Chapter 1: Key Definitions and Principles of Set-theory and Mathematical Logic

The Propositional Calculus: Definitions and Theorems

Basic Operators

* PVQ (P or Q): "I'll go to the store or I'll go to the gym." You fulfill this statement by doing either or both.

» Example in Computer Science: In programming, the logical OR operator (often written as || or OR) evaluates
to true if either operand is true. For instance, in a firewall rule: "Allow traffic if source IP is trusted OR
destination port is 443."

» Example in Electrical Engineering: In digital circuits, an OR gate outputs 1 if either input A OR input B (or
both) is 1.

* PAQ (P and Q): "I bought milk and eggs." Both conditions must be met.

» Example in Computer Science: In a database query: "SELECT FROM employees WHERE department =
'Engineering' AND yearsexperience > 5".

» Example in Electrical Engineering: An AND gate only outputs 1 when both inputs A AND B are 1, used in
control systems for safety interlocks where multiple conditions must be satisfied.

* =P (Not P): "I did not attend the meeting." The negation of attending.

» Example in Computer Science: The NOT operator in programming (often ! or NOT) inverts a boolean value.
For example: "if(!isUserLoggedIn)" to check if a user is not logged in.

» Example in Electrical Engineering: A NOT gate (inverter) converts an input of 1 to 0 and vice versa, used in
various circuits to complement signals.

* P—Q (If P then Q): "If it rains, I'll bring an umbrella." This is equivalent to ~(PA—Q).

» Example in Computer Science: Conditional execution: "if (temperatureAboveThreshold) { activateCooling();

}H

» Example in Electrical Engineering: In sequential circuits, the implication can represent state transitions where
one condition leads to another state.

Student Exercises - Basic Operators
Translate the following statements into symbolic logic using the operators V, A, —, and —:
a) If the system is overloaded, then the server will crash.
b) The algorithm is efficient and error-free.
c¢) The program will compile if there are no syntax errors.
d) Either the battery is dead or the circuit is broken.
e) The network is not secure.
Determine the truth value of the following compound statements when P is true, Q is false, and R is true:
a)PA(QVR)
b)(P—>Q)AR
) ~(PVQ) —R
dPA—Q)V (—PAR)
¢)~(P — (QAR))
Create a truth table for each of the following expressions:
a)P—>(QVR)
b (PAQ) —R
¢)"PV(QA-R)
d)P—>QAQ—R)
e)"(PAQ VR
Provide a real-world example from your field of study for each logical operator (V, A, —, —), similar to the
computer science and electrical engineering examples in the text.



For each of the following scenarios, identify which logical operator(s) would be most appropriate to model the
situation:

a) A security system that triggers an alarm when motion is detected and it's after business hours

b) A recommendation system that suggests movies based on whether a user likes action films or science
fiction

¢) A safety protocol that shuts down a nuclear reactor if the temperature exceeds a threshold or if radiation is
detected

d) A program that displays an error message when a username is not found in the database

e) A climate control system that turns on heating if the temperature is below 65°F

Answer Key - Basic Operators
Translating statements:
a) Let S ="system is overloaded" and C = "server will crash"; S — C
b) Let A = "algorithm is efficient” and E = "algorithm is error-free"; A A E
c¢) Let C = "program will compile" and S = "there are syntax errors"; =S — C
d) Let B = "battery is dead" and C = "circuit is broken"; BV C
e) Let S = "network is secure"; —S
Truth values (P = true, Q = false, R = true):
a)PAQVR)=TAFVT)=TAT=T
b)P—->QAR=(T—->F)AT=FAT=F
)" PVQ >R=~(TVF)»>T="T—->T=F->T=T
DPAQV(EPAR)=(TAT)VEFAT)=TVF=T
)" P> QAR)=A(T->FAT)=A(T—>F)="F=T
Truth tables (abbreviated):
a) P — (Q V R): True in all cases except when P is true and both Q and R are false
b) (P A Q) — R: True in all cases except when P and Q are both true while R is false
¢) P V (Q A —R): True when P is false, or when P is true, Q is true, and R is false
d) (P — Q) A (Q — R): True only when P implies Q and Q implies R are both satisfied
e) 7(P A Q) V R: True except when P and Q are both true and R is false
Examples vary by field, but could include:
* OR (V): In healthcare, treatment is recommended if the patient has hypertension or diabetes
* AND (A): In finance, a loan is approved if the credit score is high and debt-to-income ratio is low
* NOT (—): In education, a student will not graduate if thesis requirements are not fulfilled
* IMPLIES (—): In agriculture, if there is frost, then the crop yield will decrease
Appropriate operators:
a) Motion detected AND after business hours: A
b) Likes action films OR science fiction: V
c¢) Temperature exceeds threshold OR radiation detected: V
d) Username NOT found: —
e) Temperature below 65°F IMPLIES heating turns on: —

Key Theorems Illustrated with Proofs
Excluded Middle (Pv—P): Either it's raining or it's not raining. There's no third option.
* Proof: Construct a truth table for Pv—P:
|P|—P|PV—P|
T
|FIT [T |
As shown, PV—P is always true regardless of the truth value of P.
* Application in Digital Electronics: Digital circuits operate on this principle with binary states (0 or 1). A
transistor in a digital circuit is either conducting (ON) or not conducting (OFF), which forms the basis of all

digital computation.

* Application in Software Testing: Test coverage analysis relies on this principle - a conditional branch in code
is either executed or not executed during testing.



Non-contradiction (=(PA—P)): You cannot both attend and not attend a meeting simultaneously.
* Proof: Construct a truth table for PA—P:

|P|=P|PA-P | ~(PA-P) |
et S
|TIF[F|T |
|FIT[F|T |

Since PA—P is always false, its negation ~(PA—P) is always true.

Student Exercises - Key Theorems
Prove using a truth table that P — Q is logically equivalent to =P V Q.
Demonstrate with a truth table that the contrapositive (—Q — —P) is logically equivalent to the original
implication (P — Q).
Prove that the following is a tautology (always true): [(P — Q) A (Q — R)] — (P — R). This demonstrates the
transitive property of implication.
Identify which of the following are tautologies and prove your answer using truth tables:
a)PV(PAQ)
b)(P—>QV(Q—P)
P> PVQ
d)(PAQ) — P
e)~(PAQ)«~ (PV—Q)
For each of the following real-world scenarios, identify which logical principle (Excluded Middle, Non-
contradiction, or another theorem) is being applied:
a) A digital sensor reading must be either above or below the threshold
b) A student cannot both pass and fail the same exam
¢) If having a valid ticket implies entry to the concert, and not having entry implies not having a valid ticket
d) A database query that returns all records not matching certain criteria
e) A security system that must be either armed or disarmed

Answer Key - Key Theorems
Truth table for P — Q and P V Q:
[PIQIP—=Q|~P[-PVQ]

| T|T|T
| TIF[F [F[F|
|[FIT[T |TI|T |
|FIFIT [T |T|

Since the values in column "P — Q" and "—P V Q" are identical, the expressions are logically equivalent.
Truth table for P — Q and -Q — —P:
[PIQ|P—
|

!
[ TIT|T [F[F|T
| TIF[E [T |F[F |
|[FIT[T |F|T|T |
|[FIFIT [T|T|T

Since the values in column "P — Q" and "—Q — —P" are identical, the contrapositive is logically equivalent to
the original implication.
Truth table for [P - Q) A (Q - R)] - (P — R):
|P|Q|R|P—Q|Q—R | (P>QAQ-R) | P-R | [(P-QAQ—R)-(P—R) |
e - |

| TIT|T|T [T [T T |T |
| TIT|F|T |F |F |[F T |
|TIF|T[F [T |F [T |T |
| TIF|F|F |T [F |F [T |

[FIT|T|T |T |T |IT |T |



|FIT[F|T [F |F T |T |
|[FIF|T|T [T [T T |T |
|[FIFIF[T |T |T T |T |

Since the final column contains only T values, the expression is a tautology.
Identifying tautologies:

a) PV (=P A Q) - Not a tautology (False when P is false and Q is false)

b) (P — Q) V (Q — P) - Tautology (Always true for all combinations of P and Q)

c) P — (P V Q) - Tautology (Always true for all combinations of P and Q)

d) (P A Q) — P - Tautology (Always true for all combinations of P and Q)

e) (P A Q) « (—P V —Q) - Tautology (Always true; this is one of De Morgan's Laws)
Logical principles in scenarios:

a) A digital sensor reading must be either above or below the threshold - Excluded Middle (P V —P)

b) A student cannot both pass and fail the same exam - Non-contradiction (—(P A —P))

¢) If having a valid ticket implies entry to the concert, and not having entry implies not having a valid ticket -
Contrapositive ("Q —» "P=P — Q)

d) A database query that returns all records not matching certain criteria - De Morgan's Law (—(P A Q)=—P V
—Q)

e) A security system that must be either armed or disarmed - Excluded Middle (P V —P)

* Application in Database Systems: Database integrity constraints prevent contradictory data. For example, a
unique constraint ensures a student cannot be both enrolled and not enrolled in the same course simultaneously.

Student Exercises:

Explain why a database might reject an attempt to assign two different primary student IDs to the same person.
Design a simple database constraint that would prevent contradictory enrollment statuses.

A university database shows a student both graduated and not completed required courses. Identify the
contradiction and suggest how database constraints could prevent this.

How would you implement a constraint ensuring a student cannot be marked as both "present" and "absent" for
the same class session?

Write a brief SQL constraint that would enforce logical consistency for course prerequisites.

Answer Key:

Primary keys must be unique identifiers. Assigning two different primary IDs to the same person creates a
contradiction in identity, violating the fundamental purpose of a primary key which is to uniquely identify each
entity.

Example constraint: CHECK (enrollmentstatus IN (‘enrolled', 'waitlisted', 'dropped’, 'completed')) combined
with a UNIQUE constraint on (studentid, courseid, semester) would prevent contradictory enrollment statuses.
The contradiction is that a student cannot logically both have graduated (implying all requirements are met) and
not completed required courses. A constraint like CHECK ((graduationstatus = 'graduated' AND
requiredcoursescompleted = 'yes') OR graduationstatus != 'graduated") would prevent this.

Implementation: Create a CHECK constraint ensuring that for any given (studentid, classsessionid) pair,
attendancestatus cannot have contradictory values, or use a single-value field with mutually exclusive options.

* Application in Hardware Verification: Circuit verification tools use contradiction checks to identify impossible
states in hardware designs.

Student Exercises:

A circuit has inputs A and B and output C. The specifications state C = A AND B, but also C = NOT (A AND
B). Identify the contradiction and explain why verification would flag this.

Design a simple hardware circuit that would never encounter a contradiction state.

How would formal verification tools detect that a flip-flop cannot be both set and reset simultaneously?

In a traffic light controller, what contradictory states should be prevented, and how would verification tools
identify them?

Explain how hardware verification might use the principle of contradiction to verify the correctness of an ALU
(Arithmetic Logic Unit).

Answer Key:



The contradiction is that C cannot simultaneously be equal to (A AND B) and NOT (A AND B), as these are
logical complements. Verification tools would identify this by finding that there's no possible assignment of
values to A and B that satisfies both conditions.

A simple AND gate with inputs A and B and output C = A AND B has clearly defined behavior for all input
combinations and contains no contradictions.

Formal verification tools would model the behavior of the flip-flop with temporal logic formulas, then check if
there's any reachable state where both set and reset are active simultaneously, proving this leads to undefined
behavior.

Contradictory states in a traffic light controller would include "red and green lights active simultaneously" or
"all lights off." Verification tools would use model checking to verify that the state machine never enters these
unsafe configurations.

Hardware verification would establish properties like "if the ALU operation code is set to ADD, the result must
equal the sum of inputs." The tool would then prove no contradiction exists by showing all possible input
combinations produce the expected output for each operation.

Double Negation (P<»>——P): "I didn't not go to work" means "I went to work."
* Proof:

|P|=P|—P|Pe>—P|
e
[TIFIT|T |
[FITF|T |

The truth values of P and —P always match, proving equivalence.

Student Exercises:

Translate the following into formal logic and simplify: "It's not true that I don't like mathematics."

Prove that (P A Q) < (P A Q) using a truth table.

In natural language, give an example where double negation creates emphasis rather than just logical
equivalence.

Convert the statement "I can't not help you" into a positive form and explain the difference in connotation.
Show that triple negation (——P) is equivalent to the single negation (—P) using a truth table.

Answer Key:
"It's not true that I don't like mathematics" translates to —(—L) where L = "I like mathematics." By double
negation, —(—L) <> L, so the simplified statement is "I like mathematics."
Truth table for —(P A Q) & (P A Q):

I P || Q|| P/\‘Q | ﬁ(PlAQ) | T(P/\Q) | ﬁﬁ(ITAQ)H(P/\Q) |

|TIT|T [F [T [T |

|TIF[F |T [F |T |

|FITIF [T |F |T |

|FIF[F [T [F |T |

The final column shows the equivalence is always true.
"I cannot not care about this issue" carries more emotional emphasis than "I care about this issue." The double
negative implies a stronger commitment or emotional investment.
"I can't not help you" converts to "I must help you." The double negative version suggests a compulsion or
inability to refuse assistance, while the positive form simply states an obligation.
Truth table for ——P < —P:

|[P|—=P|—P|——P|——P<—P|

e e

|TIF [T [F |T |

|FIT[F |T |T |

The final column shows the equivalence is always true.

* Application in Programming: Double negation is often used in code optimization. In some programming
languages, !'x is used to convert a value to its boolean equivalent.



* Application in Digital Design: NOT gates in series cancel each other out, which is used in circuit
simplification.

Student Exercises:

Write a JavaScript code snippet that uses double negation to convert a variable to a boolean value.

In a digital circuit with three NOT gates in sequence, what is the relationship between the input and output?
How would you optimize the boolean expression —=(—(A A B)) V ~(—(C A D))?

In Python, compare the results of bool(5), not 5, and not not 5. Explain the outcomes.

Design a digital circuit that implements the double negation principle to restore a signal after it passes through
an odd number of inverters.

Answer Key:

With three NOT gates in sequence (A — NOT — NOT — NOT — output), the output will be the logical
negation of the input (—A), because an odd number of NOT gates results in inversion.

Using double negation elimination: ~(—(A A B)) V ~(=(C A D)) simplifies to (A A B) V (C A D)

Results:

* bool(5) returns True (non-zero values are truthy)

* not 5 returns False (negation of truthy value)

* not not 5 returns True (double negation returns to original boolean value)

Circuit design: If you have an input signal passing through 3 inverters (NOT gates), you would add one more
inverter to make an even number (4), ensuring the output matches the input. Alternatively, you could bypass the
odd number of inverters entirely with a direct connection, effectively implementing a double negation
simplification.

Modus Ponens (PA(P—Q))—Q): "If I study, I'll pass the exam. I studied." Therefore, I'll pass the exam.

* Proof:

1 P ‘I Q‘I P—|>Q | P/\(‘P—>Q) | (P/|\(P—>Q))—>Q |
[ TITIT |T |T |
| TIF[F [F [T |
|[F[T[T |F [T |
|[FIF|IT [F [T |

The theorem is always true, validating this fundamental rule of inference.

Student Exercises:

Using Modus Ponens, what conclusion can you draw from: "If it rains, the field will be wet. It is raining."?
Construct a valid argument using Modus Ponens about a real-world scenario in cybersecurity.

Show why the following is NOT a valid application of Modus Ponens: "If it's a holiday, there's no school.
There's no school. Therefore, it's a holiday."

Translate the following argument into symbolic logic and verify it follows Modus Ponens: "All mammals have
hearts. Whales are mammals. Therefore, whales have hearts."

Create a computer program pseudocode that implements Modus Ponens as part of a simple expert system.

Answer Key:
Conclusion: "The field will be wet." Using P = "It rains" and Q = "The field will be wet", we have P and
(P—Q), so by Modus Ponens, we can conclude Q.
"If a user's password hash matches the stored hash (P), then the user is authenticated (Q). The user's password
hash matches the stored hash (P). Therefore, the user is authenticated (Q)."
This is not valid Modus Ponens because it affirms the consequent, a logical fallacy. The structure is: "If P, then
Q. Q. Therefore P." Modus Ponens requires affirming the antecedent: "If P, then Q. P. Therefore Q."
Let M(x) = "x is a mammal" and H(x) = "x has a heart", and w = "whales"

Premise 1: Vx(M(x) — H(x)) - "All mammals have hearts"

Premise 2: M(w) - "Whales are mammals"

Using universal instantiation on Premise 1: M(w) — H(w)

Now we have M(w) and (M(w) — H(w)), so by Modus Ponens, we conclude H(w): "Whales have hearts"



* Application in Expert Systems: Al reasoning engines use this inference rule for forward chaining algorithms in
expert systems.

* Application in Program Verification: Program verification tools use Modus Ponens to verify that if certain
preconditions are met, then specific postconditions will follow.

Student Exercises:

Design a simple expert system with three rules that uses Modus Ponens to diagnose a computer problem.

In program verification, if we know "x > 0 — function terminates" and we can prove "x > 0", what can we
conclude? Explain using Modus Ponens.

How might a medical diagnosis system use Modus Ponens to determine possible conditions based on
symptoms?

Write pseudocode for a forward chaining algorithm that uses Modus Ponens to determine if a student qualifies
for graduation.

In a program verification context, explain how Modus Ponens helps ensure the correctness of an algorithm that
calculates compound interest.

Answer Key:

Simple expert system:
Rule 1: If (computer won't turn on AND power cable is connected) THEN power supply may be faulty
Rule 2: If (power supply may be faulty AND indicator lights are off) THEN replace power supply
Rule 3: If (computer turns on BUT blue screen appears) THEN check system memory

If the facts "computer won't turn on" and "power cable is connected" are observed, Modus Ponens would
trigger Rule 1, adding "power supply may be faulty" to the knowledge base. If "indicator lights are off" is also
observed, Rule 2 would trigger, recommending "replace power supply."

Using Modus Ponens, if we know "x > 0 — function terminates" (P—Q) and we can prove "x > 0" (P), then we
can conclude "function terminates" (Q). This is crucial in program verification as it allows us to prove
termination properties under specific preconditions.

A medical diagnosis system might use rules like:

* If (patient has fever AND rash AND joint pain) THEN consider dengue fever

* If (consider dengue fever AND patient has traveled to tropical region) THEN order dengue blood test

As symptoms are entered, the system applies Modus Ponens to trigger appropriate diagnostic pathways and
recommendations.

In program verification for a compound interest algorithm, Modus Ponens helps establish correctness by
verifying logical implications. For example:

« If (input parameters are valid) THEN calculation follows the compound interest formula

* If (calculation follows the compound interest formula) THEN output is mathematically correct

By proving the antecedent (input parameters are valid) and using Modus Ponens, we can verify the
postcondition (output is mathematically correct). This allows formal verification that the algorithm behaves
correctly under specified conditions, essential for financial software where accuracy is critical.

Modus Tollens (P—Q)A—Q)——P): "If it's sunny, the solar panels generate power. The panels aren't generating
power." Therefore, it's not sunny.

* Proof:

IP[Q|P—=Q \lﬁQ | (P=QAQ | P | ((1|’—>Q)/\ﬁQ)—>ﬁP |

| _______________ | -
|T|T|T [F|F  [F[T |
|TIF[F [T[F  [F

Since PA—P is always false, the implication (PA—P)—Q is always true regardless of Q.

* Application in Database Systems: Database systems prevent contradictory states to avoid invalid inferences.
This principle underlies ACID properties in transaction processing.



* Application in Program Analysis: Static analysis tools detect unreachable code by identifying contradictory
conditions that would lead to execution of that code.

Student Exercises

Create a truth table to verify that (PA—P)—Q is a tautology for all possible values of P and Q.

Explain why the logical statement "If both it's raining and not raining, then the moon is made of cheese" is
always true.

In a programming context, write a conditional statement that represents a contradiction in the premise, and
explain why the code after this condition is unreachable.

How might a database system use the principle that contradictions imply anything to maintain data consistency?
Identify a real-world example where assuming a contradiction would lead to problematic conclusions, and
explain how formal logic helps avoid such situations.

Answer Key
Truth table for (PA—P)—Q:

: P || ﬂP| | P/|\ﬁP| | Q|| (PA-P)—Q |

| TIF[F|T[T|

| TIF|F|F[T]|

|FIT|F|T|T|

|F[T|F[F|T]|

Since PA—P is always false, and false—anything is always true, the entire implication is a tautology.
This statement is always true because the premise "both it's raining and not raining" is a contradiction and
cannot possibly be true. In logic, when the antecedent of an implication is false, the entire implication is true
regardless of the consequent's truth value.

This condition contains a contradiction since a number cannot simultaneously be greater than 10 and less than
5. Therefore, the code inside the conditional block is unreachable.
Database systems might use this principle when enforcing constraints. For example, if a transaction would lead
to a contradictory state (like violating a uniqueness constraint), the system rejects the entire transaction rather
than allowing the database to enter an inconsistent state where contradictory facts exist.
In a legal context, if a witness testimony contains a contradiction (e.g., "I was both at home and at work at 8
PM"), accepting this contradiction would allow any conclusion to be derived. Legal systems avoid this by
requiring consistent testimony. Similarly, in formal logic, we recognize that from a contradiction, anything can
be proven, which is why consistent axioms are fundamental to mathematical systems.

Transitivity (P—Q)A(Q—R))—(P—R)): "If it rains, the ground gets wet. If the ground gets wet, it becomes
slippery." Therefore, if it rains, it becomes slippery.

* Proof: This can be proven using truth tables, but can also be shown through logical deduction:
Assume P—Q and Q—R

Now assume P is true

By Modus Ponens with P and P—Q, we get Q

By Modus Ponens with Q and Q—R, we get R

Therefore, if P then R (P—R)

* Application in Network Routing: Network routing algorithms use transitivity to find paths between nodes. If A
can connect to B and B can connect to C, then A can connect to C (potentially through B).

* Application in Compiler Optimization: Type systems in programming languages use transitivity for subtype
relationships to determine valid operations on objects.

Student Exercises
Construct a truth table that proves the transitivity property (P—Q)A(Q—R))—(P—R).
In a university setting, provide an example of transitivity involving prerequisites for courses.



Identify a situation where transitivity might appear to apply but actually fails. Explain why it fails.

How does transitivity relate to the concept of inheritance in object-oriented programming?

In a directed graph, explain how transitivity applies to reachability between nodes and how this might be
implemented in an algorithm.

Answer Key
Truth table for (P—Q)A(Q—R))—(P—R):
} p ‘l Q‘l R‘ | P—|>Q ||Q—>R | (P—IQ)/\|(Q—>R) |P—R | ((T’-’Q)/\(QHR))H(P—’R) |

[ TIT|T|T [T [T T |T |
| TITIE|T |F |F |[F T |
| TIF[T|F [T |F [T |T |
| TIF[F|E |T |F |F T |
|[F[T[T|T |T [T T |T |
|FIT[F|T [F [F T |T |
|[FIF|T|IT [T [T T |T |
|[FIFIF[T |T |T T |T

The right-most column is always true, proving that transitivity is a tautology.
In a university setting: If Calculus I is a prerequisite for Calculus II, and Calculus II is a prerequisite for
Differential Equations, then by transitivity, Calculus I is a prerequisite for Differential Equations. This is why
students must follow the proper sequence of courses.
Transitivity fails in the case of preferences that aren't consistent. For example, in a tournament: Team A might
beat Team B, and Team B might beat Team C, but that doesn't necessarily mean Team A will beat Team C (due
to playing styles, matchups, etc.). This is called intransitivity and occurs when the relation doesn't have the
mathematical property of transitivity.
In object-oriented programming, transitivity applies to inheritance through the "is-a" relationship. If class Dog
inherits from class Mammal, and class Mammal inherits from class Animal, then by transitivity, class Dog also
inherits from class Animal. This means Dog objects have access to methods and properties defined in both
Mammal and Animal classes.

In a directed graph, if there exists a path from node A to node B, and a path from node B to node C, then by
transitivity, there exists a path from node A to node C. This principle is fundamental to graph traversal
algorithms like Floyd-Warshall, which computes the transitive closure of a graph—identifying all reachable
pairs of nodes.

Predicate Calculus and Set Theory

Basic Definitions with Extended Examples

* {x: px}: The set of all x where @x is true.

» Example: {x: x is a prime number} is the set of all prime numbers.

» Example in Computer Science: {x: X is a process consuming more than 1GB of memory} represents the set of
all memory-intensive processes.

» Example in Electrical Engineering: {x: X is a component with resistance > 1kQ} defines the set of all high-
resistance components in a circuit.

» x€k: x is in set k.

» Example: "7 is in the set of prime numbers."

» Example in Computer Science: "HTTP is in the set of application-layer protocols."

» Example in Electrical Engineering: "The MOSFET is in the set of active semiconductor devices."
* Vxox: For all x, ¢x is true.

* Example: "All humans are mortal."



» Example in Computer Science: "All properly initialized variables have defined values."

» Example in Electrical Engineering: "All resistors dissipate electrical energy as heat."

* Ix@x: There exists an x where @x is true.

» Example: "Some birds can't fly."

» Example in Computer Science: "There exists a sorting algorithm with O(n log n) worst-case performance."

» Example in Electrical Engineering: "There exists a material that becomes superconducting below a critical
temperature."

Student Exercises

Define the following set using set-builder notation: the set of all integers divisible by both 2 and 3.

Express the statement "All programming languages have syntax rules" using predicate calculus.

Translate the following predicate logic statement into English: 3x(Student(x) A Vy(Course(y) — Enrolled(x,y)))
Given sets A = {1, 2, 3,4} and B = {3, 4, 5, 6}, express in predicate logic: "Every element in set A that is
greater than 2 is also in set B."

Create a real-world example where both universal (V) and existential (3) quantifiers are needed to express a
complex statement.

Answer Key
The set of all integers divisible by both 2 and 3 can be written as: {x : x € Z A (x mod 2 =0) A (x mod 3 =0)} or
alternatively {x : X € Z A (x mod 6 =0)}.
Using predicate calculus: Vx(ProgrammingLanguage(x) — HasSyntaxRules(x))
In English: "There exists a student who is enrolled in all courses." This describes a student who takes every
single course available.
In predicate logic: Vx((x € A Ax>2) — x € B)
Real-world example: "In every computer science department, there exists a professor who has taught all core
courses."
In predicate logic: Vd(CSdepartment(d) — Ip(Professor(p, d) A Vc(CoreCourse(c) — HasTaught(p, c))))
This statement uses both universal quantification (for departments and courses) and existential quantification
(for professors).

Practical Applications with Logical Proofs

* Vx(px—yx): "All dogs are mammals." If something is a dog, then it's a mammal.
* Proof Application: To prove that a specific dog Fido is a mammal:

We know Vx(Dog(x)—Mammal(x))

We know Dog(Fido)

By Universal Instantiation, Dog(Fido)—Mammal(Fido)

By Modus Ponens with (2) and (3), we get Mammal(Fido)

Student Exercises

Using the principles of logical deduction, prove that Tweety is a bird, given that Tweety is a canary and all
canaries are birds.

Formalize and prove: "All smartphones are electronic devices. The iPhone is a smartphone. Therefore, the
iPhone is an electronic device."

Given the premises "All databases store data" and "MongoDB is a database," use logical rules to derive the
conclusion.

Create a logical proof to show that if all even numbers are divisible by 2, and 8 is an even number, then 8 is
divisible by 2.

In a programming context, if all objects of class Shape have a method called draw(), and Circle is a subclass of
Shape, prove that Circle objects have a draw() method.



Answer Key

Proof that Tweety is a bird:

* Premise 1: Vx(Canary(x) — Bird(x)) (All canaries are birds)

* Premise 2: Canary(Tweety) (Tweety is a canary)

* Step 3: Canary(Tweety) — Bird(Tweety) (By Universal Instantiation on Premise 1)
* Step 4: Bird(Tweety) (By Modus Ponens on Premise 2 and Step 3)

* Conclusion: Tweety is a bird

Formalized proof:

* Premise 1: Vx(Smartphone(x) — ElectronicDevice(x))

* Premise 2: Smartphone(iPhone)

* Step 3: Smartphone(iPhone) — ElectronicDevice(iPhone) (By Universal Instantiation on Premise 1)
« Step 4: ElectronicDevice(iPhone) (By Modus Ponens on Premise 2 and Step 3)

* Conclusion: The iPhone is an electronic device

Proof using logical rules:

* Premise 1: Vx(Database(x) — StoresData(x))

* Premise 2: Database(MongoDB)

* Step 3: Database(MongoDB) — StoresData(MongoDB) (By Universal Instantiation on Premise 1)
* Step 4: StoresData(MongoDB) (By Modus Ponens on Premise 2 and Step 3)

* Conclusion: MongoDB stores data

Logical proof for divisibility:

* Premise 1: Vx(Even(x) — DivisibleBy2(x))

* Premise 2: Even(8)

* Step 3: Even(8) — DivisibleBy2(8) (By Universal Instantiation on Premise 1)

* Step 4: DivisibleBy2(8) (By Modus Ponens on Premise 2 and Step 3)

* Conclusion: 8 is divisible by 2

Proof in programming context:

* Premise 1: Vx(Shape(x) — HasMethod(x, draw)) (All Shape objects have draw method)
* Premise 2: Vx(Circle(x) — Shape(x)) (All Circle objects are Shape objects)

* Premise 3: Circle(c) (c is a Circle object)

* Step 4: Circle(c) — Shape(c) (By Universal Instantiation on Premise 2)

* Step 5: Shape(c) (By Modus Ponens on Premise 3 and Step 4)

* Step 6: Shape(c) — HasMethod(c, draw) (By Universal Instantiation on Premise 1)
* Step 7: HasMethod(c, draw) (By Modus Ponens on Step 5 and Step 6)

* Conclusion: Circle object ¢ has a draw() method

» Example in Computer Science: Vx(Program(x)—Halts(x)) would represent "All programs eventually halt"
(which is actually false due to the Halting Problem, making this a great example for discussing the limits of
computation).

* Ix(pxA—yx): "Some students didn't pass." There exists at least one student who didn't pass.

* Proof Application: To disprove the statement "All students passed":

"All students passed" can be formalized as Vx(Student(x)—Passed(x))

To disprove it, we find a counterexample: Ix(Student(x)A—Passed(x))

If we can find even one student who didn't pass, we've disproven the universal statement

» Example in Electrical Engineering: 3x(Circuit(x)A—Functional(x)) represents "Some circuits are not
functional," which is useful in yield analysis for semiconductor manufacturing.

Student Exercises:

Translate the following statement into predicate logic: "All electronic devices that are smartphones have
touchscreens."

Using predicate logic, express the statement: "Some programming languages are both object-oriented and
functional."

Formalize the statement "No valid password is shorter than 8 characters" using predicate logic.



If you wanted to disprove the statement "All prime numbers are odd," what would be your counterexample
expressed in predicate logic?
Translate the following predicate logic expression to English: Vx(Student(x)—(3y(Class(y)AEnrolled(x,y))))

Answer Key:

Vx((ElectronicDevice(x) ASmartphone(x))—HasTouchscreen(x))
Ix(ProgrammingLanguage(x)/AObjectOriented(x)AFunctional(x))
vx(Password(x)AValid(x)——ShorterThan8(x)) or alternatively: Vx(Password(x)AValid(x)—Length(x)>8)
Ix(Prime(x)A—0dd(x)), with x=2 as the counterexample.

"All students are enrolled in at least one class." or "Every student is enrolled in some class."

Boolean Algebra and Its Applications

Boolean algebra provides the foundation for digital circuit design. The theorems like absorption and
distributivity translate directly to logic gate configurations.

* klu(k2Nk3)=(k1uk2)N(k1Uk3): If you merge a group (k1) with the overlap of two other groups (k2Nk3), it's
the same as finding the overlap between merging the first group with each of the others.

* Proof:
Let's prove this using element-wise reasoning:
Let x be any element. We need to show x€k1U(k2Nk3) if and only if x€(k1Uk2)N(k1Uk3)
x€k1U(k2Nk3) < x€kl OR xe(k2Nk3)
x€k1U(k2Nk3) < x€kl OR (x€k2 AND x€k3)
x€(k1Uk2)N(k1Uk3) < (x€kl OR x€k2) AND (x€kl OR x€k3)
Distributing: (x€k1 OR x€k2) AND (x€kl OR x€k3) &
x€k1 OR (x€k2 AND x€k3)
Therefore, x€k1U(k2Nk3) < xe(k1Uk2)N(k1UK3)

* Application in Digital Logic: This distributive property allows engineers to simplify complex logic circuits,
reducing gate count and power consumption.

* Application in Database Query Optimization: Query optimizers use this property to rewrite queries for more
efficient execution plans.

Student Exercises:

Prove the following Boolean algebra identity: k1N(k1Uk2) = k1

Using the laws of Boolean algebra, simplify the expression: (ANB)U(AN—B)

Rewrite the logical statement ((p—q)/A(q—1))—(p—r) using only the operations A, v, and —.

Design a digital circuit using AND, OR, and NOT gates that implements the Boolean function f(x,y,z) =
(xAy)V(—xAz). Then simplify the circuit if possible.

In a database context, if query Q1 retrieves "all students who are either freshmen or enrolled in mathematics"
and query Q2 retrieves "all students who are either freshmen or enrolled in computer science," explain how the
distributive property could help optimize the union of these queries.

Answer Key:
Proof:
k1Nk1uk2) = (k1Nk1)u(k1Nk2) [by distributivity]
=k1U(k1Nk2) [by idempotence: k1Nk1 =k1]
=kl [by absorption: k1U(k1Nk2) =k1]
(ANB)U(AN—B) = AN(BU—B) [by distributivity]
= AN(True) [complement law: BU—B = True]



= A [identity law: ANTrue = A]
((p—q)/A(q—r1))—(p—r) can be rewritten as:
(CpVA(—qVr))—(~pVr)
=~(CpvA(~qV))V(~pVr)
= (~(Cpvq)V—(—qVr))V(~pVr)
= ((PA=q)V(gA™1))V(~pVr)
Circuit implementation:
f(x,y,z) = (xAy)V(—x/A\z)
Simplified: This is a multiplexer function where x selects between y and z.
The circuit can be implemented with 2 AND gates, 1 OR gate, and 1 NOT gate.
Alternatively: f(x,y,z) = (xAy)V(—xAz) = (x—=y)A(Tx—z) = x?(y:2)
If we represent "freshmen" as F, "enrolled in mathematics" as M, and "enrolled in computer science" as C, then:
Q1 =FuM
Q2=FuC
Q1uQ2 = (FUM)U(FUC)
By associativity and commutativity: (FUM)U(FUC) = FUMU(FUC)) = FU(FU(MUC)) = (FUF)u(MUC)
By idempotence: FUF =F
So Q1uQ2 =Fu(MuUC)

This optimization means we only need to retrieve the list of freshmen once, then union it with the combined
list of students in mathematics or computer science, reducing redundant data retrieval and processing.

Example of Von Neumann Arithmetic:

Von Neumann constructed natural numbers in set theory as follows:

* 0 = @ (the empty set)

«1={0}={0}

*2=1{0,{0}} ={0,1}

*3=1{0, {0}, {0, {0}}} = {0, 1,2}

* And so on...

Practical Application in Computer Science:

This construction has influenced computer memory models where each memory location can be thought of as
containing either data or pointers to other memory locations. In particular, linked data structures like linked lists
mirror this nested set construction:

* A node contains both its value and a reference to the next node

* This recursive definition matches the Von Neumann construction where each number contains all previous
numbers

Application in State Machine Design:

Digital circuits implementing state machines can use this numbering system to represent states, where each state
"knows" about all previous states, enabling efficient state transition logic.

Student Exercises:

Continue the Von Neumann construction by defining the number 4 in this notation.

Prove that in the Von Neumann construction, for any natural number n, the cardinality (number of elements) of
the set representing n is exactly n.

Describe how addition could be defined in terms of Von Neumann's set-theoretic construction of numbers.

If we represent a linked list using the Von Neumann-inspired construction, draw the memory representation of
the list containing values [10, 20, 30].



Explain how the Von Neumann ordinal construction differs from Zermelo's construction of natural numbers,
and discuss one advantage of each approach.

Answer Key:
4=1{0, {0}, {0, {0}}, {0, {0}, {0, {®}}}} = {0, 1,2,3}
Proof by induction:
Base case: The set representing 0 is @, which has 0 elements.
Inductive hypothesis: Assume that for some k, the set representing k has exactly k elements.
Inductive step: The set representing k+1 is defined as the set containing all previous numbers (0 to k).
Therefore, the set representing k+1 has exactly k+1 elements.
Thus, by mathematical induction, for any natural number n, the set representing n has exactly n elements.
Addition can be defined recursively:
m+0=m
m+ (ntl)=(m+n)+1
In terms of Von Neumann sets:
m+0=m
m + S(n) = S(m + n)
Where S(x) is the successor function, defined as S(x) =x U {x}.
Alternatively, addition can be defined directly: m + n = the unique ordinal whose elements are:
* Elements of m
e {m+k|k E€n}
Memory representation:

This mirrors the Von Neumann construction where each subsequent number "knows about" all previous
numbers through the chain of pointers.
Von Neumann ordinals: Each number n= {0, 1, 2, ..., n-1}

Zermelo ordinals: 0=0, 1 = {@},2 = {{0}}, 3= {{{D}}}, etc.

Advantage of Von Neumann construction: Each number contains all its predecessors, making operations like
"less than" simple subset checks. This also provides a natural way to iterate through all numbers less than n.

