} should be always replaced by the pairs n, π̃^n, n_r, π̃^r_{⃗n}.

H_{(D)ADM} = ∫ d^3σ [ N H̃ + N_r^3H̃^r + λ_N π̃^N + λ^{⃗N}_r π̃^r_{⃗N} ] (τ, ⃗σ) ≈ 0, (3.3) where λ_N (τ, ⃗σ) and λ^r_{⃗N} (τ, ⃗σ) are arbitrary Dirac multipliers in front of the primary constraints^{19}. The resulting hyperbolic system of Hamilton-Dirac equations has the same solutions of the non-hyperbolic system of (Lagrangian) Einstein’s equations with the same boundary conditions. Let us stress that the Hamiltonian hyperbolicity is explicitly paid by the arbitrariness of the Dirac multipliers. Of course this is just the Hamiltonian counterpart of the ”indeterminateness” or the so-called ”indeterminism” surfacing in the Hole Argument.

At this point a number of important questions must be clarified. When used as generators of canonical transformations, the eight first class constraints will map points of the constraint surface to points on the same surface. We shall say that they generate the infinitesimal transformations of the off-shell Hamiltonian gauge group G_8^{20}. The action of G_8 gives rise to a Hamiltonian gauge orbit through each point of the constraint sub-manifold Γ_{12}. Every such orbit is parametrized by eight phase space functions - namely the independent offshell Hamiltonian gauge variables - conjugated to the first class constraints. We are left thereby with a pair of conjugate canonical variables, the off-shell DO’s, which are the only Hamiltonian gauge-invariant and ”determinatedly” ruled quantities. The same counting of degrees of freedom of the Lagrangian approach is thus obtained. Finally, let us stress here, in view of the later discussion, that both the off-shell Christoffel symbols and the off-shell Riemann tensor can be read as functions of both the off-shell DO’s and the Hamiltonian gauge variables. Likewise, the on-shell Christoffel symbols and the on-shell Riemann tensor will depend on both the on-shell DO’s and the on-shell Hamiltonian gauge variables.

The eight infinitesimal off-shell Hamiltonian gauge transformations have the following interpretation [44]:

i) those generated by the four primary constraints modify the lapse and shift functions: these in turn determine how densely the space-like hyper-surfaces Σ_τ are distributed in space-time and also the conventions to be made on each Σ_τ about simultaneity (the choice of clocks synchronization) and gravito-magnetism;

ii) those generated by the three super-momentum constraints induce a transition on Σ_τ from a given 3-coordinate system to another one;

iii) that generated by the super-hamiltonian constraint induces a transition from a given 3+1 splitting of M^4 to another one, by operating normal deformations [52] of the space-like hyper-surfaces^{21}.

19These are four velocity functions (gradients of the metric tensor) which are not determined by Einstein’s equations. As shown in Ref. [44], the correct treatment of the boundary conditions leads to rewrite Eq.(3.3) in terms of n and n_r (see footnotes 17 and 18).

20Note that the off-shell Hamiltonian gauge transformations are local Noether transformations (second Noether theorem) under which the ADM Lagrangian (3.1) is quasi-invariant.

21Note that in compact space-times the super-hamiltonian constraint is usually interpreted as generator of the evolution in some internal time, either like York’s internal extrinsic time or like

Making the quotient of the constraint hyper-surface with respect to the off-shell Hamiltonian gauge transformations by defining Γ_4 = Γ_{12}/G_8, we obtain the so-called reduced off-shell conformal super-space. Each of its points, i.e. a Hamiltonian off-shell (or kinematical) gravitational field, is an off-shell equivalence class, called an off-shell conformal 3-geometry, for the space-like hyper-surfaces Σ_τ : note that, since it contains all the off-shell 4-geometries connected by Hamiltonian gauge transformations, it is not a 4-geometry.

An important digression is in order here. The space of parameters of the off-shell gauge group G_8 contains eight arbitrary functions. Four of them are the Dirac multipliers λ_N (τ, ⃗σ), λ^{⃗N}_r (τ, ⃗σ) of Eqs.(3.3), while the other four are functions α(τ, ⃗σ), α_r(τ, ⃗σ) which generalize the lapse and shift functions in front of the secondary constraints in Eqs.(3.3)^{22}. These arbitrary functions correspond to the eight local Noether symmetries under which the ADM action is quasi-invariant.

On the other hand, from the analysis of the dynamical symmetries of the Hamilton equations (equivalent to Einstein’s equations), it turns out (see Refs. [53,54]) that on-shell only a sub-group G_{4 dyn} of G_8 survives, depending on four arbitrary functions only. But in the present context, a crucial result for our subsequent discussion is that a further subset, that we will denote by G_{4 P} ⊂ G_{4 dyn}, can be identified within the sub-group G_{4 dyn}: precisely the subset corresponding to the phase space counterparts of those passive diffeomorphisms which are projectable to phase space. On the other hand, as already said, Einstein’s equations have Q as the largest group of dynamical symmetries and, even if irrelevant to the local Noether symmetries of the ADM action, this larger group is of fundamental importance for our considerations. In order to take it into account in the present context, the parameter space of G_8 must be enlarged to arbitrary functions depending also on the 3-metric, λ_N (τ, ⃗σ) → λ_N (τ, ⃗σ,^3g_{rs}(τ, ⃗σ)), ... , α_r(τ, ⃗σ) → α_r(τ, ⃗σ,^3g_{rs}(τ, ⃗σ)). Then, the restriction of this enlarged gauge group to the dynamical symmetries of the Hamilton equations defines an extended group G̃_{4 dyn} which, under inverse Legendre transformation, defines a new non-normal subgroup Q_{can} of the group Q (see Ref. [14]). But now, the remarkable and fundamental point is that Q_{can} contains both active and passive diffeomorphisms. In particular:

i) the intersection Q_{can} ∩_P Diff M^4 identifies the space-time passive diffeomorphisms which, respecting the 3+1 splitting of space-time, are projectable to G_{4 P} in phase space;

ii) the remaining elements of Q_{can} are the projectable subset of active diffeomorphisms in their passive view.

This entails that, as said in Ref. [14], Eq.(2.4) may be completed with^4Geom =^4Riem/Q_{can}.

Misner’s internal intrinsic time. Here instead the super-hamiltonian constraint is the generator of those Hamiltonian gauge transformations which imply that the description is independent of the choice of the allowed 3+1 splitting of space-time: this is the correct answer to the criticisms raised against the phase space approach on the basis of its lack of manifest covariance.

22In Ref. [14] they are called descriptors and written in the form α = N ξ, α^r =^3g^{rs} α_s = ξ^r ±N^r ξ.

In conclusion, the real gauge group acting on the space of the solutions of the Hamilton- Dirac equations (A16) is the on-shell extended Hamiltonian gauge group G̃_{4 dyn} and the onshell equivalence classes obtained by making the quotient with respect to it eventually coincide with the on-shell 4-geometries of the Lagrangian theory. Therefore, the Hamiltonian Einstein (or on-shell, or dynamical) gravitational fields coincide with the Lagrangian Einstein (or on-shell, or dynamical) gravitational fields.

This is the way in which passive space-time diffeomorphisms, under which the Hilbert action is invariant, are reconciled on-shell with the allowed Hamiltonian gauge transformations adapted to the 3+1 splittings of the ADM formalism. Furthermore, our analysis of the Hamiltonian gauge transformations and their Legendre counterparts gives an extra bonus: namely that the on-shell phase space extended gauge transformations include also symmetries that are images of active space-time diffeomorphsms. The basic relevance of this result for a deep understanding of the Hole Argument will appear fully in Section IV.

Having clarified these important issues, let us come back to the canonical reduction. The off-shell freedom corresponding to the eight independent types of Hamiltonian gauge transformations is reduced on-shell to four types like in the case of_P Diff M^4: precisely the transformations in [Q_{can} ∩_P Diff M^4] . At the off-shell level, this property is manifest by the circumstance that the original Dirac Hamiltonian contains only 4 arbitrary Dirac multipliers and that the correct gauge-fixing procedure [55,44] starts by giving only the four gauge fixing constraints for the secondary constraints. The requirement of time constancy then generates the four gauge fixing constraints to the primary constraints, while time constancy of such secondary gauge fixings leads to the determination of the four Dirac multipliers^{23}. Since the original constraints plus the above eight gauge fixing constraints form a second class set, it is possible to introduce the associated Dirac brackets and conclude the canonical reduction by realizing an off-shell reduced phase space Γ_4. Of course, once we reach a completely fixed Hamiltonian gauge (a copy of Γ_4), general covariance is completely broken. Finally, note that a completely fixed Hamiltonian gauge on-shell is equivalent to a definite choice of the space-time 4-coordinates on M^4 within the Lagrangian viewpoint.

In order to visualize the meaning of the various types of degrees of freedom^{24} we need a determination of a Shanmugadhasan canonical basis [37] of metric gravity [44] having the following structure (ā = 1, 2 are non-tensorial indices of the DO’s^{25} r_ā, π_ā) with N N_r^3g_{rs} π̃^N ≈ 0 π̃^r_{⃗N} ≈ 0^3Π̃^{rs} −→ N N_r ξ^r ϕ r_ā π̃^N ≈ 0 π̃^r_{⃗N} ≈ 0 π̃^{⃗H}_r ≈ 0 π_ϕ π_ā

23This agrees with the results of Ref. [56] according to which the projectable space-time diffeomorphisms depend only on four arbitrary functions and their time derivatives.

24This visualization remains only implicit in the conformal Lichnerowicz-York approach [57–60].

25Let us stress that the DO’s are in general neither tensors nor invariants under space-time diffeomorphisms. Therefore their (unknown) functional dependence on the original variables changes (off-shell) with the gauge and, therefore, (on-shell) with the 4-coordinate system.

−→ N N_r ξ^r Q_H ≈ 0 r^′_ā π̃^N ≈ 0 π̃^r_{⃗N} ≈ 0 π̃^{⃗H}_r ≈ 0 Π_H π^′_ā

. (3.4)

It is seen that we need a sequence of two canonical transformations.

a) The first one replaces seven first-class constraints with as many Abelian momenta (ξ^r are the gauge parameters of the passive 3-diffeomorphisms generated by the supermomentum constraints) and introduces the conformal factor ϕ of the 3-metric as the configuration variable to be determined by the super-hamiltonian constraint^{26}. Note that the final gauge variable, namely the momentum π_ϕ conjugate to the conformal factor, is the only gauge variable of momentum type: it plays the role of a time variable, so that the Lorentz signature of space-time is made manifest by the Shanmugadhasan transformation in the set of gauge variables (π_ϕ; ξ^r); this makes the difference with respect to the proposals of Refs. [33,61]. More precisely, the first canonical transformation should be called a quasi- Shanmugadhasan transformation, because nobody has succeeded so far in Abelianizing the super-hamiltonian constraint. Note furthermore that this transformation is a point canonical transformation.

b) The second canonical transformation would be instead a complete Shanmugadhasan transformation, where Q_H(τ, ⃗σ) ≈ 0 would denote the Abelianization of the superhamiltonian constraint^{27}. The variables N, N_r, ξ^r, Π_H are the final Abelianized Hamiltonian gauge variables and r^′_ā, π^′_ā the final DO’s.

In absence of explicit solutions of the Lichnerowicz equation, the best we can do is to

26Recall that the strong ADM energy is the flux through the surface at spatial infinity of a function of the 3-metric only, and it is weakly equal to the weak ADM energy (volume form) which contains all the dependence on the ADM momenta. This implies [44] that the super-hamiltonian constraint must be interpreted as the equation (Lichnerowicz equation) that uniquely determines the conformal factor ϕ = (det^3g)^{1/12} of the 3-metric as a functional of the other variables. This means that the associated gauge variable is the canonical momentum π_ϕ conjugate to the conformal factor: this latter carries information about the extrinsic curvature of Σ_τ . It is just this variable, and not York’s time, which parametrizes the normal deformation of the embeddable space-like hyper-surfaces Σ_τ . As said in footnote 15, the theory is independent of the choice of the 3+1 splitting like in parametrized Minkowski theories. As a matter of fact, a gauge fixing for the superhamiltonian constraint, i.e. a choice of a particular 3+1 splitting, is done by fixing the momentum π_ϕ conjugate to the conformal factor. This shows the dominant role of the conformal 3-geometries in the determination of the physical degrees of freedom, just as in the Lichnerowicz-York conformal approach.

27If ϕ̃[r_ā, π_ā, ξ^r, π_ϕ] is the solution of the Lichnerowicz equation, then Q_H = ϕ − ϕ̃ ≈ 0. Other forms of this canonical transformation should correspond to the extension of the York map [62] to asymptotically flat space-times: in this case the momentum conjugate to the conformal factor would be just York time and one could add the maximal slicing condition as a gauge fixing. Again, however, nobody has been able so far to build a York map explicitly.

construct the quasi-Shanmugadhasan transformation. On the other hand, such transformation has the remarkable property that, in the special gauge π_ϕ(τ, ⃗σ) ≈ 0, the variables r_ā, π_ā form a canonical basis of off-shell DO’s for the gravitational field even if the solution of the Lichnerowicz equation is not known.

The four gauge fixings to the secondary constraints, when written in the quasi- Shanmugadhasan canonical basis, have the following meaning:

i) the three gauge fixings for the parameters ξ^r of the spatial passive diffeomorphisms generated by the super-momentum constraints correspond to the choice of a system of 3- coordinates on Σ_τ^{28}. The time constancy of these gauge fixings generates the gauge fixings for the shift functions N_r while the time constancy of the latter leads to the fixation of the Dirac multipliers λ^{⃗N}_r ;

ii) the gauge fixing to the super-hamiltonian constraint determines π_ϕ: it is a fixation of the form of Σ_τ and amounts to the choice of one particular 3+1 splitting of M^4. Since the time constancy of the gauge fixing on π_ϕ determines the gauge fixing for the lapse function N (and then of the Dirac multiplier λ_N ), it follows a connection with the choice of the standard of local proper time.

All this entails that, after such a fixation of the gauge G, the functional form of the DO’s in terms of the original variables becomes gauge-dependent. At this point it is convenient to denote them as r^G_ā , π^G_ā .

In conclusion, a representative of a Hamiltonian kinematical or off-shell gravitational field, in a given gauge equivalence class, is parametrized by r_ā, π_ā and is an element of a conformal gauge orbit (it contains all the 3-metrics in a conformal 3-geometry) spanned by the gauge variables ξ^r, π_ϕ, N, N_r. Therefore, according to the gauge interpretation based on constraint theory, a Hamiltonian kinematical or off-shell gravitational field is an equivalence class of 4-metrics modulo the Hamiltonian group of gauge transformations, which contains a well defined conformal 3-geometry. Clearly, this is a consequence of the different invariance properties of the ADM and Hilbert actions, even if they generate the same equations of motion.

Recall that the evolution is parametrized by the mathematical parameter τ of the adapted coordinate system (τ, ⃗σ) on M^4, which labels the surfaces Σ_τ . As shown in Ref. [44], the Hamiltonian ruling the evolution is the weak ADM energy [63] (the volume form), which, in

28Since the diffeomorphism group has no canonical identity, this gauge fixing has to be done in the following way. We choose a 3-coordinate system by choosing a parametrization of the six components^3g_{rs}(τ, ⃗σ) of the 3-metric in terms of only three independent functions. This amounts to fix the three functional degrees of freedom associated with the diffeomorphism parameters ξ^r(τ, ⃗σ). For instance, a 3-orthogonal coordinate system is identified by^3g_{rs}(τ, ⃗σ) = 0 for r ≠ s and^3g_{rr} = ϕ^2 exp( ∑_2

ā=1 γrārā). Then, we impose the gauge fixing constraints ξ

r(τ, ⃗σ) − σ^r ≈ 0 as a way of identifying this system of 3-coordinates with a conventional origin of the diffeomorphism group manifold.

every completely fixed gauge, is a functional of only the DO’s of that gauge. As shown by DeWitt [64], this is a consequence of the fact that in non-compact space-times the weakly vanishing ADM Dirac Hamiltonian (3.3) has to be modified with a suitable surface term in order to have functional derivatives, Poisson brackets and Hamilton equations mathematically well defined mathematically.

Finally, let us stress the important fact that the Shanmugadhasan canonical transformation is a highly non-local transformation. Since it is not known how to build a global atlas of coordinate charts for the group manifold of diffeomorphism groups, it is not known either how to express the ξ^r’s, π_ϕ and the DO’s in terms of the original ADM canonical variables.^{29}.

29This should be compared to the Yang-Mills theory in case of a trivial principal bundle, where the corresponding variables are defined by a path integral over the original canonical variables [65,50,51].

IV. PHYSICAL INDIVIDUATION OF SPACE-TIME POINTS BY MEANS OF GAUGE FIXINGS TO BERGMANN-KOMAR INTRINSIC COORDINATES.

It’s time to pursue our main task, namely the clarification of the physical individuality of space-time point-events in general relativity.

Let us begin by recalling again that the ADM formulation assumes the existence of a mathematical 4-manifold, the space-time M^4, admitting 3+1 splittings with space-like leaves Σ_τ ≈ R^3. All fields (also matter fields when present) depend on Σ_τ -adapted coordinates (τ, ⃗σ) for M^4. As emphasized in the Introduction, unlike the case of special relativity, the mathematical points of M^4 have no intrinsic physical meaning, a circumstance that originates the Hole phenomenology. This has the effect that, as stressed in particular by Stachel [23], the space-time manifold points must be physically individuated before space-time itself acquires a physical meaning. In the case of general relativity there is no non-dynamical individuating field like the distribution of rods and clocks in Minkowsky space-time, that can be specified independently of the dynamical fields, in particular independently of the metric. Thus, Stachel claimed that, for the pure gravitational solutions, the metric itself plays the role of individuating field and that this role should be implemented by four invariant functionals of the metric; however, he didn’t pursue this program further. We must insist again that a crucial component of the individuation issue is the inextricable entanglement of the Hole Argument with the initial value problem. Now, however, we have at our disposal the right framework for dealing with the initial value problem, so our main task should be to put all things together and develop Stachel’s suggestion. Finally, another fundamental tool at our disposal is the clarification we gained in Section II concerning the relation between active diffeomorphisms in their passive view and the dynamical gauge symmetries of Einstein’s equations in the Hamiltonian approach.

We are then ready to move forward by conjoining Stachel’s suggestion with the proposal advanced by Bergmann and Komar [1] that, in the absence of matter fields, the values of four invariant scalar fields built from the contractions of the Weyl tensor (actually its eigenvalues) can be used to build intrinsic pseudo-coordinates^{30}.

The four invariant scalar eigenvalues Λ^{(k)}_W (τ, ⃗σ), k = 1, .., 4, of the Weyl tensor, written in Petrov compressed notations, are

Λ^{(1)}_W = T r (^4C^4g^4C^4g), Λ^{(2)}_W = T r (^4C^4g^4C^4ϵ), Λ^{(3)}_W = T r (^4C^4g^4C^4g^4C^4g), Λ^{(4)}_W = T r (^4C^4g^4C^4g^4C^4ϵ), (4.1)

where^4C is the Weyl tensor,^4g the metric, and^4ϵ the Levi-Civita totally antisymmetric tensor.

Bergmann and Komar then propose that we build a set of (off-shell) intrinsic coordinates for the point-events of space-time as four suitable functions of the Λ^{(k)}_W ’s,

30As shown in Ref. [66] in general space-times with matter there are 14 algebraically independent curvature scalars for M^4.

σ̄^Ā(σ) = F^Ā[Λ^{(k)}_W [^4g(σ), ∂^4g(σ)]], (Ā = 1, 2, ..., 4). (4.2)

Indeed, under the hypothesis of no space-time symmetries,^{31} we would be tempted (like Stachel) to use the F^Ā[Λ^{(k)}_W ] as individuating fields to label the points of space-time, at least locally.^{32}

Of course, since they are invariant functionals, the F^Ā[Λ^{(k)}_W ]’s are quantities invariant under passive diffeomorphisms (PDIQ), therefore, as such, they do not define a coordinate chart for the atlas of the mathematical Riemannian 4-manifold M^4 in the usual sense (hence the name of pseudo-coordinates and the superior bar we used in F^Ā). Moreover, the tetradic 4-metric which can be built by means of the intrinsic pseudo-coordinates (see the next Section) is a formal object invariant under passive diffeomorphisms that does not satisfy Einstein’s equations (but possibly much more complex derived equations). Therefore, the action of active diffeomorphisms on the tetradic metric is not directly connected to the Hole argument. All this leads to the conclusion that the proposal advanced by Bergmann [2] (”we might then identify a world point (location-plus-instant-in-time) by the values assumed by (the four intrinsic pseudo-coordinates)”) to the effect of individuating point-events in terms of intrinsic pseudo-coordinates is not - as it stands - physically viable in a tractable way. This is not the final verdict, however, and we must find a dynamical bridge between the intrinsic pseudo-coordinates and the ordinary 4-coordinate systems which provide the primary identification of the points of the mathematical manifold.

Our procedure starts when we recall that, within the Hamiltonian approach, Bergmann and Komar [1] proved the fundamental result that the Weyl eigenvalues Λ^{(A)}_W , once re-

31Our attempt to use intrinsic coordinates to provide a physical individuation of point-events would prima facie fail in the presence of symmetries (with or without matter), when the F^Ā[Λ^{(k)}_W [^4g(σ), ∂^4g(σ)]] become degenerate. This objection was originally raised by Norton [12] as a critique to manifold-plus-further-structure (MPFS) substantivalism (according to which the points of the manifold, conjoined with additional local structure such as the metric field, can be considered physically real; see for instance [67]). Several responses are possible. First, although most of the known exact solutions of the Einstein equations admit one or more symmetries, these mathematical models are very idealized and simplified; in a realistic situation (for instance, even with two masses) space-time is filled with the excitations of the gravitational degrees of freedom, and admits no symmetries at all. A case study is furnished by the non-symmetric and non-singular space-times of Christodoulou-Klainermann [36]. Second, the parameters of the symmetry transformations can be used as supplementary individuating fields, since, as noticed by Komar [30] and Stachel [23] they also depend upon metric field, through its isometries. To this move it has been objected [24] that these parameters are purely mathematical artifacts, but a simple rejoinder is that the symmetric models too are mathematical artifacts. Third, and most important, in our analysis of the physical individuation of points we are arguing a question of principle, and therefore we must consider generic solutions of the Einstein equations rather than the null-measure set of solutions with symmetries.

32Problems might arise if we try to extend the labels to the entire space-time: for instance, the coordinates might turn out to be multi-valued.

expressed as functionals of the Dirac (i.e. ADM) canonical variables, do not depend on the lapse and shift functions but only on the 3-metric and its conjugate canonical momentum, Λ^{(k)}_W [^4g(τ, ⃗σ), ∂^4g(τ, ⃗σ)] = Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)]. This result is crucial since it entails that just the intrinsic pseudo-coordinates σ̄^Ā can be exploited as natural and peculiar coordinate gauge conditions in the canonical reduction procedure.

Taking into account the results of Section III, we know that, in a completely fixed (either off- or on-shell) gauge, both the four intrinsic pseudo-coordinates and the ten tetradic components of the metric field (see Eq.(5.2) of the next Section) become gauge dependent functions of the four DO’s of that gauge. For the Weyl scalars in particular we can write:

Λ^{(k)}_W (τ, ⃗σ)|_G = Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)]|_G = Λ^{(k)}_G [r^G_ā (τ, ⃗σ), π^G_ā (τ, ⃗σ)]. (4.3)

where |_G denotes the specific gauge (see footnote 25). Conversely, by the inverse function theorem, in each gauge, the DO’s of that gauge can be expressed as functions of the 4 eigenvalues restricted to that gauge: Λ^{(k)}_W (τ, ⃗σ)|_G.

Our program is implemented in the following way: after having selected a completely arbitrary mathematical coordinate system σ^A ≡ [τ, σ^a] adapted to the Σ_τ surfaces, we choose as physical individuating fields four suitable functions F^Ā[Λ^{(k)}_W (τ, ⃗σ)], and express them as functionals F̃^Ā of the ADM variables

F^Ā[Λ^{(k)}_W (τ, ⃗σ)] = F^Ā[Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)]] = F̃^Ā[^3g(τ, ⃗σ),^3Π(τ, ⃗σ)]. (4.4)

The space-time points, mathematically individuated by the quadruples of real numbers σ^A, become now physically individuated point-events through the imposition of the following gauge fixings to the four secondary constraints χ̄^A(τ, ⃗σ)^{def}= σ^A − σ̄^Ā(τ, ⃗σ) = σ^A − F^Ā [ Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)] ] ≈ 0. (4.5)

Then, following the standard procedure we end with a completely fixed Hamiltonian gauge, say G. This will be a correct gauge fixing provided the functions F^Ā[Λ^{(k)}_W (τ, ⃗σ)] are chosen so that the χ̄^A(τ, ⃗σ)’s satisfy the orbit conditions det |{χ̄^A(τ, ⃗σ), H̃^B(τ, ⃗σ^′ )}| ≠ 0, (4.6) where H̃^B (τ, ⃗σ) = ( H̃(τ, ⃗σ); 3H̃r(τ, ⃗σ) ) ≈ 0 are the super-hamiltonian and super-momentum constraints of Eqs.(3.2). These conditions enforce the Lorentz signature on Eq.(4.5), namely the requirement that F^{τ̄} be a time variable, and imply that the F^Ā’s are not DO’s.