Advantage of Zermelo construction: It is more economical in terms of set size growth, as each number is
represented by a singleton set containing the previous number, rather than a set containing all previous numbers.
This can be conceptually simpler when we only care about successors rather than the full ordering.

Modality and Modal Logic
» gP (Necessarily P): "It's necessarily true that 2+2=4." True in all possible worlds.

» Example in Computer Science: "Necessarily, a sorting algorithm must examine all elements at least once."
This represents a logical necessity in algorithm design.

» Example in Electrical Engineering: "Necessarily, any circuit with non-zero resistance will dissipate power
when current flows through it."

Student Exercises:

Translate the following statement into modal logic: "It's possible to build a quantum computer that breaks RSA
encryption.”

Express the difference between "All birds can fly" and "Necessarily, all birds can fly" using modal logic, and
explain the distinction.

In software engineering, formalize the statement: "It is necessary that safety-critical systems have redundant
error checking, but it's not necessary that all systems implement redundant error checking."

Consider the statement "If a number is prime, then it is necessarily greater than 1." Express this using modal
operators and explain whether this statement is true.

Using modal logic, formalize the statement: "In any valid implementation of a stack data structure, it is
necessary that the last element pushed is the first element popped."”

Answer Key:
O(QuantumComputer(x) A Breaks(x, RSAEncryption))
Where ¢ is the possibility operator.



"All birds can fly": Vx(Bird(x) — CanFly(x))
"Necessarily, all birds can fly": ovVx(Bird(x) — CanFly(x))

The distinction is that the first statement asserts that in our actual world, all birds happen to have the ability to
fly. The second statement makes the stronger claim that in all possible worlds (all possible ways the world could
have been), birds must have the ability to fly. The first statement allows for the possibility that there could be
flightless birds (like penguins or ostriches), while the second statement claims that flightless birds are logically
impossible.
ovx(SafetyCriticalSystem(x) — HasRedundantErrorChecking(x)) A ~oVvx(System(x) —
HasRedundantErrorChecking(x))

This formalizes that redundant error checking is a necessary property of all safety-critical systems, but not a
necessary property of systems in general.

Vx(Prime(x) — o(x > 1))

This statement is true. If a number is prime, then by definition it must be greater than 1. The necessity operator
indicates that this is true in all possible worlds or interpretations—there is no possible world in which a prime
number is not greater than 1, as this is part of the definition of primality.
oVvs(ValidStackImplementation(s) — (VxVy(Push(s,x) A NextOperation(Pop(s,y)) — y=x)))

This formalization states that in all possible worlds, for any valid implementation of a stack, if an element x is
pushed onto the stack and the next operation is a pop returning element y, then y must equal x. This captures the
Last-In-First-Out (LIFO) property essential to all stack data structures.

Modal Logic: Possibility and Necessity
* OP (Possibly P): "It's possible that it will rain tomorrow." True in at least one possible world.

» Example in Computer Science: "Possibly, this program terminates." This statement is at the heart of the
Halting Problem.

» Example in Electrical Engineering: "Possibly, this circuit design will meet our power constraints." This
represents uncertainty in engineering design.

Proof of Modal Logic Theorem: oP — P (What is necessary is also actual)
Assume OP is true (P is true in all possible worlds)

The actual world is one of the possible worlds

Therefore, P must be true in the actual world

Thus, oP — P is valid

Application in Software

The principle that "what is necessary is actual" (0P—P) means if something must be true, then it is true. For
example, if it's necessarily true that all bachelors are unmarried, then all bachelors are indeed unmarried.

This principle, known as the T axiom or axiom T in modal logic, forms the foundation of many logical systems.
Let's explore it with additional examples:

If it's necessarily true that water is H.O, then water is H-0.

If it's necessarily true that a square has four equal sides, then a square has four equal sides.
Proof Example: We can formally prove this principle in a modal logic system:

Assume OP (P is necessary)

By the T axiom (oP—P), we can derive P

Therefore, P is true in the actual world



In electrical engineering, this principle applies when analyzing circuit theorems:

« If it's necessarily true that the sum of currents at a node equals zero (Kirchhoff's Current Law), then in any
actual circuit, the sum of currents at any node equals zero.

« If it's necessarily true that parallel resistors reduce total resistance, then any actual parallel resistor
configuration will exhibit reduced resistance.

* Application: Modal logic is used in artificial intelligence for reasoning about knowledge, belief, and temporal
properties.

Modal logic extends beyond Al to numerous applications:

* In computer network verification, it helps reason about necessary security properties

* In circuit design, it helps specify and verify that certain conditions must hold across all possible states

* In distributed systems, it's used to reason about knowledge across different nodes in a network

* In formal verification of software, it helps prove that critical properties necessarily hold in all execution paths

Student Exercises: Modal Logic Fundamentals
Consider the statement "It is possible that artificial intelligence will surpass human intelligence by 2050."
Express this using modal operators and explain what worlds this would be true in.
Provide a real-world example from your field of study for each of these modal statements:

a) OP (necessarily P)

b) OP (possibly P)

¢) ~0~P (not possibly not P)
Prove that OP «» ~0~P (something is possible if and only if its negation is not necessary).
In the context of program verification, explain how the modal operator o (necessarily) can be used to express
safety properties, and how ¢ (possibly) can express liveness properties.
For the statement "All computers that run properly must have functioning CPUs," translate this into modal logic
notation and determine if this is an example of the T axiom (oP—P).
A circuit designer claims: "It's necessary that this power supply outputs between 4.9V and 5.1V for proper
operation." Translate this statement using modal operators and explain what this means for the actual circuit
implementation.
Explain why the following argument is valid or invalid:

Premise 1: o(P—Q)

Premise 2: oP

Conclusion: 0Q

Answer Key
The statement can be expressed as 0S, where S represents "Al will surpass human intelligence by 2050." This
would be true in at least one possible world where technological development follows a path leading to
superintelligent Al by 2050.
Sample answers:
a) OP: "Necessarily, all valid sorting algorithms must eventually terminate." (Computer Science)
b) OP: "Possibly, quantum computers will break current encryption standards." (Cybersecurity)
c¢) ~0~P: "It is not possible that a correctly implemented AND gate will output 1 when both inputs are 0."
(Electrical Engineering)
Proof:
* To prove OP <> ~0~P, we need to show both directions.
* First, assume QP is true. This means P is true in at least one possible world.
« If P is true in at least one world, then ~P cannot be true in all worlds.
 Therefore, ~o~P is true.
* Now assume ~O~P is true. This means ~P is not true in all possible worlds.
 Therefore, there must be at least one world where P is true.
* This means OP is true.
* Having shown both directions, we've proven 0P «<» ~o~P.



In program verification:

*» 0P (necessarily P) expresses safety properties like "The program necessarily never divides by zero" or "The
program necessarily maintains data integrity." These are properties that must hold in all possible execution
paths.

* OP (possibly P) expresses liveness properties like "The program possibly terminates" or "The program possibly
responds to input." These properties assert that something good can happen in at least one execution path.

"All computers that run properly must have functioning CPUs" can be written as o(R—F), where R means
"computer runs properly" and F means "has functioning CPU." This is not directly an example of the T axiom.
The T axiom has the form oP—P, while this statement has the form o(R—F).

The statement can be expressed as 0O, where O represents "the power supply outputs between 4.9V and 5.1V."
This means that in all possible worlds (all possible operating conditions within specification), the power supply
must maintain this voltage range. By the T axiom (oP—P), this necessary condition must also hold in the actual
implementation of the circuit.

The argument is valid. This is an application of the modal logic rule of distribution (K axiom) and modus
ponens:

* From o(P—Q) and oP, we can apply the distribution axiom to get tP—oQ

* With oP and oP—0Q, we can apply modus ponens to derive oQ

Principles of Logic with Intuitive Examples
Axiom of Comprehension
Principle: Any property defines a class.

Example: Think of a grocery store where items are sorted by properties. The property "contains dairy" defines
the dairy section. The property "is a fruit" defines the fruit section. These classifications create specific groups
based on shared characteristics.

Additional examples:

* The property "is executable code" defines the class of all program files on a computer
* The property "conducts electricity" defines the class of all conductors

* The property "has a wavelength between 400-700nm" defines the class of visible light
Proof Construction: We can formalize this with predicate logic:

Student Exercises: Axiom of Comprehension and Class Theory
Define a class using the property "can be compiled to machine code" and list five elements that would belong to
this class.
Using the axiom of comprehension, explain how you would formally define the class of all odd integers. Write
this using set-builder notation.
Russell's Paradox challenges the unrestricted axiom of comprehension. Explain this paradox and how it relates
to the property "does not contain itself as a member."
In computer science, we often define data structures with specific properties. Define a class of data structures
that have the property "supports constant-time lookup operations" and provide three examples.
For each of the following properties, determine if the resulting class is finite or infinite and justify your answer:
a) "Is a prime number less than 100"
b) "Is a programming language that compiles to machine code"
c) "Is an electrical component that can store energy"

Answer Key
Class: "Programs that can be compiled to machine code"

Elements: C++ source files, Java source files, Rust programs, Capplications, Swift code files
The class of all odd integers can be defined using the property "is an integer and leaves remainder 1 when
divided by 2." In set-builder notation: {x |x EZAxmod 2 =1}
Russell's Paradox: Consider the class R of all classes that don't contain themselves as members. If R contains
itself, then by definition, R doesn't contain itself. If R doesn't contain itself, then it meets the criteria for
membership in R, so R must contain itself. This contradiction shows that not every property can define a



consistent class, challenging the unrestricted axiom of comprehension. Modern set theories like ZFC avoid this
by restricting how classes can be formed.
Class: "Data structures supporting constant-time lookup operations"
Examples:
* Hash tables: Use key-value pairs with O(1) average lookup time
* Arrays: Provide constant-time access to elements by index
* Direct address tables: Map keys directly to array indices for O(1) lookup
a) "[s a prime number less than 100" defines a finite class because there are only 25 prime numbers less than
100 (2, 3,5,7, 11, etc. up to 97).

b) "Is a programming language that compiles to machine code" defines a finite class because there is a limited
number of programming languages that have been created, although this number continues to grow.

c) "Is an electrical component that can store energy" defines a finite class of component types (capacitors,
inductors, batteries), but an infinite class if we consider all possible variations, sizes, and configurations of these
components.

Vx(P(x) <> x € S), where P is a property and S is the resulting class.
For example, let P(x) be "x is divisible by 2":

Define S = {x | P(x)}

Then by the axiom, Vx(P(x) <> x € S)

For any number n, n € S if and only if n is divisible by 2

Application: Database design uses this principle to organize information into tables where entries share common
properties.

Further applications:

* In computer networking, IP address classes are defined by properties of their binary representation

* In electronic circuit design, components are classified by properties like active/passive, linear/non-linear

* In software engineering, object-oriented programming creates classes based on shared properties and behaviors

Student Exercises

Let P(x) be "x is a prime number less than 20." Write out all the elements in the set S = {x | P(x)}.

If Q(x) is "x is a month with exactly 30 days" and T = {x | Q(x)}, express the statement Vx(Q(x) <> x € T) in
plain English.

Let R(x) be "x is a programming language that supports inheritance." If Java € V where V = {x | R(x)}, what
can you conclude about Java?

Consider the property P(x): "x is a real number such that x> = 4". Define the set W = {x | P(x)}. List all elements
of W and verify that Vx(P(x) <> x € W).

In a computer system, let P(x) be "x is a file with read-only permission" and S = {x | P(x)}. If a new file F is
created with both read and write permissions, explain using the axiom why F & S.

Answer Key

S=1{2,3,5,7,11, 13, 17, 19}. These are all the prime numbers less than 20.

In plain English: "For all x, x is a month with exactly 30 days if and only if x is an element of set T." This
means any month is in set T precisely when it has 30 days, and any element in T must be a month with 30 days.
Since Java € V and V = {x | R(x)}, where R(x) is "x is a programming language that supports inheritance," we
can conclude that Java is a programming language that supports inheritance.

W = {-2, 2} since these are the only real numbers whose square equals 4. We can verify that Vx(P(x) <> x € W)
by checking: (i) if x> =4, then x =-2 or x =2, so x € W; (ii) if x € W, then x is either -2 or 2, both of which
satisfy x> = 4.



According to the axiom Vx(P(x) <> x € S), a file belongs to set S if and only if it has read-only permission.
Since file F has both read and write permissions (not read-only), the property P(F) is false. By the axiom, if P(F)
is false, then F & S.

Empty Class Uniqueness

Principle: There is exactly one empty class.

Example: Consider different empty containers: an empty box, an empty drawer, and an empty bag. While they
may look different physically, in terms of their contents, they're identical—they all contain nothing.

Additional examples:

* The set of square circles

* The collection of programs that both terminate and don't terminate

* The set of electrical circuits that are both open and closed simultaneously

Proof: We can prove the uniqueness of the empty set:

Assume there are two empty sets, @1 and @

By definition, for any set X, x € X iff x belongs to X

Since @1 and @ contain no elements, Vx(x & @1 A X & @2)

Therefore, @: and @2 have exactly the same elements (none)

By the axiom of extensionality, sets with the same elements are identical

Thus, @1 = @2, proving there is exactly one empty set

Application: In computer programming, null or empty sets serve as important base cases for algorithms.
Further applications:

* In circuit theory, a circuit with no components is unique regardless of its layout

* In computational complexity, the empty language is a unique concept in formal language theory

* In von Neumann arithmetic, the empty set serves as the foundation for constructing the natural numbers (0 is
represented by @)

Student Exercises

Explain why the set of all triangles that are also squares must be the empty set. Use the concept of empty class
uniqueness in your explanation.

If A= @ and B = @, prove that A = B using the axiom of extensionality.

Let S be the set of all solutions to the equation x> + 1 = 0 in the real number system. Is S empty? Justify your
answer and explain what this tells us about the uniqueness of the empty set.

Suppose we define two sets: P = {x | x is a natural number and x <0} and Q = {x | x is a natural number and x >
x?}. Show that P = Q by using the property of empty sets.

In programming, NULL pointers and empty arrays serve different functions but both represent "emptiness" in
some sense. Discuss whether they are conceptually the same "empty set" in light of the empty class uniqueness
principle.

Answer Key
A triangle has three sides and a square has four sides. By definition, no geometric shape can simultaneously
have both three and four sides. Therefore, the set of all triangles that are also squares contains no elements and



must be the empty set. By the principle of empty class uniqueness, this set is the same as any other empty set
(e.g., the set of all odd numbers divisible by 2).

Proof: By the axiom of extensionality, two sets are equal if and only if they have exactly the same elements.
Since A = @ and B = @, neither A nor B contain any elements. Therefore, every element in A is also in B
(vacuously true since there are no elements in A), and every element in B is also in A (again vacuously true). By
the axiom of extensionality, A = B.

The equation x2 + 1 = 0 has no real solutions because x> > 0 for all real numbers, so x2+ 1 > 1 for all real
numbers. Therefore, S = @. This illustrates the uniqueness of the empty set because any set with no elements
must be identical to the empty set, regardless of how we define the conditions for membership.

For set P = {x | x is a natural number and x < 0}: Since natural numbers start from 0 or 1 (depending on
convention), there are no natural numbers less than 0. Thus, P = @.

For set Q = {x | x is a natural number and x > x?}: For any natural number n > 2, we have n*> > n, so n <n? For
n =0, we have 0 = 0% For n= 1, we have 1 = 12. So there are no natural numbers satisfying x > x2. Thus, Q = @.

Since both P and Q are empty sets, and by the uniqueness of the empty set, P = Q.
While NULL pointers and empty arrays both represent absence of elements, they are different in
implementation. A NULL pointer doesn't point to any memory location, while an empty array typically has a
memory allocation but contains no elements. Conceptually, from a set theory perspective, they both represent
the empty set in that they contain no elements. The principle of empty class uniqueness would suggest that the
"set of elements in a NULL pointer" and the "set of elements in an empty array" are the same set (the empty
set). However, in programming contexts, we maintain the distinction because NULL pointers and empty arrays
behave differently in operations and error handling.
Cardinal Numbers in Set Theory
Principle: Sets can be assigned cardinal numbers based on their elements.
Example:
* A set with 0 elements: An empty refrigerator
* A set with 1 element: A room with just one chair
* A set with 2 elements: A pair of shoes
* A set with 3 elements: The primary colors (red, blue, yellow)
Additional examples:
* A set with 4 elements: The nucleotides in DNA (A, T, G, C)
* A set with 5 elements: The five logic gates (AND, OR, NOT, NAND, NOR)
* A set with 8 elements: The bits in a byte
* A set with uncountably many elements: The points in a circuit's continuous voltage range
Construction in von Neumann Arithmetic:
In von Neumann's construction of numbers:
* 0 is represented by the empty set: @
* 1 is represented by {@}, or {0}
* 2 is represented by {@, {@}}, or {0, 1}

Student Exercises
Using von Neumann's construction, write out the representation for the number 3.



Consider the set A = {a, b, ¢, d} and the set B = {1, 2, 3, 4}. Do these sets have the same cardinality? Explain
your reasoning.

Let S be the set of all possible outcomes when rolling a fair six-sided die. What is the cardinality of the power
set of S (the set of all subsets of S)? Show your work.

Consider the set of integers Z and the set of even integers E. Do these sets have the same cardinality? Provide a
brief proof or counterexample.

Explain the difference between countable and uncountable infinity using examples. Identify whether each of
these sets is countably or uncountably infinite: (a) The set of real numbers between 0 and 1, (b) The set of all
integers, (c) The set of all finite binary strings.

Answer Key
Following von Neumann's construction:
+0=0
< 1={0}=1{0}
*2=1{0, {0}} ={0, 1}
*3=1{0, {0}, {0, {0}}} = {0, 1,2}
Yes, sets A and B have the same cardinality. The cardinality of a set is the number of elements it contains. Set A
contains 4 elements (a, b, c, d) and set B contains 4 elements (1, 2, 3, 4). Therefore, both sets have a cardinality
of 4.
The set S of all possible outcomes when rolling a fair six-sided die is S = {1, 2, 3, 4, 5, 6}.

The cardinality of S is 6.

The power set of S, denoted P(S), is the set of all subsets of S.

For a set with n elements, the cardinality of its power set is 2”n.

Therefore, the cardinality of P(S) is 26 = 64.
Yes, the set of integers Z and the set of even integers E have the same cardinality. Both sets are countably
infinite. We can establish a one-to-one correspondence between them:

f: Z — E defined by f(n) =2n

This function maps each integer to a unique even integer, and every even integer is the image of exactly one
integer. Therefore, |Z| = |E|.
Countable infinity refers to sets that can be put in a one-to-one correspondence with the natural numbers,
meaning their elements can be "counted" or listed in sequence. Uncountable infinity refers to sets that cannot be
put in such correspondence - they are "larger" infinities.

(a) The set of real numbers between 0 and 1 is uncountably infinite. This can be proven using Cantor's
diagonal argument.

(b) The set of all integers is countably infinite. We can list them in the sequence: 0, 1, -1, 2, -2, 3, -3, ...

(c) The set of all finite binary strings is countably infinite. We can list them in order of increasing length: &
(empty string), 0, 1, 00, 01, 10, 11, 000, ...

* 3 is represented by {@, {@}, {@, {@}}}, or {0, 1,2}
e And so on...

This construction has practical applications in computer science, especially in set-theoretic models of
computation and in formal semantics.

Student Exercises:

Write the von Neumann representation of the number 4.

Explain why 0 is represented as @ in the von Neumann construction.

Draw a diagram showing the containment relationships in the von Neumann representation of the number 3.
If we have a set S = {0, 2, 3} using von Neumann ordinals, write out the full set-theoretic representation.
Prove that in the von Neumann construction, each number n contains exactly n elements.

Answer Key:

4 is represented as {@, {@}, {@, {@}}, {D, {D}, {@, {@}}}} or {0, 1, 2, 3}.

Zero is represented as @ because it represents the empty set, which contains no elements, corresponding to the
concept of zero in the natural numbers.



Diagram should show: @ contained in {@}, both contained in {@, {@}}, and all three contained in {@, {@}, {D,
{033}

S=1{0, {0, {0}}, {0, {9}, {@, {B}}}}

Proof by induction: Base case: 0 is represented as @, which has 0 elements. Inductive step: If n is represented as
a set with n elements, then n+1 is represented as n U {n}, which adds exactly one more element, resulting in n+1
elements total.

Cartesian Product
Principle: The Cartesian product forms pairs from elements of two sets.

Example: A menu where you choose one item from column A and one from column B. If column A has 3 main
dishes and column B has 4 side dishes, the Cartesian product gives all 12 possible meal combinations.

Additional examples:

* The product of CPU types and memory configurations gives all possible computer hardware combinations

* The product of programming languages and operating systems gives all possible development environments
* The product of resistor values and capacitor values gives all possible RC circuit configurations

Proof for Cardinality of Cartesian Product:

For finite sets A and B with |A| = m and |B| = n elements:

Each element of A can be paired with each element of B

Therefore, the total number of ordered pairs is m X n

Thus, |A x B|=|A| x |B|

Application: Coordinate systems use Cartesian products to create ordered pairs (X,y) from two separate number
lines.

Further applications:
« In digital systems, the Cartesian product of signal states represents the state space of a circuit

* In communications, the product of message types and transmission channels represents all communication
possibilities

* In computer graphics, screen coordinates are represented as Cartesian products of x and y positions

Student Exercises:

If A={a, b, c} and B = {1, 2}, write out all elements in the Cartesian product A x B.

If X = {red, blue} and Y = {circle, square, triangle}, calculate |X x Y| and provide a real-world interpretation of
this Cartesian product.

Prove that for any set A, A x @ = @.

IfA={1,2,3} and B = {1, 2, 3}, how many elements in A x B represent pairs where both coordinates are
equal?

For sets A, B, and C, prove or disprove: (A x B) x C=A x (B x C).

Answer Key:

AxB={(a1), a2), (b,1), (b2), (c,1), (c.2)}

|X x Y| =2 x 3 =6. This represents all possible combinations of colors (red/blue) and shapes
(circle/square/triangle), such as a red circle, blue triangle, etc.

Proof: For A X @ to contain any element (a,b), b must be in @. Since @ contains no elements, A x @ contains no
ordered pairs. Thus, A x @ = @.

There are exactly 3 elements where both coordinates are equal: (1,1), (2,2), and (3,3).



Disprove: Elements in (A x B) x C have the form ((a,b),c) while elements in A x (B x C) have the form
(a,(b,c)). These are structurally different, so the sets are not equal.

Functions
Principle: A function assigns exactly one output to each input.

Example: A vending machine is a function—when you input a specific code (B5), it always gives you the same
item (a specific candy bar). It never gives two different items for the same code.

Additional examples:

* A compiler is a function that maps source code to machine code

* A resistor is a physical implementation of a function mapping current to voltage (V = IR)

* A logic gate is a function from input bits to output bits

Proof of Function Composition:

For functions f: A — B and g: B — C, we can prove their composition gef: A — C is also a function:
For any x € A, f(x) produces exactly one value in B

For that value f(x) € B, g(f(x)) produces exactly one value in C

Therefore, (gof)(x) produces exactly one value in C for any x € A

Thus, gof satisfies the definition of a function

Application: Financial models use functions to map variables like interest rates to specific outcomes.
Further applications:

* In signal processing, transfer functions map input signals to output signals

* In computer architecture, instruction sets define functions from opcodes to operations

* In cryptography, hash functions map data of arbitrary size to fixed-size values

Student Exercises:

Given sets A= {1,2,3} and B= {a, b, ¢, d}, construct a valid function f: A — B and determine if it's onto
(surjective).

If f(x) = x? and g(x) = x + 3, find (fog)(2) and (gof)(2).

For the function h: R — R defined by h(x) = x* - 2x, determine if it is one-to-one (injective).

Prove that the composition of two one-to-one functions is also one-to-one.

Draw the graph of a relation that is not a function and explain why it fails to be a function.

Answer Key:

One possible function: f(1) = a, f(2) = b, f(3) = c. This function is not onto (surjective) because d € B is not
mapped to by any element in A.

(fog)(2) = f(2(2)) = (5) = 25; (gD)(2) = g(f(2)) = g(4) = 7

To determine if h is one-to-one, we need to check if h(x1) = h(xz) implies x1 = x». Taking the derivative h'(x) =
3x2 - 2, which equals zero at x = +V(2/3). Since h'(x) changes sign, h is not one-to-one.

Proof: Let f and g be one-to-one functions. For any xi and x», if (gef)(x1) = (gof)(x2), then g(f(x1)) = g(f(x2)).
Since g is one-to-one, this implies f(x1) = f(x2). Since f is one-to-one, this implies xi1 = x2. Therefore, gof is one-
to-one.

[Drawing would show a relation where at least one input maps to multiple outputs] This fails to be a function
because there exists at least one input value that maps to more than one output value, violating the definition of
a function which requires exactly one output for each input.



One-to-One Functions
Principle: Each input has a unique output, and each output comes from a unique input.

Example: Assigned seats in a theater—each person gets exactly one seat, and each seat is assigned to exactly
one person.

Additional examples:

* Each social security number corresponds to exactly one person

* In a well-designed network, each IP address maps to exactly one device

* Each memory address in a computer points to exactly one memory location

Proof that the Composition of One-to-One Functions is One-to-One:

Let f: A — B and g: B — C be one-to-one functions.

Assume (gef)(x1) = (gof)(x2) for some xi1, X2 € A

This means g(f(x1)) = g(f(x2))

Since g is one-to-one, f(x:1) = f(x2)

Since fis one-to-one, X1 = X

Therefore, gof is one-to-one

Application: Encryption algorithms often use one-to-one functions to ensure messages can be uniquely decoded.
Further applications:

* In database design, primary keys establish one-to-one relationships between records and entities

« In digital electronics, decoders implement one-to-one functions from binary inputs to specific outputs

* In computer memory addressing, virtual memory systems use one-to-one mappings between virtual and
physical addresses

Student Exercises: One-to-One Functions

Prove that the function f(x) = 3x + 5 is one-to-one.

Is the function f(x) = x> one-to-one? Justify your answer.

Determine whether the function f(x) = |x - 3| is one-to-one. If not, provide a counterexample.

If f(x) = 2x - 1 and g(x) = x>, show that the composition (gef)(x) is one-to-one.

In a classroom with 30 students, each student is assigned exactly one computer. If the function f maps students
to computers, explain why f must be one-to-one and provide a real-world constraint that might violate this
property.

Consider the function f: R — R defined by f(x) = e"x. Prove that this function is one-to-one.

Answer Key:
To prove f(x) = 3x + 5 is one-to-one, we need to show that if f(x:1) = f(x2), then x1 = xa.
If f(x1) = f(x2), then 3x1 + 5=3x2+ 5
Subtracting 5 from both sides: 3x: = 3x
Dividing both sides by 3: xi1 = x2
Therefore, f(x) = 3x + 5 is one-to-one.
The function f(x) = x2 is not one-to-one. For example, f(2) = 4 and f(-2) =4, but 2 # -2. Since we can find two
different inputs that yield the same output, the function is not one-to-one.



The function f(x) = [x - 3| is not one-to-one. For example, f(2) = |2 - 3| =1 and f(4) = |4 - 3| = 1, but 2 # 4. This
demonstrates that different inputs can produce the same output.
We need to show that if (gof)(x1) = (gef)(x2), then xi = xa.

(goN(x) = g(f(x)) = g(2x - 1) = (2x - 1)

If (gof)(x1) = (gof)(x2), then (2x1 - 1)> = (2x2 - 1)*

Since the cube function is one-to-one, this means 2x:1 - 1 =2x2 - 1

Therefore 2x1 = 2x2, which gives us xi1 = xa

Thus, (gef)(x) is one-to-one.
Function f is one-to-one because each student needs exactly one computer to work on, and no computer can be
shared simultaneously. A real-world constraint that might violate this property would be computer maintenance
issues - if some computers break down, multiple students might need to share the remaining computers,
violating the one-to-one property.
To prove f(x) = e”x is one-to-one, assume f(x:1) = f(x2).

Then e”(x1) = e"\(x2)

Taking the natural logarithm of both sides: In(e”(x1)) = In(e”(x2))

This simplifies to: X1 = X2

Therefore, f(x) = e”x is one-to-one.
Power Set
Principle: The power set contains all possible subsets of a given set.

Example: For a set of ingredients {flour, sugar, eggs}, the power set includes all possible recipe combinations:
{}, {flour}, {sugar}, {eggs}, {flour, sugar}, {flour, eggs}, {sugar, eggs}, {flour, sugar, eggs}.

Additional examples:

* The power set of computer components {CPU, RAM, GPU} represents all possible computer configurations
» The power set of circuit elements {resistor, capacitor, inductor} represents all possible circuit configurations
» The power set of boolean variables {Xx, y, z} represents all possible terms in a boolean expression

Proof for Cardinality of Power Set:

For a finite set S with |S| = n elements:

Each element can either be in a subset or not (2 choices)

These choices are independent for each element

By the multiplication principle, there are 2» possible combinations

Therefore, [P(S)| =2~

Application: Decision analysis uses power sets to enumerate all possible combination of choices.

Further applications:

* In digital circuit design, the power set of input lines represents all possible input states

* In computer algorithms, dynamic programming often explores power sets of elements

+ In system configuration, the power set of features represents all possible system setups

Student Exercises: Power Sets

List all elements in the power set of {a, b, c, d}.

If set A has 5 elements, how many elements are in its power set P(A)?

How many subsets in the power set of {1, 2, 3, 4, 5} contain exactly 3 elements?
Prove that for any sets A and B, if A € B, then P(A) € P(B).



For a set S with n elements, how many subsets in P(S) have an odd number of elements?
IfA={1,2,3} and B = {3, 4}, find P(A N B).

Answer Key:
The power set of {a, b, ¢, d} contains:
{}, {a}, {b}, {c}, {d}, {a,b}, {a,c}, {a,d}, {b,c}, {b,d}, {c.d}, {ab,c}, {ab,d}, {a,c.d}, {b,c,d}, {a,b,c.d}
Total: 16 elements
If set A has 5 elements, then its power set P(A) has 25 = 32 elements.
The number of subsets with exactly 3 elements from a set of 5 is given by the combination formula:
C(5,3) = 51/(3!(5-3)!) = 51/(312!) = (5%x4x3!)/(3!1x2x1) = 20/2 = 10 subsets
Proof: If A € B, then P(A) € P(B)
Let X be any element in P(A). This means X € A.
Since A € B and X C A, by the transitivity of the subset relation, X € B.
Therefore, X € P(B).
Since every element of P(A) is also an element of P(B), we have P(A) € P(B).
For a set S with n elements, the number of subsets with an odd number of elements is 2(n-1).
This can be proven using binomial expansion of (1+1)"n and (1-1)"n, as the alternating sum of binomial
coefficients.
A NB={3},s0 P(ANB)=P({3}) = {{}, {3}}

Real and Complex Numbers in Daily Life

Real Number

A real number is a position in a one-dimensional space.

Real Numbers, Complex Numbers, and Number Sets

Real Numbers (R)

Real numbers represent points on a continuous number line, capturing both rational and irrational values.

Example: When measuring temperature on a thermometer, each reading (72°F, 98.6°F) represents a real number
on a continuous scale. You can always find another temperature between any two temperatures, such as
72.01°F, 72.001°F, and so on, illustrating the density property of real numbers.

Example: Consider measuring voltage in an electrical circuit. If we read 5.27V across a resistor, this is a real
number representation. The precision of our measurement is limited only by our measuring equipment, but
theoretically, voltage exists on a continuous scale.

Student Exercises: Real Numbers

Explain why 7 is a real number but not a rational number. Provide a mathematical definition of both types of
numbers in your answer.

Give an example of a real-world measurement that can only be approximated by rational numbers but
theoretically requires real numbers for complete precision.

If you have two distinct real numbers a and b, prove that there exists another real number ¢ such that a <c <b.
How do real numbers differ from integers in terms of their properties? List at least three distinguishing
characteristics.

Describe a real-world scenario where irrational numbers are essential for accurate calculations.

If you were to explain the concept of real numbers to someone with only basic arithmetic knowledge, how
would you do it? Provide an analogy that helps illustrate the continuum of real numbers.

Answer Key:

w is a real number because it can be represented as a point on the number line and has a decimal representation.
It is not rational because it cannot be expressed as a ratio of integers (p/q where p and q are integers, g#0).
Rational numbers are numbers that can be written as the quotient of two integers, while real numbers include
both rational numbers and irrational numbers (numbers that cannot be written as the quotient of two integers and
have non-repeating, non-terminating decimal expansions).



The circumference of a circle is theoretically equal to 2xr, where r is the radius. Since 7 is irrational, the exact
circumference can only be expressed using real numbers. Any measurement using rational approximations (like
3.14 or 22/7) will be imprecise.
Proof: Given two real numbers a and b where a <b, we can construct ¢ = (a+b)/2.

Since a <b, we know that a < (a+b)/2 <b.

Therefore, ¢ = (a+b)/2 is a real number such that a <c <b.

This illustrates the density property of real numbers.
Three distinguishing characteristics of real numbers compared to integers:
* Real numbers include irrational values; integers don't
* Real numbers are dense (between any two real numbers, there's another real number); integers are discrete
* Real numbers form a continuum on the number line; integers are equally spaced points
* Real numbers can represent any point on a continuous scale; integers can only represent whole units
In calculating the diagonal of a square with side length 1, we must use V2, an irrational number. Using any
rational approximation would result in measurement error. This applies to many geometric calculations
involving Pythagorean relationships.
Analogy: Think of integers as the marked inches on a ruler. Fractions (rational numbers) would be like marking
every 1/8 inch, 1/16 inch, and so on. But no matter how finely you divide the ruler, there will always be points
(like V2 inches from the start) that fall between your markings. Real numbers represent every possible point
along the ruler, including those that can't be precisely named with fractions. It's like having a ruler with infinite
precision, where you can zoom in endlessly between any two points and always find more points.

Real-world application: GPS coordinates use real numbers to pinpoint locations on a continuous scale, allowing
for precise navigation. For instance, the latitude/longitude coordinates (37.7749, -122.4194) for San Francisco
use real numbers to achieve meter-level precision in a global positioning system.

Real numbers enable GPS systems to represent locations with extraordinary precision. Without real numbers,
navigation systems would be limited to discrete points, making accurate positioning impossible. Modern GPS
applications can achieve accuracy within centimeters in ideal conditions, which is essential for applications
ranging from autonomous vehicles to precision agriculture.

Proof application: We can prove that V2 is a real number by showing it's the least upper bound of the set {r € Q
: 1> <2}. This connects to the completeness property of real numbers.

Student Exercises - Real Numbers

Calculate the exact distance between two GPS coordinates: (40.7128, -74.0060) and (34.0522, -118.2437) using
the Haversine formula. Express your answer as a real number in kilometers.

Prove that the set of real numbers between 0 and 1 has the same cardinality as the entire set of real numbers.

If x is a real number such that x> + 3x - 4 = 0, find the possible values of x. Show your work.

Explain why the completeness property is essential for calculus. Provide a specific example of a mathematical
concept that would fail without this property.

Find the least upper bound of the set {1 - 1/n: n € N, n > 1}. Prove that your answer is indeed the least upper
bound.

Answer Key - Real Numbers
Using the Haversine formula: d = 2r x arcsin(\/(sinz(((pz-(pl)/Z) + cos(p1)cos(2)sin?((A2-M1)/2))), where r is
Earth's radius (=6371 km), ¢ is latitude, and A is longitude in radians.

Converting to radians and computing: d = 3,935.95 kilometers.
Proof: We can establish a bijection f: (0,1) — R using the function f(x) = tan(n(x-1/2)). This function maps (0,1)
to all real numbers, proving they have the same cardinality.
Using the quadratic formula: x = (-3 £ V(9+16))/2 = (-3 £ V25)/2 = (-3 £ 5)/2

Sox=1lorx=-4
The completeness property ensures that every bounded set of real numbers has a least upper bound. Without this
property, limits would not always exist. For example, the definition of the derivative as a limit would not be
well-defined for many functions, making differentiation impossible in those cases.
The least upper bound is 1. Proof: Foranyn=>1,1 - I/n <1, so 1 is an upper bound. For any € > 0, choose n >
1/e. Then 1 - 1/n > 1 - g, showing that no number less than 1 can be an upper bound.

Complex Numbers (C)



A complex number is a pair of real numbers, representing a position in two-dimensional space, typically written
in the form a + bi where i* = -1.

Complex numbers extend our number system into two dimensions, allowing us to solve problems that would be
impossible using only real numbers. They form an algebraically closed field, meaning that every non-constant
polynomial equation with complex coefficients has a complex solution—a result known as the Fundamental
Theorem of Algebra.

Example: In electrical engineering, when analyzing alternating current circuits, complex numbers represent both
magnitude and phase of electrical quantities. The real part might represent resistance while the imaginary part
represents reactance. For instance, the impedance Z = 3 + 4i ohms tells us immediately that the circuit has 3
ohms of resistance and 4 ohms of reactance.

Example: In control systems engineering, transfer functions often involve complex numbers. A system with
transfer function H(s) = 1/(s* + 2s + 5) can be analyzed by finding its poles at s = -1+2i, which gives critical
information about the system's stability and response characteristics.

Real-world application: Signal processing in telecommunications uses complex numbers to model wave
properties, enabling efficient wireless communication systems. The Fast Fourier Transform (FFT), essential for
converting time-domain signals to frequency domain, relies heavily on complex number operations.