The above gauge fixings allow in turn the determination of the four Hamiltonian gauge variables ξ^r(τ, ⃗σ), π_ϕ(τ, ⃗σ) of Eqs.(3.4). Then, their time constancy induces the further gauge fixings ψ̄^A(τ, ⃗σ) ≈ 0 for the determination of the remaining gauge variables, i.e., the lapse and shift functions in terms of the DO’s in that gauge as ˙χ̄^A(τ, ⃗σ) = ∂χ̄^A(τ, ⃗σ) ∂τ + {σ̄^Ā(τ, ⃗σ), H̄_D} = δ^{Aτ} + + ∫ d^3σ_1 [ N(τ, ⃗σ_1) {σ^Ā(τ, ⃗σ), H(τ, ⃗σ_1)} + N_r(τ, ⃗σ_1) {σ^Ā(τ, ⃗σ), H^r(τ, ⃗σ_1)} ] = = ψ̄^A(τ, ⃗σ) ≈ 0. (4.7)

Finally, ˙ψ̄^A(τ, ⃗σ) ≈ 0 determines the Dirac multipliers λ^A(τ, ⃗σ).

In conclusion, the gauge fixings (4.5) (which break general covariance) constitute the crucial bridge that transforms the intrinsic pseudo-coordinates into true physical individuating coordinates.

As a matter of fact, after going to Dirac brackets, we enforce the point-events individuation in the form of the identity

σ^A ≡ σ̄^Ā = F̃^Ā_G [r^G_ā (τ, ⃗σ), π^G_ā (τ, ⃗σ)] = F^Ā[Λ^{(k)}_W (τ, ⃗σ)]|_G. (4.8)

In this physical 4-coordinate grid, the 4-metric, as well as other fundamental physical entities, like e.g. the space-time interval ds^2 with its associated causal structure, and the lapse and shift functions, depend entirely on the DO’s in that gauge. The same is true, in particular, for the solutions of the eikonal equation [36]^4g^{AB}(σ^D)^{∂U(σD )}_{∂σA}^{∂U(σD )}_{∂σB} = 0, which define generalized wave fronts and, therefore, through the envelope of the null surfaces U(σ^D) = const. at a point, the light cone at that point.

Let us stress that, according to the previous Sections, only on the solutions of Einstein’s equations the completely fixed gauge G is equivalent to the fixation of a definite 4-coordinate system σ^A_G. Our gauge fixing (4.5) ensures that on-shell we get σ^A = σ^A_G. In this way we get a physical 4-coordinate grid on the mathematical 4-manifold M^4 dynamically determined by tensors over M^4 with a rule which is invariant under_P Diff M^4 but such that the functional form of the map σ^A → physical 4 − coordinates depends on the complete chosen gauge G: we see that what is usually called the local point of view [68] (see later on) is justified a posteriori in every completely fixed gauge.

Summarizing, the effect of the whole procedure is that the values of the DO’s, whose dependence on space (and on parameter time) is indexed by the chosen coordinates (τ, ⃗σ), reproduces precisely such (τ, ⃗σ) as the Bergmann–Komar intrinsic coordinates in the chosen gauge G. In this way mathematical points have become physical individuated point-events by means of the highly non-local structure of the DO’s. If we read the identity (4.8) as σ^A ≡ f^Ā_G (r^G_ā , π^G_ā ), we see that each coordinate system σ^A is determined on-shell by the values of the 4 canonical degrees of freedom of the gravitational field in that gauge. This is tantamount to claiming that the physical role and content of the gravitational field in absence of matter is just the very identification of the points of Einstein space-times into physical point-events by means of its four independent phase space degrees of freedom. The existence of physical point-events in general relativity appears here as a synonym of the existence of the DO’s, i.e. of the true physical degrees of freedom of the gravitational field.

As said in the Introduction, the addition of matter does not change this ontological conclusion, because we can continue to use the gauge fixing (4.5). However, matter changes the Weyl tensor through Einstein’s equations and contributes to the separation of gauge variables from DO’s in the quasi-Shanmugadhasan canonical transformation through the presence of its own DO’s. In this case we have Dirac observables both for the gravitational field and for the matter fields, but the former are modified in their functional form with respect to the vacuum case by the presence of matter. Since the gravitational Dirac observables will still provide the individuating fields for point-events according to our procedure, matter will come to influence the very physical individuation of points.

We have seen that, once the orbit conditions are satisfied, the Bergmann-Komar intrinsic pseudo-coordinates F^Ā[Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)]|_G become just the individuating fields Stachel was looking for. Indeed, by construction, the intrinsic pseudo-coordinates are both PDIQ and also numerically invariant under the drag along induced by active diffeomorphisms (in the notations of the Introduction we have [ϕ^∗F^Ā](p) ≡ [F^{Ā ′} ](p) = [F^Ā](ϕ^{−1} · p) ), a fact that is also essential for maintaining a connection to the Hole Argument.

A better understanding of the real connection between Stachel point of view and ours can be achieved by exploiting Bergmann-Komar’s group of passive transformations Q discussed in Section II. We can argue in the following way. Given a 4-coordinate system σ^A, the passive view of each active diffeomorphism ϕ defines a new 4-coordinate system σ^A_ϕ (dragalong coordinates produced by a generalized Bergmann-Komar transformation (2.3)). This means that there will be two functions F^Ā and F^Ā_ϕ realizing these two coordinates systems through the gauge fixings

σ^A − F^Ā[Λ^{(k)}_W (σ)] ≈ 0, σ^A_ϕ − F^Ā_ϕ [Λ^{(k)}_W (σ_ϕ)] ≈ 0, (4.9)

It is explicitly seen in this way that the functional freedom in the choice of the four functions F^Ā allows to cover all those coordinates charts σ^A in the atlas of the mathematical space-time M^4 which are adapted to any allowed 3+1 splitting. By using gauge fixing constraints more general than those in Eq.(4.5) (like the standard gauge fixings used in ADM metric gravity) we can reach all the 4-coordinates systems of M^4. Here, however we wanted to restrict to the class of gauge fixings (4.5) for the sake of clarifying the interpretational issues.

Let us conclude by noting that the gauge fixings (4.5), (4.7) induce a coordinatedependent non-commutative Poisson bracket structure upon the physical point-events of space-time by means of the associated Dirac brackets implying Eqs.(4.8). More exactly, on-shell, each coordinate system gets a well defined non-commutative structure determined by the associated functions F̃^Ā_G (r^G_ā , π^G_ā ), for which we have {F̃^Ā_G (r^G_ā (τ, ⃗σ), π^G_ā (τ, ⃗σ)), F̃^{B̄}_G (r^G_ā (τ, ⃗σ_1), π^G_ā (τ, ⃗σ_1))}^∗ ≠ 0. The meaning of this structure in view of quantization is worth investigating (see the Concluding Survey).

V. A DIGRESSION ON BERGMANN OBSERVABLES: THE MAIN CONJECTURE AND THE ISSUE OF THE OBJECTIVITY OF CHANGE.

This Section is devoted to some crucial aspects of the definition of observable in general relativity. While, for instance in astrophysics, matter observables are usually defined as tetradic quantities evaluated with respect to the tetrads of a time-like observer so that they are obviously invariant under_P Diff M^4 (PDIQ), the definition of the notion of observable for the gravitational field without matter faces a dilemma. Two fundamental definitions of observable have been proposed in the literature.

1) The off-shell and on-shell Hamiltonian non-local Dirac observables (DO)^{33} which, by construction, satisfy hyperbolic Hamilton equations of motion and are, therefore, deterministically predictable. In general, as already said, they are neither tensorial quantities nor invariant under_P Diff M^4 (PDIQ).

2) The configurational Bergmann observables (BO) [2]: they are quantities defined on M^4 which not only are independent of the choice of the coordinates, i.e. they are either scalars or invariants^{34} under_P Diff M^4 (PDIQ), but are also ”uniquely predictable from the initial data”. An equivalent, but according to Bergmann more useful, definition of a (PIDQ) BO, is ”a quantity that is invariant under a coordinate transformation that leaves the initial data unchanged”.

Let us note, first of all, that PDIQ’s are not in general DO’s, because they may also depend on the eight gauge variables N, N_r, ξ^r, π_ϕ. Thus most, if not all, of the curvature scalars are gauge dependent quantities at least at the kinematical off-shell level. For example, each 3-metric in the conformal gauge orbit has a different 3-Riemann tensor and different 3-curvature scalars. Since 4-tensors and 4-curvature scalars depend: i) on the lapse and shift functions (and their gradients); ii) on π_ϕ, both implicitly and explicitly through the solution of the Lichnerowicz equation (and this affects the 3-curvature scalars), most of these objects

33For other approaches to the observables of general relativity see Refs. [69]: the perennials introduced in this Reference are essentially our DO’s. See Ref. [70] for the difficulties in observing perennials experimentally at the classical and quantum levels as well as for their quantization. See Ref. [71] about the non-existence of observables built as spatial integrals of local functions of Cauchy data and their first derivatives, in the case of vacuum gravitational field in a closed universe. Also, Rovelli’s evolving constants of motion and partial observables [72] are related with DO’s; however, the holonomy loops used in loop quantum gravity [73] are PDIQ but not DO’s. On the other hand, even recently Ashtekar [74] noted that ”The issue of diffeomorphism invariant observables and practical methods of computing their properties” is one among the relevant challenges.

34In Ref. [29] Bergmann defines: i) a scalar as a local field variable which retains its numerical value at the same world point under coordinate transformations (passive diffeomorphisms), φ^′ (x^′ ) = φ(x); ii) an invariant I as a functional of the given fields which has been constructed so that if we substitute the coordinate transforms of the field variables into the argument of I instead of the originally given field variables, then the numerical value of I remains unchanged.

are in general gauge dependent variables from the Hamiltonian point of view, at least at the off-shell kinematical level. The simplest relevant off-shell scalars with respect to_P Diff M^4, which exhibit such gauge dependence, are the bilinears^4R_{μνρσ}^4R^{μνρσ} ,^4R_{μνρσ} ϵ^{μναβ 4}R_{αβ}^{ρσ} and the four eigenvalues of the Weyl tensor exploited in Section IV. What said here does hold, in particular, for the line element ds^2 and, therefore, for the causal structure.

On the other hand, BO’s are those special PDIQ which are simultaneously predictable. Yet, the crucial question is now ”what does it precisely mean to be predictable within the configurational Lagrangian framework ?”. Bergmann, gave in fact a third definition of BO or, better, a third part of the original definition, as ”a dynamical variable that (from the Hamiltonian point of view) has vanishing Poisson brackets with all the constraints”, i.e., essentially, is also a DO. This means that Bergmann thought, though only implicitly and without proof, that predictability implies that a BO must also be projectable to phase space to a special subset of DO’s that are also PDIQ.

The unresolved multiplicity of Bergmann’s definitions leads to an entangled net of problems. First of all, as shown at length in Ref. [28], in order to tackle the Cauchy problem at the Lagrangian configuration level^{35} one has firstly to disentangle the Lagrangian constraints from Einstein’s equations, then to take into account the Bianchi identities, and finally to write down a system of hyperbolic equations. As a matter of fact one has to mimic the Hamiltonian approach, but with the additional burden of lacking an algorithm for selecting those predictable configurational field variables whose Hamiltonian counterparts are just the DO’s. The only thing one might do is to adopt an inverse Legendre transformation, to be performed after a Shanmugadhasan canonical transformation characterizing a possible complete set of DO’s. Yet, this corresponds just to the inverse of Bergmann’s statement that the BO’s are projectable to special (PDIQ) DO’s. In conclusion Lagrangian configurational predictability must be equivalent to the statement of off-shell gauge invariance. The moral is that the complexity of the issue should warn against any unconstrained utilization of geometric intuitions in dealing with the initial value problem of general relativity.

This Hamiltonian predictability of BO’s entails in turn that only four functionally independent BO’s can exist for the vacuum gravitational field, since the latter has only two pairs of conjugate independent degrees of freedom. Let us see now why Bergmann’s multiple definition of BO’s raises additional subtle problems.

Bergmann himself proposed a constructive procedure for the BO’s. This is essentially based on his re-interpretation of Einstein’s coincidence argument in terms of the individuation of space-time points as point-events by using intrinsic pseudo-coordinates. In his - already quoted - words [2]: ”we might then identify a world point (location-plus-instant-in-time) by the values assumed by (the four intrinsic pseudo-coordinates) and ask for the value, there and then, of a fifth field”. As an instantiation of this procedure, Bergmann refers to Komar’s [30] pseudo-tensorial transformation of the 4-metric tensor to the intrinsic pseudo-coordinate system [σ^A = σ^A(σ̄^Ā) is the inversion of Eqs.(4.2)]

4ḡ¯_A¯_B (σ̄^{C̄} ) = ∂σ^C ∂σ̄^Ā ∂σ^D ∂σ̄^{B̄} 4g_{CD}(σ). (5.1)

35In the theory of systems of partial differential equations this is done in a passive way in a given coordinate system and then extended to all coordinate systems

The^4ḡ¯_A¯_B represent ten invariant scalar (PDIQ or tetradic) components of the metric; of course, they are not all independent since must satisfy eight functional restrictions following from Einstein’s equations.

Now, Bergmann claims that the ten components^4ḡ¯_A¯_B (σ̄^{C̄} ) are a complete, but nonminimal, set of BO’s. This claim, however, cannot be true. As already pointed out, since BO’s are predictable they must in fact be equivalent to (PDIQ) DO’s so that, for the vacuum gravitational field, exactly four functions at most, out of the ten components^4ḡ¯_A¯_B(σ̄^{C̄} ), can be simultaneously BO and DO, while the remaining components must be non-predictable PDIQ, counterparts of ordinary Hamiltonian gauge variables.

On the other hand, as shown in Section IV, the four independent degrees of freedom of the pure vacuum gravitational field, even for Bergmann, have allegedly already been exploited for the individuation of point-events. Besides, as Bergmann explicitly asserts in his purely passive interpretation, the PDIQ^4ḡ¯_A¯_B (σ̄^{C̄} ) identify on-shell a 4-geometry, i.e. an equivalence class in^4Geom =^4Riem/_P Diff M^4. Furthermore, as shown in Section II, Eq.(2.7), the identification of the same 4-geometry starting from active diffeomorphisms can be done by using their passive re-formulation (the group Q). Finally, let us remark that Bergmann’s intention to exploit first the intrinsic pseudo-coordinates and then ”ask for the value, there and then, of a fifth field” makes sense only if such ”fifth field” is a matter field. Asking the question for purely gravitational quantities like^4ḡ¯_A¯_B(σ̄^{C̄} ) would be at least tautological since, as we have seen, only four of them can be independent and have already been exploited. If the individuation procedure is intended to be effective, it would make little sense to assert that point-events have such and such values in terms of point-events.

But now, Bergmann’s incorrect claim is relevant also to another interesting quandary. Indeed, Bergmann’s main configurational notion of observable and its implications are accepted as they stand in the already quoted paper of John Earmann, Ref. [3]. In particular Earman notes that the intrinsic coordinates [σ̄^{C̄} ] can be used to support Bergmann’s observables and says ”one can speak of the event of the metric - components -^4ḡ¯_A¯_B (σ̄^{C̄} ) - having - such - and - such - values - in - the - coordinate - system - {σ̄^{C̄} } - at - the - location - where - the - σ̄^{C̄} - take - on - values - such - and - so” and (aptly) calls such an item a Komar event, adding moreover that ”the fact that a given Komar event occurs (or fails to occur) is an observable matter in Bergmann’s sense, albeit in an abstract sense because how the occurrence of a Komar event is to be observed/measured is an unresolved issue”^{36}. Earman’s principal aim, however, is to exploit Bergmann’s definition of BO’s to show that ”it implies that there is no physical change, i.e., no change in the observable quantities, at least not for those quantities that are constructible in the most straightforward way from the materials at hand”. Although we are not committed here to object to what Earman calls ”modern Mc-Taggart argument” about change, we are obliged to take issue against Earman’s radical universal no-change argument because, if sound, it would contradict the substance of Bergmann’s definition of predictability and would jeopardize the relation between BO’s and DO’s which is fundamental to our program.

In order to scrutinize this point, let us resume, for the sake of clarity, the essential basic ingredients of the present discussion.

36For our point of view about this issue, see Section VII

One: the equations of motion derived from Einstein-Hilbert Action and those derived from ADM Action have exactly the same physical content: the ADM Lagrangian leads, through the Legendre transformation, to equations equivalent to Einstein’s equations. Two: Hamiltonian predictability must, therefore, be equivalent to Lagrangian predictability: specification of the latter, however, is awkward. Three: the only functionally independent Hamiltonian predictable quantities for the vacuum gravitational field, are 4 DO’s. Four: by inverse Legendre transformation, every DO has a Lagrangian predictable counterpart. Then, a priori, one among the following three possibilities might be true: i) all the existing BO’s must also be DO’s; this means however that only four functionally independent BO can exist; ii) some of the existing BO are also DO while other are not; iii) no one of the existing BO’s is also a DO. Possibilities ii) and iii) entail that Bergmann’s multiple definition (that including the third part) of BO is inconsistent, so that no BO satisfying such multiple definition would exist. Yet, the third part of Bergmann definition is essential for the overall meaning of it since no Lagrangian definition of predictability independent of its Hamiltonian counterpart can exist because of Two. Thus cases ii) and iii) imply inconsistency of the very concept of Bergmann’s observabiity. Of course, it could be that even i) is false since, after all, Bergmann did not prove the self-consistency of his multiple definition: but this would mean that no Lagrangian predictable quantity can exist which is simultaneously a PDIQ. Here, we are assuming that Bergmann’s multiple definition is consistent and that i) is true. We will formalize this assumption into a definite constructive conjecture later on in this Section.

Let us take up again the discussion about the reality of change. As already noted, the discussion in terms of BO’s in the language of Komar events (or coincidences) must be restricted to the properties of matter fields because, consistently with the multiple Bergmann’s definition, only four of the BO’s can be purely gravitational in nature. And, if these latter have already been exploited for the individuation procedure, it would again make little sense to ask whether point-events do or do not change. Therefore, let us consider Earman’s argument by examining his interpretation of predictability and the consequent implications for a BO, say B(p), p ∈ M^4, which, besides depending on the 4-metric and its derivatives up to some finite order, also depends on matter variables, and is of course a PDIQ. In order to simplify the argument, Earman concentrates on the special case of the vacuum solutions to the Einstein’s field equations, asserting however that the argument easily generalizes to non-vacuum solutions. Since we have already excluded the case of vacuum solutions, let us take for granted that this generalization is sound. Earman argues essentially in the following way: 1) There are existence and uniqueness proofs for the initial value problem of Einstein’s equations, which show that for appropriate initial data associated to a three manifold Σ_o ⊂ M^4, there is a unique up to diffeomorphism (obviously to be intended active)^{37} maximal development for which Σ_o is a Cauchy surface; 2) By definition, a BO is a PDIQ whose value B(p) at some point p in the future of Σ_o is predictable from initial data on Σ_o.

37Note that Earman deliberately deviates here from the purely passive viewpoint of Bergmann (and of the standard Cauchy problem for partial differential equations) by resorting to active diffeomorphisms in place of the coordinate transformations that leave the initial data unchanged or, possibly, in place of their extension in terms of the passive re-interpretation of active diffeomorphisms (Q group).

If ϕ : M^4 → M^4 is an active diffeomorphism that leaves Σ_o and its past fixed, the point p will be sent to the point p^′ = ϕ · p. Then, the general covariance of Einstein’s equations, conjoined with predictability, is interpreted to imply B(p) = B(ϕ · p). This result, together with the definition B^′(p) = B(ϕ^{−1} ·p) of the drag along of B under the active diffeomorphism ϕ, entails ϕ^∗B = B for a BO. In conclusion, since Σ_o is arbitrary, a matter BO should be constant everywhere in M^4.

It is clear that this conclusion cannot hold true for any matter dependent BO that is projectable to the DO’s of the gravitational field cum matter, if only for the fact that such BO’s are in fact ruled by the weak ADM energy which generates real temporal change (see Section III and Eq.(5.3) below). The crucial point in Earman’s argument is the assertion that predictability implies B(p) = B(ϕ · p). But this does not correspond to the property of off-shell gauge invariance spelled above as the main qualification of predictable quantities, except of course for the trivial case of quantities everywhere constant. As clarified in Section II, the relations between active diffeomophisms and gauge transformation (which are necessarily involved by the DO’s) is not straightforward. Precisely, because of the properties of the group Q of Bergmann and Komar, we have to distinguish between the active diffeomorphisms in Q that do belong to Q_{can} and those that do not belong to Q_{can}^{38}.

It is clear that, lacking projectability to phase space, these latter do not correspond to gauge transformations and have, therefore, nothing to do with Lagrangian predictability. Thus, for most active diffeomorphisms^{39}, the conclusion B(p) = B(ϕ · p) cannot hold true. This erroneous conclusion seems to be just an instantiation of how misleading may be any loose geometrical and non-algorithmic interpretation of Σ_o as a Cauchy surface within the Lagrangian configuration approach to the initial value problem of general relativity.

Having settled this important point, let us come back to tetradic fields. Besides the tetradic components (5.1) of the 4-metric, we have to take into account the extrinsic curvature tensor^3K^{AB} (σ) =^{∂σA}_{∂xμ}^{∂σB}_{∂xν}^3K^{μν} (x). In the coordinates σ^A adapted to Σ_τ , it has the components^3K^{τ τ} (σ) =^3K^{τ r}(σ) = 0 and^3K^{rs}(σ) [see Eq.(A6)] and we can rewrite it as

3K̄^{ĀB̄} (σ̄^{C̄} ) = ∂σ̄^Ā ∂σ^A ∂σ̄^{B̄} ∂σ^B 3K^{AB} (σ) = ∂σ̄^Ā ∂σ^r ∂σ̄^{B̄} ∂σ^s 3K^{rs}(σ). (5.2)

In this way we get 10 additional scalar (tetradic) quantities (only two of which are independent) replacing^3K^{rs}(σ) and, therefore, the ADM momenta^3Π̃^{rs}(σ) of Eqs.(A10).

In each intrinsic coordinate system σ̄^Ā = F^Ā[Λ^{(k)}_W (σ)], we get consequently the 20 scalar (tetradic) components^3ḡ¯_A¯_B(σ̄^{C̄} ) and^3K̄^{ĀB̄} (σ̄^{C̄} ) of Eqs.(5.1), (5.2). However, only

38Recall that: i) the intersection Q_{can} ∩_P Diff M^4 identifies the space-time passive diffeomor-

phisms which, respecting the 3+1 splitting of space-time, are projectable to G_{4 P} in phase space; ii) the remaining elements of Q_{can} are the projectable subset of active diffeomorphisms in their passive view.).

iii) the elements of Q which do not belong to Q_{can} are not projectable to phase space at all.

39In particular, the special ϕ’s considered by Earman

16 out of them are functionally independent because of the 4 scalar intrinsic constraint H̄^¯A(σ̄^¯C ) =^{∂σ̄Ā}_{∂σA} HA(σ) ≈ 0 that replace the super-hamiltonian and super-momentum con-

straints H^a(σ) = ( H(σ); H^r(σ) ) ≈ 0.

The various aspects of the discussion given above strongly suggest that, in order to give consistency to Bergmann’s unresolved multiple definition of BO’s and, in particular, to his (strictly speaking unproven) claim [2] of existence of DO’s that are simultaneously (PDIQ) BO’s, the following conjecture should be true:

Main Conjecture: ”The Darboux basis whose 16 ADM variables consist of the 8 Hamiltonian gauge variables N, N_r, ξ^r, π_ϕ, the 3 Abelianized constraints π̃^{⃗H}_r ≈ 0, the conformal factor ϕ (to be determined by the super-hamiltonian constraint) and the (non-tensorial) DO’s r_ā, π_ā, appearing in the quasi-Shanmugadhasan canonical basis (3.4) can be replaced by a Darboux basis whose 16 variables are all PDIQ (or tetradic variables), such that four of them are simultaneous DO’s and BO’s, eight vanish because of the first class constraints, and the other 8 are coordinate-independent gauge variables.^{40}”

If this conjecture is sound, it would be possible to construct an intrinsic Darboux basis of the Shanmugadhasan type (Eq.(3.4)). Then a F -dependent transformation performed off-shell before adding the gauge fixings σ^A − σ̄^Ā(σ) ≈ 0, should exist bringing from the non-tensorial Darboux basis (3.4) to this new intrinsic basis. Since the final result would be a representation of the gauge variables as coordinate-independent (PIDQ) gauge variables and of the DO’s as Dirac-and-Bergmann observables, the only F -dependence should consist in the possibility of mixing the PDIQ gauge variables among themselves and in making canonical transformations in the subspace of the Dirac-Bergmann observables.