Proof example: To prove that every complex number has exactly two square roots, consider z = re\(i0) in polar
form. Its square roots are Vr-e*(i0/2) and Vr-e"(i(8+27)/2), which we can verify by squaring them.

Student Exercises - Complex Numbers

Express the complex number 3 - 4i in polar form (re”(i8)). Calculate its magnitude and argument.

Solve the equation z* = 16. Express all solutions in rectangular form a + bi.

Ifz=2+3iand w =1 - i, calculate z/'w and express the result in standard form.

Prove that the set of complex numbers with magnitude 1 forms a group under multiplication.

In an AC circuit with impedance Z = 50 + 20i ohms and current I = 2e”(in/4) amperes, calculate the complex
power S = I?Z. What are the real power (watts) and reactive power (VAR)?

Answer Key - Complex Numbers

For 3 - 4i: Magnitude r = V(32 + (-4)?) = V(9 + 16) =25 =5
Argument 0 = arctan(-4/3) = -0.9273 radians (in the fourth quadrant)
In polar form: 5¢(-0.9273i) or 5£-53.13°

Let z* = 16. In polar form, 16 = 16e"(i0)
So z=16"(1/4)e"(i(0+2kmn)/4) = 2e~(ikn/2) fork =0, 1, 2, 3
Solutions: 2 (k=0), 2i (k=1), -2 (k=2), -2i (k=3)

z/w = (2+31)/(1-1) = 2+31)(1+1)/(1-)(1+i) = (2+31)(1+i)/2
= (2+2i+3i+312)/2 = (2+5i-3)/2 = (—1+51)/2 = -0.5+2.51

Proof: Let S={z € C:|z|=1}

* Closure: If |zi1| = |z2| = 1, then |z1z2| = |z1]*|z2| = 1-1 =1, 50 2122 € S

* Identity: 1 € S since |1| =1

* Inverse: Forany z=¢”(i0) € S, z'=e”(-i0) and |z'|=1,s0z' € S

* Associativity: Complex multiplication is associative
Therefore, S forms a group under multiplication.

Complex power S = I?Z = (2e"(in/4))*(50-201) = 4e(in/2)(50-201) = 4i(50-201) = 80i+200
Real power P = 200 watts
Reactive power Q = 80 VAR

Ordered Pairs and N-tuples

An ordered pair (A,B) can be represented as {A, {A,B}}, distinguishing first and second elements through set
theory.

Ordered pairs are fundamental structures in mathematics that allow us to relate elements from different sets
while preserving the order of selection. Unlike sets, where {a,b} = {b,a}, the ordered pair (a,b) is different from
(b,a) unless a =b.



Example: When giving coordinates like (3,5), the order matters—this point is different from (5,3) on a
coordinate plane. Similarly, when ordering a coffee with "cream and sugar," the sequence creates a specific
outcome different from "sugar and cream."

Extended example: A street address like (124, Main St, Apartment 3) is an ordered triple, where each
component has a specific meaning in sequence.

Computer science application: In databases, records are essentially n-tuples. A user record might be (42, "Jane
Smith", "jane@example.com”, "1990-05-15"), where the order of elements is crucial for correct interpretation
by the system.

Logical proof construction: We can prove that (a,b) = (c,d) if and only if a=c and b=d using the definition of
ordered pairs. If (a,b) = (c,d), then {a,{a,b}} = {c,{c,d}}. This means a=c (as first elements of the sets) and
{a,b}={c,d}, which implies b=d.

Student Exercises - Ordered Pairs and N-tuples

Given sets A = {1, 2, 3} and B = {a, b}, list all ordered pairs in A X B and B x A. Explain why A X B#B x A.
Represent the ordered pair (3,5) using the set-theoretic definition {A, {A,B}}. Then represent the ordered pair
(5,3) and verify they are different.

Consider the function f: R? — R defined by f(x,y) = x* + y2. Find all ordered pairs (x,y) such that f(x,y) = 4.

In relational database theory, a relation can be defined as a set of n-tuples. If a university database has a Student
relation with attributes (ID, Name, Major, GPA), express the following query as a set operation: "Find all
Computer Science majors with a GPA above 3.5."

Prove that the Cartesian product distributes over union: A x (B U C) =(A x B) U (A x C).

Answer Key - Ordered Pairs and N-tuples
A xB={(La), (1,b), 2,a), (2.b), (3,a), (3,b)}
B xA={(al), (a,2), (a,3), (b,1), (b,2), (b,3)}
A x B # B X A because the ordered pairs in each set are different. For example, (1,a) € A x B but (1,a) € B x
A.
(3,5)= {3, {3,5}}
(5,3)=1{5,{5,3}}
These are different sets because 3 # 5, making the first elements different.
f(x,y) = x> + y? = 4 represents a circle of radius 2 centered at the origin.
Solutions are all points (x,y) such that x2 + y? = 4, which includes:

(2,0), (-2,0), (0,2), (0,-2), (N2,¥2), (¥2,-\2), (-\2,32), (-\2,-V2), and infinitely many other points on this circle.
If S is the set of all tuples in the Student relation, the query result would be:
{(id, name, major, gpa) € S | major = "Computer Science" A gpa > 3.5}

Proof:
xy) EAx(BUC)
S x€EAandye(BUC)
©x€EAand(yeEBorye ()
o (x€Aandy€eB)or(x€Aandy € C)
& (x,y) € (A xB)or(xy) €(AxC)
S Xy)EAxXB)U(AxC)
Therefore, A x (BU C)=(A xB) U (A xC)

Number Sets and Their Properties

Natural Numbers (IN)

The class of all cardinal numbers, recursively defined as 0 and successors using the Peano axioms:
0 is a natural number

For every natural number n, its successor S(n) is a natural number

0 is not the successor of any natural number

If S(n) = S(m), then n = m



If a set contains 0 and contains the successor of every number in the set, then the set contains all natural
numbers (induction principle)

Example: Counting apples in a basket (0, 1, 2, 3...) uses natural numbers.

Application: Inventory systems use natural numbers to track discrete quantities of items. For instance, a
warehouse management system might record that there are 157 units of product SKU-12345 in stock.

Computer science application: Array indices in most programming languages are natural numbers, allowing
access to specific memory locations using this fundamental number type.

Von Neumann arithmetic application: In set theory, von Neumann defined natural numbers as: 0 =@, 1 = {@}, 2
={@, {@}}, etc., where each number is the set of all smaller numbers. This construction enables building all of
arithmetic from pure set theory. In computer science, this principle underlies recursive data structures like linked
lists, where each element points to the rest of the list.

Student Exercises - Natural Numbers

Prove by induction that the sum of the first n natural numbers is n(n+1)/2.

Using the induction principle, prove that 2”*n > n for all natural numbers n > 1.

In the context of Von Neumann's construction, write out the set representation for the number 4.

A certain bacteria population doubles every hour. If we start with 5 bacteria, write a formula for the number of
bacteria after n hours, and use induction to prove your formula is correct.

Explain how the induction principle is applied in recursive algorithm design, with a specific example of a
recursive function that calculates the factorial of a number.

Describe how natural numbers relate to the concept of cardinality for finite sets.

Answer Key - Natural Numbers
Base case: For n=1, the sum is 1, and 1(1+1)/2 = 1, so it holds.
Inductive step: Assume the sum of first k numbers is k(k+1)/2.
Then sum of first k+1 numbers = k(k+1)/2 + (k+1) = (k(k+1) + 2(k+1))/2 = (k+1)(k+2)/2, which is the formula
for n=k+1.
Base case: For n=1, 2"1 =2 > 1, so it holds.
Inductive step: Assume 2k >k for some k > 1.
For k+1, we have 2*(k+1) = 2x2"k > 2k (using our assumption)
Since k > 1, we know 2k > k+1, therefore 2"(k+1) > k+1.
4=10,1,2,3} = {0, {0}, {@, {D}}, {D, {0}, {@, {®}}}}
Formula: P(n) = 5x2”n
Base case: P(0) = 5x270 = 5, correct.
Inductive step: Assume P(k) = 5x2"k
Then P(k+1) = 2xP(k) = 2x(5%2°k) = 5x2°(k+1)
The induction principle manifests in recursive algorithms through a base case and recursive calls. For factorial:

This mirrors mathematical induction where we prove for a base case and then show that if true for k, it's true
for k+1.
Natural numbers measure the size of finite sets. The cardinality of a set S, denoted |S|, is the natural number n if
S can be put in one-to-one correspondence with the set {0,1,2,...,n-1}. This creates a fundamental connection
between counting and set theory.

Integers (2)

Signed integers include positive and negative whole numbers, extending natural numbers to include their
additive inverses.

Example: Bank account balances can be positive (deposits) or negative (overdrafts), requiring integers for
proper representation.

Application: Temperature measurements above and below zero, elevation above or below sea level. A mountain
peak might be at +14,410 feet (Mt. Rainier) while Death Valley sits at -282 feet.



Computer science application: In digital signal processing, integers often represent discrete signal values.
Signed 16-bit integers can represent audio samples ranging from -32,768 to +32,767, capturing both positive
and negative pressure variations in sound waves.

Proof example: We can prove that the sum of two odd integers is always even. If a and b are odd, then a = 2k+1
and b =2m+1 for some integers k,m. Their sum a+b = (2k+1)+(2m+1) = 2(k+m+1), which is divisible by 2 and
therefore even.

Student Exercises - Integers

Prove that the product of any three consecutive integers is divisible by 6.

Show that if n is any integer, then n? - n is always even.

Prove or disprove: For any integers a and b, if a? - b? is odd, then both a and b are odd.

In computer systems, integer overflow occurs when a calculation produces a value outside the representable
range. If an 8-bit signed integer can represent values from -128 to 127, what is the result of adding 100 + 50 in
this system? Explain.

Describe a real-world scenario where negative integers are essential for accurate mathematical modeling, and
explain why natural numbers would be insufficient.

Prove that the difference between the square of any odd integer and the square of any even integer is always
odd.

Answer Key - Integers
Let the three consecutive integers be n, n+1, and n+2.

Their product is n(n+1)(n+2) = n(n*+3n+2) = n*+3n?*+2n

We need to show this is divisible by 6 = 2x3

Case 1: If n is divisible by 2, then the entire product is divisible by 2

Case 2: If n is not divisible by 2, then n+1 is divisible by 2, so the product is divisible by 2

Case 3: If n is divisible by 3, then the product is divisible by 3

Case 4: If n = 3k+1, then n+2 = 3k+3 = 3(k+1), so product is divisible by 3

Case 5: If n = 3k+2, then n+1 = 3k+3 = 3(k+1), so product is divisible by 3

Therefore, the product is always divisible by both 2 and 3, hence by 6.
For any integer n, n? - n =n(n-1)

Either n or n-1 must be even (since two consecutive integers always include one even number)

Therefore, their product n(n-1) is divisible by 2, making n? - n always even.
False. Let a= 3 (odd) and b = 0 (even).

Then a?2-b>=9 -0 =9, which is odd.

This is a counterexample showing that a - b?> can be odd when a is odd and b is even.
In 8-bit signed integer representation, adding 100 + 50 would cause overflow because the sum 150 exceeds the
maximum value 127.

The result would wrap around: 150 - 256 = -106

This happens because in two's complement representation, when the calculation exceeds the maximum value,
it wraps around to negative numbers.
Physics modeling: When tracking the position of an object on a one-dimensional track, using a reference point
(origin) and allowing movement in both directions requires integers. If an object moves 5 units left from the
origin, its position is -5. Without negative integers, we would need an awkward system of separately tracking
direction and magnitude, making equations and calculations much more complex.
Let's represent the odd integer as 2j+1 and the even integer as 2k for integers j and k.

The square of the odd integer is (2j+1)*=4j>+4j + 1

The square of the even integer is (2k)? = 4k®

The difference is (42 +4j + 1) -4k>=4(? +j-k*) + 1

Since 4(j> +j - k?) is divisible by 4 (and thus even), and 4(j> +j - k?) + 1 must be odd.

Rational Numbers (Q)
Numbers expressible as fractions of integers p/q where g#0.

Example: Recipes use rationals like 3/4 cup of flour or 1/2 teaspoon of salt. These are precise fractional
measurements.

Application: Financial calculations often use rational numbers for exact representations of monetary values. For
example, an interest rate of 4.25% is the rational number 17/400.



Engineering application: Component tolerances in manufacturing are often expressed as rational numbers. A
resistor might have a value of 220Q +5%, representing a rational interval.

Proof property: We can prove that between any two distinct rational numbers, there exists another rational
number. Given a/b < c¢/d, their average (a/b + ¢/d)/2 = (ad + bc)/(2bd) is a rational number between them.

Student Exercises - Rational Numbers

Prove that the set of rational numbers is dense in the real line by showing that between any two distinct rational
numbers, there are infinitely many rational numbers.

Find five rational numbers between 2/5 and 3/7.

Prove that the sum of a rational number and an irrational number is always irrational.

In computer science, explain why floating-point representations can lead to inaccuracies when working with
certain rational numbers like 1/3 or 0.1. Provide an example.

A repeating decimal can always be converted to a rational number. Convert 0.237237237... to a fraction in
lowest terms.

Explain why V2/2 is rational or irrational, providing a proof for your answer.

Answer Key - Rational Numbers
Given any two rational numbers a/b < c/d, we can find infinitely many rational numbers between them:

For each positive integer n, the rational number (na + ¢)/(nb + d) lies between a/b and c/d.

To prove this: If a/b < (na + c¢)/(nb + d) < ¢/d, then cross-multiplying gives:

a(nb + d) <b(na + ¢) and (na + ¢)d < c(nb + d)

These simplify to ad < bc and nad + c¢d <cnb + cd

The first inequality holds because a/b < c/d, and the second simplifies to nad < cnb, which also holds.

Since n can be any positive integer, we have infinitely many rational numbers between a/b and c/d.
First, convert to a common denominator:

2/5=14/35 and 3/7 = 15/35

So we need rational numbers between 14/35 and 15/35

Five possible answers: 14.2/35, 14.4/35, 14.5/35, 14.6/35, 14.8/35

Or simplified: 2.84/7, 2.88/7,2.9/7,2.92/7, 2.96/7
Let r be rational and x be irrational.

Assume r + X is rational.

Then (r + x) - r = x would be rational (as the difference of two rationals).

This contradicts our assumption that x is irrational.

Therefore, r + x must be irrational.
Floating-point representations use binary fractions, but many decimal fractions that are finite in base 10 become
infinite in base 2. For example, 0.1 in decimal is 0.0001100110011... in binary, which never terminates. When
represented in a finite-precision floating-point format, this number must be truncated or rounded, creating
inaccuracies.

Example: In many programming languages, calculating 0.1 + 0.2 gives 0.30000000000000004 rather than
exactly 0.3.
Let x =0.237237237...

Then 1000x = 237.237237...

Subtracting: 1000x - x = 237.237237... - 0.237237... =237

So 999x =237

Therefore x = 237/999 = 79/333 in lowest terms
\2/2 is irrational.

Proof: Assume V2/2 is rational.

Then \2/2 = p/q for some integers p,q with q#0 and ged(p,q)=1

This gives V2 = 2p/q

Squaring both sides: 2 = 4p*/q?

Therefore q* = 2p?

This means g2 is even, so q is even (since square of odd is odd)

If q = 2k, then 4k? = 2p?, so p* = 2k?

This means p? is even, so p is even

But if both p and q are even, then ged(p,q)>2, contradicting our assumption.

Therefore, V2/2 must be irrational.

Inductive and Non-Inductive Cardinals with Applications



Inductive Cardinals

Example: 5 is an inductive cardinal since it's a natural number.

Extended Example: Let's prove that 5 is inductive by showing it satisfies the Peano axioms:
5 is a natural number

5 has a predecessor (4)

5 is not the successor of itself

Student Exercises - Inductive and Non-Inductive Cardinals

Explain why Xo (aleph-null, the cardinality of natural numbers) is the smallest infinite cardinal number.

Prove that adding a finite number to No still results in cardinality No.

Describe a bijection between the set of natural numbers and the set of integers, proving they have the same
cardinality.

Explain why the power set of a set always has strictly greater cardinality than the original set.

Consider the set of all functions from N to {0,1}. What is the cardinality of this set, and how does it relate to the
cardinality of R?

Prove that the cardinality of the set of all finite subsets of N is No.

Answer Key - Inductive and Non-Inductive Cardinals
No is the smallest infinite cardinal because:
* By definition, it's the cardinality of the natural numbers N
* Any infinite set must contain a countably infinite subset (by the axiom of choice)
* Therefore, any infinite set has cardinality at least No
* No cannot be reached by adding any finite number to another finite number
Thus, Xo marks the threshold between finite and infinite cardinalities.
Let A be a set with cardinality No and B be a finite set with n elements.
Without loss of generality, assume A =N and B = {0,1,2,....n-1}
To prove |A U B| = Ro, we need to establish a bijection f: N — A U B
Define f as:
f(k)=k+nfork € N
This maps N to the set {n, n+1, n+2,...}
Then extend f to include B:
f(k)

If 5 =5, then their predecessors are equal (4 = 4)
5 belongs to any set that contains 0 and is closed under the successor operation

We can trace the inductive construction: 0 —» 1 — 2 — 3 — 4 — 5, demonstrating that 5 is reached through the
successor function applied to 0 repeatedly.

Application in Computer Science: The inductive property of natural numbers is fundamental to recursion in
programming. For example, a factorial function:

This works precisely because natural numbers are inductive, allowing us to reduce problems to simpler cases.

Student Exercises - Inductive Properties

Prove that the number 8 belongs to any set that contains 0 and is closed under the successor operation.

Write a recursive function in pseudocode that computes the sum of all integers from 1 to n, and explain how it
relies on the inductive property of natural numbers.

If we define aset S = {0, 1,2, 3,4, 5, 6, ...} that contains 0 and is closed under the successor operation, explain
why S must contain all natural numbers.

Consider the Fibonacci sequence where F(0) =0, F(1) = 1, and F(n) = F(n-1) + F(n-2) for n > 1. Explain how
this definition uses the inductive property of natural numbers.



Prove that if n is a natural number, then n+2 is also a natural number using the inductive property and successor
function.

Answer Key - Inductive Properties

To prove 8 belongs to any set containing 0 and closed under the successor operation, we trace: 0 € S (given) —
S(0)=1eS—8(1)=2€S—>S2)=3€eS—>S(3)=4€S—>S54)=5€S—>S(5)=6€S—>S(6)=T€S —
S(7) =8 € S. Thus, 8 belongs to any such set.

This function relies on the inductive property because it reduces the problem of summing 1 to n into a smaller
problem (summing 1 to n-1) plus a simple operation. The base case (n=1) ensures termination.

By the definition of natural numbers, they are precisely the elements of the smallest set containing 0 and closed
under the successor operation. Since S contains 0 and is closed under the successor operation, it must contain all
natural numbers.

The Fibonacci sequence definition uses the inductive property by defining each term based on previously
defined terms. We start with base cases F(0) and F(1), then use recursion to define F(n) in terms of F(n-1) and
F(n-2). This works because we can always reach a base case by successive reductions.

If n is a natural number, then n+1 is also a natural number (by the closure under successor). Then (n+1)+1 = n+2
is also a natural number (applying closure under successor again). Therefore, n+2 is a natural number.

Non-Inductive Cardinals
A cardinal number n is non-inductive if it equals the cardinality of some set k and exceeds all natural numbers.
Example: The cardinality of the set of all integers is non-inductive since it's larger than any natural number.

Proof: Suppose the set of integers Z has a cardinality equal to some natural number n. Then Z would be finite,
containing exactly n elements. But we can construct a bijection between Z and N (natural numbers), showing
they have the same cardinality. Since N is infinite, Z must be infinite too, contradicting our assumption.
Therefore, |Z| must be non-inductive.

Engineering Application: In signal processing, engineers work with discrete-time signals that theoretically
extend infinitely in both directions (like integers). The non-inductive nature of this set is crucial when analyzing
frequency responses and developing filtering algorithms.

Student Exercises - Non-Inductive Cardinals

Prove that the cardinality of the set of all even integers is non-inductive.

Explain why the cardinality of the set of all rational numbers is non-inductive.

If we have two non-inductive cardinal numbers representing the cardinality of sets A and B, is the cardinality of
their union A U B necessarily non-inductive? Prove your answer.

Consider the set of all possible infinite binary sequences (sequences of 0s and 1s). Explain why this set has a
non-inductive cardinality.

In computer science, explain how the concept of non-inductive cardinals relates to the theoretical memory
requirements for algorithms that must process infinite data streams.

Answer Key - Non-Inductive Cardinals

The set of even integers E = {..., -4, -2, 0, 2, 4, ...} has a non-inductive cardinality because we can establish a
bijection f: Z — E where f(n) = 2n. Since |Z| is non-inductive (as proven in the text), and there exists a bijection
between Z and E, |E| must also be non-inductive.

The set of rational numbers Q has a non-inductive cardinality because it contains the set of integers Z as a
subset, and |Z| is non-inductive. Therefore, |Q| > |Z|. Since any cardinality greater than or equal to a non-
inductive cardinal must also be non-inductive, |Q)| is non-inductive.

Yes, the cardinality of A U B is necessarily non-inductive. If |A| and |B| are both non-inductive, then they both
exceed any natural number. Since |A U B| > max(]A], [B|) (the union contains at least as many elements as the
larger set), and max(]A|, [B|) exceeds any natural number, |A U B| must also exceed any natural number and is
therefore non-inductive.

The set of all infinite binary sequences has cardinality 2No (2 to the power of aleph-null). This can be proven
by noting that each sequence corresponds to a unique real number in [0,1] when expressed in binary. By
Cantor's diagonal argument, this cardinality is greater than |N| = No, making it non-inductive.

In computer science, algorithms processing infinite data streams require theoretical models with unbounded
memory. Non-inductive cardinals help formalize this concept by recognizing that the potential states of such



systems exceed any finite bound. This is important when analyzing algorithms that must process data from
sensors continuously, network traffic monitoring, or operating systems that must run indefinitely. The
theoretical memory requirements cannot be characterized by any natural number, requiring non-inductive
cardinality concepts.

Infinitely Large Sets and Transfinite Cardinals
A set is infinitely large when its cardinality is non-inductive, and such cardinalities are called transfinite.

Example: The set of all possible chess positions is finite (though extremely large), while the set of all possible
decimal numbers between 0 and 1 is infinitely large with a transfinite cardinality.

Extended Example: Let's prove that the cardinality of real numbers between 0 and 1 (written as [[0,1]]) is
transfinite and, in fact, greater than the cardinality of natural numbers:

Cantor's Diagonal Argument Proof:

Assume there exists a bijection f: N — [0,1]

List all numbers in the range: f(1) = 0.anai:as..., f(2) = 0.az1222a2..., etc.
Construct a number x = 0.bibzbs... where b, # ay, for all n

This number x is in [0,1] but not in our list, contradicting our assumption
Therefore, |[0,1]] > [N]

Computer Science Application: This distinction is crucial in algorithm complexity theory. Many problems have
solutions for finite sets but become undecidable for infinite sets. For example, the halting problem (determining
if a program will eventually terminate) is undecidable because it requires analyzing the behavior of potentially
infinite execution paths.

Student Exercises - Transfinite Cardinals

Explain why the power set (set of all subsets) of the natural numbers has a transfinite cardinality. What is this
cardinality usually denoted as?

Prove that there are exactly as many even natural numbers as there are natural numbers, despite the even
numbers being a proper subset of natural numbers.

Consider the set of all continuous functions f: [0,1] — R. Is the cardinality of this set transfinite? If so, how does
it compare to [N| and [R|?

In Cantor's diagonal argument, explain why the constructed number x cannot be equal to any f(n) in the assumed
enumeration.

Describe a real-world engineering scenario where understanding transfinite cardinals might be relevant, even if
the application involves only finite approximations.

Answer Key - Transfinite Cardinals
The power set of natural numbers P(N) has transfinite cardinality because for any set S with cardinality |S|, the
cardinality of its power set is 2"|S|. Since |N| = No (aleph-null), |P(IN)| = 2*Ro. Cantor's theorem proves that for
any set S, [P(S)| > |S|. Therefore, 2"Ro > o, making it transfinite. This cardinality is usually denoted as ¢ (the
cardinality of the continuum) or 2No.
To prove [N| = |[E| where E is the set of even natural numbers:
* Define function f: N — E where f(n) = 2n
* This function is injective: if f(m) = f(n), then 2m =2n, som =n
* This function is surjective: for any even number 2k € E, f(k) = 2k
* Therefore, f is a bijection, proving [N| = [E|

This demonstrates that infinite sets can have proper subsets with the same cardinality, a key property of
transfinite cardinals.
Yes, the set of all continuous functions f: [0,1] — R has transfinite cardinality. Its cardinality equals |R|*[0,1]| =
[RIMR] = 27M2"Ro) = 2”¢c. This is greater than both [N| = Xo and |R| = ¢, because Cantor's theorem states that 2¢ >
c.



In Cantor's diagonal argument, the constructed number x cannot equal any f(n) because x differs from f(n) in at
least the nth decimal place by construction. Specifically, for any natural number n, x has a different digit in its
nth position than f(n) has in its nth position, so x # f(n) for all n € N. This proves that the assumed bijection
cannot exist.

In quantum computing, engineers working on quantum algorithms deal with state spaces that grow
exponentially with the number of qubits. While physical implementations involve finite systems, theoretical
models often use infinite-dimensional Hilbert spaces. Understanding transfinite cardinals helps engineers
develop mathematical frameworks for quantum information theory, particularly when analyzing the theoretical
limits of quantum algorithms as the number of qubits approaches infinity.

Types of Series with Engineering Applications
Discrete Series

A discrete series is a sequence where each non-terminal member has an immediate successor, like the natural
numbers (N, <).

Example: In a line at a movie theater, each person (except the last) has an immediate next person.

Student Exercises - Discrete Series

Provide an example of a discrete series that is not the natural numbers, and prove that it satisfies the definition
of a discrete series.

If we consider the set of integers with their usual ordering (Z, <), is this a discrete series? Justify your answer.
In a computer's memory addressing scheme, explain how the concept of discrete series applies and why this is
important for memory management.

Consider the set S = {1/n | n € N} with the standard ordering. Is this a discrete series? Prove your answer.

How does the concept of a discrete series relate to finite state machines in computer science? Provide a specific
example.

Answer Key - Discrete Series

Example: The set of even natural numbers E = {0, 2, 4, 6, ...} with the usual ordering is a discrete series. Proof:
For any element 2n in E (except possibly the last if E is finite), its immediate successor is 2n+2. There is no
element of E between 2n and 2n+2, so each non-terminal element has an immediate successor.

Yes, (Z, <) is a discrete series because for any integer n, its immediate successor is n+1. There is no integer
between n and n+1, satisfying the definition of a discrete series where each non-terminal member has an
immediate successor.

In computer memory addressing, each memory location has an address that is typically represented as a discrete
series of consecutive integers. For example, bytes in memory might be addressed as 0x1000, 0x1001, 0x1002,
etc. This discrete nature is crucial for memory management because it allows the operating system and programs
to:

+ Efficiently allocate contiguous blocks of memory

* Calculate offsets precisely for array indexing

* Implement virtual memory systems where physical and logical addresses map discretely

* Perform pointer arithmetic in a predictable manner

No, S = {1/n | n € N} with standard ordering is not a discrete series. Take any element 1/n in S. Its successor in
the ordering would be 1/(n-1), since 1/(n-1) > 1/n. However, there are infinitely many rational numbers between
1/n and 1/(n-1), so 1/(n-1) is not an immediate successor to 1/n. Therefore, S does not satisfy the definition of a
discrete series.

Discrete series relate directly to finite state machines (FSMs) because state transitions in FSMs follow a discrete
pattern. Each state has specific, discrete successor states determined by the transition function.

Example: Consider a turnstile FSM with states "Locked" and "Unlocked" and inputs "Coin" and "Push":
* From "Locked" state, input "Coin" leads immediately to "Unlocked" state
* From "Unlocked" state, input "Push" leads immediately to "Locked" state

The states form a discrete series under the transition function because each state, given an input, has an
immediate successor state with no intermediate states possible. This discreteness is essential for deterministic

behavior in computer systems and allows for formal verification of system properties.

Electrical Engineering Application: Digital signals in electronic circuits



Electrical Engineering Application: Digital signals in electronic circuits are discrete series. Each sample in a
digital audio signal has a specific successor at the next time step. The sampling rate determines how closely
these discrete points approximate the continuous analog signal.

Proof Example: We can prove that every element in a discrete well-ordered set (except possibly the largest) has
an immediate successor:

Let x be an element of a discrete well-ordered set S that is not the maximum
Lety =min{z € S | z> x} (the least element greater than x)

Suppose there exists w such that x <w <y

This contradicts the definition of y as the minimum element greater than x
Therefore, y is the immediate successor of x

Student Exercises - Discrete Series

Consider a digital audio signal sampled at 44.1 kHz. If the original analog signal has a frequency of 20 kHz,
explain why aliasing might occur, using the concept of discrete series.

Prove that in a finite discrete well-ordered set, every element except the maximum has an immediate successor,
and every element except the minimum has an immediate predecessor.

In digital image processing, pixels form a discrete series. Explain how this discreteness affects image scaling
operations and why interpolation techniques are necessary.

Consider the set of integers Z with the usual ordering. Is this a discrete series? Justify your answer and identify
immediate successors and predecessors for several elements.

Design a digital circuit that generates a discrete series of voltage levels (0V, 1V, 2V, 3V, 4V) and explain how
each value relates to its successor in terms of the circuit's operation.

Answer Key - Discrete Series
According to the Nyquist-Shannon sampling theorem, to accurately represent a signal, the sampling rate must be
at least twice the highest frequency in the signal. Since 44.1 kHz is just over twice 20 kHz, there aren't enough
discrete points to uniquely represent the analog waveform. This causes aliasing because the discrete series
doesn't have enough successor elements to capture the continuous nature of the original signal.
Proof: In a finite discrete well-ordered set S, let x be any element except the maximum. Since S is well-ordered,
the set {z € S| z> x} has a minimum element y. Since S is discrete, there cannot be an element w such that x <
w <y, making y the immediate successor of x. Similarly, for any element except the minimum, the set of all
elements less than it has a maximum, which serves as its immediate predecessor.
In digital images, pixels form a discrete series where each pixel has specific neighbors. When scaling an image,
we need to create new pixels where none existed before. This discreteness means we can't simply find the "next"
value in the series but must interpolate between existing pixels. Techniques like bilinear or bicubic interpolation
attempt to estimate what values would exist in a continuous version of the image, then sample that theoretical
continuous image at the new discrete points.
Yes, Z is a discrete series. For any integer n, its immediate successor is n+1 and its immediate predecessor is n-
1. For example:
* The successor of 5 is 6, and there is no integer between them
* The predecessor of 0 is -1
* The successor of -10 is -9

This discreteness means that for any integer, we can identify exactly one immediate successor and one
immediate predecessor.
Circuit design: Using a 3-bit binary counter (with bits Q2, Q1, Q0) connected to a digital-to-analog converter
(DAC), we can generate the sequence 0V, 1V, 2V, 3V, 4V. Each clock pulse advances the counter, which
produces the next binary value. The DAC converts these binary values to corresponding voltage levels. Each
voltage value has exactly one successor (except 4V if we reset after reaching it), exemplifying a discrete series
where the successor relationship is implemented through the counter's increment operation.

Compact Series



A compact series has no immediate successors - between any two members, there's always another member, like
the rational numbers (Q, <).

Example: Between any two distinct times on a clock (like 3:00 and 3:01), there are infinitely many other times
(3:00:30, 3:00:45, etc.).

Proof of Compactness of Rationals: For any two distinct rational numbers a/b and c/d:

Their midpoint (a/b + ¢/d)/2 is another rational number between them

We can repeat this process indefinitely, showing that between any two rationals, there are infinitely many others
Therefore, the rationals form a compact series

Engineering Application: In control systems, compact series are used to model continuous feedback systems.
When designing PID controllers, engineers use the density property of real numbers to ensure smooth transitions
between states.

Student Exercises - Compact Series

Prove that the set of rational numbers in the interval [0,1] is compact by constructing a specific rational number
between any two given rational numbers in this interval.

In a PID controller, explain how the proportional, integral, and derivative terms rely on the compactness
property of real numbers. Give specific examples for a temperature control system.

The set of irrational numbers is not a compact series under the usual ordering. Explain why, with a
counterexample.

For any two distinct rational numbers p/q and 1/s (in lowest terms), construct a rational number between them
that has the smallest possible denominator.

In digital audio processing, explain how the compact nature of the analog signal is approximated by the discrete
digital representation, and discuss the limitations this introduces.

Answer Key - Compact Series
Proof: Let a/b and c/d be two distinct rational numbers in [0,1] where a/b < c¢/d. We can construct the rational
number (a/b + ¢/d)/2 = (ad + bc)/(2bd). This is clearly between a/b and ¢/d since it's their arithmetic mean. Since
a/b, ¢/d € [0,1], their mean is also in [0,1]. This construction can be repeated indefinitely between any two
rational numbers, proving the compactness of rational numbers in [0,1].
In a PID controller for temperature control:
* The proportional term responds to current error and requires continuous adjustment as the error changes. The
compactness of real numbers allows for infinitely fine adjustments.
* The integral term accumulates error over time, relying on the continuous nature of the time domain. For
example, as a room heats from 65°F to 70°F, the controller must respond to infinite intermediate temperatures to
avoid instability.
* The derivative term predicts future error based on the rate of change, which is calculated using small time
differences. This calculation assumes that between any two time points, there exist intermediate points where
the system has transitional states.

The compactness ensures that the controller response can be arbitrarily refined to improve performance.
The set of irrational numbers is not a compact series because there are pairs of irrational numbers with no
irrational number between them. Counterexample: Consider the irrational numbers V2 and V2 + 1/z. If we take
any number between them, say (V2 + (V2 + 1/m))/2 =\2 + 1/(2n), this is still irrational. However, there exists a
rational number between these two irrationals, such as 2 + 1/(3m). This rational number separates the
irrationals, showing they don't form a compact series.
For rational numbers p/q and 1/s in lowest terms with p/q < r/s, we can construct the "mediant" (p+r)/(q+s). This
has the smallest possible denominator among all rationals between p/q and 1/s. Proof: Any rational a/b between
p/q and r/s must satisfy p/q < a/b <t/s, which means pb < aq and aq < rb. For the mediant, we have p(q+s) <
q(p+r) and (p+r)s < (g+s)r, showing it lies between the original numbers. The mediant's denominator q+s is
minimal because any smaller denominator would not allow the rational to be strictly between p/q and 17/s.
In digital audio, analog sound waves are continuous (compact) but must be represented as discrete samples. This
approximation means that:
* Between any two consecutive samples (e.g., at 44.1kHz, samples are ~22.7us apart), the actual analog signal
contains infinitely many points that are lost.



« This limitation introduces quantization error, where the continuous amplitude values must be rounded to the
nearest discrete value allowed by the bit depth.

* Reconstruction filters attempt to recreate the compact nature of the original signal by interpolating between
samples, but perfect reconstruction is theoretically impossible.

* Higher sampling rates (96kHz, 192kHz) reduce this limitation by capturing more points in the compact series,
but still cannot perfectly represent the continuous analog signal.

Continuous Series
A continuous series is compact and contains all its limiting points, like the real numbers (R, <).

Example: A perfectly smooth ruler represents a continuous series - no matter how closely you look, there are no
"gaps" between points.

Computer Graphics Application: In 3D modeling and rendering, continuous functions are used to create smooth
surfaces and transitions. Bézier curves, used extensively in graphic design, rely on the continuity of real
numbers to generate smooth paths between control points.

Proof of Completeness of Reals: Every bounded, non-empty set of real numbers has a least upper bound
(supremum):

Let S be a bounded, non-empty set of real numbers

Let B be the set of all upper bounds of S

Let a = inf(B) (the greatest lower bound of all upper bounds)

We can prove that o = sup(S) by showing:

* o is an upper bound of S

* Any number less than a is not an upper bound of S

This property distinguishes reals from rationals and makes them continuous

Student Exercises - Continuous Series

Explain why the set of rational numbers Q, despite being compact, is not a continuous series. Provide a specific
example of a bounded set of rational numbers that has no supremum in Q.

In computer graphics, Bézier curves are defined by parametric equations using the parameter t € [0,1]. Explain
how the continuity of real numbers is essential for generating smooth curves, and what would happen if only
rational values of t were used.

Prove that if a series is continuous, then any convergent sequence in that series must converge to a point in the
series.

A capacitor charging through a resistor follows an exponential curve. Explain how this physical process
illustrates the continuous nature of real numbers, and why a discrete model would be insufficient.

Construct a sequence of rational numbers that converges to w, and explain why this demonstrates the
incompleteness of Q as compared to the continuous series R.

Answer Key - Continuous Series

The rational numbers Q are not a continuous series because they don't contain all their limit points. Example:
Consider the set S = {x € Q | x> < 2}. This set is bounded above (by any rational greater than \2), but has no
rational supremum. Any rational upper bound q must satisfy q*> > 2. But if g* > 2, then there exists another
rational r such that 2 < 12 < g2, making q not the least upper bound. If g2 = 2, then q = V2, which is irrational.
Therefore, sup(S) = V2 ¢ Q, showing that Q is not complete and thus not continuous.

Bézier curves use the parameter t € [0,1] to generate points along a curve using polynomial equations. The
continuity of real numbers allows t to take any value in this interval, creating perfectly smooth transitions. If
only rational values of t were used:

* The curve would have "gaps" where irrational values of t should produce points

* These gaps wouldn't be visible to the eye, but would affect calculations like collision detection

» Differential properties (tangents, curvature) would be undefined at these gaps



* The curve wouldn't truly be continuous, but rather a dense collection of discrete points

This would be particularly problematic for animation and physical simulations that require continuity for
derivatives and integrals.
Proof: Let (S,<) be a continuous series and (xX,) a convergent sequence in S. Let L be the limit of this sequence.
We need to show that L € S.

Assume, for contradiction, that L & S. Since (x,) converges to L, for any € > 0, there exists N such that for all
n>N, [x.-L|<e.

If L & S, then either:
There exists an element s € S such that no element of S is between s and L, or
There is a "gap" in S that contains L

In either case, we can find an € > 0 such that either (L-¢,L) or (L,L+¢) contains no elements of S. But this
contradicts the convergence of (xa) to L, which requires that there are elements of the sequence (and thus
elements of S) arbitrarily close to L. Therefore, L must be in S, proving that S contains all its limit points and is
continuous.

A capacitor charging through a resistor follows the equation V(t) = Vo(1-e7*/®¢). This process illustrates
continuity because:

* The voltage changes smoothly over time without jumps or gaps

* At any instant t, the voltage has a definite value

* Between any two time points ti and t», the capacitor passes through infinitely many intermediate voltage states
* The limit of voltage as t approaches infinity (Vo) is actually reached in the theoretical model

A discrete model would be insufficient because:
« It would only capture voltage at specific time steps
* Calculations involving rates of change (current) would be approximations
* Physical phenomena like time constants and energy storage are inherently continuous
* Important behavior near inflection points might be missed if the sampling rate is too low

The continuous nature of real numbers allows engineers to model this process exactly using differential
equations.
Sequence converging to m: Consider the sequence of rational numbers given by the truncated continued fraction
approximations of 7

3,3.1,3.14, 3.141, 3.1415, 3.14159, ...

More precisely: 3, 22/7, 333/106, 355/113, ...

This sequence converges to m, but = itself is irrational and thus not in Q. This demonstrates that Q is not
complete - it's missing its limit points. The sequence has a limit, but that limit is not contained within Q. In
contrast, R contains 7 and all other limit points of convergent sequences, making it a continuous series. This
example highlights the fundamental difference between compact series (like Q) and continuous series (like R):
the latter contains all its limit points, making it complete.

Limits and Von Neumann Arithmetic Applications
Sequence Limits

A sequence-limit is the value a sequence approaches. For 1/2, 3/4, 7/8, 15/16,..., the limit is 1.

Example: When repeatedly taking half the distance to a wall, you get closer and closer to the wall without ever
reaching it. The wall's position is the limit.

Formal Proof: For the sequence a, =1 - 1/2™
Student Exercises - Sequence Limits

Prove that the sequence defined by a, = (n*+1)/(n*tn+1) converges, and find its limit.
The sequence b, = n/(n+1) approaches 1 as n increases. For what value of n will b, be within 0.001 of its limit?



In digital signal processing, an infinite impulse response (IIR) filter uses feedback to create a sequence that
approaches a limit. If a simple first-order IIR filter has the equation y[n] = 0.9y[n-1] + x[n], where x[n] is a unit
step function, find the limit of y[n] as n approaches infinity.

Construct a sequence that converges to e (Euler's number) and provide a mathematical justification for why it
converges to this value.

In computer algorithms, numerical methods like Newton-Raphson produce sequences that converge to solutions.
If we

For any € > 0, we need to find N such that |a, - 1| <g foralln >N
lan-1|=1-1/2"-1]=1/2"

We need 1/2" < g, which gives us n > logz(1/¢)

Therefore, choose N = [logz(1/¢€)]

This proves lim(a,) = 1

Von Neumann Arithmetic Application: In Von Neumann's construction of natural numbers, 0 =@, 1 = {@}, 2 =
{@, {@}}, etc. This can be extended to define rational and real numbers through equivalence classes and
Dedekind cuts. Using this framework, we can formally define limits purely in set-theoretic terms, demonstrating
the power of Von Neumann's approach in unifying different mathematical structures.

Student Exercises

For the sequence b, = 1 + 1/37, find the limit and prove your answer using the &-N definition.

If ¢, = (n?+1)/(2n?-n), find the limit as n approaches infinity and provide a formal proof.

For the sequence d, = (27-1)/(2+1), find the limit and determine the smallest value of N such that |d, - L| < 0.01
for alln > N.

Consider the sequence e, = n/(n+1). Prove that this sequence converges to 1 using the &-N definition.

For the sequence f, = (3n-2)/(n+5), find its limit and prove your answer. Then determine the smallest N such
that |f, - L| <0.001 for all n > N.

Using Von Neumann's construction, represent the number 3 as a set. Then explain how addition (e.g., 2+1=3)
works in this framework.

Answer Key
The limit of by =1+ 1/3nis 1.
Proof: [b,- 1|=]1+1/3»-1|=1/3»
We need 1/3» < g, which gives us n > logs(1/¢)
Therefore, choose N = [logs(1/¢€)]
The limit of ¢, = (n?>+1)/(2n2-n) is 1/2.
Proof: We can divide numerator and denominator by n*:
cn = (1+1/n2)/(2-1/n)
Asn—oo, 1/n? - 0and 1/n — 0, so ¢, — 1/2
For formal proof with &-N definition:
len - 1/2] = |(n?+1)/(2n2-n) - 1/2]
= |((n*+1) - (n>n/2))/(2n-n)|
= |(n*+1 - n® + n/2)/(2n?-n)|
=1|(1 +n/2)/(2n*-n)|
For large n, this is bounded by (n/2)/(n?) = 1/(2n)
So we need 1/(2n) < g, which gives us n > 1/(2¢)
Therefore, N = [1/(2¢)]
The limit of d, = (2°-1)/(27+1) is 1.
Proof:
du - 1] = [20-1)/2+1) - 1
=|((2-1) - (2>+1))/(2+1)
= ]-2/(2~+1)|
=2/(27+1)

For € =0.01, we need 2/(2"+1) < 0.01
Solving: 2 <0.01(2~+1)



2 <0.01x2»+0.01

1.99 <0.01x2n

199 <2n

log2(199) <n

7.64<n

Therefore, N =8
For e, =n/(n+1), the limit is 1.

Proof:

len - 1| =|n/(n+1) - 1|

= |- (n+1))/(n+1)

=|-1/(n+1)|

= 1/(n+1)

For any € >0, we need 1/(n+1) <g
This givesusn> 1/e - 1
Therefore, N = [1/g - 1]

For f, = (3n-2)/(n+5), the limit is 3.
Proof:
We can rewrite f, = 3(n/(n+5)) - 2/(n+5)
As n—o0, n/(n+5) — 1 and 2/(n+5) — 0
Sof,—3

For formal proof:

Ifa - 3] =|(3n-2)/(nt5) - 3]
=1((3n-2) - 3(n+5))/(n+5)]
=|(3n-2 - 3n-15)/(n+5)|

= |(-2-15)/(n+5)|

= [17/(n+5)|

For £ =0.001, we need 17/(n+5) < 0.001
17 <0.001(n+5)
17 <0.001n + 0.005
16.995 <0.001n
16995 <n
Therefore, N = 16995
In Von Neumann's construction, 3 = {0, 1,2} = {@, {@}, {D, {®}}}
Addition is defined recursively:
at0=a
a+ S(b) = S(a + b) where S is the successor function

For 2+1=3:
2+1=2+S(0)=S2+0)=S2)=3

In set terms:

{0, {8}} + {0} = S({@, {@}} + ©) =S({0, {8}}) = {0, {8}, {0, {D}}}
Series Limits
A series-limit is the least upper bound of a compact series.
Example: The square root of 2 is the limit of all rational numbers whose squares are less than 2.
Engineering Application: In electronic circuit design, engineers analyze transient responses using series limits.
When calculating the steady-state response of an RC circuit, they find the limit of a series of partial sums
representing the circuit's behavior over time.
Von Neumann Application: Von Neumann ordinal arithmetic can be used to construct transfinite sequences. The
limit of such a sequence is defined as the least ordinal greater than all members of the sequence. This concept is

crucial in set theory and has applications in computer science for modeling hierarchical data structures.

Student Exercises



Construct a monotonically increasing sequence of rational numbers that converges to 3. Prove that your
sequence converges to V3.

If {a,} is a sequence where a1 = 1 and a1 = (a, + 5/a,)/2, show that this sequence converges to V5.

Consider the partial sums of the harmonic series: S, = Z*-i" 1/k. Explain why this series does not have a finite
limit.

Find the limit of the sequence of partial sums S, = Z*-» 1/k? and prove your answer.

Given a Von Neumann ordinal o (the first infinite ordinal), explain what @+1 represents and why o+1 > .

In the context of electronic circuits, explain how the concept of series limits applies to finding the final capacitor
voltage in an RC circuit.

Answer Key
One possible sequence is a, = 1 + n/n for n > 1, which simplifies to a, = 1 + 1/n.
Another valid sequence is b, = (1 + 3/n)"(n/2) forn > 1.
To prove convergence to \3 for the second sequence:
Let b, = (1 + 3/n)"(n/2)
Taking In of both sides: In(b,) = (n/2)In(1 + 3/n)
As n—oo, In(1 + 3/n) = 3/n (for small values)
So In(b,) = (n/2)(3/n) = 3/2
Therefore b, = eN(3/2) = V(e*) =3
Let's show that the sequence converges to \5:
First, we need to show the sequence is bounded and monotonic.
For any a, > 0, we have ay+1 = (a, + 5/a,)/2
Using AM-GM inequality: (a, + 5/a,)/2 > V(a, * 5/a,) =5
So a1 > V5 foralln> 1

If a, > V5, then 5/a, <5, so (an + 5/an)/2 < (an + \/5)/2, making a1 < a,
If a, < V5, then 5/a, > /5, so (an + 5/an)/2 > (an + \/5)/2, making a1 > a,

This shows the sequence converges to V5, which is the fixed point of the recurrence relation.
The harmonic series X(1/k) diverges because:

We can group terms: 1+ (1/2) +(1/3+ 1/4) + (1/5+ ... + 1/8) + ...

Each group is at least 1/2:

1>1/2

12=1/2

1/3+1/4>1/4+1/4=1/2

1/5+..+18>1/8+...+1/8=1/2

Since we can add infinitely many groups, each with sum > 1/2, the total sum must be infinite.
The limit of S, = Zxi» 1/k? is 1%/6 =~ 1.645.
Proof: This is the famous Basel problem. The full proof is complex, but we can demonstrate convergence:
1/k? < 1/k(k-1) = 1/(k-1) - 1/k for k>1
So Xkon 1/k2 <Xk (1/(k-1) - 1/k)=1-1/n
Adding 1 fork=1:S,<1+1-1m=2-1/n
As n—oo, this gives S, <2, proving the series converges.
The exact value 7%/6 requires advanced techniques beyond this scope.
In Von Neumann's construction, o represents the first infinite ordinal, defined as the set of all finite ordinals: ®
={0,1,2,3, ..}
Then ©+1=1{0, 1,2, 3, ..., o}

o+1 > o because m+1 contains ® as an element, making it a strict superset of ®.

In ordinal arithmetic, addition is defined by taking the first ordinal and replacing its last element with the
second ordinal.

Since @ has no last element, o+1 simply appends 1 after all elements of .
In an RC circuit with a voltage source Vo, the capacitor voltage after time t is:

V(t) = Vo(1 - e*(-t/RC))

This can be represented as a series:
V(t) =Vo(l - (1 - t/RC + (t/RC)¥2! - (t/RC)*/3! + ...))
= Vo(t/RC - (YRC)?/2! + (t/RC)*/3! - ..)



The series limit as t—oo gives the steady-state response V() = Vo,
representing the capacitor's final voltage equal to the source voltage.
This demonstrates how the mathematical concept of limits applies directly to physical systems.

Set Theory and Logic in Practice

Mathematics fundamentally studies ordinal relations, with set theory providing the foundation. All mathematical
truths can be expressed using basic set-theoretic concepts:

* Empty set

* Membership relation

* Subset relation

* Logical operations (not, and, or, if-then)

* Identity

* Quantifiers (all, some)

* Properties and relations

Computer Science Application: Set theory forms the basis of relational database design. The operations of
union, intersection, and complement directly correspond to SQL operations like UNION, INNER JOIN, and
NOT EXISTS.

Proof Example: Using set theory to prove De Morgan's Law: ~(A N B) =~A U ~B
XE~ANB)ex¢&(ANB)

< NOT(x € A AND x € B)

< (x¢€ AORx €B)

< (x E~AORx € ~B)

& x € (~AU~B)

Therefore, ~(A N B)=~A U ~B

Student Exercises

Prove the other De Morgan's Law: ~(A U B) = ~A N ~B using the element-wise approach.
IfA={1,2,3,4} and B= {3, 4,5, 6}, calculate: A UB, AN B, A\B, B\ A, and the symmetric difference A
A

Membership and Logical Operators

Example: Sarah is a member of the Book Club. In set notation: Sarah € Book Club.

Application: Database systems use membership operations to determine if records exist within collections.

Extended Application: In network security, access control lists (ACLs) use the membership relation to
determine if an IP address belongs to a set of allowed addresses:

{x: ¢x} (The class of things that have ¢)
Example: {people: have brown hair} represents all brown-haired people.

Application: Search filters use this principle to create result sets based on specified criteria.



Von Neumann Application: In Von Neumann's set-theoretic construction of ordinals, each ordinal is defined as
the set of all smaller ordinals: a = {B : B <a}. This elegant recursive definition builds the entire ordinal
hierarchy from the empty set.

Student Exercises - Set Membership
Express the following in set notation: "Carlos is a student at Central University."
IfA={1,3,5,7,9} and B= {2, 4, 6, 8}, determine whether:
a.5S€eEA
b.4€A
c.6EB
d.9€B
A network administrator has defined AllowedIPs = {192.168.1.5, 192.168.1.10, 192.168.1.15}. Express in set
notation whether IP address 192.168.1.10 is permitted access.
Create a set using the set-builder notation for "all integers divisible by 5 between 1 and 100."
In a database with student records, explain how membership operations would be used to determine if a specific
student ID exists in the enrollment table.
Using Von Neumann's construction, write out the explicit representation of the ordinal 3.

Answer Key - Set Membership
Carlos € Central University Students
a. True (5 €A)
b. False (4 € A)
c. True (6 € B)
d. False (9 ¢ B)
192.168.1.10 € AllowedIPs
{x: x is an integer A x is divisible by 5 A 1 <x <100} or {5, 10, 15, 20, 25, ..., 95}
The database would check if StudentID € EnrollmentTable using a query like "SELECT FROM
EnrollmentTable WHERE StudentID = 'specificid" which returns results only if the ID is a member of the table.
3={0,1,2} = {0, {0}, {@, {®}}}
Vxox (Everything has ¢)
Example: All mammals breathe oxygen.
Application: Universal software requirements ("All input fields must be validated") rely on this logical structure.
Proof by Contradiction Example:
To prove "All prime numbers greater than 2 are odd":
Assume Ix(x is prime A X > 2 A X is even) [negation of the claim]
Let p be such a number
If p is even, then p = 2k for some integer k
If p>2 and p = 2k, then p has 2 as a factor
But this contradicts p being prime (by definition)
Therefore, our assumption is false
Thus, Vx((x is prime A x > 2) — x is odd)
This demonstrates how universal quantification and logical principles combine in proof construction.
Student Exercises - Universal Quantification

Express the following using universal quantification: "All electric vehicles have batteries."
Negate the statement Vx(x is a student — x takes exams), and simplify your answer.



Use proof by contradiction to show that "There is no greatest integer."

For a software system, write a formal statement expressing the requirement: "All passwords must contain at
least 8 characters."

Given the statement Vx(x is a natural number — x2 > x), provide a direct proof.

In a secure system, explain how universal quantification applies to the principle "All external inputs must be
sanitized."

Answer Key - Universal Quantification

Vx(x is an electric vehicle — x has batteries)

Negation: —“Vx(x is a student — x takes exams) = Ix(x is a student A —(x takes exams)) = Ix(x is a student A x
does not take exams)

Proof: Assume there exists a greatest integer n. Then consider n+1, which is also an integer. Since n+1 > n, this
contradicts our assumption that n is the greatest integer. Therefore, there is no greatest integer.

Vp(p is a password — p contains at least 8 characters)

Proof: Let x be any natural number. If x =0, then x?=0=x. Ifx =1, thenx*=1 =x. I[f x> [, then x> =x"x >
x-1 = x. Thus, for all natural numbers x, x> > x.

Universal quantification ensures the security principle applies to every single input without exception. This is
critical because even a single unsanitized input can compromise the entire system. The formal statement would
be: ¥x(x is an external input — x must be sanitized).

Logical Symbols and Their Applications

Ixex (Something has ¢)

Example: Some students passed the exam.

Additional Examples:

Some integers are both even and greater than 100

Some electronic components in this circuit have failed

Some packets in the network transmission were corrupted

Application: Exception handling in programming uses this principle to identify when at least one error condition
exists.

Additional Applications:

Database query optimization uses existential quantification to check if any records match before performing
expensive operations

Sensor networks use existential quantification to determine if any node has detected an anomaly
Machine learning algorithms use existential operators to identify feature presence in classification tasks
Proof Construction Example:

To prove Ix¢x, we need to find at least one specific value ¢ where @c is true.

Proof that "Some integers are perfect squares greater than 10":

Letc=16

16 is an integer

16 = 42 (perfect square)

16> 10



Therefore, ¢ = 16 satisfies our claim
Thus, Ix(x is an integer A X is a perfect square A x > 10)

Student Exercises - Existential Quantification

Express the following using existential quantification: "Some programming languages are interpreted rather than
compiled."

Negate the statement 3x(x is a prime number greater than 100), and simplify your answer.

Prove the statement: "There exists a rational number between any two distinct real numbers."

In a network monitoring system, write a formal statement expressing the alert condition: "Some servers have
CPU usage above 90%."

Translate the database query "SELECT FROM Products WHERE Price < 10 LIMIT 1" into a logical statement
using existential quantification.

Provide a concrete example to prove: "Some quadratic equations have exactly one real solution."

Answer Key - Existential Quantification

Jx(x is a programming language A x is interpreted rather than compiled)

Negation: ~3x(x is a prime number greater than 100) = Vx—(x is a prime number greater than 100) = Vx(x is not
a prime number V x < 100)

Proof: Let a and b be distinct real numbers where a <b. Let ¢ = (a+b)/2. Then c is a rational number and a < ¢ <
b.

3s(s is a server A CPU usage of s > 90%)

Ap(p € Products A Price(p) < 10)

Example: The equation x? - 6x + 9 = 0 can be rewritten as (x-3)*> = 0, which has exactly one real solution, x = 3.
Therefore, 3e(e is a quadratic equation A ¢ has exactly one real solution).

PAQ (P and Q)

Example: It's raining and I forgot my umbrella.

Additional Examples:

The processor is overheating and the cooling fan has failed

The algorithm is correct and efficient

Both the primary and backup power supplies are operational

Application: Database queries with multiple conditions use logical AND for filtering records.
Additional Applications:

Circuit design uses AND gates to ensure multiple conditions are met before producing output
Authentication systems require both correct password AND biometric verification

Student Exercises - Logical AND

Negate the statement: "The file is encrypted and password-protected."

For the statements P: "The number is even" and Q: "The number is prime", determine the truth value of PAQ for
each number: 2, 3, 4, 5, 6.

In a security system that requires both a keycard and a PIN, write a logical expression that represents successful
authentication.

Create a database query using SQL that uses the AND operator to find all employees who have worked for more
than 5 years AND have a performance rating above 4.0.

In a circuit with two switches A and B in series, the light turns on only when both switches are closed. Write a
logical expression representing when the light is on.

For a software requirement that states "The user must be an administrator and have completed security training
to access sensitive data," identify what happens logically when one condition is false.

Answer Key - Logical AND



Negation: ~(The file is encrypted A The file is password-protected) = The file is not encrypted V The file is not
password-protected
For 2: P is true (2 is even), Q is true (2 is prime), so PAQ is true

For 3: P is false (3 is odd), Q is true (3 is prime), so PAQ is false

For 4: P is true (4 is even), Q is false (4 is not prime), so PAQ is false

For 5: P is false (5 is odd), Q is true (5 is prime), so PAQ is false

For 6: P is true (6 is even), Q is false (6 is not prime), so PAQ is false
AuthenticationSuccess = (ValidKeycard A CorrectPIN)
SELECT FROM Employees WHERE YearsOfService > 5 AND PerformanceRating > 4.0;
LightOn = SwitchAClosed A SwitchBClosed
When either condition is false (not an administrator OR has not completed security training), the entire
conjunction is false, meaning access to sensitive data is denied. Both conditions must be true for access to be
granted.

Safety systems in nuclear facilities require multiple conditions to be true before critical operations
Proof Construction Example:

To prove PAQ, we must prove both P and Q separately.

Proof that "n? - 1 is even when n is odd":

Let n be odd, so n =2k+1 for some integer k

n? = (2k+1)2 =4k + 4k + 1 =4k(k+1) + 1

n? - 1 =4k(k+1)

Since 4k(k+1) is divisible by 2, n? - 1 is even

Therefore, when n is odd (P), n? - 1 is even (Q)

Thus, PAQ is proven

Student Exercises - Conjunction (PAQ)

Prove that if n is odd, then n? is odd.

Prove that if x and y are both even integers, then x+y and xy are both even.

Prove that if n is a multiple of 3 and n is a multiple of 4, then n is a multiple of 12.

Consider the statement: "If a triangle has two equal sides, and has a right angle, then it is an isosceles right
triangle." Identify P and Q in this statement and explain how you would prove PAQ.

Prove that if x > 5 and x < 10, then x2 > 25 and x2 < 100.

Answer Key - Conjunction (PAQ)

Solution: Let n be odd, so n = 2k+1 for some integer k. Then n? = (2k+1)?> = 4k* + 4k + 1 = 4k(k+1) + 1. Since
4k(k+1) is even, n*> = 4k(k+1) + 1 is odd. Therefore, if n is odd, then n? is odd.

Solution: Let x =2m and y = 2n for integers m and n. Then x+y = 2m + 2n = 2(m+n), which is even. Also, Xy =
2m-2n = 4mn = 2(2mn), which is even. Therefore, if x and y are both even, then x+y and xy are both even.
Solution: If n is a multiple of 3, then n = 3a for some integer a. If n is a multiple of 4, then n = 4b for some
integer b. Since n = 3a = 4b, and both expressions must be equal, n must be a multiple of lem(3,4) = 12.
Alternatively, if n is divisible by both 3 and 4, then n = 12¢ for some integer ¢, making n a multiple of 12.
Solution: P: "A triangle has two equal sides" and Q: "A triangle has a right angle". To prove PAQ implies "it is
an isosceles right triangle," we need to show that the conjunction of these properties necessarily creates an
isosceles right triangle by definition. Since an isosceles right triangle is defined as having exactly two equal
sides and one right angle, PAQ directly implies this conclusion.

Solution: If x > 5 and x < 10, then since x > 5, we square both sides to get x> > 25. Similarly, since x < 10, we
square both sides to get x> < 100. Therefore, if x > 5 and x < 10, then x*> > 25 and x* < 100.

PVQ (Either P or Q or both)

Example: To enter, you must be a member or pay the entrance fee.



Additional Examples:

A network failure occurs when either the router fails or the fiber cable is damaged

A program terminates when it either completes execution or encounters an error

A transistor conducts when either the gate voltage exceeds the threshold or when thermal runaway occurs
Application: Menu choices in applications rely on inclusive OR operations.
Additional Applications:

Error detection systems flag issues when any of several conditions are met

Load balancers route traffic when either server A or server B is available

Interrupt handling in microcontrollers responds when any peripheral signals an event
Boolean retrieval in search engines returns results matching any of several keywords
Proof Construction Example:

To prove PVQ, we can either prove P, prove Q, or prove both.

Proof that "For any integer n, either n is even or n+1 is even":

Let n be any integer

Either n is even or n is odd (law of excluded middle)

If n is even, then P is true, so PVQ is true

If n is odd, then n+1 is even, so Q is true, thus PVQ is true

Therefore, PVQ is true for all integers n

Student Exercises - Disjunction (PVQ)

Prove that for any integer n, either n? is even or n is odd.

Prove that for any real number x, either x <0 or x > 0.

Prove that for any integer n, either n is divisible by 2 or n is divisible by 3 or n leaves remainder 1 or 5 when
divided by 6.

For the statement "A student passes the course if they either score at least 60% on the final exam or have an
average of at least 70% on all homework assignments," identify P and Q and explain how you would verify this
statement for a particular student.

Prove that for any two distinct real numbers a and b, eithera <b orb <a.

Answer Key - Disjunction (PVQ)

Solution: Let n be any integer. Either n is even or n is odd. If n is even, then n = 2k for some integer k, so n*> =
4k?, which is even. If n is odd, then n is odd. Therefore, for any integer n, either n? is even or n is odd.

Solution: This follows directly from the law of trichotomy for real numbers: for any real numbers x and y,
exactly one of x <y, x =y, or x >y must be true. Setting y = 0, we have that exactly one of x <0,x =0, 0orx>0
must be true. This can be regrouped as either x < 0 or x > 0, which covers all possible cases for any real number
X.

Solution: Any integer n when divided by 6 gives remainder 0, 1, 2, 3, 4, or 5. If the remainder is 0, then n is
divisible by 2 and 3. If the remainder is 2 or 4, then n is divisible by 2. If the remainder is 3, then n is divisible
by 3. If the remainder is 1 or 5, then n leaves remainder 1 or 5 when divided by 6. These cases cover all
possibilities, proving our statement.

Solution: P: "Student scores at least 60% on the final exam"; Q: "Student has an average of at least 70% on all
homework assignments". To verify this statement for a particular student, we would check if either P is true (by



examining their final exam score) or Q is true (by calculating their homework average). If either condition is
met, then PVQ is true and the student passes the course.

Solution: Let a and b be distinct real numbers. By the law of trichotomy, exactly one of a<b,a=Db,ora>b
must be true. Since a and b are distinct, a # b, which eliminates the possibility of a = b. Therefore, either a <b or
a> b must be true. This is equivalent to saying either a <b or b < a, proving our statement.

—P (Not-P)

Example: The store is not open on Sundays.

Additional Examples:

The circuit is not conducting current

The algorithm does not terminate for all inputs

The network packet was not delivered successfully

Application: Access control systems use negation to prevent unauthorized users from entering protected areas.
Additional Applications:

Exception handling uses negation to identify unexpected conditions

Digital logic uses NOT gates to invert signals

Firewall rules use negation to block specific traffic patterns

Database constraints use negation to enforce business rules (e.g., "no employee can work in two departments")
Proof by Contradiction Example:

To prove a statement using negation, we can assume its opposite and derive a contradiction.

Proof that "V2 is irrational":

Assume —P: 2 is rational

Then V2 = a/b where a,b are integers with no common factors

Thus, 2 = a?/b?

So a? =2b?

Therefore a? is even, which means a is even

If a is even, a = 2k for some integer k

Substituting: 2b? = (2k)? = 4k?

Therefore b? = 2k?

So b? is even, which means b is even

But this contradicts our assumption that a and b have no common factors

Student Exercises - Negation (—P)

State the negation of the following proposition: "All prime numbers are odd."

Prove by contradiction that there is no largest prime number.
State the negation of the following proposition: "If it rains, then the game will be canceled."



Prove by contradiction that the square root of 3 is irrational.
Consider the statement: "There exists a real number x such that x> + 1 = (." Use negation and proof by
contradiction to show whether this statement is true or false.

Answer Key - Negation (—P)

Solution: The negation of "All prime numbers are odd" is "There exists at least one prime number that is not
odd" or equivalently, "There exists at least one prime number that is even." This statement is true because 2 is
an even prime number.

Solution: Assume there is a largest prime number, call it p. Consider the number q = p! + 1 (where p! is the
product of all integers from 1 to p). When divided by any number from 2 to p, q gives remainder 1, so no
number from 2 to p divides q evenly. Therefore, either q is prime or q has a prime factor larger than p. In either
case, we have a prime number larger than p, contradicting our assumption. Therefore, there is no largest prime
number.

Solution: The negation of "If it rains, then the game will be canceled" is "It rains and the game is not canceled."
This follows from the negation of P—Q being PA—Q.

Solution: Assume V3 is rational. Then V3 = a/b where a,b are integers with no common factors. Thus, 3 = a?/b?,
so a2 = 3b% Therefore a? is divisible by 3, which means a is divisible by 3 (since if a prime p divides n?, then p
divides n). So a = 3k for some integer k. Substituting: 3b> = (3k)? = 9k?, so b*> = 3k Therefore b? is divisible by
3, which means b is divisible by 3. But this contradicts our assumption that a and b have no common factors.
Thus, V3 is irrational.

Solution: The statement is "There exists a real number x such that x>+ 1 =0". To prove this by contradiction,
we assume the negation: "For all real numbers x, x>+ 1 # 0", or equivalently, "For all real numbers x, x>+ 1 >
0". This is actually true because for any real number x, x2> 0, so x2+ 1 > 1 > 0. Therefore, the original
statement is false - there does not exist a real number x such that x2 + 1 = 0. (Note: Such a number does exist in
the complex domain: x = i, but not among real numbers.)

Therefore, —(V2 is rational) must be true

Thus, V2 is irrational

x&k (x is not in k)

Example: Brazil is not in Europe.

Additional Examples:

The integer 7 is not in the set of even numbers

The character '@’ is not in the English alphabet

The microprocessor is not in the input/output subsystem

Application: Exclusion filters in data processing remove unwanted elements.
Additional Applications:

Network security uses non-membership to create blocklists

Cache invalidation uses set non-membership to determine which items to evict

Error detection in communication protocols identifies when received values are not in the set of valid
codewords

Type checking in programming languages verifies values are not in the set of incompatible types
Proof Example:
To prove x&k, we can prove that assuming x€k leads to a contradiction.

Proof that "0 is not in the set of positive integers":



Assume 0 € positive integers

By definition, a positive integer n satisfies n > 0
But0=0,s00* 0

This contradicts the definition of positive integers
Therefore, 0 € positive integers

Student Exercises - Set Non-membership

Prove that -3 is not in the set of natural numbers.

If S = {x | x is a perfect square less than 50}, prove that 48 & S.

Let A = {x | x is adivisor of 24} and B = {x | x is a prime number greater than 5}. Identify five elements that are
not in A N B and justify your answer.

Prove that @ is not in the set of rational numbers.

If C is the set of all continuous functions on the interval [0,1], prove that the function f(x) = 1/x for x € [0,1] is
not in C.

Construct a proof by contradiction to show that \3 is not in the set of rational numbers.

Answer Key

Proof: Assume -3 is in the set of natural numbers. By definition, natural numbers are positive integers (or non-
negative integers, depending on convention). Either way, -3 < 0, which contradicts the definition of natural
numbers. Therefore, -3 is not in the set of natural numbers.

Proof: For 48 to be in S, 48 would need to be a perfect square less than 50. The perfect squares less than 50 are:
1,4,9, 16, 25, 36, 49. Since 48 is not in this list, 48 & S.

Five elements not in A N B with justification:

7. 1t's in B (prime > 5) but not in A (not a divisor of 24)

* 11: It's in B (prime > 5) but not in A (not a divisor of 24)

*4: It's in A (divisor of 24) but not in B (not prime)

« 8: It's in A (divisor of 24) but not in B (not prime)

* 13: It's in B (prime > 5) but not in A (not a divisor of 24)

Proof: Assume 7 is rational. Then 7t = a/b where a and b are integers with b # 0. This contradicts the well-known
result that 7 is transcendental (and thus irrational). Therefore, 7 is not in the set of rational numbers.

Proof: For f(x) = 1/x to be in C, it must be continuous on [0,1]. At x = 0, f(0) is undefined because division by
zero is undefined. Since f is not defined at all points in [0,1], it cannot be continuous on [0,1]. Therefore, f & C.
Proof: Assume V3 is rational. Then V3 = a/b where a and b are integers with b # 0 and gcd(a,b) = 1. Squaring
both sides: 3 = a?/b?. Multiply by b* 3b? = a. This means a? is divisible by 3, so a must be divisible by 3. Leta =
3k for some integer k. Then 3b? = 9k2, so b?> = 3k2. This means b? is divisible by 3, so b must be divisible by 3.
But this contradicts our assumption that ged(a,b) = 1. Therefore, 3 is not rational.

P—Q (If P then Q)

Example: If it rains, the soccer game will be canceled.

Additional Examples:

If the input voltage exceeds the threshold, the transistor will conduct

If the algorithm has time complexity O(n?), it will be inefficient for large datasets

If the network experiences congestion, packet latency will increase

If the parity bit is incorrect, the data contains an error

Application: Conditional logic in programming (if-then statements) follows this principle.

Additional Applications:



Control systems use implication for decision-making in automated processes

Expert systems use chains of implications to reach conclusions

Circuit design uses implications to model causal relationships between components

Fault detection systems use implications to trace error propagation

Proof Construction Example:

To prove P—Q directly, assume P and then derive Q.

Proof that "If n is divisible by 6, then n is divisible by 3":

Assume n is divisible by 6 (P)

Then n = 6k for some integer k

Rewrite as n = 3(2k)

Since 2k is an integer, n is divisible by 3 (Q)

Therefore, if n is divisible by 6, then n is divisible by 3

Contrapositive Method:

Another way to prove P—Q is to prove its logically equivalent contrapositive “Q——P.

Proof of the same statement via contrapositive:

Assume n is not divisible by 3 (—Q)

Thenn=3m+rwhereris 1 or2

If n were divisible by 6, then n = 6k for some integer k

But 6k = 3(2k), which is divisible by 3

This contradicts our assumption that n is not divisible by 3

Therefore, if n is not divisible by 3, then n is not divisible by 6 (—Q——P)

Thus, P—Q is proven

Student Exercises - Implication

Prove directly: "If n is an even integer, then n? is even."

Prove using the contrapositive method: "If n? is odd, then n is odd."

For the implication "If a triangle has two equal sides, then it has two equal angles," identify the hypothesis (P)
and the conclusion (Q). Then write the contrapositive, converse, and inverse of this statement.

Prove: "If x and y are rational numbers, then x + y is rational."

Determine the truth value of the implication "If 2+3=5, then Paris is the capital of France." Explain your
reasoning.

Prove: "If a function f is differentiable at x = a, then f is continuous at x =a."
Answer Key

Proof (direct): Assume n is an even integer (P). Then n = 2k for some integer k. Squaring both sides: n? = (2k)*
= 4k? = 2(2k?). Since 2k? is an integer, n*> = 2(2k?) is even by definition (Q). Therefore, if n is even, then n? is
even.

Proof (contrapositive): The contrapositive is "If n is not odd, then n? is not odd." Equivalently, "If n is even, then
n? is even." Assume n is even (—P). Then n = 2k for some integer k. Therefore, n? = 4k? = 2(2k?), which is even



(—Q). Thus, if n is even, then n? is even. By the contrapositive method, we've proved "If n? is odd, then n is
odd."
Hypothesis (P): A triangle has two equal sides.

Conclusion (Q): The triangle has two equal angles.

Contrapositive: If a triangle does not have two equal angles, then it does not have two equal sides.

Converse: If a triangle has two equal angles, then it has two equal sides.

Inverse: If a triangle does not have two equal sides, then it does not have two equal angles.
Proof: Assume x and y are rational numbers (P). Then x = a/b and y = ¢/d where a, b, ¢, d are integers with b, d
#0.

x +y=a/b+c/d = (ad + bc)/(bd)

Since a, b, c, d are integers, ad + bc and bd are also integers with bd # 0.

Therefore, x +y is expressed as a ratio of integers, which means x + y is rational (Q).
The implication "If 2+3=5, then Paris is the capital of France" is true. In propositional logic, an implication
P—Q is false only when P is true and Q is false. Here, P (2+3=5) is true and Q (Paris is the capital of France) is
also true, so the implication is true.
Proof: Assume f is differentiable at x = a (P). By definition, the derivative f'(a) exists and equals lim(h—0)
[f(at+h) - f(a)]/h. For this limit to exist, the function f must approach f(a) as x approaches a, which is the
definition of continuity at x = a (Q). Therefore, if f is differentiable at x = a, then f is continuous at x = a.

P—Q (P if and only if Q)

Example: The light will turn on if and only if the switch is flipped up.
Additional Examples:

A binary search algorithm works correctly if and only if the input list is sorted

Student Exercises - Biconditional

Prove: "A triangle is equilateral if and only if all of its angles are 60 degrees."

Prove: "An integer n is divisible by 4 if and only if the last two digits of n form a number divisible by 4."

Write the following statement as a biconditional: "A necessary and sufficient condition for a natural number to
be a multiple of 3 is that the sum of its digits is divisible by 3."

Prove: "For any integer n, n? is even if and only if n is even."

Express the biconditional "A quadrilateral is a square if and only if it has four equal sides and four right angles"
as two separate implications. Then prove both implications.

Answer Key
Proof:

(=) If a triangle is equilateral, then all sides are equal. By the law of sines, equal sides correspond to equal
angles. Since the sum of angles in a triangle is 180°, and all three angles are equal, each angle must be 180°/3 =
60°.