More precisely, we would have a family of quasi-Shanmugadhasan canonical bases in which all the variables are PDIQ and include 8 PDIQ first class constraints that play the role of momenta. It would be interesting to check the form of the eighth constraint replacing the standard super-hamiltonian constraint. By re-expressing the 4 Weyl eigenvalues in terms of anyone of these PDIQ canonical bases, we could still define a Hamiltonian gauge, namely an on-shell 4-coordinate system and then derive the associated individuation of point-events by means of gauge-fixings of the type (4.5). Note that this would break general covariance even if the canonical basis is PDIQ ! The only difference with respect to the standard bases would be that, instead of being non-tensorial quantities, both r^G_a , π^G_a and F̃^Ā_G in Eq.(4.8) would be PDIQ.

As anticipated in the Introduction, further strong support to the conjecture comes from Newman-Penrose formalism [38] where the basic tetradic fields are the 20 Weyl and Ricci scalars which are PDIQ by construction . While the vanishing of the Ricci scalars is equivalent to Einstein’s equations (and therefore to a scalar form of the super-hamiltonian and super-momentum constraints), the 10 Weyl scalars plus 10 scalars describing the ADM momenta (restricted by the four primary constraints) should lead to the construction of

40Note that Bergmann’s constructive method based on tetradic 4-metric is not by itself conclusive in this respect !

a Darboux basis spanned only by PDIQ restricted by eight PDIQ first class constraints. Again, a quasi-Shanmugadhasan transformation should produce the Darboux basis of the conjecture. The problem of the phase space re-formulation of Newman-Penrose formalism is now under investigation [75].

A final important logical component of the issue of the objectivity of change is the particular question of temporal change. This aspect of the issue is not usually tackled as a sub-case of Earman’s no-universal-change argument discussed above in terms of BO’s, so it should be answered separately. We shall restrict our remarks to the objections raised by Belot and Earmann [32] and Earman [3] (see also Refs. [33–35] for the so called problem of time in general). According to these authors, the reduced phase space of general relativity is a frozen space without evolution (see in particular the penetrating and thorough discussion about time and change given in Ref. [3]). Belot and Earman draw ontological conclusions about the absence of real (temporal) change in general relativity from the circumstance that, in spatially compact models of general relativity, the Hamiltonian temporal evolution boils down to a mere gauge transformation and is, therefore, physically meaningless. We want to stress, however, that this result does not apply to all families of Einstein space-times. In particular, there exist space-times like the Christodoulou-Klainermann space-times [36] we are using in this paper that constitute a counterexample to the frozen time argument. They are defined by suitable boundary conditions, are globally hyperbolic, non-compact, and asymptotically flat at spatial infinity. The existence of such meaningful counterexamples entails, of course, that we are not allowed to draw negative ontological conclusions in general about the issue of temporal change in general relativity.

More precisely, it is possible to show [44] (see also Section III) that:

1) The imposition of suitable boundary conditions on the fields and the gauge transformations of canonical ADM metric gravity eliminates the super-translations and reduces the asymptotic symmetries at spatial infinity to the asymptotic ADM Poincaré group. The asymptotic implementation of Poincaré group makes possible the general-relativistic definition of angular momentum and the matching of general relativity with particle physics.

2) The boundary conditions of point 1) require that the leaves of the foliations associated with the admissible 3+1 splittings of space-time must tend to Minkowski space-like hyperplanes asymptotically orthogonal to the ADM 4-momentum in a direction-independent way. This property is concretely enforced by using a technique introduced by Dirac [45] for thye selection of space-times admitting asymptotically flat 4-coordinates at spatial infinity.^{41}

41Dirac’s method brings to an enlargement of ADM canonical metric gravity with non-vanishing ADM Poincaré charges. Such space-times admit preferred asymptotic inertial observers, interpretable as fixed stars (the standard for measuring rotations). Such non-Machian properties allow to merge the standard model of elementary particles in general relativity with all the (gravitational and non-gravitational) fields belonging to the same function space (suitable weighted Sobolev spaces). Besides the existence of a realization of the Poincaré group, only one additional property is required: namely that the space-like hyper-surfaces admit an involution [76] allowing the definition

3) The super-hamiltonian constraint is the generator of the gauge transformations connecting different admissible 3+1 splittings of space-time and has nothing to do with the temporal evolution.

4) As shown by DeWitt [64], and already stressed by us, the weakly vanishing ADM Dirac Hamiltonian has to be modified with a suitable surface term in order that functional derivatives, Poisson brackets and Hamilton equations be mathematically well- defined in such non-compact space-times. This fact, in conjunction with the points 1), 2), 3) above, entails that there is an effective evolution in the mathematical time which parametrizes the leaves of the foliation associated with any 3+1 splitting. Such evolution is ruled by the weak ADM energy [44,63], i.e. by a non-vanishing Hamiltonian which exists also in the reduced phase space. This is the rest-frame instant form of metric gravity. As seen in Section III, each gauge fixing creates a realization of Γ_4 and the weak ADM energy is a functional of only the DO’s of that gauge. Then, the DO’s themselves (as any other function of them) satisfy the Hamilton equations

ṙ^G_ā = {r^G_ā , E_{ADM}}^∗, π̇^G_ā = {π^G_ā , E_{ADM}}^∗, (5.3)

where E_{ADM} is intended as the restriction of the weak ADM Energy to Γ_4 and where the {·, ·}^∗ are Dirac Brackets.

5) When matter is present in this family of space-times, switching off Newton’s constant (G → 0) yields the description of matter in Minkowski space-time foliated with the space-like hyper-planes orthogonal to the total matter 4-momentum (Wigner hyper-planes intrinsically defined by matter isolated system). In this way one gets the rest-frame instant form of dynamics reachable from parametrized Minkowski theories. Incidentally, this is the first example of consistent deparametrization of general relativity in which the ADM Poincaré group tends to the Poincaré group of the isolated matter system.

We can conclude that in these space-times there is neither a frozen reduced phase space nor a Wheeler-DeWitt interpretation based on some local concept of time like in compact space-times. Therefore, our gauge-invariant approach to general relativity is perfectly adequate to accommodate objective temporal change.

A further objection raised by Belot and Earmann [32] is that the non-locality of the gauge-invariant DO’s for the gravitational field is ”philosophically unappealing”. It may be, but, first of all, we can easily retort that this property is a unavoidable consequence^{42} of establishing a well-posed Cauchy problem for any system of non-hyperbolic under-determined

of a generalized Fourier transform with its associated concepts of positive and negative energy. This disproves the claimed impossibility of defining particles in curved space-times [77].

42Within the Hamiltonian approach; see for instance Ref. [65] for the simpler case of Yang-mills equations partial differential equations, like Einstein’s equations.^{43} Second, just to the contrary, we believe that the specific property of DO’s for a pure gravitational field of being non local in terms of manifold’s mathematical points is indeed philosophically appealing and displays the real physical content of Leibniz equivalence (see more in the Concluding Survey).

43This feature has a Machian flavor, although in a non-Machian context: with or without matter, the whole 3-space is involved in the definition of the observables. Furthermore, these space-times allow the separation [44] of the 4-center of mass of the universe (decoupled point particle clock) reminding the Machian statement that only relative motions are dynamically relevant. See Ref. [78] for a thorough discussion of Mach’s influence on Einstein and for comments on the ontology of space-time (following from the hole argument) consistent with our interpretation.

VI. ON THE PHYSICAL INTERPRETATION OF DIRAC OBSERVABLES AND GAUGE VARIABLES: TIDAL-LIKE AND INERTIAL-LIKE EFFECTS.

Having settled the problem of the physical individuation of space-time points and that of the observables, let us discuss with a greater detail the physical meaning of the Hamiltonian gauge variables and DO’s.

As shown in Section III, the 20 off-shell canonical variables of the ADM Hamiltonian description are naturally subdivided into two sets by the quasi-Shanmugadhasan transformation:

i) The first set contains seven off-shell Abelian Hamiltonian gauge variables whose conjugate momenta are seven Abelianized first class constraints. The eighth canonical pair comprises the variable in which the super-hamiltonian constraint has to be solved (the conformal factor of the 3-metric, ϕ = (^3g)^{1/12}) and its conjugate momentum as the eighth gauge variable. Precisely, the gauge variables are: π_ϕ, momentum conjugate to the conformal factor (primary gauge variable),

N = √_4 g 3g = √_4 g_{τ τ} −^3g^{rs 4}g_{τ r}^4g_{τ s}, lapse function (its secondary gauge variable), ξ^r, (non − local) parameters of Diff_P Σ_τ (primary gauge variables), N_r = −^4g_{τ r}, shift functions (their secondary gauge variables). (6.1) Note that a ”primary” gauge variable has its arbitrariness described by a Dirac multiplier, while a ”secondary” gauge variable inherits the arbitrariness of the Dirac multipliers through the Hamilton equations.

ii) The second set contains the off-shell gauge invariant (non-local and in general non tensorial) DO’s: r_ā(τ, ⃗σ), π_ā(τ, ⃗σ), ā = 1, 2. They satisfy hyperbolic Hamilton equations and are not BO’s in general.

Let us stress again that the above subdivision of canonical variables in two sets is a peculiar outcome of the quasi-Shanmugadhasan canonical transformation which has no simple counterpart within the Lagrangian viewpoint at the level of the Hilbert action and/or of Einstein’s equations: at this level the only clear statement is whether or not the curvature vanishes. As anticipated in the Introduction this subdivision amounts to an extra piece of (non-local) information which should be added to the traditional wisdom of the equivalence principle asserting the local impossibility of distinguishing gravitational from inertial effects. Indeed, we shall presently see that it allows to distinguish and visualize which aspects of the local physical effects on test matter contain a genuine gravitational component and which aspects depend solely upon the choice of the (local) reference frame and/or coordinate system: these latter could then be called inertial, in analogy with the non-relativistic Newtonian situation. Recall that when a complete choice of gauge is made, the gauge variables become fixed uniquely by the gauge-fixing procedure to functions of DO’s in that gauge.

One should be careful in discussing this subject because the very definition of inertial force (and gravitational as well) seems rather unnatural in general relativity. We can take advantage, however, from the circumstance that Hamiltonian point of view leads naturally to a re-reading of geometrical features in terms of the traditional concept of force.

First of all, recall that we are still considering here the case of pure gravitational field without matter. We know from Section III that on-shell, in any chosen 4-coordinate system, the mathematical representation of any physical effects is given in terms of functionals of the non-local DO’s in the completely fixed Hamiltonian gauge that corresponds to the chosen 4- coordinates. It is then natural first of all to characterize as genuine gravitational effects those which are directly correlated to the DO’s, and crucial to stress that such purely gravitational effects are absent in Newtonian gravity, where there are no autonomous gravitational fields, i.e., fields not generated by matter sources. It seems therefore plausible to trace inertial (much better than fictitious, in the relativistic case) effects to a pure dependence on the Hamiltonian gauge variables^{44}. Recall also that, at the non-relativistic level, Newtonian gravity is fully described by action-at-a-distance forces and, in absence of matter, there are no tidal forces among test particles. Tidal-like forces are entirely determined by the variation of the action-at-a-distance force created by the Newton potential of a massive body on the test particles. In vacuum general relativity instead the geodesic deviation equation shows that tidal forces, locally described by the Riemann tensor, act on test particles even in absence of any kind of matter.

We can also say, therefore, that the role of the Hamiltonian gauge variables, whose form change from one gauge fixing to another, is that of describing the form in which physical gravitational effects determined by the DO’s show themselves. Such appearances undergo inertial changes upon going (on-shell) from one coordinate system (or gauge fixing) to another and above all from one reference frame to another (see later on). Furthermore, while purely inertial effects could be manifest even in case the DO’s are null, genuine gravita-

44By introducing dynamical matter the Hamiltonian procedure leads to distinguish among actionat-a-distance, gravitational, and inertial effects, with consequent relevant implications upon concepts like gravitational passive and active masses and, more generally, upon the problem of the origin of inertia. See Ref. [79] for other attempts of separating inertial from tidal effects in the equations of motion in configuration space for test particles, in a framework in which asymptotic inertial observers are refuted. In this reference one finds also the following version (named Mach 11) of the Mach principle: ”The so-called inertial effects, occurring in a non-inertial frame, are gravitational effects caused by the distribution and motion of the distant matter in the universe, relative to the frame”. Thus inertial means here non-tidal + true gravitational fields generated by cosmic matter. In the above reference it is also suggested that superfluid Helium II may be an alternative to fixed stars as a standard of non rotation. Of course all these interpretations are questionable. On the other hand, the Hamiltonian framework offers the tools for making such a distinction while distant matter effects are hidden in the non-locality of DO’s and gauge variables. Since in a fixed gauge the gauge variables are functions of the Dirac obervables in that gauge, tidal effects are clearly mixed with inertial ones. For a recent critical discussion about the origin of inertia and its connection with inertial effects in accelerated and rotating frames see Ref. [80].

tional effects are always necessarily dressed by inertial-like appearances. Thus, the situation is only vaguely analogous to the phenomenology of non-relativistic inertial forces. These latter describe purely apparent (or really fictitious) mechanical effects which show up in accelerated Galilean reference frames^{45} and can be eliminated by going to (global) inertial reference frames^{46}. Besides the existence of autonomous gravitational degrees of freedom, it is therefore clear that the further deep difference concerning inertial-like forces in the general-relativistic case with respect to Newtonian gravity rests upon the purely local nature of general relativistic inertial frames of reference and/or coordinate systems.

For the sake of clarity, consider the non-relativistic Galilean framework in greater detail. If a global non-inertial reference frame has translational acceleration ⃗w(t) and angular velocity ⃗ω(t) with respect to a given inertial frame, a particle with free motion (⃗a = ¨⃗x = 0) in the inertial frame has the following acceleration as seen from the non-inertial frame ⃗a_{NI} = − ⃗w(t) + ⃗x × ˙⃗ω(t) + 2 ˙⃗x × ⃗ω(t) + ⃗ω(t) × [⃗x × ⃗ω(t)]. (6.2) After multiplication of this equation by the particle mass, the second term on the right hand side is the Jacobi force, the third is the Coriolis force and the fourth the centrifugal force.

We have given in Ref. [82] a description of non-relativistic gravity which is generally covariant under arbitrary passive Galilean coordinate transformations [t^′ = T (t), ⃗x^′ = ⃗f(t, ⃗x)]. The analogue of Eq.(6.2) in this case contains more general apparent forces, which reduce to those appearing in Eq.(6.2) in particular rigid coordinate systems. The discussion given in Ref. [82] is a good introduction to the relativistic case, just because in general relativity there are no global inertial reference frames.

Two different approaches have been considered in the literature in the general relativistic case concerning the choice of reference frames, namely using either

i) a single accelerated time-like observer with an arbitrary associated tetrad, or ii) a congruence of accelerated time-like observers^{47} with a conventionally chosen associ-

45With arbitrary global translational and rotational 3-accelerations.

46See Ref. [81] for the determination of quasi-inertial reference frames in astronomy as those frames in which rotational and linear acceleration effects lie under the sensibility threshold of the measuring instruments.

47While in Newtonian physics an absolute reference frame is an imagined extension of a rigid body and a clock (with any coordinate systems attached), in general relativity [83] we must replace the rigid body either by a cloud of test particles in free fall (geodesic congruence) or by a test fluid (nongeodesic congruence for non-vanishing pressure). Therefore a reference frame is schematized as a future-pointing time-like congruence with all the possible associated 4-coordinate systems. This is ated field of tetrads^{48}.

Usually, in both approaches the observers are test observers, which describe phenomena from their kinematical point of view without generating any dynamical effect on the system.

i) Consider first the case of a single test observer with his tetrad (see Ref. [88,89]). After the choice of the associated local Minkowskian system of (Riemann-Gaussian) 4- coordinates, the line element becomes^{49} ds^2 = −δ_{ij} dx^idx^j +2ϵ_{ijk}x^{j ωk}_c dx^odx^i +[1+^{2⃗a·⃗x}_{c2} (dx^o)^2]. The test observer describes a nearby time-like geodesics y^μ(λ) (λ is the affine parameter or proper time) followed by a test particle in free fall in a given gravitational field by means of the following spatial equation:^{d2⃗y}_{(dyo)2} = −⃗a − 2⃗ω ×^{d⃗y}_{dyo} +^2_{c2} ( ⃗a ·^{d⃗y}_{dyo} )_{d⃗y} dy^o . Thus, the

relative acceleration of the particle with respect to the observer with this special system of coordinates^{50} is composed by the observer 3-acceleration plus a relativistic correction and by a Coriolis acceleration^{51}. Note that, from the Hamiltonian point of view, the constants ⃗a and ⃗ω are constant functionals of the DO’s of the gravitational field in this particular gauge.

called a platform in Ref. [84], where there is a classification of the possible types of platforms and the definition of the position vector of a neighboring observer in the local rest frame of a given observer of the platform. Then, the Fermi-Walker covariant derivative (applied to a vector in the rest frame it produces a new vector still in the rest frame [85]) is used to define the 3-velocity (and then the 3-acceleration) of a neighboring observer in the rest frame of the given observer, as the natural generalization of the Newtonian relative 3-velocity (and 3-acceleration). See Ref. [86] for a definition, based on these techniques, of the 3-acceleration of a test particle in the local rest frame of an observer crossing the particle geodesics, with the further introduction of the Lie and co-rotating Fermi-Walker derivatives.

48The time-like tetrad field is the 4-velocity field of the congruence. The conventional choice of the spatial triad is equivalent to a choice of a specific system of gyroscopes (see footnote 78 in Appendix B for the definition of a Fermi-Walker transported triad). See the local interpretation [86] of inertial forces as effects depending on the choice of a congruence of time-like observers with their associated tetrad fields as a reference standard for their description. Note that, in gravitational fields without matter, gravito-magnetic effects as described by^4g_{τ r} are purely inertial effects in our sense, since are determined by the shift gauge variables. While in metric gravity the tetrad fields are used only to rebuild the 4-metric, the complete theory taking into account all the properties of the tetrad fields is tetrad gravity [87].

49If the test observer is in free fall (geodesic observer) we have ⃗a = 0. If the triad of the test observer is Fermi-Walker transported (standard of non-rotation of the gyroscope) we have ⃗ω = 0.

50It replaces the global non-inertial non-relativistic reference frame. With other coordinate systems, other terms would of course appear.

51This is caused by the rotation of the spatial triad carried by the observer relative to a Fermi- Walker transported triad. The vanishing of the Coriolis term justifies the statement that for an

As said above, different Hamiltonian gauge fixings on-shell, corresponding to on-shell variations of the Hamiltonian gauge variables, give rise to different appearances of the physical effects as gauge-dependent functionals of the DO’s in that gauge of the type F_G(r_ā, π_ā) (like ⃗a and ⃗ω in the previous example).

In absence of matter we can consider the zero curvature limit, which is obtained by putting the DO’s to zero. In this way we get Minkowski space-time (a solution of Einstein’s equations) equipped with those kinds of coordinates systems which are compatible with Einstein’s theory^{52}. In particular, the quantities F_G = lim_{rā,πā→0} F_G(r_ā, π_ā) describe inertial effects in those 4-coordinate systems for Minkowski space-time which have a counterpart in Einstein general relativity. Note finally that special relativity, considered as an autonomous theory, admits much more general inertial effects associated with the 3+1 splittings of Minkowski space-time whose leaves are not 3-conformally flat.

In presence of matter Newtonian gravity is recovered with a double limit:

a) the limit in which DO’s are restricted to the solutions of the Hamilton equations (5.3), r_ā → f_ā(matter), π_ā → g_ā(matter); b) the c → ∞ limit, in which curvature effects, described by matter after the limit a), disappear.

This implies that the functionals F_G(r_ā, π_ā) must be restricted to the limit F_{newton} = lim_{c→∞} lim_{rā→fā,πā→gā} ( F_{G o} +^1_c F_{G 1} + ... ) = F_{G o}|_{rā=fā,πā=gā} . Then F_{newton}, which may be coordinate dependent, becomes the Newtonian inertial force in the corresponding general Galilean coordinate system.

ii) Consider then the more general case of a congruence of accelerated time-like observers. In this way it is possible to get a much more accurate and elaborate description of the relative 3-acceleration, as seen in his own local rest frame by each observer of the congruence which intersects the geodesic of a test particle in free fall (see Ref. [86]). The identification of various types of 3-forces depends upon:

a) the gravitational field (the form of the geodesics obviously depends on the metric tensor; usually the effects of the gravitational field are classified as gravito-electric and gravito-magnetic, even if this is strictly valid only in harmonic coordinates) b) the properties

observer which is not in free fall (⃗a ≠ 0) a local coordinate system produced by Fermi-Walker transport of the spatial triad of vectors is the best possible realization of a non-rotating system.

52As shown in Ref. [44] this implies the vanishing of the Cotton-York 3-conformal tensor, namely the condition that the allowed 3+1 splittings of Minkowski space-time compatible with Einstein’s equations have the leaves 3-conformally flat in absence of matter. This solution of Einstein’s equations, has been named void space-time in Ref. [87]: Minkowski space-time in Cartesian 4- coordinates is just a gauge representative of it. Note that, even if Einstein always rejected this concept, a void space-time corresponds to the description of a special class of 4-coordinate systems for Minkowski space-time without matter.

(acceleration, vorticity, expansion, shear) of the congruence of observers, c) the choice of the

time-parameter used to describe the particle 3-trajectory in the local observer rest frame.

There are, therefore, many possibilities for defining the relative 3-acceleration (see Ref. [86]) and its separation in various types of inertial-like accelerations (See Appendix B for a more complete discussion of the properties of the congruences of time-like observers).

Summarizing, once a local reference frame has been chosen, in every 4-coordinate system we can consider:

a) the genuine tidal gravitational effects which show up in the geodesic deviation equation: they are well defined gauge-dependent functionals of the DO’s associated to that gauge: DO’s could then be called non-local tidal-like degrees of freedom;

b) the fact that geodesic curves will have different geometrical descriptions corresponding to different gauges, although they will be again functionally dependent only on the DO’s in the relevant gauge;

c) the issue of the description of the relative 3-acceleration of a free particle in free fall, as given in the local rest frame of a generic observer of the congruence, which will contain various terms. Such terms are identifiable with the general relativistic extension of the various non-relativistic kinds of inertial accelerations and all will again depend on the DO’s in the chosen gauge, both directly and through the Hamiltonian gauge variables of that gauge.

Three general remarks:

First of all, the picture we have presented is not altered by the presence of matter. The only new phenomenon besides the above purely gravitational, inertial and tidal effects, is that from the solution of the super-hamiltonian and super-momentum constraints emerge action-at-a-distance, newtonian-like and gravito-magnetic, effects among matter elements, as already noted in footnote 44.

Secondly, we would like to recall that Bergmann [2] made the following critique of general covariance: it would be desirable to restrict the group of coordinate transformations (spacetime diffeomorphisms) in such a way that it could contain an invariant sub-group describing the coordinate transformations that change the frame of reference of an outside observer; the remaining coordinate transformations would be like the gauge transformations of electromagnetism. Yet, this is just what we have done with the redefinition of the lapse and shift functions after separating out their asymptotic part (see footnote 18). In this way preferred inertial asymptotic coordinate systems are selected which can be identified as fixed stars.

Thirdly, it should be stressed that the reference standards of time and length correspond to units of coordinate time and length and not to proper times and proper lengths [39]: this is not in contradiction with general covariance, because an extended laboratory, in which one defines the reference standards, corresponds to a particular completely fixed onshell Hamiltonian gauge plus a local congruence of time-like observers. For instance, in astronomy and in the theory of satellites, the unit of time is replaced by a unit of coordinate length (ephemerides time). This leads to the necessity of taking into account the theory of measurement in general relativity. This will be done in the next Section.

Fourthly, let us remark that the definitions given in Section V for the notion of observable in general relativity are in correspondence with the following two different points of view, existing in the physical literature, that are clearly spelled out in Ref. [90] and related references, namely:

i) The non-local point of view of Dirac [45], according to which causality implies that only gauge-invariant quantities, i.e., DO’s, can be measured. As we have shown, this point of view is consistent with general covariance. For instance,^4R(τ, ⃗σ) is a scalar under diffeomorphisms, and therefore a BO’s, but it is not a DO - at least the kinematical level - and therefore, according to Dirac, not an observable quantity. Even if^4R(τ, ⃗σ)^∘= 0 in absence of matter, the other curvature scalars do not vanish in force of Einstein’s equations and, lacking known solutions without Killing vectors, it is not clear their connection with the DO’s. The 4-metric tensor^4g_{μν} itself as well as the line element ds^2 are not DO so a completely fixed gauge is needed to get a definite functional form for them in terms of the DO’s in that gauge. This means that all standard procedures for defining measures of length and time [20,85,60] and the very definition of angle and distance properties of the material bodies forming the reference system, are gauge dependent. Then they are determined only after a complete gauge fixing and after the restriction to the solutions of Einstein’s equations has been made^{53}. Likewise, it is only after the gauge fixing that the procedure for measuring the Riemann tensor with n ≥ 5 test particles described in Ref. [60] (see also Ref. [31]) becomes completely meaningful, just as it happens for the electro-magnetic vector potential in the radiation gauge.