(&) If all angles of a triangle are 60°, then by the law of sines, the sides must be proportional to the sines of
the opposite angles. Since sin(60°) = sin(60°) = sin(60°), all sides must be equal, making the triangle equilateral.
Proof:

(=) If n is divisible by 4, then n = 4k for some integer k. Writing n = 100q + r where r is the last two digits (0
<r<100), we have 4k = 100q + r. Thus, r = 4k - 100q = 4(k - 25q). Therefore, r is divisible by 4.

(&) If the last two digits of n form a number r that is divisible by 4, then n = 100q + r where r is divisible by 4.
Since 100 is divisible by 4, and r is divisible by 4, their sum n = 100q + r is also divisible by 4.

Biconditional: "A natural number is divisible by 3 if and only if the sum of its digits is divisible by 3."
Proof:

(=) If n? is even, then n> = 2k for some integer k. If n were odd, then n = 2j + 1 for some integer j, which gives
n?=(2j+1)*=4j>+4j+1=2(25?+ 2j) + 1, which is odd. This contradicts our assumption that n? is even.
Therefore, n must be even.

(&) If n is even, then n = 2m for some integer m. Then n? = (2m)? = 4m? = 2(2m?). Since 2m? is an integer, n?
is even.

Two implications:
(1) If a quadrilateral is a square, then it has four equal sides and four right angles.
(2) If a quadrilateral has four equal sides and four right angles, then it is a square.



Proof of (1): By definition, a square is a quadrilateral with four equal sides and four right angles. Therefore, if
a quadrilateral is a square, it must have these properties.

Proof of (2): The definition of a square is precisely a quadrilateral with four equal sides and four right angles.
Therefore, if a quadrilateral has these properties, it is a square by definition.

An electronic circuit conducts if and only if a complete path exists between power and ground

An electronic circuit conducts if and only if a complete path exists between power and ground.

A database transaction commits if and only if all operations succeed.

A communication channel is secure if and only if both encryption and authentication are properly implemented.
Application: Biconditional relationships ensure exact matches in security authentication systems.

Additional Applications:

* Digital comparators output "true" if and only if all bits match

* Exclusive access mechanisms in distributed systems grant resources if and only if all preconditions are met
* Equivalence relations in mathematical modeling establish if and only if relationships between different
representations

* Checksums verify data integrity by ensuring a value matches if and only if the data is unchanged

Proof Construction Example:
To prove P~Q, we must prove both P—Q and Q—P.
Proof that "A triangle is equilateral if and only if all its angles are 60 degrees":

Part 1 (P—Q): If a triangle is equilateral, then all its angles are 60 degrees.

» Assume triangle ABC is equilateral

* Then AB=BC =CA

* By the properties of isosceles triangles, equal sides are opposite equal angles
* So all three angles are equal

* Since the sum of angles in a triangle is 180 degrees

* Each angle must be 180+3 = 60 degrees

Part 2 (Q—P): If all angles in a triangle are 60 degrees, then the triangle is equilateral.
 Assume all angles in triangle ABC are 60 degrees

* By the converse of the isosceles triangle theorem, equal angles are opposite equal sides
« Since all angles are equal, all sides must be equal

* Therefore, the triangle is equilateral

Since both implications are proven, P«<—>Q is established.

Student Exercises

Write a biconditional statement about a traffic light and explain both directions of the implication.

In computer science, prove that "A sorting algorithm is stable if and only if it preserves the relative order of
equal elements."

Create your own biconditional statement related to cybersecurity and prove both directions.

Identify a real-world system that relies on a biconditional relationship and explain why both directions of
implication are necessary for its proper functioning.

Prove that "A number is divisible by 6 if and only if it is divisible by both 2 and 3."

Determine whether the following statement is a valid biconditional: "A file can be opened if and only if the user
has read permissions." Explain your reasoning.

Create a biconditional statement related to network protocols and prove both directions.

Answer Key
Example answer: "A traffic light displays green if and only if it's safe for vehicles to proceed."
* Forward direction: If the light is green, then it's safe to proceed (by traffic system design)



* Reverse direction: If it's safe to proceed, then the light must be green (as yellow/red indicate caution/stop)
Answer:

* Forward direction: If a sorting algorithm is stable, then it preserves relative order of equal elements (by
definition of stability)

* Reverse direction: If a sorting algorithm preserves relative order of equal elements, then it satisfies the
definition of stability, making it stable

Example answer: "A password is secure if and only if it contains at least 12 characters including uppercase,
lowercase, numbers, and special characters."

» Forward: If a password is secure, it must meet all criteria (by security policy)

* Reverse: If a password meets all criteria, it is considered secure (by security policy definition)

Example answer: Two-factor authentication (2FA) systems require both password and secondary verification.
* The system grants access if and only if both factors are verified

* Both implications are necessary because either missing factor should deny access

Answer:

* Forward: If n is divisible by 6, then n = 6k for some integer k

* This means n = 2(3k), so n is divisible by both 2 and 3

* Reverse: If n is divisible by both 2 and 3, then n = 2j and n = 3m for integers j,m

* By the least common multiple principle, n must be divisible by 6

Answer: Not valid biconditional.

* Forward direction is true: If a file can be opened, the user must have read permissions

* Reverse direction isn't always true: Having read permissions doesn't guarantee the file can be opened (file
might be corrupted, locked by another process, etc.)

Example answer: "TCP guarantees packet delivery if and only if acknowledgments are received for all packets."
* Forward: If TCP guarantees delivery, it must receive acknowledgments (to confirm receipt)

* Reverse: If acknowledgments are received for all packets, TCP can guarantee delivery (as confirmed)

k<k (k is a subset of k)
Example: All dogs are animals (the set of dogs is a subset of animals).

Additional Examples:

* All squares are rectangles

* All microprocessors are integrated circuits

* All NP-complete problems are in NP

* All IPv4 addresses in the 10.0.0.0/8 range are private addresses

Application: Inheritance in object-oriented programming uses subset relationships.

Additional Applications:

* Network subnetting uses subset relationships to organize IP address spaces

* Access control models use subset relationships for role hierarchies

» Database normalization leverages subset relationships between functional dependencies

* Type systems in programming languages use subset relationships to establish compatibility

Proof Example:
To prove that kSk (a set is a subset of itself), we use the definition of subset.

Proof that any set k is a subset of itself:

* For kCk to be true, we need to show that Vx(x€k — x€k)
* Let x be any element such that x€k

* Trivially, x€k (identical to our assumption)

 Therefore, x€k — x€k is true for all x

* Thus, kCk is proven

Student Exercises

Prove that if ASB and BEC, then ACC (transitivity of subset relation).

Ifset A={1,2,3} and set B= {1, 2, 3, 4, 5}, demonstrate that ACB by checking each element.

Consider the sets X = {a, b, c} and Y = {a, b, c}. Prove that XCY and YESX, and explain what this implies
about the relationship between X and Y.



In a computer network, subnet 192.168.1.0/24 is contained within the larger subnet 192.168.0.0/16. Explain this
in terms of subset relationships and verify that the subset property holds.

If P(A) represents the power set of A, prove that ACB implies P(A)SP(B).

For any sets C and D, prove or disprove: CECUD.

In object-oriented programming, explain how the relationship "Square is a Rectangle" represents a subset
relationship and identify potential issues with this model.

Answer Key

Proof:

* Assume ACB and BEC

* Let x be any element such that xEA

« Since ACB, it follows that x€B

« Since BEC, it follows that xeC

* Therefore, for any XEA, we have x€C
* This proves that ACC
Demonstration:

*1€Aand 1€B V

*2€A and 2€eB vV

*3€A and 3€B vV

* Every element of A is in B

* Therefore, ACB is verified

Proof:

* To show XCY: For each element in X, we check if it's in Y
eaeX and a€Y v

*beX and beY vV

e ceX and ceY vV
» To show YEX: For each element in Y, we check if it's in X
¢ a€Y and a€X vV
*bEY and beX v

* cEY and ceEX V

* Since XEY and YEX, by definition X=Y (two sets are equal if and only if they contain exactly the same
elements)

Answer:

* 192.168.1.0/24 represents IP addresses from 192.168.1.0 to 192.168.1.255

* 192.168.0.0/16 represents IP addresses from 192.168.0.0 to 192.168.255.255

* Every IP address in the /24 subnet is also contained in the /16 subnet

* Therefore, 192.168.1.0/24 € 192.168.0.0/16

* This is why in network design, subnetting creates hierarchical subset relationships

Proof:

» Assume ASB

* To show P(A)SP(B), we need to prove that every element of P(A) is also in P(B)

* Let X be any set such that X€P(A)

* By definition of power set, XSA

* Since ASB and subset relation is transitive (as proved in exercise 1), XEB

* Therefore, X€EP(B)

* Since any X€P(A) implies XEP(B), we have P(A)CP(B)

Proof:

* To prove CECUD, we need to show that every element in C is also in CUD

* Let x be any element such that xeC

* By the definition of union, if x€C, then x€CUD

* Therefore, CECUD is proven

Answer:

* In OOP, "Square is a Rectangle" means the set of all Square objects is a subset of Rectangle objects
» Every Square satisfies all properties of a Rectangle (has 4 sides, opposite sides are parallel, 4 right angles)
* However, this model has the "Liskov Substitution Principle" issue:

* A Rectangle allows setting width and height independently

* A Square requires width = height at all times

* If Square inherits from Rectangle, it might violate expected Rectangle behavior



* This demonstrates that mathematical subset relationships don't always translate perfectly to OOP inheritance
Empty Set (@)
Example: The set of people who are both under 20 and over 70 years old.

Additional Examples:

* The set of real numbers that are both greater than 5 and less than 2
* The set of files that are simultaneously read-only and write-only

* The set of network packets that are both IPv4 and IPv6

* The set of integers that are both odd and even

Student Exercises

Prove that the empty set is a subset of every set.

Identify three examples of empty sets in computer science or information technology.

If A =@ and B is any set, determine whether the following are true or false, with justification:
a) ACB

b) BSA
¢) ANB =0
d) AUB =B

Prove that the intersection of any set with its complement results in the empty set.

In database theory, what does an empty result set from a query indicate? Provide an example query that might
return an empty set.

Prove that if A and B are sets where ASB and ANB = @, what can you conclude about set A?

How is the concept of the empty set relevant in error handling in programming? Provide a practical example.

Answer Key
Proof:
* To prove @S A for any set A, we need to show that every element in @ is also in A
* The empty set has no elements, so the statement "every element in @ is also in A" is vacuously true
* Therefore, S A for any set A
Examples:
* The set of variables in a program that are simultaneously initialized and uninitialized
* The set of network ports that are both open and closed
* The set of file permissions that grant write access but are read-only
Answers:
a) ACB: True, because the empty set is a subset of every set (as proven in exercise 1)
b) BCA: True only if B is also empty; False if B contains any elements (since those elements would be in B
but not in A)
¢) ANB = @: True, because the intersection with an empty set is always empty
d) AUB = B: True, because adding the empty set to any set leaves the set unchanged
Proof:
* Let A be any set and A”c be its complement
* By definition, A”c contains all elements that are not in A
* For any element x, either XEA or XEA"c, but never both
* Therefore, there is no element that belongs to both A and A”c
* So ANA”c¢ has no elements, which means ANA”c = @
Answer:
* An empty result set indicates that no records satisfied the query conditions
* Example: SELECT FROM Employees WHERE salary > 100000 AND salary < 50000
* This query returns an empty set because no salary can simultaneously be both greater than 100,000 and less
than 50,000
Proof:
* Given: ACB and ANB=0
* If ACB, then every element of A is in B
* If ANB = @, then A and B have no elements in common
* These statements can only both be true if A has no elements
* Therefore, A= 0
Answer:
* The empty set concept is used when functions return collections that might be empty



* Example: In Java, when searching for elements in a list that match certain criteria, if none match, an empty list
is returned rather than null

* This allows code like: for(Element e : findElements(criteria)) { process(e); }

* If no elements match, the loop runs zero times instead of causing a null pointer exception

* This is an application of the "Null Object Pattern" where an empty collection represents the absence of results

Application: Error handling systems use empty sets to represent "no results found" situations.
Additional Applications:

Base cases in recursive algorithms often involve empty sets

Null space in linear algebra represents the set of vectors that transform to zero

Dead code elimination in compilers identifies code blocks with empty execution paths
Network isolation policies create empty sets of permitted connections between zones

Proof Example:

To prove a set is empty, we can show that assuming it contains an element leads to a contradiction.
Proof that "The set of integers that are both odd and even is empty":

Assume the set S = {x | x is an integer and x is both odd and even} is non-empty
Then there exists some integer n that is both odd and even

n is even means n = 2k for some integer k

n is odd means n = 2j+1 for some integer j

Therefore, 2k = 2j+1

This implies k = j+1/2

But j+1/2 is not an integer

This contradicts our assumption that k is an integer

Therefore, S must be empty

Student Exercises - Empty Sets

Prove that the set of real numbers that are both greater than 5 and less than 3 is empty.

Give an example of how empty sets are used in database query optimization.

Describe a practical application of empty sets in cybersecurity.

Prove that the set of natural numbers that are both prime and even, except for 2, is empty.

In a programming language of your choice, write a function that returns an empty set when certain conditions
are met. Explain its purpose.

Answer Key - Empty Sets

Proof: Assume the set T = {x | X is a real number and x > 5 and x < 3} is non-empty. Then there exists some real
number r such that r > 5 and r < 3. This means r > 5 and simultaneously r < 3, which implies 5 <r < 3. But this
is impossible since no number can be both greater than 5 and less than 3 (as 5 > 3). This contradiction proves
that T must be empty.

Database Query Example: In database query optimization, when a query involves joining tables on conditions
that cannot be satisfied (e.g., joining records where date > '2023-01-01' AND date < '2022-01-01"), the optimizer
can recognize this will produce an empty result set and skip executing the join operation entirely, saving
computational resources.

Cybersecurity Application: In network security, access control lists (ACLs) can be configured to create an
empty set of permitted connections between a sensitive server and untrusted networks, effectively implementing
an "air gap" or complete isolation. This ensures no data can flow between these systems through normal
network channels.



Proof: Assume the set P = {x | x is a natural number, X is prime, x is even, and x # 2} is non-empty. Then there
exists some natural number n that is prime, even, and not equal to 2. Since n is even, n = 2k for some natural
number k. If k = 1, then n = 2, which contradicts our assumption that n # 2. If k> 1, then n has 2 and k as
factors, making n composite, not prime. This contradicts our assumption that n is prime. Therefore, P must be
empty.

Programming Example (Python):

This function returns an empty set when the search criteria contain logical contradictions, such as looking for
people with a minimum age greater than the maximum age.

Cardinal Numbers [k]
Example: The cardinality of a football team is 11 players on the field.
Additional Examples:

The cardinality of the set of bits in a byte is 8

The cardinality of IPv4 address space is 22

The cardinality of ASCII printable characters is 95

The cardinality of a 4-bit processor's directly addressable memory is 16

Application: Resource allocation systems use cardinality to manage available slots.
Additional Applications:

Memory management systems use cardinality to track available blocks

Network bandwidth allocation depends on the cardinality of active connections
Thread pools limit the cardinality of concurrent operations

Database query optimization uses cardinality estimates to choose execution plans
Load balancers distribute traffic based on the cardinality of server pools

Student Exercises - Cardinal Numbers

Calculate the cardinality of the power set of {a, b, c, d}.

Explain the difference between countable and uncountable infinity, providing examples of each.

A database table has 5 columns that can each be filtered. How many different possible filter combinations exist
(including using no filters)?

If a hash function produces outputs of 256 bits, what is the cardinality of the set of all possible hash values?
Express your answer in standard form.

A company uses 3-digit employee IDs where each digit can be 0-9. If they currently employ 400 people, what
percentage of possible IDs are still available?

Answer Key - Cardinal Numbers

The cardinality of the power set of a set S is 2”|S|, where |S] is the cardinality of S. Since |{a, b, ¢, d}| =4, the
cardinality of its power set is 24 = 16.

Countable infinity: A set is countably infinite if its elements can be put in a one-to-one correspondence with the
natural numbers. Examples include the set of integers, the set of rational numbers, and the set of algebraic
numbers.

Uncountable infinity: A set is uncountably infinite if it cannot be put in a one-to-one correspondence with the
natural numbers. Examples include the set of real numbers, the set of irrational numbers, and the power set of
natural numbers.

The key difference is that countably infinite sets can be "listed" in sequence (even if the list is infinite), while
uncountably infinite sets cannot.

For each column, there are 2 possibilities: either apply a filter or don't. With 5 columns, the total number of
possible filter combinations is 25 = 32.

A 256-bit hash function can produce 27256 different outputs. This equals approximately 1.16 x 10"77 possible
hash values in standard form.

With 3 digits (0-9), there are 103 = 1,000 possible employee IDs. If 400 are currently in use, then 600 are still
available. The percentage of available IDs is (600/1000) x 100% = 60%.

Von Neumann Arithmetic Applications



Cardinal numbers represent class sizes in practical terms. If k represents Jim's collection of houses:

* Jim has 0 houses means k is equivalent to the empty set
* Jim has 1 house means k is equivalent to a set with one element
* Jim has 2 houses means k is equivalent to a set with two elements

Advanced Von Neumann Arithmetic Applications:

Computer Memory Allocation:
In memory management systems, Von Neumann's set-theoretic approach models memory blocks
Each memory address points to the next available address, creating a chain similar to Von Neumann ordinals
Example: A linked list implementation where each node contains both data and a pointer to the next node
models Von Neumann's successor operation

Digital Logic Design:

Von Neumann's approach to building complex structures from simpler ones mirrors how complex digital
circuits are built from elementary gates

Example: A 4-bit counter can be represented as a set of 16 possible states, with the successor function
implemented through digital logic

Database Indexing:

B-tree and other hierarchical index structures use set-theoretic principles similar to Von Neumann's
construction

Each node in the tree contains references to successor nodes, building complex relationships from simple
ones

Distributed Systems Consensus:

Student Exercises - Von Neumann Arithmetic

Using Von Neumann's construction, represent the numbers 0 through 3 as nested sets.

Explain how Von Neumann's successor operation relates to incrementing a counter in computer programming.
Design a simple linked list structure that demonstrates Von Neumann's approach to building complex structures
from simpler ones.

How might Von Neumann's set-theoretic approach be applied to represent a file system hierarchy? Provide a
specific example.

Compare and contrast Peano axioms with Von Neumann's construction of natural numbers. What are the key
similarities and differences?

Answer Key - Von Neumann Arithmetic
Von Neumann's construction of numbers as sets:
* 0 = @ (the empty set)
< 1={0} = {0}
*2={0,{0}} = {0, 1}
*3=1{0, {0}, {0, {0}}} =1{0,1,2}
Von Neumann's successor operation defines the successor of a number n as S(n) =n U {n}. This parallels
incrementing a counter in programming because:
* Both operations produce the "next" element in a sequence
* Both maintain all previous information (Von Neumann's construction includes all previous numbers in the set)
* Both follow a recursive pattern where each new element is defined in terms of previous elements
The key difference is that in programming, incrementing typically replaces the current value, while Von
Neumann's construction builds increasingly complex sets.
A linked list demonstrating Von Neumann's approach:

This structure mimics Von Neumann's construction where each number contains all its predecessors.
In a file system hierarchy using Von Neumann's approach:
* The root directory (/) could be represented as the empty set @
* Each subdirectory contains both its own files and references to deeper subdirectories

Example:



Each directory "contains" all its parent directories, similar to how Von Neumann's number n contains all
numbers less than n. This models the hierarchical containment relationship in file systems.
Comparison of Peano axioms and Von Neumann construction:

Similarities:
* Both define 0 (or a starting element)
* Both define a successor function to generate the next number
* Both use induction to prove properties about all natural numbers

Differences:
* Peano axioms are axiomatic (they state properties that natural numbers must satisfy) while Von Neumann's
construction explicitly builds the natural numbers as specific sets
* In Peano axioms, numbers are abstract objects; in Von Neumann's construction, numbers are concrete sets with
specific elements
* Peano axioms require a separate axiom to prevent cycles (the successor of a number is never 0), while in Von
Neumann's construction, this property emerges naturally from the set-theoretic definition
* Von Neumann's construction provides a direct implementation of natural numbers within set theory, whereas
Peano axioms describe natural numbers without specifying how they should be implemented

In algorithms like Paxos or Raft, Von Neumann's ordinal concept helps model the sequence of consensus
decisions

Example: In blockchain technology, each block contains a reference to its predecessor, creating an ordinal-like
structure

Recursive Function Implementation:

Von Neumann's recursive definitions of arithmetic operations translate directly to recursive implementations in
functional programming

Example proof of recursive addition correctness:

Von Neumann Multiplication Example:

Proof that multiplication distributes over addition: ax(B+y)=(axp)+(axy)

By Von Neumann definition, axf3 represents a copies of

ax(B+y) represents a copies of the combined set (B+y)

When we create a copies of (B+y), each copy contains elements from both 3

Recursive Definitions and Set-Theoretic Foundations of Arithmetic

Recursive Definition of Multiplication (continued)

* Recursive case: ax(B+1)=(axp)+ao (multiplying by the next number means adding one more group)

This recursive definition captures the fundamental idea that multiplication can be understood through repeated
addition. Let's develop this with more detailed examples:

Proof Example: Computing 3x4 Using the Recursive Definition
3x4 =3x(3+1) = (3x3)+3 (applying the recursive case)
Now we need to find 3x3

3%x3 =3x(2+1) = (3x2)+3 (applying the recursive case again)



Now we need to find 3x2

3x2 =3x(1+1) = (3x1)+3 (applying the recursive case again)
Now we need to find 3x1

3x1 =3x(0+1) = (3x0)+3 (applying the recursive case again)
3x0 =0 (base case)

Therefore: 3x1 = (3x0)+3=0+3=3

Therefore: 3x2=(3x1)+3=3+3=6

Therefore: 3x3 = (3x2)+3=6+3=9

Therefore: 3x4 = (3x3)+3 =9+3 =12

This proof demonstrates how recursive definitions build up complex operations from simpler ones using logical
inference at each step.

Extended Real-Life Examples:
« If you buy 0 packages of 5 cookies, you have 0 cookies (base case)

* If you buy 3 packages of 5 cookies, that's like buying 2 packages (10 cookies) and then adding 5 more cookies
(total: 15 cookies)

* If a processor performs 3 operations per clock cycle, then in 4 clock cycles it performs 3x4=12 operations.
This can be broken down as: 3 operations in the first cycle, plus 3 in the second, plus 3 in the third, plus 3 in the
fourth.

* In digital circuit design, if you need to multiply a binary number by 2”n, you can shift left by n bits. This
works because binary multiplication follows the same recursive pattern: doubling a number means adding it to
itself.

Application in Computer Science:

These recursive definitions form the foundation of functional programming languages like Haskell and Scheme,
where operations are built from base cases and recursive steps rather than loops. For example, a multiplication
function in Haskell might be defined as:

In digital signal processing, recursive definitions underlie concepts like finite impulse response (FIR) filters,
where each output is computed as a weighted sum of current and previous inputs.

Von Neumann Arithmetic Applications

Von Neumann's approach to arithmetic provides a foundation for computer memory addressing and data
structures:

Student Exercises - Consensus Algorithms and Recursive Functions

Ordinal Understanding: In the Raft consensus algorithm, leader election proceeds through a series of terms.
Explain how Von Neumann's ordinal concept applies to this process, and why it's important that nodes can
compare term numbers.

Recursive Multiplication: Using Von Neumann's recursive definition of multiplication, demonstrate step-by-step
how to compute 5x3.

Proof Exercise: Prove that for any ordinal a, ax0=0 using Von Neumann's definitions.

Algorithm Application: Describe how Von Neumann's ordinal concept might be applied in a distributed system
to establish a total ordering of events without a centralized clock.



Recursive Implementation: Write pseudocode for a recursive function that implements Von Neumann addition
for non-negative integers.

Blockchain Analysis: Explain how the blockchain structure relates to Von Neumann's concept of well-ordered
sets. What properties make this structure mathematically sound for maintaining consensus?

Distributive Property: Complete the proof that multiplication distributes over addition by showing how elements
from both B and y are represented in the final result ax(B+y).

Answer Key
Ordinal Understanding: In Raft, each term is a number that increases monotonically over time. This directly
corresponds to Von Neumann's ordinal concept, where each ordinal is "greater than" all previous ordinals. When
nodes compare term numbers, they're effectively using this ordinal property to determine which node has the
most up-to-date information. This is crucial because it allows the system to establish a total ordering of
leadership claims, ensuring that older leaders cannot override decisions made by newer leaders.
Recursive Multiplication:
e 5x3 =5%(2+1) = (5%2)+5 (applying recursive case)
* We need to find 5x2
e 5x2 = 5%(1+1) = (5%1)+5 (applying recursive case)
* We need to find 5x1
e 5x1 =5%(0+1) = (5%0)+5 (applying recursive case)
* 5x0 =0 (base case)
* Therefore: 5x1 =0+5=5
* Therefore: 5x2 =5+5=10
* Therefore: 5x3 =10+5 =15
Proof Exercise:

Base case: 0x0 = 0 (by definition)

Inductive step: Assume ax0 = 0 for some ordinal a

Then (a+1)x0 = (ax0)+(1x0) = 0+0 = 0 (by distributive property)

Therefore, by transfinite induction, ax0 = 0 for all ordinals a.
Algorithm Application: In a distributed system, each node could maintain a local counter that increments with
each new event. When communicating, nodes would include their local counter value and a node identifier.
When receiving a message, a node would update its counter to max(localcounter, messagecounter)+1. This
creates a logical clock system where events can be totally ordered by comparing (counter, nodeid) tuples, with
the nodeid breaking ties. This is essentially the Lamport clock algorithm, which builds on Von Neumann's
ordinal concept by creating a well-ordered set of logical timestamps.
Recursive Implementation:

Blockchain Analysis: A blockchain forms a totally ordered sequence where each block references its
predecessor, creating a chain that can be traversed from any block back to the genesis block. This structure
implements Von Neumann's concept of well-ordered sets, where every non-empty subset has a least element. In
blockchain, the genesis block serves as the least element, and the chain itself establishes a strict ordering
relationship between blocks. This mathematical property ensures that all nodes in a blockchain network can
agree on the exact sequence of transactions, which is essential for maintaining consensus without central
authority.
Distributive Property:

By definition, ax(f+y) means making a copies of the set (B+y).

Each copy contains all elements from  and all elements from vy.

So in total, we have a copies of all elements in § and a copies of all elements in vy.

This is exactly what (ax)+(axy) represents: o copies of B combined with a copies of y.

Therefore, ax(B+y)=(axp)+(axy).

Memory Allocation: The successor function (n+1) forms the basis of sequential memory addressing in
computers, where each memory location is identified by its position relative to a base address.

The successor function is fundamental to how computers organize and access data in memory. When a program
requests memory for variables or data structures, the system allocates consecutive memory locations using the
successor function principle to determine each subsequent address.

Student Exercises - Memory Allocation
If a computer's base memory address is 0x1000 and each memory location requires 4 bytes, write out the first 6
memory addresses that would be allocated for an array.



Explain how the successor function applies when allocating memory for an array of 10 integers in C
programming. What happens at the memory level?

A linked list implementation doesn't use consecutive memory locations. How does this relate to or differ from
the successor function concept in memory allocation?

If a program is using memory addresses from 0x4000 to 0x4020 for a data structure, and each element occupies
2 bytes, how many elements are stored in this memory region? Show your calculation.

Design a simple memory allocation algorithm that uses the successor function to manage a pool of 100 memory
blocks. Include pseudocode for allocation and deallocation operations.

Compare the memory allocation strategies of stack versus heap. How does the successor function apply
differently in each case?

Answer Key
The memory addresses would be: 0x1000, 0x1004, 0x1008, 0x100C, 0x1010, 0x1014. Each address is the
successor of the previous one, incremented by 4 bytes.
When allocating an array of 10 integers in C, the system reserves a contiguous block of memory. If each integer
requires 4 bytes and the starting address is P, the memory addresses would be P, P+4, P+8, ..., P+36. The
successor function is applied repeatedly, with each new address being the successor of the previous one (adding
the size of one element).
In a linked list, elements can be stored in non-consecutive memory locations, with each node containing a
pointer to the "successor" node. While this differs from the direct memory address succession in arrays, it still
implements the successor function conceptually, as each node points to its successor. The difference is that the
successor relationship is explicit (stored as a pointer) rather than implicit (calculated by address arithmetic).
Memory range = 0x4020 - 0x4000 = 0x20 = 32 bytes

Each element occupies 2 bytes

Number of elements =32 + 2 = 16 elements

Stack allocation: Memory is allocated in a highly structured way with the successor function applied to create a
continuous, growing block of memory. When a function is called, its local variables are allocated at the top of
the stack by incrementing a stack pointer (applying the successor function). When the function returns, the
memory is deallocated by decrementing the pointer.

Heap allocation: Memory can be allocated in non-contiguous blocks. While the successor function still applies
within each allocated block, the blocks themselves may not be sequential in memory. The system maintains
complex data structures to track free and allocated regions, and may use strategies like "first-fit" or "best-fit"
that don't necessarily allocate the next available block.

Linked Lists: The recursive nature of Von Neumann ordinals mirrors the structure of linked lists in
programming, where each element points to its successor.

Linked lists embody the fundamental concept of successor relationships that Von Neumann ordinals represent.
In a linked list, each node contains both data and a reference (or pointer) to its successor, creating a chain of
elements that can be traversed sequentially, similar to how each Von Neumann ordinal contains all of its
predecessors and points to its successor.

Student Exercises - Linked Lists

Draw a linked list representing the Von Neumann ordinal 3 = {0, 1, 2}. Label each node with both its data value
and what sets it would contain according to Von Neumann's definition.

Implement a simple linked list in a programming language of your choice that stores the first 5 Von Neumann
ordinals. Include methods to display each ordinal's elements.

How would you modify a standard linked list implementation to more accurately represent Von Neumann
ordinals, where each ordinal contains all its predecessors? Provide pseudocode for your solution.

Explain the relationship between transfinite ordinals in Von Neumann's theory and potential implementations of
infinite linked lists in theoretical computer science.

Compare and contrast the memory efficiency of representing Von Neumann ordinals using linked lists versus
arrays. What are the trade-offs?

Answer Key
Linked List Representation of Von Neumann ordinal 3:



Von Neumann's transfinite ordinals extend beyond the natural numbers to include the first infinite ordinal (®)
and beyond. In theoretical computer science, an infinite linked list could conceptually represent m, with an
infinite chain of successor nodes. However, physical computers cannot instantiate truly infinite data structures.

We could implement a "potentially infinite" linked list using lazy evaluation or generators, where nodes are
created on-demand as traversal occurs, potentially continuing indefinitely until system resources are exhausted.
This mirrors how transfinite ordinals extend the concept of succession beyond finite ordinals.

The key relationship is that both Von Neumann's transfinite ordinals and infinite linked list implementations
deal with the concept of "what comes after everything finite" - in set theory this is ®, while in computing it's
represented by data structures that can grow without a predetermined bound.

Comparison:

Linked List Representation:
» Advantages: Naturally represents the successor relationship; allows for dynamic growth; each node can
directly reference its predecessors (matching Von Neumann's definition)
* Disadvantages: Higher memory overhead due to pointer storage; slower access time for retrieving specific
ordinals (O(n))

Array Representation:
» Advantages: More memory efficient for storing just the values; constant-time access to any ordinal; better
cache locality
* Disadvantages: Fixed size requires pre-allocation or resizing; doesn't naturally represent the "contains all
predecessors" property of Von Neumann ordinals

Trade-offs: Arrays are more efficient for simple ordinal values but don't capture the recursive containment
structure. Linked lists better represent the theoretical structure but at the cost of performance and memory
efficiency. The choice depends on whether the application needs to model the mathematical properties
accurately or simply use the ordinal values.

Iteration Counters: In embedded systems programming, loop counters that increment by accessing the successor
of the current value directly implement Von Neumann's concept of successor.

In embedded systems, where hardware resources are limited and efficiency is critical, iteration counters are
fundamental components that often directly implement the successor function. These counters are used to
control loops, measure elapsed time, or track events in real-time applications.

Student Exercises - Iteration Counters

Write a simple C program for an embedded system that uses a counter implementing the successor function to
blink an LED 10 times, with each state (on/off) lasting 500ms.

In embedded systems with limited bit width registers (e.g., 8-bit microcontrollers), overflow can occur when a
counter reaches its maximum value. Explain how this relates to Von Neumann's successor function and how it
should be handled in critical applications.

Design an interrupt-driven counter system for an embedded application that counts external events (like button
presses). Explain how the successor function is implemented in hardware vs. software in this scenario.
Compare and contrast three different methods for implementing iteration in memory-constrained embedded
systems: for-loops with explicit counters, while-loops with successor operations, and recursive approaches.
Discuss their relationship to Von Neumann's successor function.

Some embedded systems implement tick counters for timekeeping. If a system increments a 32-bit counter
every millisecond, calculate how long it will take before the counter overflows, and explain how this relates to
the successor function's limitations in finite systems.

Answer Key
In 8-bit microcontrollers, counters are limited to values from 0 to 255. The successor of 255 in an 8-bit system
causes overflow, wrapping back to 0. This differs from Von Neumann's mathematical successor function where

every natural number has a unique successor without limitation.

In critical applications, overflow must be handled through:
* Range checking before applying the successor operation



* Using larger data types when possible (16/32-bit)
* Implementing overflow detection with conditional logic
* Using specialized timer/counter hardware with overflow interrupts

For example, in safety-critical systems, code might look like:

This overflow issue demonstrates the practical limitations of implementing mathematical concepts in finite
physical systems.
Interrupt-Driven Counter System:

Hardware implementation:

Software implementation:

The successor function is implemented:
* In hardware: Through the interrupt controller that detects the event
* In software: Through the increment operation on the counter variable

The hardware provides the triggering mechanism, while the software implements the actual successor
operation. This division allows efficient event counting with minimal CPU overhead.
Iteration methods in embedded systems:
For-loops with explicit counters:

* Directly implements successor function with i++

* Predictable memory usage (one variable)

* Clear bounds and termination condition

* Relation to Von Neumann: Explicitly models ordinal succession
While-loops with successor operations:

* More flexible termination conditions

* Variable can be modified within the loop

* Relation to Von Neumann: Same as for-loop but with more explicit control
Recursive approaches:

* Uses stack memory for each recursion level

* Risk of stack overflow in memory-constrained systems

* Relation to Von Neumann: Models ordinal succession through function calls
* Most closely reflects the formal definition of numbers based on successors

In memory-constrained systems, for-loops are typically most efficient, as they have predictable memory
usage. Recursion, while mathematically elegant and closer to Von Neumann's formal definition, is often avoided
due to stack overflow risks in limited-memory environments.

For a 32-bit counter incrementing every millisecond:

Maximum value of 32-bit unsigned integer: 232 -
Applications of Set Theory and Axioms
* Cartesian products are fundamental in database design, where they represent all possible combinations of
attributes from different tables. In a relational database join operation, we effectively compute a filtered

cartesian product.

* In machine learning, the feature space for classification problems is often a cartesian product of individual
feature domains.

* Selections are used in choice functions in economics and decision theory, modeling how agents choose from
available options.



* In digital circuit design, multiplexers implement a selection function, choosing one input from several based
on a selector value.

These set-theoretic constructions allow arithmetic to be built purely from logical foundations, demonstrating
how mathematics emerges from logic.

Student Exercises - Applications of Set Theory

Consider a database with a Customer table (id, name) and an Order table (orderid, customerid, product). Write
out what the cartesian product of these tables would contain and explain how a JOIN operation filters this
product.

In a machine learning context, if you have features for height (in cm), weight (in kg), and blood type (A, B, AB,
0), describe the feature space as a cartesian product and calculate its cardinality.

Design a simple multiplexer circuit that selects between three input signals based on a two-bit selector. Explain
how this relates to the selection function in set theory.

In economics, a consumer has preferences over the set of goods X = {apple, banana, cherry}. How many
possible preference relations exist over this set? Explain how this relates to selection functions.

Provide a real-world example where computing the cartesian product of sets is inefficient, and suggest how to
optimize the computation in practice.

Answer Key - Applications of Set Theory

The cartesian product would contain all possible pairs of customer and order records: {(customerl, orderl),
(customerl, order2),...,(customer2, orderl),...}. A JOIN operation filters this product by keeping only pairs
where customerid in the order record matches the id in the customer record, eliminating combinations that don't
represent actual relationships.

The feature space would be: Height x Weight x BloodType, where Height = [140, 210] (cm), Weight = [40,
150] (kg), and BloodType = {A, B, AB, O}. Assuming we discretize height and weight to integers, the
cardinality would be approximately 71 x 111 x 4 = 31,524 possible combinations.

A 3-input multiplexer would use a 2-bit selector (S1, S0): When S1=0, S0=0, select input 1; when S1=0, S0=1,
select input 2; when S1=1, S0=0, select input 3. This implements a selection function that maps from {0,1}? to
the set of inputs {inputl, input2, input3}.

For a set with 3 elements, there are 3! = 6 possible strict total orderings (preferences without indifference). This
relates to selection functions because a rational consumer's choice function selects the most preferred element
from any available subset according to these preferences.

In database joins between large tables: computing the full cartesian product before filtering would be extremely
inefficient. Instead, databases use indexing, hash joins, or merge joins to avoid materializing the entire product,
focusing only on matching records.

Axiom of Extensionality and Identity
Axiom of Extensionality

The Axiom of Extensionality states that two sets are identical if and only if they have exactly the same
members.

Examples:
Consider two shopping lists. If List A contains "milk, eggs, bread" and List B contains "bread, milk, eggs," they
are the same list according to the Axiom of Extensionality, despite the different order. The content matters, not

the presentation.

In computer science, hash sets in languages like Java or Python implement this principle. Two HashSets with
the same elements are considered equal regardless of insertion order.

In electrical circuit design, two circuits with identical components connected in the same topology are
functionally equivalent regardless of physical layout.

Proof using the Axiom of Extensionality:

To prove that {1,2,3} = {3,1,2}:



Every element of {1,2,3} isin {3,1,2}: 1€{3,1,2}, 2€{3,1,2}, 3€{3,1,2}
Every element of {3,1,2} isin {1,2,3}: 3€{1,2,3}, 1€{1,2,3}, 2€{1,2,3}
Therefore, by the Axiom of Extensionality, {1,2,3} = {3,1,2}

Real-world application: Database systems rely on this principle. When checking if two database tables contain
the same data, the system verifies they have identical records regardless of storage order. In distributed systems,
data replication checks often use this principle to ensure consistency across nodes.

Student Exercises - Axiom of Extensionality

Prove that the sets A = {x | x> =4} and B = {-2, 2} are equal using the Axiom of Extensionality.

Let C = {x | x is a prime number less than 10} and D = {2, 3, 5, 7}. Use the Axiom of Extensionality to
determine if C =D.

In programming, explain how the implementation of a HashSet differs from an ArrayList with respect to the
Axiom of Extensionality. Provide code examples in a language of your choice.

IfE = {@, {@}, {{D}}}, determine all elements and their relationships. Then create a different set F that would
be equal to E according to the Axiom of Extensionality.

In set theory, we define A € B (A is a subset of B) if every element of A is also an element of B. Use the Axiom
of Extensionality to prove that if A € B and B € A, then A = B.

Answer Key - Axiom of Extensionality

For A= {x|x*=4} and B = {-2, 2}:

* To show A € B: If x € A, then x2 =4, which means x =2 or x =-2, so x € B.
* To show B € A: If x € B, then x =2 or x = -2. In both cases, x2=4,s0 X € A.
* By the Axiom of Extensionality, since A € B and B € A, we have A =B.
For C = {x | x is a prime number less than 10} and D = {2, 3, 5, 7}:

* The prime numbers less than 10 are exactly 2, 3, 5, and 7.

* Therefore, every element of C is in D, and every element of D is in C.

* By the Axiom of Extensionality, C = D.

In Java:

E= {0, {@#}, {{@}}} contains three elements:

* The empty set: @

* The set containing only the empty set: {@}

* The set containing only the set containing the empty set: {{@}}

A set F that equals E by the Axiom of Extensionality would be:
F={{{0}}, @, {@}} - same elements in different order.

Proof:

*GivenA S Band BE A

* To prove A = B, we must show they have the same elements

* For any x, if x € A, then x € B (since A € B)

* For any x, if x € B, then x € A (since B € A)

* Therefore, A and B have exactly the same elements

* By the Axiom of Extensionality, A =B

Leibniz's Law
Leibniz's Law states that if two objects are identical, then they share all properties.
Examples:

If the morning star and the evening star are identical (both being Venus), then all properties of the morning star
(brightness, position, composition) must also be properties of the evening star.

In programming, if two variables reference the same object, any modification to one variable affects the other
because they share all properties.



In electrical engineering, if two circuit nodes are connected by a wire of negligible resistance, they can be
treated as identical nodes with the same voltage and current properties.

Proof example using Leibniz's Law:

To prove that if a = b, then a? = b*:

Assume a=Db

Consider the property P(x): "x? equals a"

Clearly, P(a) is true since a? = a?

By Leibniz's Law, if a = b, then P(a) if and only if P(b)
Since P(a) is true, P(b) must also be true

Therefore, b?> = a?

Student Exercises - Leibniz's Law

Use Leibniz's Law to prove that if a = b, then sin(a) = sin(b).

In programming, explain the difference between "=="and ".equals()" in Java using the concept of Leibniz's
Law. Provide a code example that demonstrates this difference.

Consider the property "is the tallest building in the world." If the Burj Khalifa is the tallest building, and the
Burj Khalifa is in Dubai, use Leibniz's Law to derive a conclusion.

Provide a counterexample to the converse of Leibniz's Law: "If objects share all observable properties, then they
are identical." Explain your reasoning.

Use Leibniz's Law to prove thatif x + y=zand x =w, thenw +y =2z.

Answer Key - Leibniz's Law

Proof:

* Assume a=b

* Consider the property P(x): "sin(x) equals sin(a)"

* Clearly, P(a) is true since sin(a) = sin(a)

* By Leibniz's Law, if a = b, then P(a) if and only if P(b)
« Since P(a) is true, P(b) must also be true

* Therefore, sin(b) = sin(a)

In Java:

Using Leibniz's Law:

* The Burj Khalifa is the tallest building in the world

* The Burj Khalifa is in Dubai

* By Leibniz's Law, since the two subjects are identical, we can substitute
* Therefore, the tallest building in the world is in Dubai

Counterexample:

Two factory-produced coins from the same mint may share all observable properties (weight, dimensions,
material, design), but they are not the same coin. They occupy different positions in space, have different
microscopic imperfections, and have different historical trajectories. This shows that sharing all observable
properties doesn't guarantee identity.

Proof:

*Given: x+ty=zandx=w

* Consider the property P(u): "u +y=2z"

* We know P(x) is true because x +y =z

* By Leibniz's Law, since x = w, P(x) if and only if P(w)
* Since P(x) is true, P(w) must also be true

* Therefore, w+y =1z

Real-world application: In computer hardware verification, Leibniz's Law underlies formal equivalence
checking. If two circuit designs are proven to have identical functional behavior under all inputs, they can be
considered the same design from a logical perspective, regardless of physical implementation differences.



Student Exercises:

A circuit designer implements a 4-bit adder using two different approaches: one with NAND gates and another
with NOR gates. Using Leibniz's Law, explain how you would determine if these implementations are
functionally equivalent.

Company A claims their proprietary CPU design is completely original, but Company B alleges it's identical to
their design. What properties would you need to compare to apply Leibniz's Law in this dispute?

Consider two different sorting algorithms that produce identical outputs for all possible input arrays. Are they
"identical" according to Leibniz's Law? Why or why not?

In hardware verification, engineers often use "abstract models" to represent circuits. How does Leibniz's Law
help justify this practice?

A quantum computer and a classical computer can both factor the number 15 into its prime components. Does
this shared property make them identical according to Leibniz's Law? Explain your reasoning.

Answer Key:

To determine functional equivalence using Leibniz's Law, I would create a truth table for all 16 possible 4-bit
input combinations and verify that both implementations produce identical outputs for every input. I would also
check timing characteristics, power consumption, and reliability under different conditions. If all functional
behaviors are identical, they can be considered the same design logically, despite using different gate types.

To apply Leibniz's Law, I would need to compare: instruction set architecture, register organization, memory
addressing modes, pipeline structure, cache implementation, branch prediction mechanisms, execution timing,
power consumption profiles, and bus interface specifications. If all these properties are identical, the designs
could be considered the same according to Leibniz's Law.

While the sorting algorithms produce identical outputs, they are not necessarily identical according to Leibniz's
Law because they may differ in other properties such as time complexity, space complexity, stability, and
internal operations. Leibniz's Law requires ALL properties to be identical, not just input-output behavior.
Leibniz's Law justifies abstract modeling because if an abstract model has all the same functional properties as
the concrete circuit implementation (in terms of input-output behavior), then for verification purposes, they can
be treated as identical. This allows engineers to work with simpler representations while maintaining logical
equivalence.

No, they are not identical. While they share the property of being able to factor 15, they differ in numerous other
properties including physical implementation, computational approach, speed, power requirements, and
applicable algorithms. Leibniz's Law requires all properties to be identical, not just some subset of capabilities.

Indiscernibility of Identicals
This principle states that if two objects share all the same properties, they must be identical.

Student Exercises:

Two different people, Alice and Bob, have smartphones with identical specifications, appearance, and content.
According to the Indiscernibility of Identicals principle, should these be considered the same phone? Why or
why not?

Formulate a counterexample to the Indiscernibility of Identicals principle, if possible. If you believe no
counterexample exists, explain why.

How would the Indiscernibility of Identicals principle apply to digital copies of a file? Are two bit-by-bit
identical files on different computers the same file?

In quantum mechanics, particles in the same quantum state are indistinguishable. Does this make them identical
according to the Indiscernibility of Identicals principle?

Consider virtual machines running identical operating systems with identical configurations on different
physical servers. How would you apply the Indiscernibility of Identicals principle to determine if they are the
same system?

Answer Key:

No, they should not be considered the same phone. While they share many properties, they differ in at least one
property: their spatial location. Since Alice and Bob cannot be in the same place simultaneously, their phones
must occupy different positions in space. The Indiscernibility of Identicals principle requires ALL properties to
be identical, including spatial location.

No genuine counterexample exists. By definition, if all properties are truly identical, then the objects must be
the same object. Apparent counterexamples typically involve overlooking some property (like spatial location)



or failing to specify all relevant properties. The principle is considered a logical truth that cannot be violated if
properly applied.

From a purely logical perspective, two bit-by-bit identical files share all the same intrinsic properties (content,
size, structure), but differ in extrinsic properties (location in memory, ownership metadata, system context).
Whether they count as "the same file" depends on which properties we consider essential to file identity. In most
computing contexts, they would be considered distinct files with identical content.

According to the Indiscernibility of Identicals principle, if quantum particles truly share all properties (including
relational properties), they would be identical. However, quantum particles of the same type in the same
quantum state share all intrinsic properties but may differ in relational properties (like position relative to other
particles). The philosophical implications of quantum indistinguishability remain debated in the philosophy of
physics.

To apply the principle, I would need to examine all properties, including: processing performance, memory
allocation, network addresses, hardware dependencies, time synchronization, system identifiers, and relational
properties to other systems. While they may be functionally identical for many purposes, they differ in at least
their physical implementation and network identity properties, making them distinct systems under the
Indiscernibility of Identicals principle.

2.1 Identity of Indiscernibles (Continued)

Example: If two diamonds have identical weight, cut, clarity, color, and all other physical properties, they are
effectively the same diamond.

To provide a formal proof of this principle, we can use predicate logic:

Real-world application: Product quality control uses this principle. When manufacturing parts, if all measurable
properties match specifications exactly, the parts are considered identical for practical purposes.

Additional examples:

* In digital systems, two bit sequences that have identical values in each position are considered the same data,
regardless of their physical storage location

* In cryptography, two hash values that match indicate (with high probability) that the original data is identical

* In electrical engineering, two circuit components with identical resistance, capacitance, and other electrical
properties can be substituted for one another in a design

Student Exercises:

A manufacturing company produces two batches of screws using different machines. If all measurable
properties (diameter, length, thread pitch, material composition) are identical between samples from each batch,
would the Identity of Indiscernibles principle consider them identical? Explain your answer.

In quantum mechanics, there's a phenomenon called "quantum entanglement" where particles share properties in
ways that classical physics can't explain. How might this phenomenon challenge or support the Identity of
Indiscernibles principle?

Two digital photographs appear identical pixel-by-pixel but were taken by different cameras at different times.
Apply the Identity of Indiscernibles principle to determine if they are truly identical, considering both visible
and metadata properties.

Create a formal proof using predicate logic that demonstrates the Identity of Indiscernibles principle for two
hypothetical objects a and b.

In software development, two instances of a class might have identical property values but different memory
addresses. Discuss how the Identity of Indiscernibles applies in this context and what it means for object
equality versus identity.

Answer Key:

According to the Identity of Indiscernibles principle, if ALL properties of the screws are truly identical, then
they should be considered the same screws. However, in practice, the screws would have at least one different
property: their spatiotemporal location (being produced at different times by different machines). Manufacturing
quality control typically focuses only on measurable functional properties, which is a practical application rather
than a strict philosophical adherence to the principle.



Quantum entanglement presents interesting challenges to the Identity of Indiscernibles principle. Entangled
particles can share certain properties (like complementary spin states) while being distinct particles. More
fundamentally, some interpretations of quantum mechanics suggest that elementary particles of the same type
(e.g., all electrons) are truly indistinguishable beyond just being similar—they may be fundamentally identical
in all intrinsic properties, differing only in relational properties. This has led some philosophers to question
whether the principle needs modification for quantum systems.
While the two photographs may appear identical pixel-by-pixel in their visual content, they are not identical
according to the Identity of Indiscernibles principle because they differ in numerous properties including:
» Metadata (timestamp, camera model, GPS coordinates)
« File creation time
* Storage location
* Causal history (different light photons caused each image)

These differences in properties mean the photographs are distinct entities despite their visual similarity.
Formal proof using predicate logic:
VP(P(a) <> P(b)) [Premise: a and b share all the same properties]
Let I(x,y) be the identity relation "x is identical to y"
I(x,x) [Reflexivity of identity]
1 is a property of objects
I(a,a) [From 3, reflexivity]
Since I(a,a) is true, and a and b share all properties (from 1), I(b,a) must also be true
Therefore, a =b [By definition of identity]

Conclusion: If a and b share all the same properties, they must be identical.
In object-oriented programming, the Identity of Indiscernibles principle highlights the distinction between
equality and identity. Two instances with identical property values but different memory addresses have at least
one different property (memory location), so they're not truly identical in the philosophical sense. Most
programming languages distinguish between:
* Reference equality (identity): Are these the same object instance? (typically == in Java/C#)
* Value equality: Do these objects have the same property values? (typically .equals() in Java)

The principle helps us understand why two objects with identical visible properties are still distinct objects in
memory, and why programming languages need separate mechanisms for checking identity versus property
equality.

2.2 Frege-Russell Arithmetic

Frege-Russell arithmetic builds numbers from set theory. This approach defines numbers as classes of classes
with specific cardinalities.

Example: The number 3 isn't a primitive entity but represents the class of all 3-membered sets. So "John has 3
cars" means "the set of John's cars belongs to the class of all sets with exactly 3 members."

We can express this formally:

* Define 3 = {X | X is a set with exactly 3 distinct elements}

* When we say "John has 3 cars,”" we mean: {x | x is a car owned by John} € 3
The arithmetic operations translate into set operations:

* Addition (0+B=y): Combining disjoint sets. If you have 2 apples in one basket and 3 apples in another, you
have 5 apples total.

Formal definition: o+ = {X | X can be partitioned into sets Y and Z such that Y has cardinality a and Z has
cardinality B}

» Multiplication (axB=y): Cartesian products. If you have 4 shirt colors and 3 sizes, you have 12 different shirt
combinations.

Formal definition: axf = {X | X can be put in one-to-one correspondence with the Cartesian product of a set
with cardinality o and a set with cardinality B}



* Exponentiation (ap=y): Possible selections. If you must choose yes/no for 3 different questions, you have 2°=8
possible answer combinations.

Formal definition: of = {X | X can be put in one-to-one correspondence with the set of all functions from a set of
cardinality [} to a set of cardinality o}

Real-world applications in computer science:

Database design: Relational databases implement joins using Cartesian products

Algorithm complexity: Set operations determine time and space complexity in algorithms
Network protocols: Packet routing uses set operations to determine optimal paths

Machine learning: Feature combinations in training sets follow principles of Cartesian products

Student Exercises:

Using Frege-Russell notation, express the statement "A committee of 5 people was formed from a group of 12
candidates." Then calculate how many different possible committees could be formed.

In a relational database, Table A has 20 records and Table B has 15 records. Using Frege-Russell principles,
explain what happens during an inner join operation between these tables and calculate the maximum possible
number of records in the result.

Express the concept of zero using Frege-Russell arithmetic. What is the set-theoretic definition of 0, and what
does it represent?

A computer password must contain exactly 8 characters, where each character can be one of 94 possible options
(letters, numbers, and special characters). Using Frege-Russell exponentiation, calculate how many possible
passwords exist and express this calculation using set-theoretic notation.

In Frege-Russell arithmetic, explain how subtraction would be defined in set-theoretic terms. Provide an
example with small sets to demonstrate.

Answer Key:
Using Frege-Russell notation: "The set of people on the committee belongs to the class of all sets with exactly 5
distinct elements."

Formally: {x | x is a person on the committee} € 5

To calculate the number of possible committees: This is a combination problem (C(12,5) or "12 choose 5")
Number of possible committees = 12!/(5!1(12-5)!) = 12!/(5!x7!) =792 different possible committees
In Frege-Russell terms, an inner join creates a new relation that contains the Cartesian product of the two tables,
filtered by the join condition. If we consider the worst case where every record in Table A matches every record
in Table B (a cross join), then:
* Maximum possible records = |A| % |B| =20 x 15 =300 records

Formally, this represents the set: {(a,b) | a € A and b € B and the join condition is satisfied}

The cardinality of this set is at most the cardinality of the Cartesian product of A and B.
In Frege-Russell arithmetic, zero is defined as the class of all empty sets:
0= {X| X is a set with exactly 0 elements} = {@}

This represents the concept of "no elements" or "emptiness." When we say "John has 0 cars," we mean that the
set of John's cars is empty: {X | x is a car owned by John} = @, and this empty set belongs to the class of all
empty sets (which is 0).

Using Frege-Russell exponentiation, the number of possible passwords is 94%.

In set-theoretic notation:

Let C be the set of 94 possible characters

Let P be the set of all possible passwords

P = {f| fis a function from {1,2,3,4,5,6,7,8} to C}

The cardinality of P is |C|"8 = 94® = 6,095,689,385,410,816 possible passwords



In Frege-Russell terms, this is the class of all sets that can be put in one-to-one correspondence with the set of
all functions from an 8-element set to a 94-element set.
In Frege-Russell arithmetic, subtraction (0-f=y) would be defined as finding a set of cardinality y such that
when combined with a set of cardinality B, it produces a set of cardinality a.

Formal definition: a- =y if and only if y+ = a

Example with small sets:
Let A = {a,b,c,d,e} (cardinality 5)
Let B = {a,b} (cardinality 2)

To find A-B (5-2), we need a set C such that |C| + |B| = |A]
IC|+2=35
IC|=3

So C could be {c,d,e}, and indeed:
If we take the disjoint union of B = {a,b} and C = {c,d,e}, we get a set with cardinality 5.

In set theory, this is related to (but not exactly the same as) the set difference operation A\B = {x | x € A and x

& B}.

Cryptography: Encryption schemes rely on the principles of exponentiation for generating keys
Example proof: Commutative property of addition in Frege-Russell arithmetic

2.3 Avoiding Circularity

The system avoids circular reasoning by defining numbers recursively from first principles:

* 0 is defined as the empty set (@)

* 1 is defined as {@} (the set containing the empty set)

* 2 is defined as {@, {@}} (the set containing the empty set and the set containing the empty set)
* Each subsequent number n is defined as the set of all previous numbers: n= {0, 1, 2, ..., n-1}

This approach builds the entire number system from set theory without assuming numerical concepts in
advance.

Student Exercises - Section 2.3

Provide the set-theoretic definition of the number 4 using the recursive approach described in this section.
Explain why defining numbers in terms of previously defined numbers avoids circularity. Provide an example of
a circular definition that this approach prevents.

If we define 0 as {@} instead of @, how would this change the definitions of subsequent numbers? Redefine
numbers 1-3 using this alternative starting point.

Prove that under the recursive definition, the cardinality (number of elements) of the set representing number n
is equal to n.

Describe a potential philosophical objection to defining numbers as sets, and provide a counterargument
defending this approach.

Answer Key - Section 2.3

The set-theoretic definition of 4 would be: 4 = {0, 1, 2, 3} = {@, {@}, {@, {D}}, {D, {D}, {D, {D}}}}

The approach avoids circularity by starting with a non-numerical concept (the empty set) and building each
number using only previously defined entities. A circular definition would be something like "a number is an
element of the set of numbers," which presupposes the concept of numbers to define what numbers are.
If0={0}:

* 1 would be {0} = {{@}}

* 2 would be {0, 1} = {{@}, {{D}}}



*3would be {0, 1,2} = {{@}, {{@}}, {{0}, {{D}}}}
Proof by induction:
* Base case: The set representing 0 is @, which has 0 elements.
* Inductive step: Assume the set representing k has k elements. The set representing k+1 is {0, 1, 2, ..., k},
which adds one more element to the set representing k, giving it k+1 elements.
* Therefore, by mathematical induction, the set representing number n has n elements.
Objection: Defining numbers as sets seems arbitrary and counterintuitive, as numbers seem more fundamental
than sets in our everyday experience.

Counterargument: The goal of foundations of mathematics is not to capture our intuitive understanding but to
provide a rigorous, non-circular basis for mathematics. Sets provide a minimal ontological commitment from
which we can derive the properties of numbers that match our intuitions about their behavior.

Von Neumann Arithmetic

Von Neumann arithmetic provides an alternative construction of numbers using sets:
* 0 is defined as the empty set @

* For any number n, the successor of nisn U {n}

*Sol={0}= {0}

*2={0,1} = {0, {0}}

+3={0,1,2} = {0, {0}, {0, {0}}}

Practical applications of von Neumann arithmetic:

Computer memory allocation: The recursive nature of von Neumann arithmetic mirrors how dynamic memory
allocation works

Data structure design: Nested data structures follow patterns similar to von Neumann ordinals

Formal verification: Software verification systems use von Neumann's construction to validate numerical
operations

Type theory in programming languages: Advanced type systems use similar constructions for defining numeric
types

Distributed systems: Clock synchronization algorithms use principles from ordinal arithmetic to establish
ordering

Student Exercises - Von Neumann Arithmetic

Define the number 5 in von Neumann arithmetic, expanding it fully in terms of nested sets.

Compare and contrast the von Neumann construction with the recursive approach described in Section 2.3.
What are the key similarities and differences?

Prove that for any von Neumann ordinal n, the number of elements in n equals n itself.

In von Neumann arithmetic, how would you define the operation of addition? Define a + b using set operations.
Explain how transfinite ordinals extend the von Neumann construction beyond finite numbers. Define o (the
first infinite ordinal) using this approach.

Answer Key - Von Neumann Arithmetic

5=10,1,2,3,4}; = {0, {0}, {0, {0}}, {@, {@}, {0, {B}}}, {0, {0}, {0, {@}}, {0, {@}, {D, {@}}}}}
Similarities: Both define 0 as the empty set and build subsequent numbers recursively. Both yield the same
representations for finite numbers.

Differences: The recursive approach in 2.3 defines numbers generally as the set of all previous numbers, while
von Neumann explicitly defines the successor operation as n U {n}. The von Neumann approach also extends
naturally to transfinite ordinals.

Proof by induction:
* Base case: 0 = @ has 0 elements.



* Inductive step: Assume k has k elements. Then k+1 =k U {k} adds exactly one element to k, resulting in k+1
elements.
* Therefore, by mathematical induction, any von Neumann ordinal n has exactly n elements.
Addition can be defined recursively:
cat0=a
cat(btl)=(a+b)+1

In set-theoretic terms: a + b is the ordinal corresponding to the order type of a followed by b. This can be
formally defined using transfinite recursion.
The von Neumann construction extends to transfinite ordinals by continuing the pattern beyond finite numbers.
The first infinite ordinal o is defined as the set of all finite ordinals: ® = {0, 1, 2, 3, ...} = {@, {0}, {0, {0}}, {0,
{0}, {D, {D}}}, ...}. This creates a well-ordered set with no maximum element.

Principles of Logic with Intuitive Examples
Number Expressions and Logical Definitions

The principle of elimination of number expressions allows us to define numbers in terms of classes and sets
rather than treating them as primitive concepts.

Example: Instead of saying "I have 3 apples," we can express this in set theory as "There exist objects X, y, and z
such that they are apples in my possession, and they are all distinct from each other, and any apple in my
possession is identical to either x, y, or z."

In formal logic:
Real-world applications:
Database design: Relational databases model numerical properties through entity relationships

Constraint programming: Logic-based constraint systems express numerical conditions without primitive
numbers

Hardware design: Digital circuits implement arithmetic operations using logical gates without "knowing" about
numbers

Compilers: Type checking systems verify numerical operations using logical rules
Formal verification: Proof assistants use these principles to verify mathematical theorems

Student Exercises - Number Expressions and Logical Definitions

Express the statement "There are exactly 4 planets in the solar system with rings" using formal logic without
using numerical primitives.

In database design, how might you implement a constraint that "each department has exactly one manager"
without directly using the number 1?

Construct a logical formula that defines the concept of "at least 3" without using numbers as primitives.
Explain how a digital circuit can add two numbers without having an intrinsic concept of numbers. Design a
simple binary adder using only AND, OR, and NOT gates.

Convert the statement "For every even number, there exists an odd number that is one greater" into a statement
that eliminates number expressions.

Answer Key - Number Expressions and Logical Definitions

Iw3xJy3Iz[(Planet(w) A Planet(x) A Planet(y) A Planet(z) A HasRings(w) A HasRings(x) A HasRings(y) A

HasRings(z)) A (W£x A Wy A W#z A X#£y A x#z A y#z) A Vu(Planet(u) A HasRings(u) — (u=w V u=x V u=y vV

u=z))]

In a relational database, you could implement this constraint by:

* Creating a unique constraint on the DepartmentID field in the Managers table

* Creating a foreign key from the Managers table to the Departments table

* Ensuring that each department record has a corresponding manager record through a NOT NULL constraint
This enforces a one-to-one relationship without directly encoding the number 1.

"At least 3" can be defined as: 3x3y3z[P(x) A P(y) A P(2) A x££y A X#£Z A y#Z]



This states there exist at least three distinct objects satisfying property P.
A digital circuit adds numbers using Boolean logic operations on bits rather than numerical concepts. A simple
half-adder adds two bits:
* Sum = A XOR B (implemented as (A OR B) AND NOT(A AND B))
* Carry=A AND B

A full adder extends this to include a carry input. By chaining full adders, we can add multi-bit numbers
without the circuit needing to "understand" numbers - it simply performs logical operations on bits according to
fixed rules.
Vx[Iy(yU{y}=x) — Jz(—IAw(WU {w}=2) A zU {z}=xU{x})]

This states that for every set x that is the successor of some set (making it "even" in some encoding), there
exists a set z that is not a successor of any set (making it "odd") such that the successor of z equals the successor
of x.

Perspicuous vs. Formal Statements

A perspicuous statement has syntax that clearly reflects its semantics, while a formal statement belongs to a
system where only perspicuous statements are allowed.

Example: "Hand me the red book" is perspicuous in everyday language. The syntax directly maps to the
intended meaning. In contrast, "The crimson tome beckons for transfer to your grasp" is not perspicuous
because its flowery syntax obscures the simple meaning.

Additional examples:

Perspicuous: "If x > 0, then x> > 0"

Non-perspicuous: "The square of a positive quantity never crosses into negativity"
Perspicuous: "All metals conduct electricity”

Student Exercises - Perspicuous vs. Formal Statements
For each of the following statements, identify whether it is perspicuous or not, and explain why:

a. "The sum of the angles in a triangle equals 180 degrees."

b. "Triangular configurations impose upon their angular measures a constraint of semicircularity."

c. "Vx(Prime(x) — 3y(y>x A Prime(y)))"

d. "For every action, there is an equal and opposite reaction."
Convert the following non-perspicuous statement into a perspicuous one: "Entities should not be multiplied
beyond necessity."
Explain how formal languages in mathematics and logic enforce perspicuity. Give an example of a rule in first-
order logic that ensures statements remain perspicuous.
In programming languages, explain how strongly-typed languages promote perspicuity compared to loosely-
typed languages. Provide concrete examples.
Create a formal, perspicuous definition of a binary search tree data structure using precise logical notation.

Answer Key - Perspicuous vs. Formal Statements
a. Perspicuous - The syntax directly and clearly reflects the mathematical relationship.

b. Non-perspicuous - The flowery language obscures the simple mathematical fact.

c. Perspicuous - The formal logical notation precisely expresses that for every prime number, there exists a
larger prime number.

d. Perspicuous - Though from physics rather than mathematics, the statement directly expresses Newton's
third law without unnecessary complexity.
Perspicuous version: "Do not introduce more theoretical entities than necessary to explain a phenomenon."
(Occam's Razor)
Formal languages enforce perspicuity through strict syntactic rules and well-defined semantics. For example, in
first-order logic, the rule that every quantifier must have a specific variable it binds ensures clarity about which
objects a statement refers to. This prevents ambiguity that could arise in natural language.
Strongly-typed languages promote perspicuity by making the types of expressions explicit:
* In Java (strongly-typed): int x = 5; String y = "hello"; clearly indicates x is a number and y is text
* In JavaScript (loosely-typed): var x = 5; x = "hello"; allows a variable to change types, potentially creating
confusion about what x represents at different points in the code



This type clarity makes the purpose and behavior of code more immediately apparent in strongly-typed
languages.
A binary search tree is a structure defined as:
Vx[BST(x) «> (Empty(x) V (Froot,left,right(Node(x,root,left,right) A BST(left) A BST(right) A
(Vy(Element(y,left) — y <root) A Vz(Element(z,right) — z > root))))]

This states that x is a binary search tree if and only if it is either empty or has a root node with left and right
subtrees that are binary search trees, and all elements in the left subtree are less than the root, and all elements in
the right subtree are greater than the root.

Perspicuity in Mathematical Expression and Number Systems

Non-perspicuous: "Among substances, those classified as metallic universally demonstrate properties enabling
the transmission of electric current”

Real-world applications:

Programming languages: Languages like Python prioritize readability and perspicuity

API design: Well-designed interfaces have method names that clearly reflect their function
Circuit diagrams: Standard notation makes electrical schematics perspicuous to engineers
Network protocols: Precisely defined message formats eliminate ambiguity

Legal contracts: Smart contracts use formal language to ensure unambiguous execution

Student Exercises - Perspicuity in Communication

Rewrite the following non-perspicuous statement to improve clarity: "Precipitation may eventuate contingent
upon atmospheric conditions exhibiting sufficient moisture content."

Identify three examples of non-perspicuous terminology in your field of study and provide clearer alternatives.
Explain why perspicuity is particularly important in mathematical proofs.

Compare the perspicuity of two different programming languages you're familiar with. Which is more readable
and why?

Find an example of a poorly designed user interface and explain how it could be made more perspicuous.

Answer Key

Clear version: "Rain may fall if there is enough moisture in the air."

Answers will vary by field. Example from computer science: Instead of "execute terminal closure procedures"
use "exit the program"; instead of "implement authentication validation" use "verify login"; instead of "initialize
visualization parameters" use "set display options".

Mathematical proofs require perspicuity because each step must be clearly understood to verify the logical
progression. Obscure notation or unclear reasoning breaks the chain of logic and prevents verification of the
proof's validity.

Answers will vary. Example: Python vs. C++. Python is generally more perspicuous because it uses whitespace
for structure, has simpler syntax for common operations, and emphasizes readability in its design philosophy.
C++ requires more explicit syntax like semicolons and curly braces, and has more complex memory
management concepts.

Answers will vary. Example: A remote control with unlabeled buttons lacks perspicuity. It could be improved
by adding clear labels, grouping related functions, and using distinct button shapes for different categories of
functions.

Number Systems and Their Applications in Mathematics and Engineering

Cardinal arithmetic deals with the natural numbers (IN), but mathematics extends this to several other number
systems:

* Rational numbers (Q): Numbers expressible as fractions p/q where p and q are natural numbers, with g # 0

» Example: 1/2, 3/4,22/7, -5/3



* Integers (Z): Numbers including natural numbers, their negatives, and zero
* Example: ...,-3,-2,-1,0, 1,2, 3, ...

* Real numbers (R): Numbers representing points on a continuous line, including both rational and irrational
numbers

« Example: m, V2, e, 3.14159..., -\5

* Complex numbers (C): Numbers including a real and imaginary component in the form a + bi

* Example: 3 +4i,-2-7i, 51,1 -1

Practical Applications with Proofs and Examples

Rational Numbers in Daily Life and Engineering

Example: When cooking, you use rational numbers (1/2 cup of flour), integers when tracking inventory (+3 or -
2 items), real numbers when measuring distance (3.14159... miles), and complex numbers when analyzing

electrical circuits.

Engineering Application: In digital signal processing, rational numbers are essential for filter design. For a finite
impulse response (FIR) filter, the transfer function can be expressed as a rational function:

H(z)=(bo+biz'+baz?+..+buz")/(ao+aiz'+a:z2+..+ayz™)

Proof Example: To prove that the set of rational numbers is dense in the real numbers (meaning between any
two real numbers there's always a rational number), consider:

For any real numbers a <b:

Let g = (a + b)/2 (the midpoint)

Choose n such that 1/n < (b - a)/2

Find an integer m such that m/n is closest to q
Then m/n is a rational number between a and b

This has applications in analog-to-digital conversion, where continuous signals must be approximated by
rational values.

Complex Numbers in Electrical Engineering

Complex numbers are defined as numbers that can handle both positive and negative square roots. They form
the foundation of electrical engineering analysis.

Practical Application: In AC circuit analysis, impedance Z combines resistance R and reactance X using
complex numbers:

Z=R+jX

Where j = \(-1), representing the 90° phase shift in alternating current circuits.

Example Proof: To demonstrate why complex numbers are necessary, consider solving x>+ 1 = 0:
Rearrange to x*> = -

If we restricted ourselves to real numbers, this equation would have no solution



By defining i = V(-1), we can express solutions x = i
This extension from R to C allows for a complete algebraic closure

Student Exercises - Number Systems

Prove that there is no rational number whose square equals 2.

If Z = 3 + 4i represents the impedance of a circuit, calculate the magnitude and phase angle of this impedance.
Given a digital signal processing filter with transfer function H(z) = 2z + 3)/(1 - 0.5z"), determine whether
this is an FIR or IIR filter and explain why.

Demonstrate that between any two distinct real numbers, there exists an irrational number.

A complex number z = a + bi is plotted on the complex plane. If |z| = 5 and the angle is 30°, find the values of a
and b.

For two complex numbers z1 = 2 + 3i and z> = 1 - 2i, calculate zi-z> and zi/z-.

Answer Key
Proof by contradiction: Assume V2 = p/q where p and q are integers with no common factors. Then 2 = p¥/g?, so
p?> = 2q*. This means p? is even, which means p is even. If p = 2k, then 4k* = 2¢?, so q> = 2k?, making > even
and q even. But this contradicts our assumption that p and q have no common factors (they would both be
divisible by 2).
Magnitude |Z| = V(32 + 42) = V(9 + 16) = V25 = 5 ohms

Phase angle 0 = tan"!(4/3) = 53.13 degrees
This is an IIR (Infinite Impulse Response) filter because the denominator contains a delay term (z'). This
creates feedback in the filter structure, resulting in an impulse response that theoretically extends to infinity. FIR
filters have only numerator terms.
Proof: For any two real numbers a < b, consider the number a + (b-a)\N2/2. Since 2 is irrational, this number is
irrational. And since 0 < V2/2 < 1, we have a < a + (b-a)\2/2 < b, proving there's an irrational number between a
and b.
Using polar form conversion:

a=|z|-cos(0) = 5-cos(30°) = 5-(N3/2) = 5V3/2 ~ 4.33

b = |z|-sin(0) = 5-sin(30°) = 5-(1/2) =2.5
z172=2+31)(1-20)=2-4i+3i-62=2-1-6(-1)=2-i+6=8-1i

Zilz2 = (2 + 30)/(1 - 2i) = [(2 + 31)(1 + 2D)]/[(1 - 2i)(1 + 2i)]
= [(2 + 3i)(1 + 20))/[1 - 4i2]

= [(2 +4i +3i + 62))/[1 +4]

=[Q2+7i-6)]/5

= [-4 +7i)/5

= 4/5+7i/5

Electrical Engineering Example: In power systems, complex power S is defined as:

S=P+jQ

Where P is real power (measured in watts) and Q is reactive power (measured in volt-amperes reactive).
A practical calculation: For a circuit with voltage V =1202£0° V and current [ = 52-30° A:
S=VI=120£0° x 52£30° =600430° VA =519.6 W +j300 VAR

Student Exercises - Electrical Engineering

Calculate the complex power for a circuit with voltage V =24020° V and current [ = 102-45° A.

A load has an apparent power of 1000 VA with a power factor of 0.8 lagging. Determine the real power and
reactive power.

For a three-phase balanced system with line voltage of 208 V and line current of 12 A at a power factor of 0.85
lagging, calculate the total complex power.

A residential customer uses 500 kWh of energy in a month with a power factor of 0.75. If the utility charges a
penalty for power factors below 0.9, calculate the reactive power that needs to be compensated.

For a circuit with voltage V =1102£0° V and impedance Z =5 + j8 Q, calculate the complex power delivered to
the impedance.