Finally note that, after the introduction of matter, even the measuring apparatuses should be described by the gauge invariant matter DO’s associated with the given gauge.

ii) The local point of view, according to which the space-time manifold M^4 is a kind of postulated (often without any explicit statement) background manifold of physically determinated events, like it happens in special relativity with its absolute chrono-geometric structure. Space-time points are assumed physically distinguishable, because any measurement is performed in the frame of a given reference system interpreted as a physical laboratory. In this view the gauge freedom of generally covariant theories is reduced to mere passive coordinate transformations. See for instance Ref. [91] for a refusal of DO’s in general relativity based on the local point of view. However this point of view ignores completely the Hole Argument and must renounce to a deterministic evolution, so that it is ruled out definitely by our results.

In Ref. [90] the non-local point of view is accepted and there is a proposal for using some special kind of matter to define a material reference system (not to be confused with a coordinate system) to localize points in M^4, so to recover the local point of view in some

53Note that in textbooks these procedures are always defined without any reference to Einstein’s equations.

approximate way^{54} because in the analysis of classical experiments both approaches lead to the same conclusions. This approach relies therefore upon matter to solve the problem of the individuation of space-time points as point-events, at the expense of loosing determinism. The emphasis on the fundamental role of matter for the individuation issue points is present also in Refs. [92,93,33,35], where material clocks and reference fluids are exploited as test matter.

As we have shown, the problem of the individuation can be solved before and without the introduction of matter. Matter only contributes to a deformed individuation and, obviously, is fundamental in trying to establish a general-relativistic theory of measurement.

54The main approximations are: 1) to neglect, in Einstein equations, the energy-momentum tensor of the matter forming the material reference system (it’s similar to what happens for test particles); 2) to neglect, in the system of dynamical equations, the entire set of equations determining the motion of the matter of the reference system (this introduces some indeterminism in the evolution of the entire system).

VII. IMPLEMENTING THE PHYSICAL INDIVIDUATION OF POINT-EVENTS WITH WELL-DEFINED EMPIRICAL PROCEDURES: A REALIZATION OF THE AXIOMATIC STRUCTURE OF EHLERS, PIRANI AND SCHILD.

The problem of the individuation of space-time points as point-events cannot be methodologically separated from the problem of defining a theory of measurement consistent with general covariance. This means that we should not employ the absolute chrono-geometric structures of special relativity, like it happens in all the formulations on a given background (gravitational waves as a spin two field over Minkowski space-time, string theory,...). Moreover matter (either test or dynamical) is now an essential ingredient for defining the experimental setup.

At present we do not have such a theory, but only preliminary attempts and an empirical metrology [39], in which the standard unit of time is a coordinate time and not a proper time. As already said, a laboratory network with its standards corresponds to a description givn in a completely fixed Hamiltonian gauge viz., being on-shell, in a uniquely determined 4-coordinate system. We shall take into account the following pieces of knowledge.

A) Ehlers, Pirani and Schild [40] developed an axiomatic framework for the foundations of general relativity and measurements (reviewed in Appendix C for completeness). These authors exploit the notions of test objects as idealizations to the effect of approximating the conformal, projective, affine and metric structures of Lorentzian manifolds; such structures are then used to define ideal geodesic clocks [88]. The axiomatic structure refers to basic objects such as test light rays and freely falling test particles. The first ones are used in principle to reveal the conformal structure of space-time, the second ones the projective structure. Under an axiom of compatibility which is well corroborated by experiment (see Ref. [94]), it can be shown that these two independent classes of observations determine completely the structure of space-time. Let us remark that one should extend this axiomatic theory to tetrad gravity (space-times with frames) in order to include objects like test gyroscopes needed to detect gravito-magnetic effects.^{55}.

B) De Witt [92] introduced a procedure for measuring the gravitational field based on a reference fluid (a stiff elastic medium) equipped with material clocks. This phenomenological test- fluid is then exploited to bring in Bergmann-Komar invariant pseudo-coordinates ζ^Ā, Ā = 1, .., 4, as a method for coordinatizing the space-time where to do measurements and also for grounding space-time geometry operationally, at least in the weak field regime. De Witt essentially proposes to simulate a mesh of local clocks and rods. Even if De Witt considers the measurement of a weak quantum gravitational field smeared over such a region, his procedure could even be adopted classically. In this perspective, our approach furnishes the ingredients of the Hamiltonian description of the gravitational field, which were lacking at the time De Witt developed his preferred covariant approach.

C) Antennas and interferometers are the tools used to detect gravitational waves on the earth. The mechanical prototype of these measurements are test springs with end masses

55Stachel [16], stresses the dynamical (not axiomatic) aspect of the general relativistic space-times structures associated to the behavior of ideal measuring rods (geometry) and clocks (chronometry) and free test particles (inertial structures) feeling the gravitational field as the tidal effect described by the geodesic deviation equation [88,95]. Usually, however, one works on the Minkowski background in the limit of weak field and non-relativistic velocities. See Ref. [96] for the extension of this method to a regime of weak field but with relativistic velocities in the framework of a background-independent Hamiltonian linearization of tetrad gravity.

Lacking solutions to Einstein’s equations with matter corresponding to simple systems to be used as idealizations for a measuring apparatuses described by matter DO’s (hopefully also BO’s), a generally covariant theory of measurement as yet does not exist. We hope, however, that some of the clarifications achieved in this paper of the existing ambiguities about observables will help in developing such a theory.

In the meanwhile we want to sketch in this last Section a scheme for implementing - at least in principle - the physical individuation of points as an experimental setup and protocol for positioning and orientation. Our construction should be viewed in parallel to the axiomatic treatment of Ehlers, Pirani and Schild. We could reproduce the logical scheme of this axiomatic approach in the following way.

a) A radar-gauge system of coordinates can be defined in a finite four-dimensional volume by means of a network of artificial satellites similar to the Global Position System [97]. Let us consider a family of spacecrafts, whose navigation is controlled from the Earth by means of the standard GPS. Note that the GPS receivers are able to determine their actual position and velocity because the GPS system is based on the advanced knowledge of the gravitational field of the Earth and of the satellites’ trajectories, which in turn allows the coordinate synchronization of the satellite clocks . During the navigation the spacecrafts are test objects. Once the spacecrafts have arrived in regions with non weak fields, like near the Sun or Jupiter, they become the (non test) elements of an experimental setup and protocol for the determination of a local 4-coordinate system and of the associated 4-metric.

Each satellite, endowed with an atomic clock and a system of gyroscopes, may be thought as a time-like observer (the satellite world-line) with a tetrad (the time-like vector is the satellite 4-velocity and the spatial triad is built with gyroscopes) and one of them is chosen as the origin of the radar-4-coordinates we want to define. This means that the natural framework should be tetrad gravity instead of metric gravity.

Since the geometry of space-time and the motion of the satellites are not known in advance in our case, we must think of the receivers as obtaining four, so to speak, conventional coordinates by operating a full-ranging protocol involving bi-directional communication to four super-GPS that broadcast the time of their standard unsynchronized clocks (see the discussion given in Ref. [5] and Refs. [98] for other proposals in the same perspective). This first step parallels the axiomatic construction of the conformal structure of space-time.

b) Then, choose Einstein’s simultaneity convention to synchronize the atomic clocks by means of radar signals [99], with respect to the satellite chosen as origin: this allows establishing a radar-gauge system of 4-coordinates lacking any direct metrical content

σ^A_{(R)} = (τ_{(R)}; σ^r_{(R)}), (7.1)

in a finite region (τ_{(R)} = const defines the radar simultaneity surfaces). Then the navigation system provides determination of the 4-velocities (time-like tetrads) of the satellites and the 4g_{(R)τ τ} component of the 4-metric in these coordinates.

Note that by replacing test radar signals (conformal structure) with test particles (projective structure) in the measurements, we would define a different 4-coordinate system.

In the framework of metric gravity suitable spacecrafts make repeated measurements of the motion of four test particles. In this way we test also the projective structure in a region of space-time with a vacuum gravitational field). By the motion of gyroscopes we measure the shift components^4g_{(R)τ r} of the 4-metric) and end up (in principle) with the determination of all the components of the four-metric with respect to the radar-gauge coordinate system:

4g_{(R)AB} (τ_{(R)}, σ^r_{(R)}). (7.2)

The tetrad gravity alternative, employing test gyroscopes and light signals (i.e. only the conformal structure), is the following. By means of exchanges (two-ways signals) of polarized light it should be possible to determine how the spatial triads of the satellites are rotated with respect to the triad of the satellite chosen as origin (see also Ref. [100]). Once we have the tetrads^4E^A_{(r)(α)}(τ_{(R)}, ⃗σ_{(R)}) in radar coordinates, we can build from them the inverse 4-metric^4g^{AB}_{(R)} (τ_{(R)}, ⃗σ_{(R)}) =^4E^A_{(r)(α)}(τ_{(R)}, ⃗σ_{(R)})^4η^{(α)(β) 4}E^B_{(r)(β)}(τ_{(R)}, ⃗σ_{(R)}) in radar coordinates.

c) By measuring the spatial and temporal variation of^4g_{(R)AB} , the components of the Weyl tensor and the Weyl eigenvalues can in principle be determined.

d) Points a), b) and c) furnishes operationally a slicing of space-time into surfaces τ_{(R)} = const, a system of coordinates σ^r_{(R)} on the surfaces, as well as a determination of the components of the metric^4g_{(R)AB} . The components of the Weyl tensor (= Riemann in void) and the local value of the Weyl eigenvalues, with respect to the radar-gauge coordinates (τ_{(R)}, σ^r_{(R)}) are also thereby determined. It is then a matter of computation:

i) to check whether Einstein’s equation in radar-gauge coordinates are satisfied;

ii) to get a numerical determination of the intrinsic coordinate functions σ̄^Ā_R defining the radar gauge by the gauge fixings σ^A_R − σ̄^Ā_R (σ_R) ≈ 0. Since we know the eigenvalues of the Weyl tensor in the radar gauge, it is possible to solve in principle for the functions F^Ā that reproduce the radar-gauge coordinates as radar-gauge intrinsic coordinates

σ^A_{(R)} = F^Ā[Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)]], (7.3)

consistently with the gauge-fixing that enforces just this particular system of coordinates: χ̄^A(τ, ⃗σ)^{def}= σ^A − σ̄^Ā(τ, ⃗σ) = σ^A − F^Ā [ Λ̃^{(k)}_W [^3g(τ, ⃗σ),^3Π(τ, ⃗σ)] ] ≈ 0. (7.4)

Finally, the intrinsic coordinates are reconstructed as functions of the DO’s of the radar gauge, at each point-event of space-time, as the identity

σ^A ≡ σ̄^Ā = F̃^Ā_G [r^{(R)}_ā (τ, ⃗σ), π^{(R)}_ā (τ, ⃗σ)], (7.5)

This procedure of principle would close the coordinate circuit of general relativity, linking individuation to operational procedures [5].

VIII. CONCLUDING SURVEY

The main results of our investigation are:

1) A definite procedure for the physical individuation of the mathematical points of the would-be space-time manifold M^4 into physical point-events, through a gauge-fixing identifying the mathematical 4-coordinates with the intrinsic pseudo-coordinates of Komar and Bergmann (defined as suitable functionals of the Weyl scalars). This has led to the conclusion that each of the point-events of space-time is endowed with its own physical individuation as the value, as it were, at that point, of the four canonical coordinates or Dirac observables (just four!), which describe the dynamical degrees of freedom of the gravitational field. Since such degrees of freedom are non-local functionals of the metric and curvature, they are unresolveably entangled with the whole texture of the metric manifold in a way that is strongly both gauge-dependent and highly non-local with respect to the background mathematical coordinatization. We can also say, on the other hand, that any coordinatization of the manifold can be seen as embodying the physical individuation of points, because it can be implemented as the Komar-Bergmann intrinsic pseudo-coordinates, after a suitable choice of the functions of the Weyl scalars and of the gauge-fixing. We claim that our results bring the Synge-Bergmann-Komar-Stachel program of the physical individuation of space-time points to its natural end.

2) A clarification of Bergmann’s multiple ambiguous definition of observable in general relativity. This has led to formulate our main conjecture concerning the unification of Bergmann’s and Dirac’s concepts of observable, as well as to restate the issue of change and, in particular and independently, of temporal change, within the Hamiltonian approach to Einstein equations. When concretely carried out, this program would provide even explicitly evidence for the invariant objectivity of point-events. Furthermore, the existence of simultaneous Bergmann-Dirac observables and PDIQ gauge variables would lead to a description of tidal-like and inertial-like effects in a coordinate independent way, while the Dirac-Bergmann observables only would remain as the only quantities subjected to a causal evolution. If the conjecture about the existence of simultaneous DO-BO observables is sound, it would open the possibility of a new type of coordinate-independent canonical quantization of the gravitational field. Only the DO’s should be quantized in this approach, while the gauge variables, i.e., the appearances of inertial effects, should be treated as c-number fields (a prototype of this quantization procedure is under investigation [101] in the case of special relativistic and non-relativistic quantum mechanics in non-inertial frames). This would permit to preserve causality (the space-like character of the simultaneity Cauchy 3- surfaces), the property of having only the 3-metric quantized (with implications similar to loop quantum gravity for the quantization of spatial quantities), and to avoid any talk of quantization of the 4-geometry (see more below), a talk we believe to be deeply misleading (in this connection see Ref. [102])

The key technical tool which made such results possible has been the re-visitation of a nearly forgotten paper by Bergmann and Komar concerning the most general Coordinate Group Symmetries of General Relativity [14]. We have made explicit that this paper establishes the general framework for characterizing the correspondence between the active diffeomorphisms operating in the configurational manifold M^4, on the one hand, and the on-shell gauge transformations of the ADM canonical approach to general relativity, on the other. Understanding such correspondence is fundamental for fully disclosing the connection of the Hole phenomenology, at the Lagrangian level, with the correct formulation of the initial value problem of the theory and its gauge invariance, at the Hamiltonian level. The upshot is the discovery that, as concerns both the Hole Argument and the issue of predictability, not all active diffeomorphisms of M^4 can play an effective role, because not all of them satisfy the bounds imposed by a correct mathematical setting of the initial value problem at the Lagrangian level.

3) An illustration of the physical role played by the Dirac observables and the gauge variables to the effect of characterizing intrinsic tidal effects and inertial effects, respectively.

4) An outline of the implementation (in principle) of the physical individuation of pointevents as an experimental setup and protocol for positioning and orientation, which closes, as it were, the empirical coordinative circuit of general relativity.

We want to conclude our discussion with some general conceptual remarks about the foundation of general relativity and some venturesome suggestions concerning quantum gravity. First of all, our program is substantially grounded upon the gauge nature of general relativity. Such property of the theory, however, is far from being a simple matter and we believe that it is not usually spelled out in a sufficiently explicit and clear fashion. The crucial point is that general relativity is not a standard gauge theory like, e.g., electromagnetism or Yang-Mills theories in some relevant respects. Let us recall the very general definition of gauge theory given by Henneaux and Teitelboim [48]

These are theories in which the physical system being dealt with is described by more variables than there are physically independent degrees of freedom. The physically meaningful degrees of freedom then re-emerge as being those invariant under a transformation connecting the variables (gauge trasformation). Thus, one introduces extra variables to make the description more transparent, and brings in at the same time a gauge symmetry to extract the physically relevant content.

The relevant fact is that, while from the point of view of the constrained Hamiltonian formalism general relativity is a gauge theory like any other, it is radically different from the physical point of view. For, in addition to creating the distinction between what is observable^{56} and what is not, the gauge freedom of general relativity is unavoidably entangled with the definition–constitution of the very stage, space–time, where the play of physics is enacted. In other words, the gauge mechanism has the double role of making the dynamics unique (as in all gauge theories), and of fixing the spatio-temporal reference background. It is only after a complete gauge-fixing (i.e. after the individuation of a well defined physical laboratory network) is specified, and after going on shell, that even the mathematical

56In the Dirac or Bergmann sense.

manifold M^4 gets a physical individuation and becomes the spatio-temporal carrier of well defined physical generalized tidal-like (DO’s) and inertial-like (gauge variables) effects.

In gauge theories such as electromagnetism (or even Yang-Mills), we can rely from the beginning on empirically validated, gauge-invariant dynamical equations for the local fields. This is not the case for general relativity: in order to get dynamical equations for the basic field in a local form, we must pay the price of Einstein’s general covariance which, by ruling out any background structure at the outset, weakens the objectivity that the spatiotemporal description could have had a priori.

With reference to the definition of Henneaux and Teitelboim, we could say, therefore, that the introduction of extra variables does make the mathematical description of general relativity more transparent, but it also makes its physical interpretation more obscure and intriguing, at least at first sight.

The isolation of the superfluous structure hidden behind Leibniz equivalence, which surface in the physical individuation of point-events, renders even more glaring the ontological diversity and prominence of the gravitational field with respect to all other fields, as well as the difficulty of reconciling the deep nature of the gravitational field with the standard wisdom of theories based on background space-time. Any procedure of linearizing these latter unavoidably leads to looking at gravity as to a spin-2 theory in which the graviton stands on the same ontological level of other quanta: in the standard approach, photons, gluons and gravitons all live on the stage on equal footing. From the point of view we gained in this paper, however, non-linear gravitons do in fact constitute the stage for the causal play of photons, gluons as well as of other matter actors like electrons and quarks. More precisely, if our main conjecture is sound, the non-linear graviton would be represented by a pair of scalar fields. Finally, concerning the ”background” philosophy, it’s worth recalling that Steven Weinstein [102] has aptly remarked that what ultimately makes unattractive viewing the gravitational field as a simple distribution of properties (the field strengths) in flat space-time, on the same footing of all other fields, is the fact that, because of the universal nature of gravitation, the distinctive properties of this background space-time would be completely unobservable.

It should be clear by now that the Hole Argument has little to do with an alleged indeterminism of general relativity as a dynamical theory. For, in our analysis of the initialvalue problem within the Hamiltonian framework, we have shown that on shell a complete gauge-fixing (which could in theory concern the whole space-time) is equivalent to the choice of an atlas of coordinate charts on the space-time manifold, and in particular within the Hole. At the same time, we have shown that a peculiar subset of the active diffeomorphisms of the manifold can be interpreted as passive Hamiltonian gauge transformations. Because the gauge must be fixed before the initial-value problem can be solved to obtain a solution (outside and inside the Hole), it makes little sense to apply active diffeomorphisms to an already generated solution to obtain an allegedly “different” space-time. Conversely, it is possible to generate these “different” solutions by appropriate choices of the initial gauge fixing. Of course, the price to be payed for the physical individuation of the stage is the breaking of general covariance.

We can, therefore, say that general covariance represents a horizon of a priori possibilities for the physical constitution of the space-time, possibilities that must be actualized within any given solution of the dynamical equations. Of course, what we call here physical constitution embodies at the same time the chrono-geometrical, the gravitational, and the causal properties of the space-time stage.

We believe in conclusion that these results cast some light over the intrinsic structure of the general relativistic space-time that had disappeared within Leibniz equivalence and that was the object of Michael Friedman’s non-trivial question^{57}.

In 1972, Bergmann and Komar wrote [14]:

[...] in general relativity the identity of a world point is not preserved under the theory’s widest invariance group. This assertion forms the basis for the conjecture that some physical theory of the future may teach us how to dispense with world points as the ultimate constituents of space-time altogether.

Indeed, would it be possible to build a fundamental theory that is grounded in the reduced phase space parametrized by the Dirac observables? This would be an abstract and highly nonlocal theory of gravitation that would admit an infinity of gauge-related, spatiotemporally local realizations. From the mathematical point of view, this theory would be just an especially perspicuous instantiation of the relation between canonical structure and locality that pervades contemporary theoretical physics nearly everywhere.

On the other hand, beyond the mathematical transparency and the latitude of choices guaranteed by general covariance, we need to remember that local spatio-temporal realizations of the abstract theory would still be needed for implementation of measurements in practice; conversely, any real-world experimental setting entails the choice of a definite local realization, with a corresponding gauge fixing that breaks general covariance.

Can this basic freedom in the choice of the local realizations be equated with a “taking away from space and time the last remnant of physical objectivity,” as Einstein suggested? We believe that if we strip the physical situation from Einstein’s “spatial obsession” about realism as locality (and separability), a significant kind of spatio-temporal objectivity survives. It is true that the functional dependence of the Dirac observables upon the spatio-temporal coordinates depends on the particular choice of the latter (or equivalently, of the gauge); yet, there is no a-priori physical individuation of the points independently of the metric field, so we cannot say that the physical-individuation procedures corresponding to different gauges individuate physical point-events that are really different. Given the conventional nature of the primary standard mathematical individuation of manifold points through n-tuples of

57It is rather curious to recall here the following passage of Leibniz: ”Space being uniform, there can be neither any external nor internal reason, by which to distinguish its parts, and to make any choice between them. For, any external reason to discern between them, can only be grounded upon some internal one. Otherwise we should discern what is indiscernible, or choose without discerning” [103]. Clearly, if the parts of space were real, the Principle of Sufficient Reason would be violated. Therefore, for Leibniz, space is not real. The upshot, however, is that space (spacetime) in general relativity is not uniform and this is just the reason why - in our sense - it is real. Thus, Leibniz equivalence called upon for general relativity happens to hide the very nature of space-time, instead of disclosing it.

real numbers, we could say instead that the real point-events are constituted by the nonlocal values of gravitational degrees of freedom, while the underlying point structure of the mathematical manifold may be changed at will.

Taking into account our results on the whole, we want to spend a few additional words about the consequences that the acquired knowledge entail for the concept of space-time of general relativity, as seen in the wider context of the traditional debate on the absolutist/relationist dichotomy.

First of all, let us recall that, in remarkable diversity with respect to the traditional historical presentation of Newton’s absolutism due to the influence of Leibniz, Newton himself had in fact a deeper understanding about the reality of space and time with respect to what has been traditionally ascribed to his absolutism. In a well-known passage of De Gravitatione [104], Newton expounds what could be defined an original structuralist view of space-time. He writes:

Perhaps now it is maybe expected that I should define extension as substance or accident or else nothing at all. But by no means, for it has its own manner of existence which fits neither substance nor accidents [. . . ] Moreover the immobility of space will be best exemplified by duration. For just as the parts of duration derive their individuality from their order, so that (for example) if yesterday could change places with today and become the latter of the two, it would lose its individuality and would no longer be yesterday, but today; so the parts of space derive their character from their positions, so that if any two could change their positions, they would change their character at the same time and each would be converted numerically into the other qua individuals. The parts of duration and space are only understood to be the same as they really are because of their mutual order and positions (propter solum ordinem et positiones inter se); nor do they have any other principle of individuation besides this order and position which consequently cannot be altered.

We have just disclosed the fact that the points of general-relativistic space-times, quite unlike the points of the homogeneous Newtonian space, are endowed with a remarkably rich non-point-like texture furnished by the metric field. Therefore, the general-relativistic metric field itself or, better, its independent degrees of freedom, have the capacity of characterizing the ”mutual order and positions” of points dynamically, and in fact much more than this.

Two important remarks are in order. First: such dynamical degrees of freedom are nonlocal functionals of the 3-metric and curvature^{58} so that they are unresolveably entangled with the whole texture of the metric manifold in a way that is strongly both gauge-dependent

58Admittedly, at least at the classical level, we don’t know of any detailed analysis of the relationship between the notion of non-local observable (the predictable degrees of freedom of a gauge system), on one hand, and the notion of a quantity which has to be operationally measurable by means of local apparatuses, on the other. Note that this is true even for the simple case of the electro-magnetic field where the Dirac observables are defined by the transverse vector potential and the transverse electric field. Knowledge of such fields at a definite mathematical time involves data on the whole Cauchy surface at that time. Even more complex is the situation in the case of Yang-Mills theories [65] and highly non-local. Still, once they are calculated, they appear as local fields in terms of the background mathematical coordinatization, a fact that makes the identity Eq.(4.8) possible. Contrary to the opinion of Belot and Earman [32], from our point of view the peculiar nonlocality of the Dirac observables is therefore philosophically appealing and constitutes an asset rather than a liability of our approach; and shows, in a sense, a Machian flavor within a non-Machian environment.

Second, consider the ADM approach to Einstein’s equations for the gravitational field cum matter. In this case we have Dirac observables both for the gravitational field and for the matter fields, but the former are modified in their functional form with respect to the vacuum case by the presence of matter. Since the gravitational Dirac observables will still provide the individuating fields for point-events according to the conceptual procedure presented in this paper, matter will come to influence the very physical individuation of points.