Answer Key - Electrical Engineering

S =VI=24020° x 10£45° =2400£45° VA =1697.1 W +j1697.1 VAR
With apparent power S = 1000 VA and power factor = 0.8:

* Real power P =S x power factor = 1000 x 0.8 =800 W

* Reactive power Q =S X sin(cos'(0.8)) = 1000 % 0.6 = 600 VAR

* Thus, S =800 +j600 VA

Total complex power in a three-phase system:

S =3 x VL x IL x power factor = V3 x 208 x 12 x 0.85£-31.79°

¢ S=3692.31£-31.79° VA =3138.5 W +j1946.8 VAR

Real power = 500 kWh for the month

» With PF = 0.75, 0 = cos(0.75) = 41.41°

* Reactive power = P x tan(0) = 500 x tan(41.41°) = 442.7 kVARh

* To improve to PF = 0.9, new 6 = cos™!(0.9) = 25.84°

* New reactive power = 500 x tan(25.84°) =242 kVARh

* Compensation needed = 442.7 - 242 =200.7 kVARh

Current [ = V/Z = 110£0°/(5+j8) = 110£0°/9.43258° = 11.66£-58° A

¢ S=VI=1102£0° % 11.66£58° = 1282.6258° VA =679.9 W +j1087.8 VAR

Von Neumann Arithmetic in Computer Systems

Von Neumann arithmetic represents natural numbers as sets, where each number is the set of all previous
numbers:

* 0 = @ (the empty set)

«1={0} = {0}

*2={0,1} = {0, {8}}

+3=1{0,1,2} = {0, {0}, {0, {0}}}

Practical Application in Computer Science: This recursive definition mirrors how pointer-based data structures
work in computer memory. For example, a linked list implementation where each node points to all previous

nodes follows this pattern.

Implementation Example: In functional programming languages like Haskell, we can implement von Neumann
numbers:

Proof of Addition in Von Neumann Arithmetic:

For any von Neumann numbers m and n, we can define addition as:
m+n=mU {m+k|k E€n}

To prove that 1 + 1 =2:

1=1{0} = {0}

1+1={0} U {l+k|ke{0}}

={0} U {1 +0}

={0} U {1}

=1{0, 1}

=2

This recursive definition mirrors computer memory allocation and pointer operations in data structures.



Student Exercises - Von Neumann Arithmetic

Express the number 4 using Von Neumann's set notation, showing all steps.

Prove that 2 + 1 = 3 using the Von Neumann addition definition.

Given the Von Neumann representation of numbers, explain how multiplication could be defined recursively.
Then calculate 2 x 2.

For Von Neumann numbers, prove that for any n, n + 0 =n.

Compare and contrast Von Neumann arithmetic with Peano axioms for the natural numbers. What are the
advantages and disadvantages of each representation?

Answer Key - Von Neumann Arithmetic
Number 4 in Von Neumann notation:
*+4=1{0,1,2,3}

+=1{0, {0}, {0, {0}}, {0, {0}, {0, {B}}}}
Proof that 2 + 1 = 3:

+2={0,1} = {0, {9}}

«1={0} = {0}
*2+1=2U{2+k|kel}

«={0,1} U {2+0}

+={0,1} U {2}

«={0,1,2}

'=§®, {0}, {0, {0}}}

Multiplication definition:

*mx0=0

emX (ntl)=(m xn)+m

Calculating 2 x 2:
$2x2=2x(l+1)=2 x 1)+2
*2x1=2x(0+1)=2x0)+2=0+2=2
* Therefore,2 x2=2+2=4
Proof thatn + 0 =n:
* 0 =0 (empty set)
*n+0=nU {n+k|keO}
« Since 0 is empty, {n +k |k € 0} is also empty
*Thus,n+0=nU@=n
Comparison:
* Von Neumann arithmetic represents numbers directly as sets, while Peano axioms define them axiomatically
» Advantages of Von Neumann: directly implementable in set theory, provides explicit construction
 Advantages of Peano: more intuitive for basic arithmetic, requires less complex notation
* Disadvantages of Von Neumann: rapidly growing complexity of representation
* Disadvantages of Peano: less direct connection to set theory fundamentals

Rational Numbers Bounded by a Real (Q%)
This principle describes all rational numbers less than a given real number .

Example in Approximation Theory: When approximating irrational numbers like  in computational algorithms,
we use rational approximations from Qmn:

*3/1,22/7,333/106, 355/113, ...

Engineering Application: In analog-to-digital conversion, when sampling a continuous signal at 44.1 kHz (CD
quality audio), we're creating rational approximations of a real-valued waveform.

Proof Example: To prove that \2 is irrational, we can show that QV2 never contains \2 itself:
Assume V2 = p/q where p,q are integers with no common factors

Then 2 = p%/q?



Thus p? = 2¢>

This means p? is even, so p must be even

Let p = 2k, then 4k*> =2q?

Therefore q* = 2k? making q even

This contradicts our assumption that p and q have no common factors
Therefore, V2 is irrational

Student Exercises - Rational Numbers Bounded by a Real

List five rational approximations for e (= 2.71828) in ascending order of accuracy.

Prove that 3 is irrational using the method demonstrated for V2.

If we have a real number R = 3.14159, what is the closest rational approximation with a denominator less than
100?

Describe the Dirichlet's approximation theorem and explain how it applies to finding rational approximations of
.

In digital signal processing, explain why we need Q2 when sampling analog signals, and what the Nyquist-
Shannon sampling theorem tells us about the relationship between continuous and discrete representations.

Answer Key - Rational Numbers Bounded by a Real

Rational approximations for e (2.71828...):

*2/1 =2 (error: 0.71828...)

*3/1 =3 (error: 0.28172...)

* 19/7 =2.71429... (error: 0.00399...)

* 87/32 =2.71875... (error: 0.00047...)

* 106/39 =2.71795... (error: 0.00033...)

Proof that V3 is irrational:

« Assume \3 = p/q where p,q are integers with no common factors

* Then 3 = p%/q?

* Thus p? = 3¢?

* This means p? is divisible by 3, so p must be divisible by 3

* Let p = 3k, then 9k? = 3¢?

* Therefore q* = 3k?, making q divisible by 3

* This contradicts our assumption that p and q have no common factors

« Therefore, V3 is irrational

For R = 3.14159, the continued fraction representation is [3; 7, 15, 1, ...]

* The convergents are: 3/1, 22/7, 333/106, 355/113, ...

* Among these, 22/7 = 3.1429 and 333/106 =~ 3.1415

* The closest rational approximation with denominator less than 100 is 355/113 = 3.14159,as 113 <114

* Actually, it's 311/99 = 3.14141, which has an error of about 0.00018

Dirichlet's approximation theorem states that for any irrational number a and any positive integer N, there exists
a rational number p/q such that:

*1<qg<Nand|a-p/q] <1/(gN)

* For &, this means we can find increasingly accurate rational approximations

* For example, 22/7 has an error of approximately 0.0013

* The theorem guarantees we can find approximations with arbitrarily small errors as we allow larger
denominators

In digital signal processing:

* Analog signals have real-valued amplitudes, but digital systems can only represent rational approximations
* QR represents the set of rational numbers that approximate a real-valued signal

* The Nyquist-Shannon sampling theorem states that to perfectly reconstruct a bandlimited signal, we must
sample at a rate at least twice the highest frequency component

* This creates a discrete sequence of rational approximations that, when properly interpolated, can completely
represent the original continuous signal

» Without these rational approximations in QZ, we couldn't represent continuous phenomena in digital systems



Power-set Operations and Applications

The power-set of a class is the collection of all its subclasses. For example, the power-set of {apple, banana,
orange} includes @, {apple}, {banana}, {orange}, {apple, banana}, {apple, orange}, {banana, orange}, and
{apple, banana, orange}.

Computer Science Application: In circuit design, when creating logic circuits with n inputs, the power-set
represents all possible input combinations (2" possibilities).

Proof: For any set S with n elements, its power-set P(S) has 2" elements:
For each element in S, we have two choices: include it or exclude it

Student Exercises - Power-set Operations

Calculate the power-set of {1, 2, 3, 4} and determine how many elements it contains.

If A is a subset of B, prove that P(A) is a subset of P(B), where P(X) represents the power-set of X.

For sets A and B, prove or disprove: P(A N B) =P(A) N P(B).

In a database with fields {Name, Age, Gender, Location, Occupation}, how many different possible queries
could be constructed if each query can include any combination of these fields?

Explain how power-sets relate to Boolean algebra and the concept of a truth table in digital logic design.

Answer Key - Power-set Operations

The power-set of {1, 2, 3, 4} contains:

)

< {1}, {2}, {3}, {4

« {1,2}, {1,3}, {14}, {2,3}, {2,4}, {3,4}

« {1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}

« {1,2,3,4}

* Total: 16 elements (2* = 16)

Proof that if A € B, then P(A) € P(B):

* Let X be any element in P(A)

* This means X € A

* Since A € B, by transitivity of subset relation, X € B
* Therefore, X € P(B)

* Since any X € P(A) is also in P(B), we have P(A) € P(B)
Disproof of P(A N B) =P(A) N P(B):

* Consider A= {1,2} and B = {2, 3}
*ANB={2},s0 P(A N B)= {0, {2}}

*P(A)={0, {1}, {2}, {1.2}}

*P(B)=1{0, {2}, {3}, {2,3}}

- P(A) N P(B) = {0, {2}}

* In this case, P(A N B) = P(A) N P(B), but this isn't generally true
* Counterexample: Let A = {1, 2}, B= {3, 4}
*ANB=0,s0P(ANB)= {0}

*P(A) N P(B

Therefore, there are 2 x 2 x ... x 2 (n times) = 2" possible subsets

Network Design Example: In computer network design, when connecting n devices, the power-set represents all

possible network topologies, helping engineers analyze connectivity options.
Each of these number systems can be defined in terms of set theory without introducing new mathematical
objects beyond what's needed for natural numbers, demonstrating the power of foundational mathematical

definitions.

Student Exercises:

If a network has 5 devices, how many possible connection topologies exist according to the power-set principle?

Prove that for any finite set with n elements, the number of subsets with exactly k elements is given by the
binomial coefficient (n choose k).



In a computer system with 8 optional features that can be enabled or disabled independently, how many
different system configurations are possible?

If A={l1,2,3, 4}, list all the elements in the power set P(A) and verify that the total number matches 2*.
For sets A and B, prove that if A € B, then P(A) € P(B), where P represents the power set operation.

Answer Key:

With 5 devices, there are 2° = 32 possible connection topologies.

Proof: For a set with n elements, to form a subset with exactly k elements, we must choose k elements from the
n available elements. The number of ways to do this is given by the binomial coefficient (n choose k) = n!/(k!(n-
K)!).

With 8 optional features, there are 28 = 256 different system configurations.

P(A)=1{0, {1}, {2}, {3}, {4}, {12}, {1,3}, {14}, {2,3}, {2,4}, {3.4}, {1,2,3}, {1,2,4}, {1.3.4}, {2,3.4},
{1,2,3,4}}. There are 16 elements, which equals 2*.

Proof: If A € B, then every subset of A is also a subset of B. Since P(A) contains all subsets of A, and each of
these is also a subset of B, every element of P(A) is also an element of P(B). Therefore, P(A) € P(B).

The Empty Set and Subset Principles

The empty set is a subset of every set. This principle applies to logical categorization: even if you have no red
cars in your collection of vehicles, the statement "all red cars in my collection are vehicles" remains true. This
concept is crucial in database systems where null values must be handled properly.

Let's prove this formally: For any set A, we need to show that @ € A. By definition, X € Y if and only if Vx(x €
X — x €Y). For the empty set, we must prove: Vx(x € @ — x € A). Since the antecedent "x € @" is always
false (by definition of the empty set), the implication is vacuously true for all x. This uses the logical principle
that a false premise makes an implication true: F — anything = T.

Example from Database Systems: Consider a SQL query:

Even if no red trucks exist in the database, the query logic remains sound - the empty result set is a valid subset
of all vehicles. This principle allows database integrity constraints to work correctly even when dealing with
empty tables or null values.

Example from Circuit Design: When validating a circuit specification that states "all 8-pin chips in this section
must be TTL compatible," the specification remains true even if no 8-pin chips are present in that section. This
allows engineers to write consistent specifications that remain valid across different design iterations.

Student Exercises:

Explain why the statement "Every element in the empty set is a prime number" is true, using the concept of
vacuous truth.

IfA={1,2,3} and B = {4, 5, 6}, is the empty set a subset of A N B? Prove your answer.

In a database context, write a SQL query that demonstrates the principle that the empty set is a subset of every
set.

If the empty set is a subset of every set, is it also an element of every set? Explain the difference.

Prove or disprove: "If A and B are two different non-empty sets, then the empty set is the only common subset
they must have."

Answer Key:

The statement "Every element in the empty set is a prime number" is true because there are no elements in the
empty set. For a statement of the form "Vx € @, P(x)" to be false, we would need to find at least one
counterexample—an element in the empty set that is not a prime number. Since there are no elements in the
empty set, no such counterexample exists, making the statement vacuously true.

Yes, the empty set is a subset of A N B. Since A N B =@ (as A and B have no common elements), and the
empty set is a subset of every set (including itself), the empty set is a subset of A N B.

Example SQL query:

This query will return an empty result set (assuming prices can't be negative), but it's still a valid subset of all
products.



No, the empty set is not an element of every set. Being a subset and being an element are different concepts. A
subset is a collection of elements that also belong to the larger set, while an element is a member of the set itself.
For example, @ € {1, 2, 3} (empty set is a subset), but @ & {1, 2, 3} (empty set is not an element).

True. Since the empty set is a subset of every set, it is a common subset of any two sets A and B. To prove it's
the only common subset they must have, consider two disjoint sets (e.g., A = {1} and B = {2}). Any non-empty
subset of A contains elements not in B, and vice versa. Therefore, the empty set is the only guaranteed common
subset.

Enlargements in Mathematics

Mathematical systems often expand to include new types of numbers while preserving the properties of the
original system. The relationship between natural numbers (IN) and integers (Z) demonstrates this concept.
While both systems use operations like addition (+) and multiplication (), these operations work differently
when applied to different number systems. For instance, in everyday accounting, natural numbers handle your
assets, while integers handle both assets and debts, extending the mathematical framework while preserving the
core arithmetic principles.

Proof of Enlargement Properties: To prove that Z is an enlargement of N, we must show:
There exists an injection f: N — Z (typically f(n) = n)

The operations are preserved: f(a + b) = f(a) + f(b) and f(a x b) = f(a) x f(b)

There exist elements in Z that don't correspond to any element in N (e.g., negative numbers)
This proof demonstrates the logical principle of extension with preservation of structure.

Student Exercises:

Prove that the rational numbers (Q) form an enlargement of the integers (Z) by defining an appropriate injection
and showing that the arithmetic operations are preserved.

What properties of multiplication in natural numbers (N) are preserved when we extend to integers (Z)? Are
there any properties that change?

Show that the complex numbers (C) form an enlargement of the real numbers (R) and explain what new
capabilities this enlargement provides.

For the function f: N — Z defined by f(n) = n, prove that this is an injection but not a surjection.

If we define the set of non-negative rational numbers Q, explain whether this forms an enlargement of the
natural numbers N, and if so, prove the required properties.

Answer Key:

To prove Q is an enlargement of Z:

* Define the injection f: Z — Q by f(n) =n/1

* Preservation of operations:

*fla+b)=(a+b)/l =a/l +b/l =1f(a) + f(b)

* f(a x b) =(a x b)/1 =(a/l) X (b/1) = f(a) x f(b)

* Elements in Q not in the image of f include fractions like 1/2, 3/4, etc.
Properties preserved:

* Commutativity: a xb=Db x a

* Associativity: (a xb) x c=a x (b x ¢)

* Distributivity over addition: a x (b + ¢) =(a x b) + (a X ¢)

Properties changed:
*In N, ifa x b =0, then either a= 0 or b = 0. In Z, this still holds, but the principle changes for inequalities. In
N, ifa xb<axc,thenb <c. In Z, this doesn't always hold (e.g., -2 x 3 <-2 x 2, but 3 > 2).
Complex numbers (C) form an enlargement of real numbers (R):
* The injection f: R — C is defined by f(r) =r + 0i
* Preservation of operations:
flat+tb)=(a+b)+0i=(a+0i)+ (b+0i)=f(a) + f(b)
 f(a x b)=(a x b)+0i=(a+0i) x (b +0i) = f(a) x f(b)
* Elements in C not in the image of f include numbers with non-zero imaginary parts, like i, 1-+i, etc.



New capabilities: Complex numbers allow solutions to equations like x* + 1 = 0, enable new types of
transformations in geometry, and provide tools for analyzing periodic phenomena in physics and engineering.
Proof that f: N — Z defined by f(n) = n is an injection but not a surjection:

* Injection: If f(a) = f(b), then a = b, so different inputs map to different outputs.

* Not surjection: There are elements in Z (like -1, -2, etc.) that are not in the image of f, since f only maps to
non-negative integers.

Yes, Q" forms an enlargement of N:

* Define injection f: N — Q* by f(n) =n/1

* Preservation of operations:

*flat+b)=(a+b)l=a/l +b/1="1(a)+f(b)

* f(a x b)=(ax b)/1 =(a/l) X (b/1) = f(a) x f(b)

* Elements in Q" not in the image of f include fractions between integers, like 1/2, 3/2, etc.

This enlargement gives us the ability to represent parts or ratios while maintaining the basic arithmetic
structure of natural numbers.

Example from Signal Processing: Digital filters operate on discrete signals (like N), but Fourier analysis often
requires extending to complex numbers (C). The mapping preserves addition and multiplication while enabling
solutions to differential equations that model filter behavior.

Enlargement of Number Systems: Everyday Examples
The concept of enlargement in number systems mirrors how we expand our knowledge in everyday life.

Example from Computer Architecture: The progression from 8-bit to 16-bit to 32-bit to 64-bit computing
represents mathematical enlargement. A 32-bit integer system is an enlargement of a 16-bit integer system - all
operations from the 16-bit world are preserved, but new capabilities (representing larger numbers) become
possible. The arithmetic operations remain consistent, but their domain expands.

Von Neumann Arithmetic Application: In computer memory addressing, von Neumann arithmetic provides a
foundation for pointer arithmetic. When a program accesses memory at address (base + offset), it's performing
arithmetic in a system where each "number" represents a storage location. Modern virtual memory systems
implement an enlargement of basic von Neumann addressing by adding layers of abstraction while preserving
the underlying arithmetic operations.

Student Exercises: Signal Processing and Number Systems
Explain why complex numbers (C) are necessary for certain aspects of Fourier analysis that cannot be
accomplished using only real numbers (R).
Consider a 16-bit integer system and a 32-bit integer system. Calculate the maximum positive integer
representable in each system and explain how this demonstrates enlargement.
In digital signal processing, a finite impulse response (FIR) filter operates on discrete signals. Draw the
mathematical relationship between the input sequence x[n] and output sequence y[n], and explain which number
system (N, Z, R, or C) would be most appropriate for representing:

a) The sample indices

b) The signal values

¢) The filter coefficients
Describe a scenario in signal processing where the use of complex numbers allows for a solution that would be
impossible or much more complicated using only real numbers.
A memory address in a computer can be represented as (base + offset). If the base address is 0x8000
(hexadecimal) and the offset is 0x24, calculate the final address. Then explain how this operation represents an
application of arithmetic within the context of von Neumann architecture.

Answer Key:

Complex numbers are necessary for Fourier analysis because they allow representation of both magnitude and
phase information simultaneously. When decomposing periodic signals into frequency components, complex
exponentials (e”(jot)) provide a more elegant mathematical framework than using sines and cosines separately.
Additionally, complex numbers enable concise representation of operations like modulation, which would
require multiple trigonometric identities if restricted to real numbers.

In a 16-bit integer system, the maximum positive integer is 2°15 - 1 = 32,767 (assuming one bit is used for

sign).



In a 32-bit integer system, the maximum positive integer is 231 - 1 =2,147,483,647.

This demonstrates enlargement because all operations and values from the 16-bit system are preserved in the
32-bit system, but the 32-bit system can represent much larger values that are impossible to represent in the 16-
bit system.

The relationship between input x[n] and output y[n] for an FIR filter is:
y[n] = 2(k=0 to M) h[k]x[n-k], where h[k] are the filter coefficients and M is the filter order.

a) The sample indices (n) would be represented using N or Z (natural numbers or integers), as they represent
discrete positions in the sequence.

b) The signal values x[n] and y[n] would typically be represented using R (real numbers) for real-valued
signals, or C (complex numbers) for complex-valued signals.

¢) The filter coefficients h[k] would typically be represented using R (real numbers), though they can also be
complex (C) for certain filter designs.
In the analysis of bandpass signals, complex numbers allow the use of analytic signals (signals with no negative
frequency components) through the Hilbert transform. This enables techniques like single-sideband modulation
and demodulation. Without complex numbers, engineers would need to track both in-phase and quadrature
components separately with more complicated equations, making analysis of phase modulation and
instantaneous frequency much more difficult.
Base address: 0x8000 (32768 in decimal)

Offset: 0x24 (36 in decimal)

Final address: 0x8000 + 0x24 = 0x8024 (32804 in decimal)

This operation demonstrates von Neumann arithmetic because it applies the addition operation to memory
addresses, treating these addresses as numbers that can be manipulated arithmetically. In von Neumann
architecture, memory locations are linearly addressed, allowing programs to calculate addresses dynamically.
This is fundamental to implementing data structures like arrays, where the nth element can be accessed at (base
+ n X elementsize).

Enlargement vs. Superset

(Z, +, x) is an enlargement of (N, +, X) because it allows us to express truths like 5-8=-3 that have no equivalent
in natural numbers. This is similar to how learning a second language enlarges your communication abilities
without replacing your native language.

Formal Proof: To show that Z is a proper enlargement (not just a superset):

Define the embedding f: N — Z where f(n) =n

Prove f preserves operations: f(at+b) = f(a)+f(b) and f(axb) = f(a)xf(b)

Show existence of z € Z such that Vn € N, f(n) # z (e.g., z=-1)

This proof applies the logical principles of isomorphism and extension.

In everyday terms, enlargement happens when:

* A smartphone enlarges the capabilities of a basic phone without being the same type of device

* An adult's understanding of the world enlarges a child's perspective without simply containing it

* A programming language with exception handling enlarges one without it, enabling new expressions of error
management

Real-world application: Database systems often implement schema extensions that enlarge functionality without
replacing the original structure, allowing backward compatibility while supporting new features.

Example from Software Engineering: When Java added generics in version 5, it enlarged the type system
without breaking existing code. This enlargement preserved all operations on existing types while adding the
ability to express parameterized types like List<String>.



Student Exercises: Enlargement vs. Superset
Prove that (Q, +, x) is an enlargement of (Z, +, x) by defining an appropriate embedding function and
demonstrating the three required properties of enlargement.
Consider the set of 3%3 matrices with integer entries. Is this an enlargement of the set of integers? Justify your
answer by either providing a valid embedding or explaining why no such embedding can exist.
For each of the following pairs, determine whether the second is an enlargement of the first, a superset but not
an enlargement, or neither:

a) The set of even integers and the set of all integers

b) The set of polynomials with integer coefficients and the set of polynomials with real coefficients

¢) The set of 2x2 matrices with real entries and the set of all real numbers
In the Java programming language example, generics allowed for expressions like List<String>. Create a small
code example showing how this represents an enlargement rather than just a superset of the pre-generics type
system.
Consider a database schema that initially only stores customer names and addresses, then is extended to also
include phone numbers. Explain whether this is an enlargement in the mathematical sense, and provide the
embedding function if applicable.

Answer Key:
To prove (Q, +, X) is an enlargement of (Z, +, X):
* Define embedding f: Z — Q where f(n) =n/1
* Preservation of addition: f(a+b) = (a+b)/1 = a/l + b/1 = f(a) + f(b)
* Preservation of multiplication: f(axb) = (axb)/1 = (a/1) % (b/1) = f(a) x f(b)
* Existence of elements in Q not in the image of f: Consider 1/2 € Q. For any n € Z, f(n) = n/1, which is never
equal to 1/2.

Therefore, (Q, +, x) is indeed an enlargement of (Z, +, x).
The set of 3x3 matrices with integer entries is not an enlargement of the set of integers. While we could define
an embedding function (e.g., mapping each integer n to a matrix with n in the top-left position and zeros
elsewhere), the matrix multiplication operation doesn't preserve the multiplication of integers under this
embedding. For example, if we map 2 to [[2,0,0],[0,0,0],[0,0,0]] and 3 to [[3,0,0],[0,0,0],[0,0,0]], their product
as matrices is [[6,0,0],[0,0,0],[0,0,0]], which corresponds to 6, preserving integer multiplication. However,
matrix multiplication is fundamentally different from integer multiplication when considering the full structure
of matrices, so this isn't a proper enlargement.
a) The set of all integers (Z) is a superset of the set of even integers, but not an enlargement. This is because
there's no way to define an embedding that preserves both addition and multiplication. If we tried to map 1
(from even integers) to 2 (in all integers), then 1+1=2 would map to 2+2=4, breaking the preservation property.

b) The set of polynomials with real coefficients is an enlargement of the set of polynomials with integer
coefficients. The embedding function simply maps each polynomial with integer coefficients to the same
polynomial viewed as having real coefficients. Addition and multiplication are preserved, and there exist
polynomials with real coefficients (e.g., x + 0.5) that cannot be expressed with integer coefficients.

c¢) Neither. The set of 2x2 matrices with real entries is not a superset of all real numbers, nor can there be an
enlargement relationship because the structures are fundamentally different (matrices vs. scalars).
Example of Java generics as enlargement:

This is an enlargement because all operations from the pre-generics system are preserved (the old code still
works), but new capabilities are added without changing the meaning of existing code.
The extended database schema is an enlargement of the original schema.
» The embedding function maps each original record (name, address) to (name, address, null) in the new
schema.
* Operations like searching, updating, and deleting records based on name and address are preserved.
* The new schema can represent records with phone numbers, which cannot be represented in the original
schema.

Formally, if we represent the original schema as S: and the extended schema as S-, the embedding f: S1 — S
maps (name, address) to (name, address, null). All database operations on the embedded records behave the

same way as they did in the original schema.

Closure and Number Systems



N is closed under addition, multiplication, and exponentiation. This is like a closed ecosystem where:
» Combining two natural resources always produces another natural resource

» Mixing two primary colors might create another recognized color

» Adding two whole apples always gives you a countable number of apples

Proof of Closure for Addition in N: For any a, b € N, we need to show that a + b € N. By the Peano axioms, we
can prove this inductively:

Basecase:a+0=a€eN

Student Exercises: Closure and Number Systems
Determine whether each of the following number systems is closed under the given operation, and provide
either a proof or a counterexample:

a) (Z, subtraction)

b) (N, subtraction)

¢) (Q*, division) [positive rationals]

d) (R*, logarithm with base 10) [positive reals]
Complete the proof of closure for addition in N by filling in the inductive step that was started in the text.
Consider the set of 2x2 matrices with integer entries. Is this set closed under:

a) Matrix addition?

b) Matrix multiplication?

¢) Matrix inversion?

Justify each answer with either a proof or counterexample.
In computer systems, fixed-width integer types (like 8-bit integers) are not truly closed under addition or
multiplication. Explain this limitation and describe the concept of "integer overflow" in terms of closure
properties.
Prove that the set of polynomials with rational coefficients is closed under differentiation, but the set of
polynomials with integer coefficients is not closed under this operation.

Answer Key:
a) (Z, subtraction) is closed. For any a, b € Z, a - b=a + (-b) € Z because Z is closed under addition and
contains additive inverses.

b) (IN, subtraction) is not closed. Counterexample: 3,5 € Nbut3-5=-2 ¢ N.

¢) (Q*, division) is not closed. While most divisions result in positive rationals, dividing by 0 is undefined. If
we exclude 0, then it is closed: for any positive rationals a/b and c¢/d (where a, b, ¢, d are positive integers), (a/b)
+ (c/d) = (a/b) x (d/c) = (ad)/(bc), which is another positive rational.

d) (R*, logarithm with base 10) is not closed. For any x € R*, logio(x) can be negative (when 0 <x < 1). For
example, logio(0.1) =-1 & R*.
Proof of closure for addition in N (completing the inductive step):

Base case: a+ 0 =a € N (given)

Inductive step: Assume a + k € N for some k € N (induction hypothesis).
We need to show a + (k+1) € N.

By the definition of addition via Peano axioms:
at(k+tl)=(a+k)+1

By the induction hypothesis, a + k € N.

By the successor axiom, if n € N, thenn+ 1 € N.
Therefore, (a + k) + 1 € N.

Thus, a + (k+1) € N, completing the induction.

By the principle of mathematical induction, a +b € N for all a, b € N.



a) The set of 2x2 matrices with integer entries is closed under matrix addition. Proof: If A = [a
Inductive step: Assume a + k € N. Then a + (k+1) =(a + k) + 1 € N by the successor axiom.

Therefore, N is closed under addition. This proof demonstrates the principles of mathematical induction and
closure.

But N isn't closed under subtraction, division, or root extraction. In practical terms:

* You can't subtract 8 apples from 5 apples and stay within the natural number system
* You can't divide 5 cookies equally among 3 children without breaking cookies

* You can't find the square root of 2 as a ratio of whole numbers

Example from Computer Science: Fixed-width integer types in programming languages demonstrate closure
limitations. An 8-bit unsigned integer (0-255) is closed under addition modulo 256, but not under unrestricted
addition. This leads to overflow errors when 200 + 100 = 44 (in 8-bit arithmetic), a practical limitation that
reflects the mathematical concept of closure.

Example from Digital Logic: Boolean algebra (with operations AND, OR, NOT) is closed under all its
operations - applying these operations to boolean values always yields boolean values. This closure property is
what makes digital logic circuits possible.

Student Exercises - Closure Properties
Prove that the natural numbers are closed under multiplication using mathematical induction.
Is the set of even natural numbers closed under addition? Under multiplication? Under subtraction? Prove your
answers.
Consider the set S = {1, 3, 5, 7, 9}. Determine whether this set is closed under:
a) Addition
b) Multiplication
c¢) Taking remainders modulo 10
In an 8-bit signed integer system (using two's complement, with range -128 to 127), compute:
a) 100 + 50
b) 100 + 50 - 25
c) -100 +-50
For each operation, determine whether the set of prime numbers is closed under it. If not, provide a
counterexample:
a) Addition
b) Multiplication
c¢) Exponentiation (where both base and exponent are prime)
Explain why closure properties are important in cryptography, providing at least one specific example.

Answer Key - Closure Properties

Proof that N is closed under multiplication:

* Base case: Foranya €N, a-1=a €N

* Inductive hypothesis: Assume a-k € N for some k € N

* Inductive step: a-(k+1) = a-k + a. Since a-k € N (by inductive hypothesis) and a € N, and N is closed under
addition, a-k +a € N.

* Therefore, by mathematical induction, a-n € N for all n € N, proving closure under multiplication.

Even natural numbers:

* Closed under addition: Yes. If a and b are even, then a=2m and b = 2n for some m,n € N. Thus, a+b =2m+2n
= 2(m+n), which is even.

* Closed under multiplication: Yes. If a=2m and b = 2n, then a-b =2m-2n = 22-m-'n = 2(2-m-n), which is even.
* Closed under subtraction: No. 2 - 4 = -2, which is not a natural number, let alone an even natural number.
SetS={1,3,5,7,9}:

« Addition: Not closed. 7 + 5 =12, which is not in S.

» Multiplication: Not closed. 3 x3=9€ S,but3 x5=15¢S.

* Remainders modulo 10: Closed. All possible remainders modulo 10 from elements in S are: 1, 3, 5, 7, 9, which
are all in S.



8-bit signed integer calculations:

*a) 100 + 50 = 150 (within range)

*b) 100 + 50 - 25 = 125 (within range)

*¢)-100 + (-50) = -150 (outside range, would result in overflow)

Prime number closure:

* Addition: Not closed. 2 + 3 = 5 (prime), but 3 + 4 =7 (prime), but 5 + 6 = 11 (prime), but 7 + 8 = 15 (not
prime).

* Multiplication: Not closed. 2 x 3 = 6 (not prime).

» Exponentiation: Not closed. 23 = 8 (not prime).

Closure properties in cryptography:

The closure property ensures that operations on elements stay within the defined system. In modular
arithmetic used in RSA cryptography, operations are performed modulo n. The set {0, 1, 2, ..., n-1} is closed
under addition and multiplication modulo n, ensuring all results remain within the system. This is essential for
encryption algorithms where mathematical operations must yield predictable outputs within the defined number
space.

Number System Expansions

Each number system expands to address specific limitations:

* 7Z (integers) solves the subtraction problem, allowing debt and negative temperatures

* Q (rationals) solves the division problem, enabling measurements like 3/4 cup of flour

* R (reals) allows for root extraction, needed for calculating diagonal lengths and continuous measurement
* C (complex numbers) permits solutions to equations like x>+1=0, essential for electrical engineering

Von Neumann Construction of Natural Numbers: In set theory, von Neumann constructed the natural numbers
as:

« 0 = @ (the empty set)

«1={0} = {0}

+2={0,1} = {0, {0}}
*3=10,1,2} = {0, {0}, 10, {D}}}

This construction allows us to define arithmetic operations purely in terms of set operations, providing a
rigorous foundation for number systems. In computer science, this approach mirrors how complex data
structures can be built from simpler ones.

Application in Computer Memory Management: Von Neumann arithmetic underlies memory allocation
algorithms. When a program requests n bytes of memory, the memory manager must find a contiguous block of
adequate size - this operation relies on address arithmetic that conceptually matches von Neumann's
construction.

These expansions don't simply contain the previous systems—they transform them, like how digital
photography didn't just add to film photography but created a fundamentally different approach.

Example from Electrical Engineering: AC circuit analysis requires complex numbers (C) to represent
impedance. The equation V =1Z (voltage equals current times impedance) relies on complex arithmetic to
model phase relationships. This is a perfect example of how mathematical enlargement (from R to C) enables
practical engineering applications that would be impossible in the more restricted system.

Student Exercises - Number System Expansions
Explain why Z is closed under subtraction while N is not. Provide an example of subtraction that demonstrates
this difference.



Create a step-by-step construction of the number 4 using the von Neumann construction method. Then represent
the number 5 using the same approach.
For each of the following problems, identify which number system is required to solve it and explain why:

a) Finding the average of 5 test scores: 92, 88, 76, 94, 85

b) Calculating the area of a circle with radius 2

¢) Solving the equation x> - 8 =0

d) Solving the equation x> +4 =0
Describe a real-world application for each number system (N, Z, Q, R, C) that distinctly requires that system
and could not be adequately modeled with a more restricted system.
Consider the statement: "Every rational number is a real number, but not every real number is rational." Prove
this statement is true by:

a) Explaining why every rational number is a real number

b) Providing a rigorous proof that \2 is irrational

Answer Key - Number System Expansions
Z is closed under subtraction because for any integers a and b, a-b is always an integer. For instance, 5-8=-3,
which is in Z but not in N. The natural numbers N are not closed under subtraction because there are cases
where a-b results in a negative number when b>a (like 3-7=-4), and negative numbers are not in N.
Von Neumann construction of 4 and 5:
+4=10,1,2,3} = {0, {0}, {0, {@}}, {D, {0}, {D, {®}}}}
©5=10,1,2,3,4} = {0, {0}, {0, {0} }, {D, {B}, {0, {@}}}, {D, {0}, {D, {@}}, {D, {0}, {@, {®}}}}}
Required number systems:

a) Q (rational numbers) - The average is (92+88+76+94+85)/5 = 435/5 = 87, which can be expressed as a ratio
of integers.

b) R (real numbers) - Area = nr?> = n-4 = 4x. Since 7 is irrational, the result is a real number that cannot be
expressed as a ratio of integers.

¢) Q (rational numbers) - Solutions to x* - 8§ = 0 are x = 2, which is rational.

d) C (complex numbers) - Solutions to x> + 4 = 0 are x = £2i, which requires complex numbers.
Real-world applications:
* N: Counting discrete objects like people in a room or items in inventory.
* Z: Recording temperatures that can go below zero, or financial transactions including debts.
* Q: Expressing precise measurements like 3/4 cup in cooking recipes or 2/3 of a tank of gas.
* R: Calculating distances using the Pythagorean theorem where irrational numbers commonly appear.
* C: Analyzing AC circuits where impedance has both magnitude and phase components, or quantum mechanics
wave functions.
Rational vs. Real numbers:

a) Every rational number is a real number because any number that can be expressed as p/q where p,q € Z and
g#0 can be represented on the real number line. Rationals are a subset of reals.

b) Proof that V2 is irrational:

Assume V2 is rational, so V2 = a/b where a,b € Z, b#0, and a/b is in lowest form (a and b have no common
factors).

Then 2 = a%/b? — a? = 2b?

This means a? is even, which implies a is even (as odd*>=odd).

If a is even, then a = 2k for some k € Z.

Substituting: 2b? = (2k)? = 4k?

Thus b? = 2k?, meaning b? is even, so b is even.

But this contradicts our assumption that a/b is in lowest form (since both a and b are even, they have a
common factor of 2).

Therefore, V2 cannot be expressed as a ratio of integers and must be irrational.

The existence of these systems isn't guaranteed by definition alone—it requires proof, just as naming a "cancer-
preventing vaccine" doesn't make it exist. Mathematical rigor demands demonstrating that these expanded
systems can be constructed legitimately.

Principles of Logic with Intuitive Examples

Integer Relations through Ordered Pairs

When we model integers as ordered pairs, each relation becomes clear through real-world examples:



The relation (o, ) is an instance of +n when B=a-n, and an instance of -n when f=a-+n.

Example: Think of a temperature change. If today's temperature is 75°F and yesterday's was 73°F, the ordered
pair (73,75) represents the relationship "+2" - a 2-degree increase. Similarly, (75,73) represents "-2" - a 2-degree
decrease.