In conclusion, we agree with Earman and Norton that the Hole phenomenology constitutes a decisive argument against strict manifold substantivalism. However, the isolation of the intrinsic structure hidden within Leibniz equivalence does not support the standard relationist view either. With reference to the third criterion (R_3) stated by Earman for relationism (see Ref. [13], p.14): ”No irreducible, monadic, spatiotemporal properties, like ’is located at space-time point p’ appears in a correct analysis of the spatiotemporal idiom”, we observe that if by ’space-time point’ we mean our physically individuated point-events instead of the naked manifold’s point, then - because of the autonomous existence of the intrinsic degrees of freedom of the gravitational field (an essential ingredient of general relativity) - the quoted spatiotemporal property should be admitted in our spatiotemporal idiom.

In conclusion, what emerges from our analysis is rather a kind of new structuralist conception of space-time. Such new structuralism is not only richer than that of Newton, as it could be expected because of the dynamical structure of Einstein space-time, but richer in an even deeper sense. For this new structuralist conception turns out to include elements common to the tradition of both absolutism (space has an autonomous existence independently of other bodies or matter fields) and relationism (the physical meaning of space depends upon the relations between bodies or, in modern language, the specific reality of space depends (also) upon the (matter) fields it contains).

Let us close this survey with some hints that our results tend to suggest for the quantum gravity programme. As well-known this programme is documented nowadays by two inequivalent quantization methods: i) the perturbative background-dependent string formulation, on a Fock space containing elementary particles; ii) the non-perturbative backgroundindependent loop quantum gravity approach, based on the non-Fock polimer Hilbert space. In this connection, see Ref. [105] for an attempt to define a coarse-grained structure as a bridge between standard coherent states in Fock space and some shadow states of the discrete quantum geometry associated to a polimer Hilbert space. As well-known, this approach still fails to accomodate elementary particles.

Now, the individuation procedure we have proposed transfers, as it were, the noncommutative Poisson-Dirac structure of the Dirac observables onto the individuated pointevents even if, of course, the coordinates on the l.h.s. of the identity Eq.(4.8) are c-numbers quantities. Of course, no direct physical meaning can be attributed to this circumstance at the classical level. One could guess, however, that such feature might deserve some attention in view of quantization, for instance by maintaining that the identity (Eq.(4.8)) could still play some role at the quantum level. We will assume here that the main conjecture is verified so that all the quantities we consider are manifesttly covariant.

Let us first lay down some qualitative premises concerning the status of Minkowski space-time in relativistic quantum field theory (call it micro space-time, see Ref. [106]). Such status is quite peculiar. From the chrono-geometric point of view, the micro spacetime is a universal, classical, non-dynamical space-time, just Minkowski’s space-time of the special theory of relativity, utilized without any scale limitation from below. However, it is introduced into the theory through the group-theoretical requirement of relativistic invariance of the statistical results of measurements with respect to the choice of macroscopic reference frames. The micro space-time is therefore anchored to the macroscopic mediumseized objects that asymptotically define the experimental conditions in the laboratory. It is, in fact, in this asymptotic sense that a physical meaning is attributed to the classical spatiotemporal coordinates upon which the quantum fields’ operators depend as parameters. Thus, the spatiotemporal properties of the micro Minkowski manifold, including its basic causal structure, are, as it were, projected on it from outside^{59}.

In classical field theories space-time points play the role of individuals and we have seen how the latter can be individuated dynamically. No such possibility, however, is consistently left open in a non-metaphoric way in relativistic quantum field theory. From this point of view, Minkowski’s micro space-time is in a worse position than general relativistic spacetime: it lacks the existence of Riemannian intrinsic pseudo-coordinates, as well as all of the non-dynamical (better, operational and pragmatical) additional elements that are being used for the individuation of its points, like rigid rods and clocks in rigid and un-accelerated motion, or various combinations of genidentical world-lines of free test particles, light rays, clocks, and other devices. Summarizing, the role of Minkowski’s micro space-time seems to be essentially that of an instrumental external translator of the symbolic structure of quantum theory into the causal language of the macroscopic irreversible traces that constitute

59In view of these circumstances, it could appear prima facie miraculous that the quantumrelativistic micro-causality conditions and the standard gauge theories whose symmetries depend on the points of the micro space-time, have had such an extraordinary empirical success. But this should appear less miraculous if one notes that the most consistent quantum field theories seem to be the so-called asymptotically-free non-Abelian gauge theories. If we interpret physical observability in this context as possibility of probing micro-structure by means of interactions, we should conclude that such gauge theories are, in fact, consistent to the extent that they are insensitive to short-scale space-time behavior, a circumstance that does not hold in the case of gravitational interaction. In this sense, each point of the micro-space-time could be coherently understood, so to speak, as a representative compendium of something spatiotemporal but not continuously extended in the traditional sense of the manifold M^4. Also, one should not forget that the Minkowski structure of the micro-space-time has been probed down to the scale of 10^{−18} m., yet only from the point of view of scattering experiments, involving a limited number of real particles.

the experimental findings within macro space-time. The conceptual status of this external translator fits then very well with that of epistemic precondition for the formulation of relativistic quantum field theory in the sense of Bohr, independently of one’s attitude towards the interpretation of quantum theory of measurement. Thus, barring macroscopic Schrödinger Cat states of the would-be quantum space-time, any conceivable formulation of a quantum theory of gravity would have to respect, at the operational level, the epistemic priority of a classical spatiotemporal continuum. Talking about the quantum structure of space-time needs overcoming a serious conceptual difficulty concerning the localization of the gravitational field: indeed, what does it even mean to talk about the values of the gravitational field at a point, to the effect of points individuation, if the field itself is subject to quantum fluctuations ? One needs in principle some sort of reference structure in order to give physical operational meaning to the spatiotemporal language, one way or the other. This instrumental background, mathematically represented by a manifold structure, should play, more or less, the role of the Wittgenstein’s staircase. It is likely, therefore, that in order to attribute some meaning to the individuality of points that lend themselves to the basic structure of standard quantum theory, one should split, as it were, the individuation of point-events from the true quantum properties, i.e., from the fluctuations of the gravitational field and the micro-causal structure. Now, it seems that our canonical analysis of the individuation issue, tends to prefigure a new approach to quantization having in view a Fock space formulation. Accordingly, unlike loop quantum gravity, this approach could even lead to a background-independent incorporation of the standard model of elementary particles (provided the Cauchy surfaces admit Fourier transforms). Two options present themselves for a quantization program respecting relativistic causality^{60}:

1) The procedure for the individuation outlined in Section IV suggests to quantize the DO=BO of each Hamiltonian gauge, as well as all the matter DO’s, and to use the weak ADM energy of that gauge as Hamiltonian for the functional Schrödinger equation (of course there might be ordering problems). This quantization would yield as many Hilbert spaces as 4-coordinate systems, which would likely be grouped in unitary equivalence classes (we leave aside asking what could be the meaning of inequivalent classes, if any). In each Hilbert space the DO=BO quantum operators would be distribution-valued quantum fields on a mathematical micro space-time parametrized by the 4-coordinates τ, ⃗σ associated to the chosen gauge. Strictly speaking, due to the non-commutativity of the operators ^̃F^Ā associated to the classical gauge-fixing (4.5) σ^A − F^Ā ≈ 0 defining that gauge, there would be no spacetime manifold of point-events to be mathematically identified by one coordinate chart over the micro-space-time: only a gauge-dependent non-commutative structure which is likely to lack any underlying topological space structure. However, for each Hilbert space, a coarsegrained space-time of point-events might be associated to each solution of the functional Schrödinger equation, through the expectation values of the operators ^̃F^Ā:

Σ̄^Ā(τ, ⃗σ) = ⟨Ψ | | |F̃^Ā_G [R^ā(τ, ⃗σ), Π_ā(τ, ⃗σ)] | | |Ψ⟩, a = 1, 2, (8.1)

60Recall that a 3+1 splitting of the mathematical space-time, including the notions of space-like, light-like, and time-like directions, is presupposed from the beginning.

where R^ā(τ, ⃗σ) and Π_ā(τ, ⃗σ) are scalar Dirac operators.

Let us note that, by means of Eq.(8.1), the non-locality of the classical individuation of point-events would directly get imported at the basis of the ordinary quantum non-locality.

Also, one could evaluate in principle the expectation values of the operators corresponding to the lapse and shift functions of that gauge. Since we are considering a quantization of the 3-geometry (like in loop quantum gravity), evaluating the expectation values of the quantum 3-metric and the quantum lapse and shift functions could permit to reconstruct a coarse-grained foliation with coarse-grained WSW hyper-surfaces^{61}.

2) In order to avoid inequivalent Hilbert spaces, we could quantize before adding any gaugefixing (i.e. independently of the choice of the 4-coordinates and the individuation of pointevents), using e.g., the following rule of quantization, which respects relativistic causality: in a given canonical basis of the conjecture, quantize the two pairs of DO=BO observables and the matter DO’s, but leave the 8 gauge variables ζ^α(τ, ⃗σ), α = 1, .., 8, as cnumber classical fields. Like in Schrödinger’s theory with time-dependent Hamiltonian, the momenta conjugate to the gauge variables would be represented by the functional derivatives iδ/δζ^α(τ, ⃗σ). Assuming that, in the chosen canonical basis of our main conjecture, 7 among the eight constraints be gauge momenta, we would get 7 Schrödinger equations iδ/δζ^α(τ, ⃗σ) Ψ(R^ā|τ; ζ^α) = 0 from them. Let H(new) ≈ 0 be the super-Hamitonian constraint and E_{ADM} (new) the weak ADM energy, in the new basis. Both would become operators Ĥ or Ê_{ADM} (r̂_a, π̂_a, ζ^α, iδ/δζ^α). If an ordering existed such that the 8 quantum constraints ϕ̂_α and Ê_{ADM} satisfied a closed algebra [ϕ̂_α, ϕ̂_β] = Ĉ_{αβγ} ϕ̂_γ and [Ê_{ADM} , ϕ̂_α] = B̂_{αβ} ϕ̂_β (with the quantum structure functions tending to the classical ones for h̄ → 0), we might quantize by imposing the following 9 coupled integrable functional Schrödinger equations i δ δζ_α(τ, ⃗σ) Ψ(R^ā|τ; ζ^α) = 0, α = 1, .., 7, ⇒ Ψ = Ψ(R^ā|τ; ζ^8), Ĥ(r^a, i δ δr_a , ζ^α, i δ δζ^α ) Ψ(R^ā|τ; ζ^α) = 0, i ∂ ∂τ Ψ(R^ā|τ; ζ^α) = Ê_{ADM} (r^a, i δ δr^a , ζ^α, i δ δζ^α ) Ψ(R^ā|τ; ζ^α), (8.2)

with the associated usual scalar product ⟨Ψ | | |Ψ⟩ being independent of τ and ζ^α’s because of Eq.(8.2). This is similar to what happens in the quantization of the two-body problem in relativistic mechanics [50,51].

If the previously described quasi-Shanmugadhasan canonical basis existed, the wave functional would depend on 8 functional field parameters ζ^α(τ, ⃗σ), besides the mathematical time τ (actually only on ζ^8). Each curve in this parameter space would be associated to a Hamiltonian gauge in the following sense: for each solution Ψ of the previous equations, the classical gauge-fixings σ^A − F^Ā_G ≈ 0 implying ζ^α = ζ^{(G)α}(R^a, Π_a), would correspond to expectation values < Ψ| ζ^{(G)α}(τ, ⃗σ)|Ψ >= ζ̃^{(G)α}(τ, ⃗σ) defining the curve in the parameter space.

61This foliation is called [44] the Wigner-Sen-Witten (WSW) foliation due to its properties at spatial infinity. See also footnotes 71 and 72 in Appendix B.

Again, we would have a mathematical micro space-time and a coarse-grained space-time of ”point-events”. Volumes of radius less than the Planck length would be meaningless. At this point, by going to coherent states, we could try to recover classical gravitational fields. The 3-geometry (volumes, areas, lengths) would be quantized, perhaps in a way coherent with the results of loop quantum gravity.

Let us remark in addition that, at the classical level, we have the ADM Poincaré group at spatial infinity on the asymptotic Minkowski hyper-planes orthogonal to the ADM 4- momentum, while the WSW hyper-surfaces (see Appendix B) tend to such Minkowski hyperplanes in every 4-region where the 4-curvature is negligible, because their extrinsic curvature tends to zero in these regions. Thus, matter and gauge fields could be approximated there by the rest-frame relativistic fields whose quantization leads to relativistic QFT. Since at the classical level, in each 4-coordinate system, matter and gauge fields satisfy ϕ(τ, ⃗σ) = ϕ(σ^A) ≈ ϕ̃(F^Ā) = ~ϕ̃(R^a, Π_a), they could be thought of as functions of either the intrinsic pseudo-coordinates (as DeWitt does) or the DO=BO observables of that gauge.

It is important to stress that, according to both of our suggestions, only the Dirac observables would be quantized. The upshot is that fluctuations in the gravitational field (better, in the Dirac observables) would entail fluctuations of the point texture that lends itself to the basic space-time scheme of standard relativistic quantum field theory: such fluctuating texture, however, could be recovered as a coarse-grained structure. This would induce fluctuations in the coarse-grained metrical relations, and thereby in the causal structure, which would tend to disappear in a semi-classical approximation. Such a situation should be conceptually tolerable as compared with the impossibility of defining a causal structure within all of the attempts grounded upon quantization of the full 4-geometry.

Finally, let us stress that, in space-times with matter, our procedure entails quantizing the tidal effects and action-at-a-distance potentials between matter elements but not the inertial aspects of the gravitational field. As shown before, the latter are connected with the gauge variables whose variations reproduce all the possible viewpoints of local accelerated time-like observers. Thus, quantizing the gauge variables is tantamount to quantizing the metric and the passive observers with reference frames associated to the congruences studied in Section VI. Of course, these have nothing to do with the concept of dynamical observers, which should be realized in terms of the Dirac observables of matter.

Concerning different ways of looking at inertial forces, consider for the sake of completeness the few known attempts of extending non-relativistic quantum mechanics from global inertial frames to global non-inertial ones [107] by means of time-dependent unitary transformations U(t). The resulting quantum potentials V (t) = i U̇(t) U^{−1}(t) for the fictitious forces in the new Hamiltonian H̃ = U(t) HU^{−1}(t)+V (t) for the transformed Schrödinger equation, 62 as seen by an accelerated observer (passive view), are often re-interpreted as action-at-a-distance Newtonian gravitational potentials in an inertial frame (active view). This fact, implying in general a change in the emission spectra of atoms, is justified by invoking an extrapolation of the non-relativistic limit of the weak equivalence principle (universality of

62Note that as it happens with the time-dependent Foldy-Wouthuysen transformation [108], the operator H̃ describing the non-inertial time evolution is no more the energy operator.

free fall or identity of inertial and gravitational masses) to quantum mechanics. Our Hamiltonian distinction among tidal, inertial and action-at-a-distance effects supports Synge’s criticism [31]b of Einstein’s statements about the equivalence of uniform gravitational fields and uniform accelerated frames. Genuine physical uniform gravitational fields do not exist over finite regions^{63} and must be replaced by tidal and action-at-a-distance effects: these, however, are clearly not equivalent to uniform acceleration effects. From our point of view, the latter are generated as inertial effects whose appearance depends upon the variations of the gauge variables. Consequently, the non-relativistic limit of our quantization procedure should be consistent with the previous passive view in which atom spectra are not modified by pure inertial effects, and should match the formulation of standard non-relativistic quantum mechanics of Ref. [101].

63Nor is their definition a unambiguous task in general [109].

APPENDIX A: ADM CANONICAL METRIC GRAVITY.

Let M^4 be a globally hyperbolic pseudo-Riemannian 4-manifold, asymptotically flat at spatial infinity, Let M^4 be foliated (3+1 splitting or slicing) with space-like Cauchy hypersurfaces Σ_τ through the embeddings i_τ : Σ → Σ_τ ⊂ M^4, ⃗σ → x^μ = z^μ(τ, ⃗σ), of a 3-manifold Σ, assumed diffeomorphic to R^3, into M^{4 64}. The non-degenerate 4-metric tensor^4g_{μν} (x) has Lorentzian signature ϵ(+, −, −, −)^{65}.

Let n^μ(σ) and l^μ(σ) = N(σ)n^μ(σ) be the controvariant timelike normal and unit normal [^4g_{μν} (z(σ)) l^μ(σ)l^ν (σ) = ϵ] to Σ_τ at the point z(σ) ∈ Σ_τ . The positive function N(σ) > 0 is the lapse function: N(σ)dτ measures the proper time interval at z(σ) ∈ Σ_τ between Σ_τ and Σ_{τ +dτ} . The shift functions N^r(σ) are defined so that N^r(σ)dτ describes the horizontal shift on Σ_τ such that, if z^μ(τ + dτ, ⃗σ + d⃗σ) ∈ Σ_{τ +dτ} , then z^μ(τ + dτ, ⃗σ + d⃗σ) ≈ z^μ(τ, ⃗σ) + N(τ, ⃗σ)dτl^μ(τ, ⃗σ) + [dσ^r + N^r(τ, ⃗σ)dτ]^{∂zμ(τ,⃗σ)}_{∂σr} ; therefore, the so called evolution vector is^{∂zμ(σ)}_{∂τ} = N(σ)l^μ(σ) + N^r(σ)^{∂zμ(τ,⃗σ)}_{∂σr} . The covariant unit normal to Σ_τ is l_μ(σ) =^4g_{μν} (z(σ))l^ν (σ) = N(σ)∂_μτ|_{x=z(σ)}, with τ = τ(σ) a global timelike future-oriented function.

Instead of local coordinates x^μ for M^4, we use coordinates σ^A on R × Σ ≈ M^4 [x^μ = z^μ(σ) with inverse σ^A = σ^A(x)], and the associated Σ_τ -adapted holonomic coordinate basis ∂_A =^∂_{∂σA} ∈ T (R × Σ) → b^μ_A(σ)∂_μ =^{∂zμ(σ)}_{∂σA} ∂_μ ∈ T M^4 for vector fields, and dx^μ ∈ T^∗M^4 → dσ^A = b^A_μ (σ)dx^μ =^{∂σA(z)}_{∂zμ} dx^μ ∈ T^∗(R × Σ) for differential one-forms.

In the new basis, the induced 4-metric becomes

4g_{AB} =

(_4

g_{τ τ} = ϵ(N^2 −^3g_{rs}N^rN^s)^4g_{τ s} = −ϵ^3g_{su}N^u 4g_{τ r} = −ϵ^3g_{rv}N^{v 4}g_{rs} = −ϵ^3g_{rs} ) , (A1)

where the 3-metric^3g_{rs} = −ϵ^4g_{rs} with signature (+++), of Σ_τ has been introduced. The line element of M^4 is

ds^2 =^4g_{μν} dx^μdx^ν = ϵ(N^2 −^3g_{rs}N^rN^s)(dτ)^2 − 2ϵ^3g_{rs}N^sdτdσ^r − ϵ^3g_{rs}dσ^rdσ^s = = ϵ [ N^2(dτ)^2 −^3g_{rs}(dσ^r + N^rdτ)(dσ^s + N^sdτ) ] , (A2)

such that ϵ^4g_{oo} > 0, ϵ^4g_{ij} < 0, | | | | 4g_{ii}^4g_{ij} 4g_{ji}^4g_{jj} | | | | > 0, ϵ det^4g_{ij} > 0, hold true.

Defining g =^4g = | det (^4g_{μν} ) | and γ =^3g = | det (^3g_{rs}) |, the lapse and shift functions assume the form

64τ : M^4 → R is a global, time-like, future-oriented function labelling the leaves of the foliation; x^μ are local coordinates in a chart of M^4; ⃗σ = {σ^r}, r=1,2,3, are coordinates in a global chart of Σ, which is diffeomorphic to R^3; we shall use the notations σ^A = (σ^τ = τ; ⃗σ), A = τ, r, for the coordinates of M^4 adapted to the 3+1 splitting, and z^μ(σ) = z^μ(τ, ⃗σ) for the embedding functions.

65Here ϵ = ±1 according to particle physics and general relativity conventions, respectively.

N = √_4 g 3g = 1 √_4 g^{τ τ} = √ g γ = √_4

g_{τ τ} − ϵ^3g^{rs 4}g_{τ r}^4g_{τ s},

N^r = −ϵ^3g^{rs 4}g_{τ s} = − 4g^{τ r} 4g^{τ τ} , N_r =^3g_{rs}N^s = −ϵ^4g_{rs}N^s = −ϵ^4g_{τ r}. (A3)

Given an arbitrary 3+1 splitting of M^4, the ADM action [43] expressed in terms of the independent Σ_τ -adapted variables N, N_r =^3g_{rs}N^s,^3g_{rs} is S_{ADM} = ∫ dτ L_{ADM} (τ) = ∫ dτd^3σL_{ADM} (τ, ⃗σ) = = −ϵk ∫ △τ dτ ∫ d^3σ { √ γN [^3R +^3K_{rs}^3K^{rs} − (^3K)^2]}(τ, ⃗σ), (A4)

where k =^{c3}_{16πG} , with G the Newton constant.

The Euler-Lagrange equations are^{66}

L_N = ∂L_{ADM} ∂N − ∂_τ ∂L_{ADM} ∂∂_τ N − ∂_r ∂L_{ADM} ∂∂_rN = = −ϵk √ γ[^3R −^3K_{rs}^3K^{rs} + (^3K)^2] = −2ϵk^4Ḡ_{ll}^∘= 0, L^r_{⃗N} = ∂L_{ADM} ∂N_r − ∂_τ ∂L_{ADM} ∂∂_τ N_r − ∂_s ∂L_{ADM} ∂∂_sN_r = = 2ϵk[ √ γ(^3K^{rs} −^3g^{rs 3}K)]_{|s} = 2k^4Ḡ_l^{r ∘}= 0, L^{rs}_g = −ϵk [ ∂ ∂τ [ √ γ(^3K^{rs} −^3g^{rs 3}K)] − N √ γ(^3R^{rs} − 1 2 3g^{rs 3}R) + +2N √ γ(^3K^{ru 3}K_u^s −^3K^3K^{rs}) + 1 2 N √ γ[(^3K)^2 −^3K_{uv}^3K^{uv})^3g^{rs} + + √ γ(^3g^{rs}N^{|u}_{|u} − N^{|r|s}) ] = −ϵkN √ γ^4Ḡ^{rs ∘}= 0, (A5)

and correspond to Einstein’s equations in the form^4Ḡ_{ll}^∘= 0,^4Ḡ_{lr}^∘= 0,^4Ḡ_{rs}^∘= 0, respectively. The four contracted Bianchi identities imply that only two of the six equations L^{rs}_g^∘= 0 are independent.

The canonical momenta (densities of weight -1) are π̃^N (τ, ⃗σ) = δS_{ADM} δ∂_τ N(τ, ⃗σ) = 0, π̃^r_{⃗N} (τ, ⃗σ) = δS_{ADM} δ∂_τ N_r(τ, ⃗σ) = 0, 3Π̃^{rs}(τ, ⃗σ) = δS^{ADM} δ∂_τ^3g_{rs}(τ, ⃗σ) = ϵk [ √ γ(^3K^{rs} −^3g^{rs 3}K)](τ, ⃗σ), ⇓

66The symbol^∘= means ”evaluated on the extremals of the variational principle”, namely on the solutions of the equation of motion.

3K_{rs} = ϵ k √ γ [^3Π̃_{rs} − 1 2 3g_{rs}^3Π̃],^3Π̃ =^3g_{rs}^3Π̃^{rs} = −2ϵk √ γ^3K, (A6)

and satisfy the Poisson brackets {N(τ, ⃗σ), Π̃^N (τ, ⃗σ^′ )} = δ^3(⃗σ, ⃗σ^′ ), {N_r(τ, ⃗σ), Π̃^s_{⃗N} (τ, ⃗σ^′ )} = δ^s_r δ^3(⃗σ, ⃗σ^′ ), {^3g_{rs}(τ, ⃗σ),^3Π̃^{uv}(τ, ⃗σ^′ } = 1 2 (δ^u_r δ^v_s + δ^v_r δ^u_s )δ^3(⃗σ, ⃗σ^′ ). (A7)

The Wheeler- De Witt supermetric is

3G_{rstw}(τ, ⃗σ) = [^3g_{rt}^3g_{sw} +^3g_{rw}^3g_{st} −^3g_{rs}^3g_{tw}](τ, ⃗σ). (A8)

Its inverse is defined by the equations 1 2 3G_{rstw} 1 2 3G^{twuv} = 1 2 (δ^u_r δ^v_s + δ^v_r δ^u_s ), 3G^{twuv}(τ, ⃗σ) = [^3g^{tu 3}g^{wv} +^3g^{tv 3}g^{wu} − 2^3g^{tw 3}g^{uv}](τ, ⃗σ), (A9)

so that one gets

3Π̃^{rs}(τ, ⃗σ) = 1 2 ϵk √ γ^3G^{rsuv}(τ, ⃗σ)^3K_{uv}(τ, ⃗σ), 3K_{rs}(τ, ⃗σ) = ϵ 2k √ γ 3G_{rsuv}(τ, ⃗σ)^3Π̃^{uv}(τ, ⃗σ), ∂_τ^3g_{rs}(τ, ⃗σ) = [N_{r|s} + N_{s|r} − ϵN k √ γ 3G_{rsuv}^3Π̃^{uv}](τ, ⃗σ). (A10)

Since^3Π̃^{rs}∂_τ^3g_{rs} =^3Π̃^{rs}[N_{r|s}+N_{s|r} −^{ϵN}_k√_γ^3G_{rsuv}^3Π̃^{uv}] =−2N_r^3Π̃^{rs}_{|s}−^{ϵN}_k√_γ^3G_{rsuv}^3Π̃^{rs3}Π̃^{uv} + (2N_r^3Π̃^{rs})_{|s}, we obtain the canonical Hamiltonian^{67} H_{(c)ADM} = ∫ S d^3σ [π̃^N ∂_τ N + π̃^r_{⃗N} ∂_τ N_r +^3Π̃^{rs}∂_τ^3g_{rs}](τ, ⃗σ) − L_{ADM} = = ∫ S d^3σ [ϵN(k √ γ^3R − 1 2k √ γ 3G_{rsuv}^3Π̃^{rs3}Π̃^{uv}) − 2N_r^3Π̃^{rs}_{|s}](τ, ⃗σ) + + 2 ∫ ∂S d^2Σ_s[N_r^3Π̃^{rs} ](τ, ⃗σ). (A11)

In the following discussion the surface term will be omitted.

The Dirac Hamiltonian is^{68}

67Since N_r^3Π̃^{rs} is a vector density of weight -1, it holds^3∇_s(N_r^3Π̃^{rs}) = ∂_s(N_r^3Π̃^{rs}).

68The λ(τ, ⃗σ)’s are arbitrary Dirac multipliers.

H_{(D)ADM} = H_{(c)ADM} + ∫ d^3σ [λ_N π̃^N + λ^{⃗N}_r π̃^r_{⃗N} ](τ, ⃗σ). (A12)

The τ-constancy of the primary constraints [∂_τ π̃^N (τ, ⃗σ)^∘= {π̃^N (τ, ⃗σ), H_{(D)ADM} } ≈ 0, ∂_τ π̃^r_{⃗N} (τ, ⃗σ)^∘= {π̃^r_{⃗N} (τ, ⃗σ), H_{(D)ADM} } ≈ 0] generates four secondary constraints (they are densities of weight -1) which correspond to the Einstein equations^4Ḡ_{ll}(τ, ⃗σ)^∘= 0,^4Ḡ_{lr}(τ, ⃗σ)^∘= 0 H̃(τ, ⃗σ) = ϵ[k√γ^3R − 1 2k √ γ 3G_{rsuv}^3Π̃^{rs 3}Π̃^{uv}](τ, ⃗σ) =

= ϵ[ √ γ^3R − 1 k √ γ (^3Π̃^{rs 3}Π̃_{rs} − 1 2 (^3Π̃)^2)](τ, ⃗σ) ≈ 0,

3H̃^r(τ, ⃗σ) = −2^3Π̃^{rs}_{|s}(τ, ⃗σ) = −2[∂_s^3Π̃^{rs} +^3Γ^r_{su}^3Π̃^{su}](τ, ⃗σ) = = −2ϵk{∂_s[ √ γ(^3K^{rs} −^3g^{rs 3}K)] +^3Γ^r_{su} √ γ(^3K^{su} −^3g^{su 3}K)}(τ, ⃗σ) ≈ 0, (A13)

so that the Hamiltonian becomes H_{(c)ADM} = ∫ d^3σ[N H̃ + N_r^3H̃^r](τ, ⃗σ) ≈ 0, (A14)

with H̃(τ, ⃗σ) ≈ 0 called the superhamiltonian constraint and^3H̃^r(τ, ⃗σ) ≈ 0 the supermomentum constraints. One can say that the term −ϵk √ γ(^3K_{rs}^3K^{rs} −^3K^2) in H̃(τ, ⃗σ) ≈ 0, is the kinetic energy and ϵk √ γ^3R the potential energy.

All the constraints are first class, because the only non-identically zero Poisson brackets correspond to the so called universal Dirac algebra [45]:

{^3H̃_r(τ, ⃗σ),^3H̃_s(τ, ⃗σ^′ )} =^3H̃_r(τ, ⃗σ^′ ) ∂δ^3(⃗σ, ⃗σ^′ ) ∂σ^s +^3H̃_s(τ, ⃗σ) ∂δ^3(⃗σ, ⃗σ^′ ) ∂σ^r , {H̃(τ, ⃗σ),^3H̃_r(τ, ⃗σ^′ )} = H̃(τ, ⃗σ) ∂δ^3(⃗σ, ⃗σ^′ ) ∂σ^r , {H̃(τ, ⃗σ), H̃(τ, ⃗σ^′ )} = [^3g^{rs}(τ, ⃗σ)^3H̃_s(τ, ⃗σ) + +^3g^{rs}(τ, ⃗σ^′ )^3H̃_s(τ, ⃗σ^′ )] ∂δ^3(⃗σ, ⃗σ^′ ) ∂σ^r , (A15)

with^3H̃_r =^3g_{rs}^3H̃^r as the combination of the supermomentum constraints satisfying the algebra of 3-diffeomorphisms. In Ref. [52] it is shown that Eqs.(A15) are sufficient conditions for the embeddability of Σ_τ into M^4. In the second paper in Ref. [110] it is shown that the last two lines of the Dirac algebra are the phase space equivalent of the Bianchi’s identities 4G^{μν}_{;ν} ≡ 0.

The Hamilton-Dirac equations are [L is the notation for the Lie derivative] ∂_τ N(τ, ⃗σ)^∘= {N(τ, ⃗σ), H_{(D)ADM} } = λ_N (τ, ⃗σ), ∂_τ N_r(τ, ⃗σ)^∘= {N_r(τ, ⃗σ), H_{(D)ADM} } = λ^{⃗N}_r (τ, ⃗σ), ∂_τ^3g_{rs}(τ, ⃗σ)^∘= {^3g_{rs}(τ, ⃗σ), H_{(D)ADM} } = [N_{r|s} + N_{s|r} − 2ϵN k √ γ (^3Π̃_{rs} − 1 2 3g_{rs}^3Π̃)](τ, ⃗σ) = = [N_{r|s} + N_{s|r} − 2N^3K_{rs}](τ, ⃗σ),

∂_τ^3Π̃^{rs}(τ, ⃗σ)^∘= {^3Π̃^{rs}(τ, ⃗σ), H_{(D)ADM} } = ϵ[N k √ γ(^3R^{rs} − 1 2 3g^{rs 3}R)](τ, ⃗σ) − − 2ϵ[ N k √ γ ( 1 2 3Π̃^3Π̃^{rs} −^3Π̃^r_u^3Π̃^{us})(τ, ⃗σ) − − ϵN 2 3g^{rs} k √ γ ( 1 2 3Π̃^2 −^3Π̃_{uv}^3Π̃^{uv})](τ, ⃗σ) +

+ L_{⃗N}^3Π̃^{rs}(τ, ⃗σ) + ϵ[k √ γ(N^{|r|s} −^3g^{rs} N^{|u}_{|u})](τ, ⃗σ), ⇓ ∂_τ^3K_{rs}(τ, ⃗σ)^∘= ( N[^3R_{rs} +^3K^3K_{rs} − 2^3K_{ru}^3K^u_s] − − N_{|s|r} + N^u_{|s}^3K_{ur} + N^u_{|r}^3K_{us} + N^{u 3}K_{rs|u} ) (τ, ⃗σ), with L_{⃗N}^3Π̃^{rs} = − √ γ^3∇_u( N^u √ γ 3Π̃^{rs}) +^3Π̃^{ur 3}∇_uN^s +^3Π̃^{us 3}∇_uN^r. (A16)

The above equation for ∂_τ^3g_{rs}(τ, ⃗σ) shows that the generator of space pseudodiffeomorphisms^{69} ∫ d^3σN_r(τ, ⃗σ)^3H̃^r(τ, ⃗σ) produces a variation, tangent to Σ_τ , δ_{tangent}^3g_{rs} = L_{⃗N}^3g_{rs} = N_{r|s} + N_{s|r} in accord with the infinitesimal pseudo-diffeomorphisms in Diff Σ_τ . Instead, the gauge transformations induced by the super-hamiltonian generator ∫ d^3σN(τ, ⃗σ) H̃(τ, ⃗σ) do not reproduce the infinitesimal diffeomorphisms in Diff M^4 normal to Σ_τ (see Ref. [111]). For a further clarification of the connection between space-time diffeomorphisms and Hamiltonian gauge transformations see Ref. [44].

69The Hamiltonian transformations generated by these constraints are the extension to the 3- metric of passive or pseudo- diffeomorphisms, namely changes of coordinate charts, of Σ_τ [Diff Σ_τ ].

APPENDIX B: CONGRUENCES OF TIME-LIKE ACCELERATED OBSERVERS.

In this Appendix we consider the Hamiltonian description from the point of view of the special (non-rotating, surface-forming) congruence of time-like accelerated observers whose 4-velocity field is the field of unit normals to the space-like hyper-surfaces Σ_τ ; as evolution parameter we use the parameter τ, labeling the leaves of the foliation^{70}.

We want to describe this non-rotating Hamiltonian congruence, by emphasizing its interpretation in terms of Hamiltonian gauge variables and DO’s. The field of contravariant and covariant unit normals to the space-like hyper-surfaces Σ_τ are expressed only in terms of the lapse and shift gauge variables (as in Sections III and IV, we use coordinates adapted to the foliation: l^A(τ, ⃗σ) = b^A_μ (τ, ⃗σ) l^μ(τ, ⃗σ) with the b^A_μ (τ, ⃗σ) =^{∂σA}_{∂zμ} being the transition coefficients from adapted to general coordinates ) l^A(τ, ⃗σ) = 1 N(τ, ⃗σ) ( 1; −N^r(τ, ⃗σ) ) , l_A(τ, ⃗σ) = N(τ, ⃗σ) ( 1; 0 ) , l^A(τ, ⃗σ) l_A(τ, ⃗σ) = 1. (B1) Since by construction this congruence is surface forming, it has zero vorticity and is non rotating (in the sense of congruences). According to footnote 18 in Christodoulou- Klainermann spacetimes we have N(τ, ⃗σ) = ϵ + n(τ, ⃗σ), N^r(τ, ⃗σ) = n^r(τ, ⃗σ). The specific time-like direction identified by the normal has inertial-like nature, in the sense of being dependent on Hamiltonian gauge variables only. Therefore the world-lines of the observers of this foliation^{71} change on-shell going from a 4-coordinate system to another. On the other hand, the embeddings z^μ_Σ(τ, ⃗σ) of the leaves Σ_τ of the WSW foliation in the space-time^{72} depend on both the Dirac Hamiltonians and the Hamiltonian gauge variables.

70This is the hyper-surface point of view according to Ref. [86]. Instead, the threading point of view is a description involving only a rotating congruence of observers: since the latter is rotating, it is not surface-forming (non-zero vorticity) and in each point we can only divide the tangent space in the direction parallel to the 4-velocity and the orthogonal complement (the local rest frame). On the other hand, the slicing point of view, originally adopted in ADM canonical gravity, uses two congruences: the non-rotating with the normals to Σ_τ as 4-velocity fields and a second (rotating, non-surface-forming) congruence of observers, whose 4-velocity field is the field of timelike unit vectors determined by the τ derivative of the embeddings identifying the leaves Σ_τ (their so-called evolution vector field). Furthermore, as Hamiltonian evolution parameter it uses the affine parameter describing the world-lines of this second family of observers.

71Recall that it is called [44] the Wigner-Sen-Witten (WSW) foliation due to its properties at spatial infinity. The observers are called Eulerian observers when a perfect fluid is present as dynamical matter.

72See Ref. [44], Eqs.(12.8) and (12.9), for the way in which the embedding of the WSW foliation corresponding to a solution of Einstein equations has to be determined in every 4-coordinate system corresponding on-shell to a completely fixed Hamiltonian gauge. As said in footnote 18, there are asymptotic inertial observers corresponding to the fixed stars that can be endowed with a spatial

If x^μ_{⃗σo} (τ) is the time-like world-line of the observer crossing the leave Σ_{τo} at ⃗σ_o, we have 73 x^μ_{⃗σo} (τ) = z^μ_Σ(τ, ⃗ρ_{⃗σo} (τ)), with ⃗ρ_{⃗σo} (τ_o) = ⃗σ_o, ẋ^μ_{⃗σo} (τ) = dx^μ_{⃗σo} (τ) dτ ,

l^μ_{⃗σo} (τ) = l^μ(τ, ⃗ρ_{⃗σo} (τ)) = ẋ^μ_{⃗σo} (τ) √_4 g_{αβ} (x_{⃗σo} (τ)) ẋ^α_{⃗σo} (τ) ẋ^β_{⃗σo} (τ) ,

a^μ_{⃗σo} (τ) = dl^μ_{⃗σo} (τ) dτ , a^μ_{⃗σo} (τ) l_{⃗σo μ}(τ) = 0. (B2) Here a^μ_{⃗σo} (τ) is the 4-acceleration of the observer x^μ_{⃗σo} (τ).

As for any congruence, we have the decomposition (P_{μν} = η_{μν} − l_μ l_ν )

4∇_μ l_ν = l_μ a_ν + 1 3 Θ P_{μν} + σ_{μν} + ω_{μν} , a^μ = l^{ν 4}∇_ν l^μ = l̇^μ, 4 − acceleration, Θ =^4∇_μ l^μ, scalar (volume) rate of expansion, σ_{μν} = 1 2 (a_μ l_ν + a_ν l_μ) + 1 2 (^4∇_μ l_ν +^4∇_ν l_μ) − 1 3 Θ P_{μν} , rate of shear tensor (with magnitude σ^2 = 1 2 σ_{μν} σ^{μν} ), ω_{μν} = −ω_{νμ} = ϵ_{μναβ} ω^α l^β = 1 2 (a_μ l_ν − a_ν l_μ) + 1 2 (^4∇_μ l_ν −^4∇_ν l_μ) = 0, twist or vorticity tensor, ω^μ = 1 2 ϵ^{μαβγ} ω_{αβ} l_γ = 0, vorticity vector. (B3) Θ is the expansion (it measures the average expansion of the infinitesimally nearby worldlines surrounding a given world-line in the congruence), σ_{μν} the shear (it measures how an initial sphere in the tangent space to the given world-line, which is Lie transported along l^{μ 74}, is distorted towards an ellipsoid with principal axes given by the eigenvectors of σ^μ_ν , with rate given by the eigenvalues of σ^μ_ν ) and ω_{μν} the twist or vorticity (it measures the

triad. Then the asymptotic tetrad formed by the ADM 4-momentum and the spatial triad can be transported in a dynamical way (on-shell) by using the Sen-Witten connection [112] in the Frauendiener formulation [113] in every point of Σ_τ . This defines a local compass of inertia to be compared with the local (Fermi-Walker transported or not) gyroscopes. The WSW local compass of inertia consists in pointing to the fixed stars with a telescope. It is needed in a satellite like Gravity Probe B to detect the frame dragging (or gravitomagnetic Lense-Thirring effect) of the inertial frames by means of the rotation relative to it of a FW transported gyroscope.

73Note that the mathematical time parameter τ labeling the leaves of the foliation is not in general the proper time of any observer of the congruence.

74It has zero Lie derivative with respect to l^μ ∂_μ.

rotation of the nearby world-lines infinitesimally surrounding the given one); σ_{μν} and ω_{μν} are purely spatial (σ_{μν} l^ν = ω_{μν} l^ν = 0). Due to the Frobenius theorem, the congruence is (locally) hyper-surface orthogonal if and only if ω_{μν} = 0. The equation^1_l l^μ ∂_μ l =^1_3 Θ defines a representative length l along the world-line of l^μ, describing the volume expansion (or contraction) behaviour of the congruence.

While all these quantities depend on the Hamiltonian gauge variables, the expansion and the shear depend a priori also upon the DO’s, because the covariant derivative is used in their definition.

Yet, the ADM canonical formalism provides additional information. Actually, on each space-like hyper-surface Σ_τ of the foliation, there is a privileged contravariant space-like direction identified by the lapse and shift gauge variables^{75} N^μ(τ, ⃗σ) = 1 | ⃗N(τ, ⃗σ)| ( 0; n^r(τ, ⃗σ) ) , N_μ(τ, ⃗σ) = | ⃗N(τ, ⃗σ)| ( 1; N_r(τ, ⃗σ) | ⃗N(τ, ⃗σ)|^2 ) , N^μ(τ, ⃗σ) l_μ(τ, ⃗σ) = 0, N^μ(τ, ⃗σ) N_μ(τ, ⃗σ) = −1, | ⃗N(τ, ⃗σ)| = √ (^3g_{rs} N^r N^s)(τ, ⃗σ). (B4)

If 4-coordinates, corresponding to an on-shell complete Hamiltonian gauge fixing, exist such that the vector field defined by N^μ(τ, ⃗σ) on each Σ_τ is surface-forming (zero vorticity^{76}), then each Σ_τ can be foliated with 2-surfaces, and the 3+1 splitting of space-time becomes a (2+1)+1 splitting corresponding to the 2+2 splittings studied by Stachel and d’Inverno [115].

We have therefore a natural candidate for one of the three spatial triads of each observer: E^μ_{⃗σo (N )}(τ) = N^μ_{⃗σo} (τ) = N^μ(τ, ⃗ρ_{⃗σo} (τ)). By means of l^μ_{⃗σo} (τ) = l^μ(τ, ⃗ρ_{⃗σo} (τ)) and N^μ_{⃗σo} (τ), we can construct two null vectors at each space-time point K^μ_{⃗σo} (τ) = | ⃗N| 2 ( l^μ_{⃗σo} (τ) + N^μ_{⃗σo} (τ) ) , L^μ_{⃗σo} (τ) = 1 √ 2 | ⃗N| ( l^μ_{⃗σo} (τ) − N^μ_{⃗σo} (τ) ) . (B5)

and then get a null tetrad of the type used in the Newman-Penrose formalism [38]. The last two axes of the spatial triad can be chosen as two space-like circular complex polarization

75The unit vector N^μ(τ, ⃗σ) contains a DO’s dependence in the overall normalizing factor. The existence of this space-like gauge direction seems to indicate that synchronous or time orthogonal 4-coordinates with N_r(τ, ⃗σ) = −^4g_{τ r}(τ, ⃗σ) = 0 (absence of gravito-magnetism) have singular nature [114]. Note that the evolution vector of the slicing point of view has N(τ, ⃗σ) l^μ(τ, ⃗σ) and | ⃗N(τ, ⃗σ)| N^μ(τ, ⃗σ) as projections along the normal and the plane tangent to Σ_τ , respectively.

76This requires that N_μ dx^μ is a closed 1-form, namely that in adapted coordinates we have ∂_τ^{Nr}_{| ⃗N|} = ∂_r | ⃗N | and ∂_r^{Ns}_{| ⃗N|} = ∂_s^{Nr}_{| ⃗N|} . This requires in turn^{Nr}_{| ⃗N|} = ∂_r f with ∂_τ f = | ⃗N| + const.

vectors E^μ_{⃗σo (±)}(τ), like in electromagnetism. They are built starting from the transverse helicity polarization vectors E^μ_{⃗σo (1,2)}(τ), which are the first and second columns of the standard Wigner helicity boost generating K^μ_{⃗σo} (τ) from the reference vector^∘K^μ_{⃗σo} (τ) = | ⃗N| ( 1; 001 ) (see for instance the Appendices of Ref. [116]).

Let us call E^{(ADM)μ}

⃗σ_o (α) (τ) the ADM tetrad formed by l μ ⃗σ_o (τ), N μ ⃗σ_o (τ), E μ ⃗σ_o (1,2)(τ)

77. This tetrad will not be in general Fermi-Walker transported along the world-line x^μ_{⃗σo} (τ) of the observer^{78}

Another possible (but only on-shell) choice of the spatial triad together with the unit normal to Σ_τ is the local WSW (on-shell) compass of inertia, namely the triads transported with the Frauendiener-Sen-Witten transport (see footnote 65 and Eq.(12.2) of Ref. [44]) starting from an asymptotic conventional triad (choice of the fixed stars) added to the ADM 4-momentum at spatial infinity. As shown in Eq.(12.3) of Ref. [44], they have the expression E^{(W SW )μ}

⃗σ_o(a) (τ) = ∂z^μ_Σ ∂σ^s |x⃗σo (τ ) 3e^{(W SW )s} ⃗σ_o (a) (τ) where the triad 3e^{(W SW )} ⃗σ_o(a) is solution of the

Frauendiener-Sen-Witten equation restricted to a solution of Einstein equations.

Given the observer with world-line x^μ_{⃗σo} (τ) and the tetrad E^μ_{⃗σo (α)}(τ), the geometrical properties are described by the Frenet-Serret equations [117] D Dτ l^μ_{⃗σo} (τ) = κ_{⃗σo} (τ) E^μ_{⃗σo (1)}(τ), D Dτ E^μ_{⃗σo (1)}(τ) = a^μ_{⃗σo} (τ) = κ_{⃗σo} (τ) l^{|mu}_{⃗σo} (τ) + τ_{⃗σo (1)}(τ) E^μ_{⃗σo (2)}(τ), D Dτ E^μ_{⃗σo (2)}(τ) = −τ_{⃗σo (1)}(τ) E^μ_{⃗σo (1)}(τ) + τ_{⃗σo (2)}(τ) E^μ_{⃗σo (3)}(τ),

77It is a tetrad in adapted coordinates: if E^μ_{(α)} =^{∂zμΣ}_{∂σA} E^A_{(α)}, then E^{(ADM) A} ⃗σ_o (α) (τ) 4g_{AB} (τ, ⃗ρ_{⃗σo} (τ)) E^{(ADM) B} ⃗σ_o (β) (τ) =

4η_{(α)(β)}.

78Given the 4-velocity l^μ_{⃗σo} (τ) = E^μ_{⃗σo} (τ) of the observer, the spatial triads E^μ_{⃗σo (a)}(τ), a = 1, 2, 3, have to be chosen in a conventional way, namely by means of a conventional assignement of an origin for the local measurements of rotations. Usually, the choice corresponds to Fermi-Walker (FW) transported (gyroscope-type transport, non-rotating observer) tetrads E^{(F W ) μ}_{⃗σo (α)} (τ), such that D Dτ E^{(F W ) μ} ⃗σ_o (a) (τ) = Ω (F W ) ⃗σ_o μ ν (τ) E^{(F W ) ν} ⃗σ_o (a) (τ) = l μ ⃗σ_o (τ) a⃗σo ν (τ) E (F W ) ν ⃗σ_o (a) (τ), Ω^{(F W )} ⃗σ_o μν (τ) = a^μ_{⃗σo} (τ) l^ν_{⃗σo} (τ) − a^ν_{⃗σo} (τ) l^μ_{⃗σo} (τ). The triad E^{(F W ) μ}_{⃗σo (a)} (τ) is the correct relativistic generalization of global Galilean non-rotating frames (see Ref. [82]) and is defined using only local geometrical and group-theoretical concepts. Any other choice of the triads (Lie transport, co-rotating-FW transport,...) is obviously also possible [86]. A generic triad E^μ_{⃗σo (a)}(τ) will satisfy^D_{Dτ} E^μ_{⃗σo (a)}(τ) = Ω_{⃗σo}^μ_ν (τ) E^ν_{⃗σo (a)}(τ) with Ω^{μν}_{⃗σo} = Ω^{(F W ) μν} ⃗σ_o + Ω (SR) μν ⃗σ_o with the spatial rotation part Ω (SR) μν ⃗σ_o = ϵ μναβ l ⃗σ_o α J⃗σ_o β, J μ ⃗σ_o l⃗σo μ = 0, producing a rotation of the gyroscope in the local space-like 2-plane orthogonal to l^μ_{⃗σo} and J^μ_{⃗σo} .

D Dτ E^μ_{⃗σo (3)}(τ) = −τ_{⃗σo (2)}(τ) E^μ_{⃗σo (2)}(τ), (B6)

where κ_{⃗σo} (τ), τ_{⃗σo(a)}(τ), a = 1, 2, are the curvature and the first and second torsion of the world-line. E^μ_{⃗σo (a)}(τ), a = 1, 2, 3 are said the normal and the first and second bi-normal of the world-line, respectively.

Let us now look at the description of a geodesics y^μ(τ), the world-line of a scalar test particle, from the point of view of those observers γ_{⃗σo,y(τ )} in the congruence which intersect it, namely such that at τ it holds x^μ_{⃗σo,y(τ )}(τ) = y^μ(τ). The family of these observers is called a relative observer world 2-sheet in Ref. [86].

Since the parameter τ labeling the leaves Σ_τ of the foliation is not the proper time s = s(τ) of the geodesics y^μ(τ) = Y^μ(s(τ)), the geodesics equation^{d2Y μ(s)}_{ds2} + 4Γ^μ_{αβ} (Y (s))^{dY α(s)}_{ds}^{dY β (s)}_{ds} = 0 (or m a^μ(s) = m^{d2Y μ(s)}_{ds2} = F^μ(s), where m is the mass of the test particle), becomes

d^2y^μ(τ) dτ^2 +^4Γ^μ_{αβ}(y(τ)) dy^α(τ) dτ dy^β(τ) dτ − dy^μ(τ) dτ d^2s(τ) dτ^2 (ds(τ) dτ )_{−1} = 0,

(B7) or m a^μ_y (τ) = m d^2y^μ(τ) dτ^2 = f^μ(τ). (B8)

We see that the force f^μ(τ) contains an extra piece with respect to F^μ(s(τ)), due to the change of time parameter.

Let U^μ(τ) = V^μ(s(τ)) =^{dY μ(s)}_{ds} |_{s=s(τ )} =^{ẏμ(τ )}√_{4gαβ (y(τ )) ẏα(τ ) ẏβ (τ )} with ẏ^μ(τ) =^{dyμ(τ )}_{dτ} be

the 4-velocity of the test particle and ds =

√_4

g_{αβ}(y(τ)) ẏ^α(τ) ẏ^β(τ) dτ be the relation between the two parameters. By using the intrinsic or absolute derivative along the geodesics parametrized with the proper time s = s(τ) , the geodesics equation becomes A^μ(s) =^{DV μ(s)}_{ds} = 0 [or Ã^μ(τ) =^{DU μ(τ )}_{dτ} =^{dyμ(τ )}_{dτ}^{d2s(τ )}_{dτ 2} (_{ds(τ )} dτ )_{−1} = g^μ(τ)].

In non-relativistic physics spatial inertial forces are defined as minus the spatial relative accelerations, with respect to an accelerated global Galilean frame. In general relativity we need the whole relative observer world 2-sheet to define an abstract 3-path in the quotient space of space-time by the observer-family world-lines, representing the trajectory of the test particle in the observer 3-space, and moreover a well defined projected time derivative to define a relative acceleration associated to this 3-path. In each point P (τ) of the geodesics, identified by a value of τ we have the two vectors U^μ(τ) and l^μ_{⃗σo y(τ )}(τ). Therefore each vector X^μ in the tangent space to space-time in that point P (τ) admits two splittings:

i) X^μ = X_U U^μ + P (U)^μ_ν X^ν , P^{μν} (U) =^4g^{μν} − U^μ U^ν , into a temporal component along U^μ and a spatial transverse component, living in the local rest frame LRS_U ;

ii) X^μ = X_l l^μ_{⃗σoy(τ )} + P (l_{⃗σoy(τ )})^μ_ν X^ν , into a temporal component along l^μ_{⃗σoy(τ )}(τ) and a spatial transverse component, living in the local rest frame LRS_l, which is the tangent plane to the leave Σ_τ in P (τ) for our surface-forming congruence.

The measurement of X^μ by the observer congruence consists in determining the scalar X_l and the spatial transverse vector. In adapted coordinates and after a choice of the spatial triads, the spatial transverse vector is described by the three (coordinate independent) tetradic components X_{(a)} = E^μ_{(a)} X_μ. The same holds for every tensor. Moreover every spatial vector like P (U)^μ_ν X^ν in LRS_U admits a 2+1 orthogonal decomposition (relative motion orthogonal decomposition) into a component in the 2-dimensional subspace LRS_U ∩ LRS_L transverse to the direction of relative motion and one component in the 1-dimensional (longitudinal) orthogonal complement along the direction of relative motion in each such rest space.

At each point P (τ), the tangent space is split into the relative observer 2-plane spanned by U^μ(τ) and l^μ_{⃗σoy(τ )}(τ) and into an orthogonal space-like 2-plane. We have the 1+3 orthogonal decomposition U^μ(τ) = γ(U, l)(τ) ( l^μ_{⃗σo y(τ )}(τ) + ν^μ(U, l)(τ) ) , γ(U, l) = U_μ l^μ_{⃗σoy(τ )}, ν(U, l) = √ ν^μ(U, l) ν_μ(U, l), ν̂^μ(U, l) = ν^μ(U, l) ν(U, l) , relative 4 − velocity tangent to Σ_τ . (B9)

The equation of geodesics, written as m A^μ(s) = 0, is measured by the observer family as: i) a temporal projection along l^μ_{⃗σoy(τ )}, leading to the evolution equation m A_μ l^μ_{⃗σoy(τ )} = 0 for the observed energy (E(U, l) = γ(U, l)) of the test particle along its world-line;

ii) a spatial projection orthogonal to l^μ_{⃗σoy(τ )} (tangent to Σ_τ ), leading to the evolution equation for the observed 3-momentum of the test particle along its world-line, with the kinematical quantities describing the motion of the family of observers entering as inertial forces. If, instead of writing m P (l)^μ_ν A^μ(s) = 0 with P (l)^{μν} =^4g^{μν} − l^μ_{⃗σoy(τ )} l^ν_{⃗σoy(τ )}, we rescale the particle proper time s(τ) to the sequence of observer proper times s_{(U,l)} defined by^{ds(U,l)}_{ds} = γ(U, l), the spatial projection of the geodesics equation, re-scaled with the gamma factor^{79}, can be written in the form^{80} m ( D_{(F W )}(U, l) ds_{(U,l)} )_μ ν v^ν (U, l) = m a^μ_{(F W )}(U, l) = F^{(G)μ}_{(F W )}(U, l),

F^{(G)μ}_{(F W )}(U, l) = −γ(U, l)^{−1} P^μ_ν (l) Dl^ν_{⃗σoy(τ )}(τ(s)) ds = = − ( D_{(F W )}(U, l) ds_{(U,l)} )_μ ν l^ν_{⃗σoy(τ )}(τ(s_{(U,l)})) = = γ(U, l) [ − a^μ(l) + ( − ω^μ_ν (l) + θ^μ_ν (l) ) ν^ν (U, l) ] , (B10)

79Namely m γ^{−1}(U, l) P (l)^μ_ν A^ν = 0. 80v^μ(U, l) = U^μ − γ(U, l) l^μ_{⃗σoy(τ )} = v(U, l) ν̂^μ(U, l) with v(U, l) = γ(U, l) ν(U, l).

where P (l)^μ_ν^D_{ds} = (_{D(F W )(U,l)} ds )_μ ν is the spatial FW intrinsic derivative along the test worldline and a^μ_{(F W )}(U, l) is the FW relative accelaration. The term F^{(G)μ}_{(F W )}(U, l) can be interpreted as the set of inertial forces due to the motion of the observers themselves. These inertial forces depend on the following congruence properties:

i) the acceleration vector field a^μ(l), leading to a gravito-electric field and a spatial gravitoelectric gravitational force;

ii) the vorticity ω^μ_ν (l) and expansion + shear θ^μ_ν (l) = σ^μ_ν (l)+^1_3 Θ(l) P^μ_ν (l) mixed tensor fields, leading to a gravito-magnetic vector field and tensor field and a Coriolis or gravitomagnetic force linear in the relative velocity ν^μ(U, l).

Then, by writing v^μ(U, l) = v(U, l) ν̂^μ(U, l), the FW relative acceleration can be decomposed into a longitudinal and a transverse relative acceleration

a^μ_{(F W )}(U, l) = D_{(F W )}(U, l) v(U, l) ds_{(U,l)} ν̂^μ(U, l) + γ(U, l) a^{(⊥)μ}_{(F W )}(U, l), a^{(⊥)μ}_{(F W )}(U, l) = v(U, l) (D_{(F W )} ds_{(U,l)} )_μ ν ν̂^ν (U, l) = = ν^2(U, l) (D_{(F W )} dr_{(U,l)} )_μ ν ν̂^ν (U, l) = ν^2(U, l) ρ_{(F W )}(U, l) η̂^μ_{(F W )}(U, l). (B11)

In the second expression of the transverse FW relative acceleration, the reparametrization dr_{(U,l)} ds_{(U,l)} = ν(U, L) to a spatial arclength parameter has been done. Since γ(U, l) a (⊥)μ (F W )(U, l) is the transverse part of the relative acceleration, i.e. the FW relative centripetal acceleration, −m γ(U, l) a^{(⊥)μ}_{(F W )}(U, l) may be interpreted as a centrifugal force, so that the geodesics equation is rewritten as m^{D(F W )(U,l) v(U,l)}_{ds(U,l)} ν̂^μ(U, l) = F^{(G)μ}_{(F W )}(U, l) − m γ(U, l) a^{(⊥)μ}_{(F W )}(U, l), with the first member called sometimes Euler force.

The 3-path in the abstract quotient space can be treated as an ordinary 3-curve in a 3-dimensional Riemann space. Its tangent is ν̂^μ(U, l), while its normal and bi-normal are denoted η̂^μ_{(F W )}(U, l) and ξ̂^μ_{(F W )}(U, l) respectively. The 3-dimensional Frenet-Serret equations are ( D_{(F W )}(U, l) dr_{(U,l)} )_μ ν ν̂^ν (U, l) = κ_{(F W )}(U, l) η̂^μ_{(F W )}(U, l), (D_{(F W )}(U, l) dr_{(U,l)} )_μ ν η̂^ν_{(F W )}(U, l) = −κ_{(F W )}(U, l) ν̂^μ(U, l) + τ_{(F W )}(U, l) ξ̂^μ_{(F W )}(U, l), ( D_{(F W )}(U, l) dr_{(U,l)} )_μ ν ξ̂^ν_{(F W )}(U, l) = −τ_{(F W )}(U, l) η̂^μ_{(F W )}(U, l), (B12)

where κ_{(F W )}(U, l) = 1/ρ_{(F W )}(U, l) and τ_{(F W )}(U, l) are the curvature and torsion of the 3- curve, respectively.

The main drawback of the 1+3 (threading) description, notwithstanding its naturality from a locally operational point of view, is the use of a rotating congruence of time-like observers: this introduces an element of non-integrability and, as yet, no formulation of the Cauchy problem for the 1+3 reformulation of Einstein’s equations has been worked out.

APPENDIX C: AXIOMATIC FOUNDATIONS AND THEORY OF MEASUREMENT IN GENERAL RELATIVITY.

In this Appendix we will review of the axiomatic approach to the theory of measurement in general relativity by means of idealized test matter.

After a critique of the Synge’s chronometric axiomatic approach [31]^{81},Ehlers, Pirani and Schild (see Ref. [40]), reject clocks as basic tools for setting up the space-time geometry and propose to use light rays and freely falling particles. The full space-time geometry can then be synthesized from a few local assumptions about light propagation and free fall.

a) The propagation of light determines at each point of space-time the infinitesimal null cone and thus establishes its conformal structure C. In this way we introduce the notions of being space-like, time-like and null and we can single out as null geodesics those null curves contained in a null hyper-surface (the light rays).

b) The motions of freely falling particles determine a family of preferred C-time-like curves. By assuming that this family satisfies a generalized law of inertia (existence of local inertial frames in free fall, equality of inertial and passive gravitational mass), it follows that free fall defines a projective structure P in space-time such that the world lines of freely falling particles are the C-time-like geodesics of P.

c) Since experimentally an ordinary particle (positive rest mass), though slower than light, can be made to chase a photon arbitrarily close, the conformal and projective structures of space-time are compatible, in the sense that every C-null geodesic is also a P-geodesic. This makes M^4 a Weyl space (M^4, C, P). A Weyl space possesses a unique affine structure A such that A-geodesics coincide with P-geodesics and C-nullity of vectors is preserved under A-parallel displacement. Therefore light propagation and free fall define a Weyl structure

81Synge accepts as basic primitive concepts particles and (standard) clocks. Then he introduces the 4-metric as the fundamental structure, postulating that whenever x, x + dx are two nearby events contained in the world line or history of a clock, then the separation associated with (x, x + dx) equals the time interval as measured by that (and by other suitably scaled) clock. These axioms are good for the deduction of the subsequent theory, but are not a good constructive set of axioms for relativistic space-times geometries. The Riemannian line element cannot be derived by clocks alone without the use of light signals. The chronometric determination of the 4-metric components does not compellingly determine the behaviour of freely falling particles and light rays and Synge has to add a further axiom (the geodesic hypothesis). On the basis of this axiom it is possible (Marzke [99], Kundt-Hoffmann [118]) to construct clocks by means of freely falling particles and light rays (i.e. to give a physical interpretation of the 4-metric in terms of time). Therefore the chronometric axioms appear either as redundant or, if the term clock is interpreted as atomic clock, as a link between macroscopic gravitation theory and atomic physics: these authors claim for the equality of gravitational and atomic time. It should be better to test this equality experimentally (in radar tracking of planetary orbits atomic time has been used only as an ordering parameter, whose relation to gravitational time was to be determined from the observations) or to derive it eventually from a theory that embraces both gravitational and atomic phenomena, rather than to postulate it as an axiom.

(M^4, C, A) on space-time (this is equivalent to an affine connection due to the presence of both the projective and the conformal structure).

d) In a Weyl space-time, one can define an arc length (unique to within linear transformations) along any non-null curve. Applying this to the time-like world line of a particle P (not necessarily freely falling), we obtain a proper time (= arc length) t on P , provided two events on P have been selected as zero point and unit point of time. The (idealized) Kundt-Hoffmann experiment [118] designed to measure proper time along a time-like world line in Riemannian space-time by means of light signals and freely falling particles can be used without change to measure proper time t in a Weyl space-time.

e) In absence of a second clock effect^{82} (two clocks in free fall separated and than joined again do not show different readings) a Weyl space (M^4, C, A) becomes a Riemannian space, in the sense that there exists a Riemannian 4-metric M compatible with C (i.e. having the same null-cones) and having A as its metric connection. The Riemannian metric is necessarily unique up to a constant positive factor. Since A determines a curvature tensor R, the use of the equation of geodesic deviation shows that (M^4, C, A) is Riemannian if and only if the proper times t, t^′ of two arbitrary, infinitesimally close, freely falling particles P , P^′ are linearly related (to first order in the distance) by Einstein simultaneity.

In Newtonian space-time the role of C is played by the absolute time. It is also easy to add a physically meaningful axiom that singles out the space-time of special relativity, either by requiring homogeneity and isotropy of M^4 with respect to (C, A), or by postulating vanishing relative accelerations between arbitrary, neighboring, freely falling particles.

Perlick [94] states that experimental data on standard atomic clocks confirm the absence of the second clock effect, so that our actual space-time is not a Weyl but a pseudo- Riemannian space-time and it is possible to introduce a notion [94] of rigid rod.

Let us remark that the previous axiomatic approach should be enlarged to cover tetrad gravity, due to the need of test gyroscopes to define the triads of the tetrads of timelike observers. Then the axiomatics would include the possibility of measuring gravitomagnetism and would have to face the problem whether macroscopic test gyroscopes in free fall follow geodesics.

An associated theory of the measurement of time-like and space-like intervals has been developed by Martzke-Wheeler [99,88], using Schild geodesic clock (if it is a standard clock, Perlick’s definition of rigid rod can be used): the axiomatics is replaced by the empirical notion of a fiducial interval as standard. Pauri-Vallisneri [119] have further developed the Martzke-Wheeler approach, showing how, given the whole world-line of an accelerated timelike observer, it is possible to build an associated foliation of space-time with simultaneity space-like non-overlapping 3-surfaces. This is to be contrasted with the local construction of Fermi coordinate systems, whose validity is limited to a neighborhood of the observer determined by the acceleration radii, which requires only a local knowledge of the observer world-line.

As already said, material (test) reference fluids [92,93,90] were introduced by various authors as attempts to simulate the axioms.

82The first clock effect is connected with the twin paradox.

REFERENCES

[1] P.G.Bergmann and A.Komar, Poisson Brackets between Locally Defined Observables in General Relativity, Phys.Rev.Letters 4, 432 (1960).

[2] P.G.Bergmann, Observables in General Relativity, Rev.Mod.Phys. 33, 510 (1961). [3] J.Earman, Throroughly Modern McTaggart or what McTaggart would have said if He had read the General Theory of Relativity, Philosophers’ Imprint 2, No.3 August 2002 (http://www.philosophersimprint.org/002003/).

[4] J.Earman and J.Norton, What Price Spacetime Substantivalism? The Hole Story, British Journal for the Philosophy of Science, 38, 515 (1987).

[5] M.Pauri and M.Vallisneri, Ephemeral Point-Events: is there a Last Remnant of Physical Objectivity?, essay for the 70th birthday of R.Torretti, 2002(gr-qc/0203014).

[6] L.Lusanna, Space-Time, General Covariance, Dirac-Bergmann Observables and Non- Inertial Frames, talk at the 25th Johns Hopkins Workshop 2001: A Relativistic Spacetime Odyssey, Firenze September 3-5, 2001 (gr-qc/0205039).

[7] A.Einstein, Die Grundlage der allgemeinin Relativitätstheorie, Annalen der Physik 49, 769 (1916); translated by W.Perrett and G.B.Jeffrey, The Foundations of of the General Theory of Relativity, in The Principle of Relativity (Dover, New York, 1952), pp.117-118.

[8] J.Stachel, Einstein’s Search for General Covariance, 1912-1915, paper read at the Ninth International Conference on General Relativity and Gravitation, Jena 1980; published in Einstein and the History of General Relativity, Einstein Studies, Vol.1, eds. D.Howard and J.Stachel (Birkhäuser, Boston, 1985), pp.63-100.

[9] J.Norton, How Einstein found his Field Equations: 1912-1915, Historical Studies in the Physical Sciences 14, 252 (1984); reprinted in Einstein and the History of General Relativity, Einstein Studies, Vol. I, eds. D.Howard and J.Stachel (Birkhäuser, Boston, 1986) p.101.

Coordinate and Covariance: Einstein’s View of Space-Time and the Modern View, Found.Phys. 19, 1215 (1989).

The Physical Content of General Covariance, in Studies in the History of General Relativity, Einstein Studies, Vol.3, eds. J.Eisenstaedt and A.Kox (Birkhäuser, Boston, 1992)p.281.

General Covariance and the Foundations of General Relativity: Eight Decades of Dispute, Rep.Prog.Phys. 56, 791 (1993).

[10] J.Norton, Einstein, the Hole Argument and the Realiy of Space, in Measurement, Realism and Objectivity, ed. J.Forge (Reidel, Dordrecht, 1987).

[11] J.D.Norton, What was Einstein’s Principle of Equivalence?, in Einstein and the History of General Relativity: Einstein Studies, Vol. 1, eds. D.Howard and J.Stachel (Birkhäuser, Boston, 1989). Rep.Prog.Phys. 56, 791 (1993).

[12] J.Norton, The Hole Argument, PSA 1988, Vol. 2, pp.56-64 [13] J.Earman, World Enough and Space-Time. Absolute versus Relational Theories of Space and Time (MIT Press, Cambridge Massachusetts,1989).

[14] P.G.Bergmann and A.Komar, The Coordinate Group Symmetries of General Relativity, Int.J.Theor.Phys. 5, 15 (1972).

[15] H.Weyl, Groups, Klein’s Erlangen Program. Quantities, ch.I, sec.4 of The Classical

Groups, their Invariants and Representations, 2nd ed., (Princeton University, Princeton, 1946), pp.13-23.

[16] J.Stachel, A Brief History of Space-Time, contribution at the 25th Johns Hopkins Workshop 2001: A Relativistic Spacetime Odyssey, Firenze September 3-5, 2001.

[17] R. Rynasiewicz, Absolute versus Relational Space-Time: An Outmoded Debate?, Journal of Philosophy 43, 279 (1996).

[18] M.Friedman, Foundations of Space-Time Theories (Princeton University Press, Princeton, 1983), pp.221-223. Roberto Torretti, Relativity and Geometry, critical review, Noûs 18, 653 (1984). Geometry as a Branch of Physics: Background and Context for Einstein’s ”Geometry and Experience”, in Reading Natural Philosophy: Essays in the History and Philosophy of Science and Mathematics to Honor Howard Stein on His 70th Birthday, ed. D.Malament (Open Court, Chicago, 2001).

[19] M.Pauri, Realtà e Oggettività, in L’Oggettività nella Conoscenza Scientifica,(F.Angeli, Brescia, 1996), pp. 79–112.

[20] L.Landau and E.Lifschitz, The Classical Theory of Fields (Addison-Wesley, Cambridge, 1951).

[21] R.M.Wald, General Relativity (University of Chicago, Chicago, 1984), pp.438-439. [22] J.Stachel, How Einstein Discovered General Relativity: A Historical Tale with Some Contemporary Morals, in General Relativity and Gravitation, ed. M.A.H. MacCallum (Cambridge University Press, Cambridge, 1986) p.200.

[23] J.Stachel, The Meaning of General Covariance, in Philosophical Problems of the Internal and External Worlds, Essays in the Philosophy of A.Grünbaum, eds. J.Earman, A.I.Janis, G.J.Massey and N.Rescher (Pittsburgh Univ. Press, Pittsburgh, 1993). How Einstein Discovered General Relativity: a Historical Tale with Some Contemporary Morals, in Proc. GR11, ed. M.A.H.MacCallum (Cambridge Univ.Press, Cambridge, 1987).

[24] S.Saunders, Indiscernibles, General Covariance and Other Symmetries (2001), www.philsci-archive.pitt.edu/documents/disk0/00/04/016.

[25] D.Hilbert, Die Grundlagen der Physik. (Zweite Mitteilung), Nachrichten von der Königlichen Gesellschaft der Wissenschaften zu Göttingen, Mathematischphysikalische Klasse , 53-76 (1917).

[26] D.Howard and J.Norton, Out of the Labyrinth? Einstein, Hertz and Göttingen Answer to the Hole Argument, in The Attraction of Gravitation: New Studies in the History of General Relativity, Einstein Studies, Vol. 5, eds. J.Earman, M.Jansen and J.Norton (Birkhäuser, Boston, 1993), pp.30-63.

[27] J.Stachel, The Cauchy Problem in General Relativity - The Early Years, in Historical Studies in General Relativity, Einstein Studies, Vol. 3, eds. J.Eisenstaedt and A.J.Kox (Birkhäuser, Boston, 1992), pp.407-418.

[28] H.Friedrich and A.Rendall, The Cauchy Problem for Einstein Equations, in Einstein’s Field Equations and their Physical Interpretation, ed. B.G.Schmidt (Springer, Berlin, 2000) (gr-qc/0002074).

A.Rendall, Local and Global Existence Theorems for the Einstein Equations, Online journal Living Reviews in Relativity 1, n. 4 (1998) and 3, n. 1 (2000) (gr-qc/0001008).

[29] P.G.Bergmann, The General Theory of Relativity, in Handbuch der Physik, Vol. IV, Principles of Electrodynamics and Relativity, ed. S.Flugge (Springer, Berlin, 1962) pp.247-272.

[30] A.Komar, Construction of a Complete Set of Independent Observables in the Genaral Theory of Relativity, Phys.Rev. 111, 1182 (1958).

[31] J.L.Synge, a) Relativity: the Special Theory (North Holland, Amsterdam, 1956); b) Relativity: the General Theory (North Holland, Amsterdam, 1960).

[32] G.Belot and J.Earman, From Metaphysics to Physics, in From Physics to Philosophy, eds J.Butterfield and C.Pagonis (Cambridge University Press, Cambridge, 1999) p.166; Pre-Socratic Quantum Gravity, in Physics Meets Philosophy at the Planck Scale. Contemporary Theories in Quantum Gravity, ed. C.Callender (Cambridge University Press, Cambridge, 2001).

[33] C.J.Isham, Canonical Quantum Gravity and the Problem of Time, in Integrable Systems, Quantum Groups and Quantum Field Theories, eds.L.A.Ibort and M.A.Rodriguez, Salamanca 1993 (Kluwer, London, 1993); Conceptual and Geometrical Problems in Quantum Gravity, in Recent Aspects of Quantum Fields, Schladming 1991, eds. H.Mitter and H.Gausterer (Springer, Berlin, 1991); Prima Facie Questions in Quantum Gravity and Canonical Quantum Gravity and the Question of Time, in Canonical Gravity: From Classical to Quantum, eds. J.Ehlers and H.Friedrich (Springer, Berlin, 1994).

[34] J.Butterfield and C.J.Isham, Spacetime and the Philosophical Challenge of Quantum Gravity, Imperial College preprint TP/98-99/45 (GR-QC/9903072). On the Emergence of Time in Quantum Gravity, Imperial College preprint TP/98-99/23 (GR- QC/9901024).

[35] K.Kuchar, Time and Interpretations of Quantum Gravity, in Proc.4th Canadian Conf.

on General Relativity and Relativistic Astrophysics, eds. G.Kunstatter, D.Vincent and J.Williams (World Scientific, Singapore, 1992).

[36] D.Christodoulou and S.Klainerman, The Global Nonlinear Stability of the Minkowski Space (Princeton, Princeton, 1993).

[37] S.Shanmugadhasan, Canonical Formalism for Degenerate Lagrangians, J.Math.Phys.

14, 677 (1973).

L.Lusanna, The Shanmugadhasan Canonical Transformation, Function Groups and the Second Noether Theorem, Int.J.Mod.Phys. A8, 4193 (1993).

[38] J.Stewart, Advanced General Relativity (Cambridge Univ. Press, Cambridge, 1993). [39] M.H.Soffel, Relativity in Astrometry, Celestial Mechanics and Geodesy (Springer, Berlin, 1989).

[40] J.Ehlers, F.A.E.Pirani and A.Schild, The Geometry of Free-Fall and Light Propagation in General Relativity, Papers in Honor of J.L.Synge, ed. L.O’Raifeartaigh (Oxford Univ.Press, London, 1972).

[41] R.L.Anderson and N.H.Ibragimov, Lie-Bäcklund Transformations in Applications (SIAM, Philadelphia, 1979).

A.M.Vinogradov (ed.), Symmetries of PDE: Conservation Laws, Applications, Algorithms (Kluwer, Dordrecht, 1989).

[42] J.Bicak, Selected Solutions of Einstein’s Field Equations: their Role in General Relativity and Astrophysics, Lect.Notes Phys.540 (Springer, Berlin, 2000) (gr-qc/0004016).

[43] R.Arnowitt, S.Deser and C.W.Misner, Canonical Variables for General Relativity, Phys.Rev. 117, 1595 (1960); The Dynamics of General Relativity, in Gravitation: an

Introduction to Current Research, ch. 7, ed.L.Witten (Wiley, New York, 1962). [44] L.Lusanna, The Rest-Frame Instant Form of Metric Gravity, Gen.Rel.Grav. 33, 1579 (2001) (gr-qc/0101048).

[45] P.A.M.Dirac, Lectures on Quantum Mechanics, Belfer Graduate School of Science, Monographs Series (Yeshiva University, New York, N.Y., 1964).

[46] J.L.Anderson and P.G.Bergmann, Constraints in Covariant Field Theories, Phys.Rev.

83, 1018 (1951). P.G.Bergmann and J.Goldberg, Dirac Bracket Transformations in Phase Space, Phys.Rev. 98, 531 (1955).

[47] L.Lusanna, a) An Enlarged Phase Space for Finite-Dimensional Constrained Systems, Unifying their Lagrangian, Phase- and Velocity-Space Descriptions, Phys.Rep. 185, 1 (1990). b) The Second Noether Theorem as the Basis of the Theory of Singular Lagrangians and Hamiltonian Constraints, Riv. Nuovo Cimento 14, n.3, 1 (1991). c) On the BRS’s, J.Math.Phys. 31, 428 and Lagrangian and Hamiltonian Many-Time Equations, 31, 2126 (1990). d) The Shanmugadhasan Canonical Transformation, Function Groups and the Second Noether Theorem, Int.J.Mod.Phys. A8, 4193 (1993). e) Classical Observables of Gauge Theories from the Multitemporal Approach, Comtemp.Math. 132, 531 (1992). f) M.Chaichian, D.Louis Martinez and L.Lusanna, Dirac’s Constrained Systems: the Classification of Second Class Constraints, Ann.Phys.(N.Y.) 232, 40 (1994).

[48] M.Henneaux, Hamiltonian Form of the Path Integral for Theories with Gauge Freedom, Phys.Rep. 126, 1 (1985).

M.Henneaux and C.Teitelboim, Quantization of Gauge Systems (Princeton University Press, Princeton, 1992).

[49] R.Beig, The Classical Theory of Canonical General Relativity, in Canonical Gravity:

From Classical to Quantum, Bad Honnef 1993, eds. J.Ehlers and H.Friedrich, Lecture Notes Phys. 434 (Springer, Berlin, 1994).

[50] L.Lusanna, Towards a Unified Description of the Four Interactions in Terms of Dirac- Bergmann Observables, invited contribution to the book Quantum Field Theory: a 20th Century Profile, of the Indian National Science Academy, ed.A.N.Mitra, foreward F.J.Dyson (Hindustan Book Agency, New Delhi, 2000) (HEP-TH/9907081). Tetrad Gravity and Dirac’s Observables, talk given at the Conf. Constraint Dynamics and Quantum Gravity 99, Villasimius 1999 (GR-QC/9912091).The Rest-Frame Instant Form of Dynamics and Dirac’s Observables, talk given at the Int.Workshop Physical Variables in Gauge Theories, Dubna 1999. Classical Observables of Gauge Theories from the Multitemporal Approach, Contemp. Math. 132, 531 (1992).

[51] L.Lusanna, Solving Gauss’ Laws and Searching Dirac Observables for the Four Interactions, talk at the Second Conf. on Constrained Dynamics and Quantum Gravity, S.Margherita Ligure 1996, eds. V.De Alfaro, J.E.Nelson, G.Bandelloni, A.Blasi, M.Cavaglià and A.T.Filippov, Nucl.Phys. (Proc.Suppl.) B57, 13 (1997) (HEP- TH/9702114). Unified Description and Canonical Reduction to Dirac’s Observables of the Four Interactions, talk at the Int.Workshop New non Perturbative Methods and Quantization on the Light Cone, Les Houches School 1997, eds. P.Grangé, H.C.Pauli, A.Neveu, S.Pinsky and A.Werner (Springer, Berlin, 1998) (HEP-TH/9705154). The Pseudoclassical Relativistic Quark Model in the Rest-Frame Wigner-Covariant Gauge, talk at the Euroconference QCD97, ed. S.Narison, Montpellier 1997, Nucl.Phys. (Proc.

Suppl.) B64, 306 (1998).

[52] C.Teitelboim, The Hamiltonian Structure of Space-Time, in General Relativity and Gravitation, ed.A.Held, Vol.I (Plenum, New York, 1980).

[53] A.E.Fischer and J.E.Marsden, The Initial Value Problem and the Dynamical Formulation of General Relativity, in General Relativity. An Einstein Centenary Survey, eds. S.W.Hawking and W.Israel (Cambridge Univ.Press, Cambridge, 1979). A.E.Fischer, J.E.Marsden and V.Moncrief, The Structure of Solutions of Einstein’s Equations. I. One Killing Field, Ann.Inst.H.Poincaré A33, 147 (1980). J.M.Arms, J.E.Marsden and V.Moncrief, The Structure of the Space of Solutions of Einstein’s Equations. II Several Killing Fields and the Einstein-Yang-Mills Equations, Ann.Phys.(N.Y.) 144, 81 (1982).

[54] V.Moncrief, Spacetime Symmetries and Linearization Stability of the Einstein Equations I, J.Math.Phys. 16, 493 and Decompositions of Gravitational Perturbations, 16, 1556 (1975); Spacetime Symmetries and Linearization Stability of the Einstein Equations II, 17, 1893 (1976); Invariant States and Quantized Gravitational Perturbations, Phys.Rev. D18, 983 (1978).

[55] R.Sugano, Y.Kagraoka and T.Kimura, On Gauge Transformations and Gauge Fixing Conditions in Constraint Systems, Int.J.Mod.Phys. A7, 61 (1992).

[56] J.M.Pons and L.Shepley, Evolutionary Laws, Initial Conditions and Gauge Fixings in Constrained Systems, Class.Quantum Grav. 12, 1771 (1995)(GR-QC/9508052). J.M.Pons, D.C.Salisbury and L.C.Shepley, Gauge Transformations in the Lagrangian and Hamiltonian Formalisms of Generally Covariant Theories, Phys. Rev. D55, 658 (1997)(GR-QC/9612037).

[57] A.Lichnerowicz, L’inte’gration des e’quations de la gravitation relativiste et le proble’me des n corps, J.Math.Pure Appl. 23, 37 (1944).

Y.Choquet-Bruhat, The Cauchy Problem in Gravitation: An Introduction to Current Research, ed.L.Witten (Wiley, New York, 1962).

[58] J.W.York jr, Gravitational Degrees of Freedom and the Initial Value Problem, Phys.Rev.Lett. 26, 1656 (1971); Role of Conformal Three Geometry in the Dynamics of Gravitation, 28, 1082 (1972). Mapping onto Solutions of the Gravitational Initial Value Problem, J.Math.Phys. 13, 125 (1972); Conformally Invariant Orthogonal Decompositions of Symmetric Tensors on Riemannian Manifolds and the Initial Value Problem of General Relativity, 14, 456 (1972). Covariant Decompositions of Symmetric Tensors in the Theory of Gravitation, Ann.Ins.H.Poincaré XXI, 318 (1974). N.O’Murchadha and J.W.York jr, Existence and Uniqueness of Solutions of the Hamiltonian Constraint of General Relativity on Compact Manifolds, J.Math.Phys. 14, 1551 (1972). Initial Value Problem of General Relativity. I. General Formulation and Physical Interpretation, Phys.Rev. D10, 428 (1974).

[59] J.W.York jr., Kinematics and Dynamics of General Relativity, in Sources of Gravitational Radiation, Battelle-Seattle Workshop 1978, ed.L.L.Smarr (Cambridge Univ.Press, Cambridge, 1979).

A.Qadir and J.A.Wheeler, York’s Cosmic Time Versus Proper Time, in From SU(3) to Gravity, Y.Ne’eman’s festschrift, eds. E.Gotsma and G.Tauber (Cambridge Univ.Press, Cambridge, 1985).

[60] I.Ciufolini and J.A.Wheeler, Gravitation and Inertia (Princeton Univ.Press, Princeton,

1995).

[61] R.F.Baierlein, D.H.Sharp and J.A.Wheeler, Three-Dimensional Geometry as Carrier of Information about Time, Phys.Rev.126, 1864 (1962).

[62] J.Isenberg and J.E.Marsden, The York Map is a Canonical Transformation, J.Geom.Phys. 1, 85 (1984).

[63] Y.Choquet-Bruhat, A.Fischer and J.E.Marsden, Maximal Hypersurfaces and Positivity of Mass, LXVII E.Fermi Summer School of Physics Isolated Gravitating Systems in General Relativity, ed. J.Ehlers (North-Holland, Amsterdam, 1979).

[64] B.DeWitt, Quantum Theory of Gravity, I) The Canonical Theory, Phys.Rev. 160, 1113 (1967), II) The Manifestly Covariant Theory, 162, 1195 (1967).

[65] L.Lusanna, Classical Yang-Mills Theory with Fermions, I) General Properties of a System with Constrants, Int.J.Mod.Phys. A10, 3531 (1995); II) Dirac’s Observables, Int.J.Mod.Phys. A10, 3675 (1995).

[66] J.Géhéniau and R.Debever, Les quatorze invariants de courbure de l’espace Riemannien a’ quatre dimensions in Jubilee of Relativity Theory, eds. A.Mercier and M.Kervaire, Bern 1955, Helvetica Physica Acta Supplementum IV (Birkhäuser, Basel, 1956).

E.Zakhary and C.B.G.McIntosh, A Complete Set of Riemann Invariants, Gen.Rel.Grav. 29, 539 (1997).

[67] T.Maudlin, The Essence of Space-Time, PSA 1988, Vol.2, pp.82-91. [68] A.Einstein, letter of January 3rd 1916 in Albert Einstein and Michele Besso Correspondence 1903-1955, ed. P.Speziali (Hermann, Paris, 1972); Relativity and the Problem of Space in Relativity: the Special and General Theory (Crown, New York, 1961). M.Jammer, Concepts of Space (Harvard Univ.Press, Cambridge, 1954).

[69] P.Hájícek, Group Quantization of Parametrized Systems. I. Time Labels, J.Math.Phys.

36, 4612 (1995); Time Evolution and Observables in Constrained Systems, Class.Quantum Grav. 13, 1353 (1996); Time Evolution of Observable Properties of Reparametrized Invariant Systems, Nucl.Phys. (Proc.Suppl.) B57, 115 (1997). P.Hájíchek, A.Higuchi and J.Tolar, Group Quantization of Paramtrized Systems. 2. Pasting Hilbert Spaces, J.Math.Phys. 36, 4639 (1995).

C.J.Isham and P.Hájíchek, The Symplectic Geometry of a Parametrized Scalar Field on a Curved Background, J.Math.Phys. 37, 3505 and Perennials and the Group Theoretical Quantization of a Parametrized Scalar Field on a Curved Background, 37, 3522 (1996).

[70] K.Kuchar, Canonical Quantum Gravity in General Relativity and Gravitation Int.Conf.

GR13, Cordoba (Argentina) 1992, eds. R.J.Gleiser, C.N.Kozameh and O.M.Moreschi (IOP, Bristol, 1993).

[71] C.G.Torre, Gravitational Observables and Local Symmetries, Phys.Rev. D48, R2373 (1993).

[72] C.Rovelli, Quantum Evolving Constants of Motion: Reply to Comment on ’Time in Quantum Gravity: an Hypothesis’, Phys.Rev. D44, 1339 (1991); Partial Observables, Phys.Rev. D65, 124013 (2002)(gr-qc/0110035).

[73] C.Rovelli, Loop Quantum Gravity, Living Rev.Rel. 1, 1 (1998) (gr-qc/9710008). [74] A.Ashtekar, Quantum Geometry and Gravity: Recent Advances, (gr-qc/0112038) Dec.2001.

[75] L.Lusanna and M.Ortaggio, in preparation.

[76] A.Lichnerowicz, Propagateurs, Commutateurs et Anticommutateurs en Relativite Generale, in Les Houches 1963, Relativity, Groups and Topology, eds. C.DeWitt and B.DeWitt (Gordon and Breach, New York, 1964).

C.Moreno, On the Spaces of Positive and Negative Frequency Solutions of the Klein- Gordon Equation in Curved Space-Times, Rep.Math.Phys. 17, 333 (1980).

[77] N.D.Birrell and P.C.W.Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, 1982).

P.C.W.Davis, Particles do not Exist, in Quantum Theory of Gravity. Essays in Honor of the 60th Birthday of Bryce DeWitt., ed. S.Christensen (Hilger, Bristol, 1984).

[78] T.Y.Cao, Conceptual Developments of 20th Century Field Theories (Cambridge University Press, Cambridge, 1997).

[79] O.Gron and K.Voyenli, On the Foundation of the Principle of Relativity, Found. Phys.

29, 1695 (1999).

[80] J.F.Woodward and T.Mahood, What is the Cause of Inertia, Found.Phys. 29, 899 (1999).

J.F.Woodward, Gravity, Inertia and Quantum Vacuum Zero Point Fields, Found.Phys. 31, 819 (2001).

[81] J.Kovalevski, I.I.Mueller and B.Kolaczek, Reference Frames in Astronomy and Geophysics (Kluwer, Dordrecht, 1989).

[82] R.DePietri, L.Lusanna and M.Pauri, Standard and Generalized Newtonian Gravities as ’Gauge’ Theories of the Extended Galilei Group: I. The Standard Theory, Class. Quantum Grav. 12, 219 (1995).

[83] P.Crawford and I.Tereno, Generalized Observers and Velocity Measurements in General Relativity (gr-qc/0111073).

[84] R.K.Sachs and H.Wu, General Relativity for Mathematicians (Springer, Berlin, 1977). [85] N.Straumann, General Relativity and Relativistic Astrophysics (Springer, Berlin, 1984). [86] R.J.Jantzen, P.Carini and D.Bini, The Many Faces of Gravitomagnetism, Ann.Phys.(N.Y.) 215, 1 (1992)(gr-qc/0106043). Relative Observer Kinematics in General Relativity, Class.Quantum Grav. 12, 2549 (1995); The Intrinsic Derivatives and Centrifugal Forces in General Relativity. 1 Theoretical Foundations, Int.J.Mod.Phys. D6, 1 and 2 Applications to Circular Orbits in some Familiar Stationary Axisymmetric Spacetimes, D6,143 (1997)(gr-qc/0106013 and 0106014). The Inertial Forces - Test Particle Motion Game, 1998 (gr-qc/9710051).

D.Bini, A.Merloni and R.T.Jantzen, Adapted Frames for Space-Time Splittings with an Additional Observer Family, Nuovo Cimento 113B, 611 (1998). D.Bini and R.T.Jantzen, Circular Holonomy, Clock Effects and Gravito-Magnetism: Still Going around in Circles after All These Years.., Proc. of the 9th ICRA Workshop on Fermi and Astrophysics, 2001, eds. R.Ruffini and C.Sigismondi (World Scientific, 2002)(gr-qc/0202085).

[87] L.Lusanna and S.Russo, A New Parametrization for Tetrad Gravity, Gen.Rel.Grav.

34, 189 (2002)(gr-qc/0102074).

R.De Pietri, L.Lusanna, L.Martucci and S.Russo, Dirac’s Observables for the Rest- Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge, Gen.Rel.Grav. 34, 877 (2002) (gr-qc/0105084).

[88] C.W.Misner, K.S.Thorne and J.A.Wheeler, Gravitation (Freeman, New York, 1973). [89] H.Stephani, General Relativity (Cambridge Univ.Press, Cambridge, 1996). [90] C.Rovelli, What is Observable in Classical and Quantum Gravity?, Class.Quantum Grav. 8, 297; Quantum Reference Systems, 8, 317 (1991).

[91] S.S.Feng and C.G. Huang, Can Dirac Observability Apply to Gravitational Systems?, Int.J.Theor.Phys. 36, 1179 (1997).

[92] B.S.De Witt, The Quantization of Geometry, in Gravitation, ed. L.Witten (Wiley, New York, 1962).

[93] J.D.Brown and K.Kuchar, Dust as a Standard of Space and Time in Canonical Quantum Gravity, Phys.Rev. D51, 5600 (1995).

[94] V.Perlick, Characterization of Standard Clocks by means of Light Rays and Freely Falling Particles, Gen.Rel.Grav. 19, 1059 (1987). Characterization of Standard Clocks in General Relativity, in Semantical Aspects of Space-Time Theories, eds. U.Majer and H.J.Schimdt (Bl-Wissenschaftsverlag, Mannheim, 1994).

[95] B.F.Schutz, A First Course in General Relativity (Cambridge University Press, Cambridge, 1989).

[96] J.Agresti, R.DePietri, L.Lusanna and L.Martucci, Hamiltonian Linearization of the Rest-Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge: a Radiation Gauge for Background-Independent Gravitational Waves in a Post- Minkowskian Einstein Spacetime, in preparation.

[97] N.Ashby and J.J.Spilker, Introduction to Relativistic Effects on the Global Positioning System, in Global Positioning System: Theory and Applications, Vol.1, eds. B.W.Parkinson and J.J.Spilker (American Institute os Aeronautics and Astronautics, 1995).

[98] C.Rovelli, GPS Observables in General Relativity, e-print 2001 (gr-qc/0110003).

M.Blagojevic’, J.Garecki, F.W.Hehl and Yu.N.Obukhov, Real Null Coframes in General Relativity and GPS Type Coordinates, e-print 2001 (gr-qc/0110078).

[99] R.F.Marzke and J.A.Wheeler, Gravitation as Geometry- I: the Geometry of the Space- Time and the Geometrodynamical Standard Meter, in Gravitation and Relativity, eds. H.Y.Chiu and W.F.Hoffman (Benjamin, New York, 1964).

[100] R.A.Coleman and H.Korte’, A Semantic Analysis of Model and Symmetry Diffeomorphisms in Modern Spacetime Theories in Semantical Aspects of Spacetime Theories, eds. U.Majer and H.J.Schmidt (BI Wissenschaftsverlag, Mannheim, 1994).

[101] D.Alba and L.Lusanna, in preparation.

[102] S.Weinstein, Naive quantum gravity, in Physics Meets Philosophy at the Planck Scale, C.Callender and N.Huggett eds. (Cambridge University Press, Cambridge 2001), pp.90- 100.

[103] Leibniz, Fourth Paper, in H.Alexander, ed., The Leibniz-Clarke Correspondence, p.39 (Manchester University Press, Manchester, 1956).

[104] A.R.Hall and M.B.Hall, (eds.), De Gravitatione et Aequipondio Fluidorum, Unpublished Scientific Papers of Isaac Newton. A Selection from the Portsmouth Collection in the University Library (Cambridge University, Cambridge, 1962).

[105] A.Ashtekar, S.Fairhurst and J.L.Willis, Quantum Gravity, Shadow States and Quantum Mechanica, preprint 2002 (gr-qc/0207106).

[106] M.Pauri, Leibniz, Kant, and the Quantum: A Provocative Point of View about Observation, Space-Time, and the Mind-Body Issue, in The Reality of the Unobservable - Observability, Unobservability and Their Impact on the Issue of Scientific Realism, E.Agazzi and M.Pauri eds., Boston Studies in the Philosophy of Science n.215 (Kluwer Academic Publishers, Dordrecht, 2000), pp.257-282.

[107] E. Schmutzer and J. Plebanski, Fortschritte der Physik, 25, 37 (1978).

D. M. Greenberger and A. W. Overhauser, Rev. of Mod. Phys. 51, 43 (1979). K. Kuchař, Phys. Rev. D22, 1285 (1980). W. H. Klink, Ann. of Phys. 260, 27 (1998).

[108] M.M.Nieto, Hamiltonian Expectation Values for Time-Dependent Foldy-Wouthuysen Transformations: Implications for Electrodynamics and Resolution of the External Field π N Ambiguity, Phys.Rev.Lett. 38, 1042 (1977).

T.Goldman, Gauge Invariance, Time-Dependent Foldy-Wouthuysen Transformations and the Pauli Hamiltonian, Phys. Rev. D15, 1063 (1977).

H.W.Fearing, G.I.Poulis and S.Scherer, Effective Hamiltonianswith Relativistic Corrections: 1) The Foldy-Wouthuysen Transformation versus the Direct Pauli Reduction, Nucl.Phys. A570, 657 (1994)(nucl-th/9302014).

[109] M.Pauri and M.Vallisneri, Classical Roots of the Unruh and Hawking Effects, Found.Phys. 29, 1499 (1999).

[110] K.Kuchar, Geometry of Hyperspace I, J.Math.Phys. 17, 777, Kinematics of Tensor Fieldsin Hyperspace II, 17, 792, Dynamics of Tensor Fields in Hyperspace III, 17, 801 (1976); Geometrodynamics with Tensor Sources IV, 18, 1589 (1977).

[111] J.Lee and R.M.Wald, Local Symmetry and Constraints, J.Math.Phys. 31, 725 (1990). [112] A.Sen, On the Existence of Neutrino ”Zero-Modes” in Vacuum Spacetimes, J.Math.Phys. 22, 1781 (1981); Gravity as a Spin System, Phys.Lett. 119B, 89 (1982). E.Witten, A New Proof of the Positive Energy Theorem, Commun.Math.Phys. 80, 381 (1981).

[113] J.Frauendiener, Triads and the Witten Equation, Class.Quantum Grav. 8, 1881 (1991). [114] J.Isenberg, Constructing Solutions of the Einstein Constraint Equations, preprint 2002 (gr-qc/0203044).

[115] R.A.d’Inverno and J.Stachel, Conformal Two Structure as the Gravitational Degrees of Freedom in General Relativity, J.Math.Phys. 19, 2447 (1978). R.d’Inverno, 2+2 Formalism and Applications, in Relativistic Gravitation and Gravitational Radiation, Les Houches 1995, eds. J.A.Marck and J.P.Lasota (Cambridge Univ.Press, Cambridge, 1997).

R.d’Inverno and J.Smallwood, Canonical 2+2 Formulation of the Initial Value Problem in General Relativity, Phys.Rev. D22, 1233 (1980).

J.Smallwood, Orthogonal 2+2 Decomposition of Space-Time, J.Math.Phys. 24, 599 (1983).

C.G.Torre, Null Surface Geometrodynamics, Class.Quantum Grav. 3, 773 (1986). S.A.Hayward, Dual-Null Dynamics of the Einstein Field, Class.Quantum Grav. 10, 779 (1993).

[116] A.Barducci and L.Lusanna, The Photon in Pseudoclassical Mechanics, Nuovo Cimento 77A, 39 (1983).

[117] J.L.Synge, Time-like Helices in Flat Space-Time, Proc. Royal Irish Acad. A 65, 27 (1967).

E.Honig, E.L.Schuking and C.V.Vishveshwara, Motion of Charged Particles in Homogeneous Electromagnetic Fields, J.Math.Phys. 15, 774 (1974).

B.R.Iyer and C.V.Vishveshwara, The Frenet-Serret Formalism and Black Holes in Higher Dimensions, Class.Quantum Grav. 5, 961 (1988); The Frenet-Serret Description of Gyroscopic Precession, Phys.Rev. D48, 5706 (1993).

[118] W.Kundt and B.Hoffmann, Determination of Gravitational Standard Time, in Recent Development in General Relativity a book dedicated to Leopold Infeld’s 60th birthday, p. 303 (Polish Scientific Publishers, Warsaw, 1962).

[119] M.Pauri and M.Vallisneri, Marzke-Wheeler Coordinates for Accelerated Observers in Special Relativity, Found.Phys.Let. 13, 401 (2000).