The pairs (1,3), (35,37), and (87,89) all represent the same relationship as (0,2) - namely, "add 2." In everyday
terms, these are like:

* Moving forward 2 spaces in a board game

* Getting a $2 raise

* Gaining 2 pounds

Let's prove that these ordered pairs indeed represent the same relationship:

Proof: For ordered pairs (a,b) and (c,d) to represent the same integer relationship, we need to show that b-a = d-
c. For our examples:

*(1,3):3-1=2

*(35,37):37-35=2

* (87,89): 89-87 =2

*(0,2):2-0=2

Since all differences equal 2, these pairs all represent the same relationship: "add 2."

Student Exercises: Integer Relations
Determine which of the following ordered pairs represent the same integer relationship: (5,9), (10,13), (0,4), (-
3,1), (7,10)
Express the following real-world scenarios as ordered pairs and identify the integer relationship they represent:
a) A stock price drops from $45 to $42
b) A student improves their test score from 78 to 85
¢) A marathon runner's position moves from 23rd place to 16th place
If ordered pair (a,b) represents the integer relationship +5, and (c,d) represents -3, what integer relationship does
the pair (a,d) represent? Prove your answer.
Create three different ordered pairs that all represent the relationship "-7" and explain how you know they
represent the same relationship.
If (3,x) represents the same integer relationship as (7,14), find the value of x and explain your reasoning.

Answer Key: Integer Relations
The pairs (5,9), (0,4), and (-3,1) all represent +4 since 9-5=4, 4-0=4, and 1-(-3)=4.
The pairs (10,13) and (7,10) both represent +3 since 13-10=3 and 10-7=3.
a) ($45,$42) represents -3 (a decrease of $3)
b) (78,85) represents +7 (an increase of 7 points)
¢) (23,16) represents -7 (moving up 7 places, which is a decrease in number)
The pair (a,d) represents +2.
Proof: If (a,b) represents +5, then b-a=5.
If (c,d) represents -3, then d-c=-3.
To find the relationship between a and d, we need to find d-a.
We know b-a=5 and d-c=-3.
If we assume b=c (connecting the pairs), then:
d-a=d-ctc-a=d-ctb-a=-3+5=2
Therefore, (a,d) represents the relationship +2.
Three pairs representing -7 are:
(10,3) because 3-10=-7



(0,-7) because -7-0=-7

(-5,-12) because -12-(-5)=-7

They all represent the same relationship because the difference between the second and first coordinates is
always -7.
If (3,x) represents the same integer relationship as (7,14), then:

x-3 =14-7

x-3=7

x=10

The relationship is +7 since 14-7=7 and x-3=7.

Integer Arithmetic with Ordered Pairs
The arithmetic identities for integers can be understood through practical applications:

Addition Example: When combining +3 and -9 to get -6, it's like having $3 in your account and then paying a $9
bill, leaving you $6 in debt.

Multiplication Example: When -3 x -3 =9, it's like canceling a debt three times, resulting in a positive outcome.
This mirrors how removing a negative influence (like eliminating three bad habits) creates a positive result.

Let's formalize this with a proof of why negative times negative equals positive:

Proof: We can use the distributive property to show why (-a)x(-b) = axb for positive integers a and b.
We know that (-a)xb = -(axb)

And (-2)*(-b) = (-a)x(-b)

Using the distributive property: (-a)x(-b) = (-a)x(-1xb) = (-a)x(-1)xb

Again: (-a)x(-1) =-ax(-1)=-(-a)=a

Therefore: (-a)x(-b) = axb

In computer science, this principle appears when toggling boolean values: NOT(NOT(x)) equals x. In electrical
engineering, inverting a signal twice restores the original signal.

Student Exercises: Integer Arithmetic

Use the ordered pair representation to prove that (-2) + (-3) = -5.

Provide a real-world scenario that demonstrates why (-4) x 5 = -20, and then prove this using the properties of
integer arithmetic.

Using the distributive property, prove that 3 x (4-7)=3 x4 -3 x 7,

A temperature drops 5°F for three consecutive days. Represent this scenario using integer multiplication and
explain why the total temperature change can be calculated as (-5) x 3.

Prove or disprove: For any integers a, b, and c, if a <b, thena x ¢ <b x c.

Answer Key: Integer Arithmetic
Proof using ordered pairs:
Let's represent -2 as (0,-2) and -3 as (0,-3).
To add them, we use the definition of addition for ordered pairs:
(0,-2) + (0,-3) = (0+0, -2+(-3)) = (0,-5)
Since (0,-5) represents -5, we have proven that (-2) + (-3) = -5.
Real-world scenario: If you lose $4 each day for 5 days, your total loss is $20.
Proof: (-4) x 5 can be rewritten as 5 x (-4) by commutativity
This equals 5 % (-1 x 4) by definition of negative numbers
By associativity: (5 X -1) x4 =-5x4=-20
Proof:
3x@4-7)=3x(-3)=-9
3x4-3x7=12-21=-9
Since both expressions equal -9, the distributive property is verified.



The temperature change can be calculated as (-5) x 3 =-15°F.

This represents a 5-degree decrease repeated 3 times, resulting in a total decrease of 15 degrees.

The negative sign in -5 indicates a decrease, and multiplying by 3 indicates this decrease occurs three times.
This statement is false.

When c is positive, the statement is true: ifa<b and ¢ >0, thena x c<b x c.

When c is negative, the inequality reverses: ifa <b and ¢ <0, thena xc>b x c.

When ¢ = 0, both sides equal zero: a x 0 =b x 0 =0.

Counterexample: 2 <5, but 2 X (-3) = -6 is greater than 5 x (-3) =-15.

Rational Numbers
Rational numbers, expressed as fractions, have clear everyday applications:

Addition Example: When adding (2/3) + (7/8) = 37/24, it's like combining 2/3 of a pizza with 7/8 of another
pizza, resulting in 37/24 (or 1 and 13/24) pizzas total.

Let's work through this calculation step by step:

Find the common denominator: LCD(3,8) =24
Convert fractions: (2/3) = (16/24) and (7/8) = (21/24)
Add numerators: (16+21)/24 = 37/24

Multiplication Example: Multiplying (2/3) x (7/8) = 7/12 is like finding 2/3 of 7/8 of a chocolate bar - you end
up with 7/12 of the original bar.

Proof calculation:
(2/3) x (7/8) = (2x7)/(3%8) = 14/24 =7/12

Student Exercises: Rational Numbers

Calculate (3/4) - (2/5) and explain each step of your solution. Then provide a real-world scenario where this
calculation might be used.

Simplify the complex fraction: (3/4)/(5/6)

If you have 2/3 of a tank of gas and use 3/5 of what you have, what fraction of a full tank remains? Express your
answer in lowest terms.

Prove that for any non-zero rational numbers a/b and c/d, (a/b) x (d/c) = a/c x d/b =1 if and only if a/b = c¢/d.

A recipe calls for 3/4 cup of flour. If you want to make 2/3 of the recipe, how much flour should you use? Solve
this problem using fraction multiplication and explain your reasoning.

Answer Key: Rational Numbers

(3/4) - (2/5)
Find the common denominator: LCD(4,5) = 20
Convert fractions: (3/4) = (15/20) and (2/5) = (8/20)
Subtract: (15-8)/20 = 7/20

Real-world scenario: You completed 3/4 of your homework but then realize that 2/5 of the assigned problems
were optional. The fraction 7/20 represents the portion of the total assignment that is both mandatory and

completed.

(3/4)/(5/6) = (3/4) x (6/5)
= (3%6)/(4%5)
=18/20
=9/10

Initial amount: 2/3 of a tank
Amount used: 3/5 of 2/3 = (3/5) x (2/3) = (3%2)/(5%3) = 6/15 = 2/5 of a tank
Remaining amount: 2/3 - 2/5 = (10/15) - (6/15) = 4/15 of a tank
Proof:
(a/b) x (d/c) = (axd)/(bxc)
For this to equal 1, we need (axd)/(bxc) =1



This means axd = bxc
Rearranging: a/b =c/d

Conversely, if a/b = c¢/d, then axd = bxc
Therefore (axd)/(bxc) =1
So (a/b) x (d/c)=1
Amount needed: (3/4) x (2/3) = (3%2)/(4%3) = 6/12 = 1/2 cup of flour

Reasoning: If the recipe calls for 3/4 cup of flour and you're making 2/3 of the recipe, you need 2/3 of the
original amount. Finding 2/3 of 3/4 requires multiplying the fractions, giving 1/2 cup.

These operations are fundamental in:

* Cooking (measuring partial ingredients)

* Construction (working with fractions of inches)

* Financial calculations (partial payments or interest)

* Electrical engineering (voltage dividers where output voltage = input voltage x (R2/(R1+Rz2)))
» Computer science (memory allocation where a process might request 3/4 of available RAM)

Student Exercises - Operations with Fractions

A recipe calls for 2/3 cup of flour. If you want to make 1.5 times the recipe, how much flour will you need?

In a construction project, you need to cut a board that is 8 3/4 inches long. If you need 6 such boards, what is the
minimum length of wood required, accounting for a saw blade that removes 1/8 inch with each cut?

You borrowed $5,000 at 4.5% annual interest. If you make a payment of $2,500 after 6 months, what fraction of
the original loan principal have you paid, and how much interest had accrued before your payment?

In an electrical circuit, if Ri1 = 330Q and Rz = 470Q, what fraction of the input voltage appears at the output of
the voltage divider? Express your answer as a simplified fraction.

A computer has 16GB of RAM. If one process requests 2/5 of the available memory and another requests 1/3 of
the remaining memory, how much memory (in GB) is still available for other processes?

Answer Key
2/3 x1.5=2/3 x3/2=6/6 =1 cup of flour
5 cuts are needed for 6 boards. Total length = (6 x 8 3/4) + (5 x 1/8) =52 1/2 + 5/8 = 53 1/8 inches
Principal payment: $2,500 = 1/2 of the original loan
Interest accrued: $5,000 x 0.045 x (6/12) = $112.50
Output voltage fraction = R2/(Ri+R2) = 470/(330+470) = 470/800 = 47/80
First process: 16GB x 2/5 = 6.4GB
Remaining: 16GB - 6.4GB = 9.6GB
Second process: 9.6GB x 1/3 =3.2GB
Still available: 9.6GB - 3.2GB = 6.4GB

Real Numbers

Real numbers include both rational numbers and irrational numbers (like \2).

Irrational Number Example: The number V2 cannot be expressed as a simple fraction. If you try to measure the
diagonal of a 1x1 square, you get V2, which cannot be precisely represented by any ruler marked only in rational
divisions.

Proof that V2 is irrational:

Assume V2 is rational, so V2 = a/b where a and b are integers with no common factors

Then 2 = a%/b?

So a%2=2b?



This means a? is even, therefore a is even

If a is even, then a = 2k for some integer k

Substituting: (2k)? = 2b?

So 4k? = 2b?

Therefore b? = 2k?

This means b? is even, therefore b is even

But this contradicts our assumption that a and b have no common factors
Therefore, V2 cannot be expressed as a fraction

Application: Irrational numbers are essential in architecture and engineering. The golden ratio (approximately
1.618...) appears in designs from the Parthenon to modern buildings, creating aesthetically pleasing proportions
that cannot be expressed as simple fractions.

In computer science, understanding the distinctions between rational and irrational numbers is crucial for:
* Floating-point arithmetic precision limitations

* Avoiding rounding errors in critical applications like missile guidance systems

* Cryptographic algorithms that rely on irrational number properties

« Signal processing where irrational numbers like m and e appear in Fourier transforms

Student Exercises - Real Numbers

Prove that the sum of a rational number and an irrational number is always irrational.

The golden ratio ¢ is approximately 1.618034. It can be expressed as ¢ = (1 + V5)/2. Show that ¢> = ¢ + 1.

If you have a square with sides of length 1 unit, what is the exact length of its diagonal? Express your answer
using an irrational number and explain why a ruler with rational markings could never measure this length
exactly.

A computer uses 32-bit floating-point representation for calculations. How might this cause problems when
working with irrational numbers like n? Give a specific example.

In cryptography, many algorithms rely on the properties of irrational numbers. Research and explain how the
number e (approximately 2.71828) is used in the RSA encryption algorithm.

Answer Key

Proof: Let r be rational and i be irrational. Assume r + i is rational.
Then (r + 1) - r would be rational (difference of two rationals).
But (r +1) - r = 1, which is irrational by definition.

This contradiction proves that r + i must be irrational.

9= ((1+5)22=(1+2V5 + 5)/4 = (6 + 2\5)/4 = (3 +V5)/2
o+1=1+V5)2+1=(1+V5+2)2=3+5)2
Therefore, ¢> = + 1

By the Pythagorean theorem, the diagonal of a 1x1 square is V(12 + 12) = V2.

This length is irrational because V2 cannot be expressed as a ratio of integers.
A ruler with rational markings would only have marks at distances that can be expressed as fractions,
s0 it could never mark exactly \2 units.

In a 32-bit floating-point format, = would be approximated as something like 3.14159265359.
If calculating the circumference of a circle with radius 107 meters (roughly Earth's radius),
the error from this approximation would be about 0.0000000001 x 27 x 107 = 6.28 meters,
which could be significant in precise applications like GPS positioning.

The number e is fundamental to the RSA algorithm through Euler's theorem, which states that
a’p(n) = 1 (mod n) for coprime a and n, where ¢(n) is Euler's totient function.



The security of RSA relies on the difficulty of factoring large numbers, and the mathematical
properties of e help ensure that encryption and decryption work correctly while maintaining
security against attacks.

Von Neumann Arithmetic and Its Applications

Von Neumann arithmetic provides a foundational approach to constructing numbers from set theory, where:

* 0 is represented by the empty set: @

* | is represented as {@}

* 2 is represented as {@, {@}}

* And so on...

This construction has practical applications in:

Computer Science Data Structures:

* Binary trees can be implemented using Von Neumann's construction principles

* In memory management, this approach helps in implementing recursive data structures

Digital Logic Design:

* Von Neumann arithmetic principles underlie the design of arithmetic logic units (ALUs)

* Binary counters in digital circuits follow similar constructive principles

Programming Language Theory:

» Lambda calculus implementations use similar constructive approaches

* Functional programming languages like Haskell represent natural numbers using principles related to Von
Neumann construction

Example Application in Computer Science:

In Lisp-like languages, we can implement natural numbers using empty lists:
* 0 is represented as ()

* 1 is represented as (())

* 2 is represented as (() (()))

This allows arithmetic operations to be defined purely in terms of list operations, demonstrating the practical
implementation of Von Neumann's principles.

Student Exercises - Von Neumann Arithmetic

Using Von Neumann's construction, represent the number 4 as a set.

Explain how addition can be defined using Von Neumann's construction. Specifically, show how to compute 2 +
3 using set operations.

Implement a simple function in a programming language of your choice that converts an integer n to its Von
Neumann representation as nested lists or sets.

How does Von Neumann's construction relate to Peano axioms? Describe the similarities and differences.
Design a simple recursive data structure based on Von Neumann's principles that could be used to represent a
binary tree in computer memory.



Answer Key

In Von Neumann's construction, 4 is represented as {@, {@}, {@, {@}}, {@, {@}, {@, {B}}}}
This is the set containing 0, 1, 2, and 3 in their Von Neumann representations.

Addition of m + n can be defined as the cardinality of the union of two disjoint sets with cardinalities m and n.
For 2 + 3:

«2is {@, {®}}

*3is {0, {0}, {0, {0} }}

* We can construct disjoint sets by tagging elements, e.g., (0,x) for elements from the first set

* The union would have 5 elements, corresponding to 5

Python implementation:

Similarities:

* Both define natural numbers recursively

* Both start with a base element (0 or empty set)
* Both define a successor function

Differences:
* Peano axioms are axiomatic, while Von Neumann construction is explicit
* Von Neumann defines each number as the set of all previous numbers
* Peano axioms don't specify the exact nature of numbers, just their properties
Binary tree using Von Neumann principles:

[lustrating Principles of Logic with Intuitive Examples
Existence and Definition in Mathematics

Student Exercises - Logic Principles

Explain the difference between constructive and non-constructive proofs using an example of each from number
theory.

The statement "For every positive integer n, there exists a prime number p such that p > n" is a fundamental
theorem in mathematics. Rewrite this statement using logical quantifiers (V, 3) and provide a brief outline of its
proof.

Consider the logical statement: "If it is raining, then the ground is wet." Write the contrapositive, converse, and
inverse of this statement, and discuss which ones are logically equivalent to the original.

Explain Russell's Paradox using the concept of "the set of all sets that do not contain themselves." What does
this paradox tell us about naive set theory?

Using truth tables, prove that (P — Q) is logically equivalent to (=P v Q).

Answer Key
Constructive proof example: To prove there are infinitely many prime numbers, Euclid constructed a new prime
from existing ones by multiplying all known primes, adding 1, and finding a prime factor of this number.

Non-constructive proof example: The existence of irrational numbers a and b such that a”b is rational can be
proven by considering V2*V?2. Either this value is rational (proving the claim) or it's irrational, in which case
(N2/2)™M2 = 272 = 2 is rational, also proving the claim. This proof doesn't tell us which case is true.

VneN, IpEP :p>n

Proof outline: Assume n is any positive integer. Consider the number N =n! + 1. N must have at least one
prime factor p. This prime p cannot divide n!, so p > n. Therefore, for any n, we can find a prime p > n.
Original: If it is raining, then the ground is wet. (R — W)

Contrapositive: If the ground is not wet, then it is not raining. ("W — —R)

Converse: If the ground is wet, then it is raining. (W — R)

Inverse: If it is not raining, then the ground is not wet. ("R — —W)

The contrapositive is logically equivalent to the original statement.
The converse and inverse are not logically equivalent to the original statement.
Russell's Paradox considers the set R = {x | x € x}, the set of all sets that don't contain themselves.
The paradox arises when we ask: Does R contain itself?
If R € R, then by definition R & R (contradiction).



If R & R, then by definition R € R (contradiction).

This paradox demonstrates that naive set theory, which allows unrestricted set formation, leads to
contradictions. It led to the development of axiomatic set theories like ZFC that restrict how sets can be formed.
Truth table for (P — Q) and (—P Vv Q):

iP|| Q||P—>|Q||ﬁP|ﬂP|VQ\

[ TIT] T [F] T |
| TIF[ F [F ] F |
|[FIT] T |T] T |
[FIF| T [T| T |

Since the truth values in columns for (P — Q) and (=P V Q) are identical, the two expressions are logically
equivalent.

When we define something like "\2," we must prove that such an entity actually exists. This is similar to
everyday situations where we need to verify that something we name actually exists.

For example, if a company creates a job title "Regional Solutions Coordinator," we need to verify that this
position has actual responsibilities and isn't just an empty label. Just defining the title doesn't guarantee the
position exists in a meaningful way.

Proof of existence for V2:

Consider the function f(x) =x* - 2

Note that f(1)=-1 <0 and f(2) =2 > 0

Since f is continuous and changes sign between x=1 and x=2, by the Intermediate Value Theorem, there must
exist some ¢ between 1 and 2 where f(c) =0

For this value ¢, ¢? =2, s0 ¢ = \2

Therefore, V2 exists as a real number

Real-World Equivalences

This existence proof demonstrates a fundamental principle in mathematical logic: we must verify that our
definitions correspond to actually existing mathematical objects, just as engineers must verify that theoretical
designs can be physically constructed.

Addition, Multiplication, and Number Representations

The mathematical equivalences shown (such as V2xV2=2) illustrate the principle that the same information can
be represented in different forms. This concept is fundamental to mathematics and has deep connections to logic
and proof theory.

Proof Example: Let's prove that \2xV2=2 using the properties of radicals:

Begin with the definition: V2 represents the positive number whose square equals 2

Therefore: (\/2)2 = 2 (by definition)

But (\2)? can be rewritten as V2x\2 (by the power property of multiplication)

Therefore: V2xV2 = 2 (by substitution)

This proof demonstrates the logical principle of substitution of equals, where if a = b, then any statement
containing a remains true when a is replaced with b.



In everyday life, this occurs when:
* A recipe calls for "half a cup of butter" or "one stick of butter" (same quantity, different representation)

* This illustrates the logical principle of equivalence relations: if a =b (mod R), then a and b are interchangeable
in context R

* A meeting scheduled for "14:00" or "2:00 PM" (same time, different notation)
* This demonstrates a bijective mapping between 12-hour and 24-hour time systems
* A distance given as "5 kilometers" or "approximately 3.1 miles" (same distance, different units)

* This shows the principle of invariance under transformation: the physical distance remains unchanged
regardless of the measurement system

* In electronics, representing a digital signal as either voltage levels (0V/5V) or binary digits (0/1)
« This exemplifies abstraction, where physical phenomena are mapped to mathematical objects
Addition and Multiplication of Real Numbers

The formal definitions of addition and multiplication demonstrate how complex operations can be broken down
into precise logical statements.

Constructive Proof Example: Let's prove that for all real numbers a and b, a+b = b+a (commutativity of
addition):

For rational numbers, this follows from the properties of fractions
For irrational numbers, we can use Dedekind cuts or Cauchy sequences
Student Exercises: Mathematical Existence and Representation

Exercise 1
Using the Intermediate Value Theorem, prove that there exists a solution to the equation x* - 4x + 1 = 0 in the
interval [0, 1].

Exercise 2
Consider the claim that V3xV3=3. Provide a formal proof of this statement using the properties of radicals,
following the model of the proof for V2x\2=2.

Exercise 3
Give an example of a mathematical definition that requires an existence proof different from the one used for
2, and explain why a different approach is needed.

Exercise 4
In our everyday world, we often use different representations for the same concept. Identify three examples not
mentioned in the text and explain which logical principles they illustrate.

Exercise 5
Prove that there exists a real number x such that x2 + x + 1 = 0. If you cannot prove existence, explain why not.

Exercise 6
Consider the statement: "For all real numbers a and b, if a <b, then there exists a rational number r such that a <

r <b." Prove or disprove this statement.

Exercise 7



Explain how the concept of mathematical existence relates to computer programming. Give a specific example
of a data structure or algorithm whose "existence" must be verified.

Answer Key

Answer 1

Letf(x)=x3-4x+1

f(0)=1>0

f(1)=1-4+1=-2<0

Since f'is continuous (as a polynomial) and changes sign from positive to negative in the interval [0,1], by the
Intermediate Value Theorem, there must exist some ¢ in (0,1) such that f(c) = 0.

Answer 2

Proof that V3x\3=3:

By definition, V3 is the positive number whose square equals 3.
Therefore, (V3)? =3 (by definition)

(V3)2 can be rewritten as V3x\3 (by the power property of multiplication)
Therefore, V3x\3 = 3 (by substitution)

Answer 3

Example: Proving the existence of a solution to differential equations.

For differential equations, we often cannot use the Intermediate Value Theorem directly. Instead, we might use
methods like Picard iteration or fixed-point theorems to show that a solution exists. These approaches are
needed because differential equations involve functions rather than just real numbers, requiring more
sophisticated existence theorems.

Answer 4

Currency conversions (e.g., $1 USD = 0.85 EUR): This illustrates the principle of value invariance - the
economic value remains the same despite different representations.

Chemical formulas (e.g., H2O vs. water): This demonstrates the principle of reference equivalence - different
symbols refer to the same physical substance.

Programming variables and memory addresses (e.g., x =42 vs. memory location 0x7{ff5fbff7a8): This
illustrates abstraction hierarchy, where high-level concepts map to lower-level implementations.

Answer 5

We cannot prove the existence of a real number x such that x> +x +1=0.

Using the quadratic formula: x = (-1 £ V(1-4))/2 = (-1 £ V(-3))/2

Sinje \(-3) is not a real number, this equation has no real solutions. The solutions are complex numbers: x = (-1
+1iV3)/2.

Answer 6

This statement is true. Proof:

Given a <b, we know b -a > 0.

By the Archimedean property of real numbers, there exists a positive integer n such that n(b-a) > 1.
This means 1/n < b-a.

Now, let m be the smallest integer such that m/n > a.

Then (m-1)/n<a <m/n.

Since a <m/n and 1/n < b-a, we have a + (b-a) > m/n, which means b > m/n.

Therefore, a < m/n <b, and m/n is rational.

Answer 7

In computer programming, "existence" verification often relates to proving that an algorithm terminates and
produces correct results. For example, when implementing a sorting algorithm like quicksort, we must verify
that:

The algorithm terminates for all valid inputs (existence of a solution)

The resulting array is actually sorted (correctness)

The algorithm preserves all elements from the original array (preservation of information)

This is similar to mathematical existence proofs because we need to verify that our algorithmic definition
corresponds to an actual computational process that achieves the desired result in a finite number of steps.



Dedekind Cuts and Real Number Addition

Consider two Dedekind cuts A and B representing real numbers a and b

The cut A+B = {x+y | XEA, yEB} represents a+b

Similarly, B+A = {y+x | yEB, x€A}

Since x+y = y+x for all rational x and y, we have A+B = B+A

Therefore, a+b = b+a

This has practical applications in:

» Computer programming, where all operations must be defined with exact logic

» Example: In floating-point arithmetic, addition is implemented using IEEE 754 standards that precisely define
how to handle rounding and special cases

* Financial systems, which require precise definitions of arithmetic operations

» Example: Calculating compound interest follows the formula A = P(1+r/n)"(nt), which requires precise
application of multiplication, division, addition, and exponentiation

* Engineering calculations, where precision prevents costly errors

» Example: In signal processing, the Fast Fourier Transform (FFT) algorithm relies on the precise definition of
complex number multiplication

* Cryptographic systems, where operations on large numbers provide security

» Example: RSA encryption uses modular exponentiation, which combines multiplication and addition in a
precisely defined way: (a x b) mod n

Student Exercises: Dedekind Cuts and Addition

Prove that if A and B are Dedekind cuts representing real numbers a and b respectively, and C is a Dedekind cut
representing ¢ = a + b, then C is also a Dedekind cut.

If A represents the real number V2 and B represents the real number \3, describe in words how the Dedekind cut
A+B would represent V2 + 3.

Using the definition of addition for Dedekind cuts, show that adding the Dedekind cut for 0 to any other
Dedekind cut A yields A.

Prove that addition of Dedekind cuts is associative, i.e., (A+B)+C = A+(B+C).

Suppose A and B are Dedekind cuts representing rational numbers p/q and 1/s. Explain why the Dedekind cut
A+B contains exactly the rational numbers less than (p/q)+(1/s).

Answer Key:

For C to be a Dedekind cut, we need to verify: (i) C is not empty and C # Q, (ii) if x € Cand y <x, theny € C,

and (iii) C has no largest element.

* Since A and B are Dedekind cuts, both contain rationals, so C = {x+y | XEA, yEB} is not empty.

* C # Q because neither A nor B contains all rationals.

« If z € C, then z = x+y for some x € A, y € B. If w < z, then w = (x-(z-w)/2)+((y-(z-w)/2)). Since A and B have

no largest elements, x-(z-w)/2 € A and y-(z-w)/2 € B, sow € C.

* C has no largest element because if z = x+y with x € A, y € B, we can find X' > x in A and y' >y in B, giving

7' =x"ty' >z

The Dedekind cut for V2 + V3 would contain all rational numbers less than V2 + V3. Using the definition A+B =

{x+y | xEA, y€EB}, it would contain all sums x+y where x is a rational less than V2 and y is a rational less than
3. This gives us all rationals less than the irrational number V2 + 3.

The Dedekind cut for 0, call it Z, contains all negative rationals. To show Z+A = A, we need to show:



o Ifq € Z+A, then q € A: If q € Z+A, then q = zta where z € Z, a € A. Since z < 0, we have q < a, and since A
is a Dedekind cut, q € A.

*Ifq € A, then q € Z+A: For any q € A, we can find z € Z and a € A such that q = z+a (e.g., pick z to be
sufficiently negative).

To prove (A+B)+C = A+(B+C), we show that a rational q is in (A+B)+C if and only if it's in A+(B+C):

* If ¢ € (A+B)+C, then q =r+c where r € A+B, c € C. Sincer € A+B, r=a+b wherea€ A,b€B. Soq=
a+b+c, which means q € A+(B+C).

* The reverse direction follows similarly, showing that if q € A+(B+C), then q € (A+B)+C.

The Dedekind cut A contains all rationals less than p/q, and B contains all rationals less than r/s. By definition,
A+B = {x+y | x€A, yEB}. If w < p/q and z < /s, then w+z < p/q+r/s. So A+B contains all rationals less than
p/qtr/s. Conversely, if u > p/q+t/s, then u cannot be expressed as w+z with w <p/q and z <r/s, so u € A+B.

Von Neumann Arithmetic Applications

Von Neumann arithmetic, which constructs natural numbers as sets (0=0, 1={@}, 2={@,{@}}, etc.), has several
practical applications:

Computer Science - Type Theory: In functional programming languages like Haskell, Peano/Von Neumann
style definitions help implement natural numbers as algebraic data types:

Formal Verification: Systems like Coq and Agda use constructions similar to Von Neumann's to prove
properties of programs:

Database Theory: The concept of using sets to represent numbers influences relational database design, where
relations are defined as sets of tuples.

Digital Circuit Design: Von Neumann's approach to numbers as sets parallels how binary counters are
implemented in digital logic, where each bit position represents a power of two.

Proof Example using Von Neumann Arithmetic: Let's prove that 1+1=2:
In Von Neumann arithmetic, 1 = {@} and 2 = {@,{@}}

Addition is defined recursively: a+0 = a, a+S(b) = S(a+b)

Therefore: 1+1 = 1+S(0) = S(1+0) =S(1) =2

This construction shows how arithmetic operations can be built from pure set theory, demonstrating the logical
foundation of mathematics.

Student Exercises: Von Neumann Arithmetic

Using Von Neumann's construction, write out the set representation for the number 3.

Prove that for any natural number n, n+1 # n using Von Neumann's construction.

In Von Neumann arithmetic, explain why the number of elements in the set representing n is exactly n.
Using the recursive definition of addition, prove that 2+2=4 with Von Neumann's construction.

Explain how Von Neumann's construction establishes a successor function. How is this related to Peano's
axioms?

Answer Key:

In Von Neumann's construction:

* 0 =0 (empty set)

< 1={0} = {0}

+2={0,1} = {0.{0}}

+3=1{0,1,2} = {0.{0}.{0,{0} }}

For any n, n+1 =n U {n} by definition. We need to show n+1 # n:
*Ifntl =n,thennU {n} =n

* This implies {n} € n, which meansn € n

* But in Von Neumann's construction, n = {0,1,2,....n-1},son € n
* This contradiction proves that n+1 #n

For Von Neumann's construction:



* 0 =0 has 0 elements
*1={@} has 1 element
*2={0,{@}} has 2 elements
* For any n, n = {0,1,2,...,n-1}, which contains exactly n elements
This follows by induction: If |k| = k for all k <n, then |n| =|{0,1,2,...,n-1}| =n
Proving 2+2=4 with Von Neumann's construction:
* 242 = 2+§(1) = S(2+1) by the recursive definition
e 2+1 =2+5(0) = S(2+0) =S(2) =3
*S02+2=S53)=4
In set notation:
*2=1{0.{0}}
*4=1{0.{0},{0.{0}}.{0,{0}.{0.{0}}}}
Von Neumann's construction establishes a successor function S(n) =n U {n} =n+1. This is related to Peano's
axioms in the following ways:
» Each number has exactly one successor (S is a function)
* Different numbers have different successors (S is injective)
* 0 is not the successor of any number (0 # S(n) for any n)
* The principle of mathematical induction holds: if a property holds for 0, and if for any n, the property holding
for n implies it holds for S(n), then the property holds for all natural numbers.

Ordinal Numbers and Series

Ordinal numbers show position within a series, as illustrated by the examples of race positions. This
demonstrates that some properties are relational rather than intrinsic.

Formal Definition: For a well-ordered set (S,<), the ordinal number of an element X€S is the order type of the
set {y€S | y<x}.

Everyday examples:

* In a family of four children, Sarah may be the "eldest" in relation to her siblings but the "youngest" in relation
to her cousins

* This illustrates the context-dependence of ordinal properties

* A "bestselling" book has that property only in relation to other books during a specific timeframe
* This demonstrates how ordinals depend on the reference set

* The "tallest" person in one room may be "average height" in another context

 Shows how ordinal properties can change when the comparison set changes

Student Exercises: Ordinal Numbers and Series

Explain the difference between cardinal numbers and ordinal numbers with examples.

If we have aset S = {a, b, c, d, e} with the ordering a <b < c <d < e, what is the ordinal number of element d?
Consider two well-ordered sets: A = {1, 2, 3, 4} with the usual ordering and B = {w, X, y, z} withw<x <y <z
Describe an order-preserving mapping from A to B and explain how this relates to ordinal numbers.

In a race with 8 participants, the 3rd place runner is disqualified. How does this affect the ordinal positions of
the other runners? Which positions change and which remain the same?

Describe how transfinite ordinals extend the concept of ordinal numbers beyond finite sets. What is the first
transfinite ordinal, and how is it denoted?

Answer Key:
Cardinal numbers measure the size of a set, while ordinal numbers indicate position or order within a sequence:
* Cardinal example: A set {apple, banana, cherry} has a cardinality of 3.
* Ordinal example: In the sequence (apple, banana, cherry), apple is 1st, banana is 2nd, and cherry is 3rd.

For finite sets, cardinals and ordinals use the same numbers but have different meanings. With infinite sets,
they diverge completely.



Inthe set S = {a, b, c, d, e} with ordering a <b <c <d <e, the ordinal number of d is 4 (fourth position). This is
because there are 3 elements (a, b, ¢) that precede d in the ordering, and d is in the 4th position.
An order-preserving mapping from A to B would be:
cl—ow
*2—>x
3oy
47z
This mapping preserves the order relation: if m <n in A, then f(m) < f(n) in B. This demonstrates that A and B
have the same ordinal structure (both have the ordinal structure of 4), even though their elements are different.
When the 3rd place runner is disqualified:
* 1st and 2nd place remain unchanged
* The original 4th place becomes the new 3rd place
* The original 5th place becomes the new 4th place
* And so on through 8th place, which becomes 7th place
This illustrates that ordinal positions are relational properties that can change when the reference set changes.
Transfinite ordinals extend ordinal numbers to infinite sets:
* The first transfinite ordinal is denoted by ® (omega)
* It represents the order type of the natural numbers (1, 2, 3, ...) with their standard ordering
« Unlike finite ordinals, ® has no maximum element
* We can continue beyond o with o+1, o+2, ..., 20, ... ®? ... ® o, etc.
This system allows us to discuss and compare different types of infinite sequences and their orderings.

Router Prioritization and Ordering Relations

* In computer networking, router prioritization uses ordinal rankings to determine which data packets are
processed first

» Example: Quality of Service (QoS) protocols assign ordinal priorities to different types of network traffic

Student Exercises - Router Prioritization

Explain how router prioritization uses ordinal rankings in the context of a home network where video streaming,
web browsing, and file downloads are happening simultaneously.

A network administrator needs to prioritize five types of traffic: VoIP calls, video conferencing, email, web
browsing, and file downloads. Create an ordinal ranking system and justify your choices.

Research and describe a real-world implementation of Quality of Service (QoS) in a corporate network. How
does it use ordinal rankings?

If a router receives packets with priorities 3, 1, 2, 3, 5, 4, 1 (where 1 is highest priority), in what order would
they be processed? Explain your reasoning.

How might router prioritization fail if transitivity of priorities is violated? Provide a concrete example.

Answer Key - Router Prioritization
In a home network, router prioritization assigns numerical rankings to different types of traffic. For example,
time-sensitive video streaming might receive a priority of 1, web browsing a priority of 2, and file downloads a
priority of 3. The router processes packets in order of their priority, ensuring smooth video playback while less
time-sensitive downloads occur in the background.
Sample answer: Priority 1: VoIP calls (most sensitive to latency, requires real-time transmission)

Priority 2: Video conferencing (requires real-time transmission but can handle slightly more latency)

Priority 3: Web browsing (interactive but can tolerate some delay)

Priority 4: Email (non-real-time communication)

Priority 5: File downloads (background tasks with no immediate user interaction)

This ranking prioritizes real-time communication that directly impacts user experience.
Answer will vary based on research. Should include: Enterprise implementation of QoS, like Cisco's CBWFQ,
specific priority levels used, what traffic types receive what priorities, and measurable benefits observed.
The packets would be processed in order of: 1, 1, 2, 3, 3, 4, 5. The router first processes all highest priority (1)
packets, then moves to the next priority level, and so on, maintaining the order within each priority level.
Example: If priority 1 is set higher than priority 2, and priority 2 is set higher than priority 3, but the router
mistakenly treats priority 3 as higher than priority 1, a circular priority situation occurs. This might happen due
to software bugs or misconfiguration. The router might then process critical VoIP data (priority 1) after less
important file transfers (priority 3), leading to call quality issues.



Proof Example for Ordinal Numbers

Let's prove that if A and B are well-ordered sets, and f:A—B is an order-preserving bijection, then A and B have
the same ordinal number:

An order-preserving bijection preserves the relationship between elements

For any ai,a2€EA where ai<a, we have f(a1)<f(az) in B

Since f is bijective, every element in B corresponds to exactly one element in A
Therefore, the ordinal structure of A maps exactly to the ordinal structure of B
By definition, they have the same ordinal number

Student Exercises - Ordinal Numbers

Provide an example of two finite well-ordered sets with different numbers of elements. Explain why they must
have different ordinal numbers.

Let A = {1, 2, 3} with the standard ordering and B = {a, b, ¢} with a <b <c. Construct an order-preserving
bijection f:A—B and verify it satisfies the conditions in the proof.

If A is a well-ordered set with ordinal number a and B is a well-ordered set with ordinal number 3, what can you
say about the ordinal number of their disjoint union A U B when elements of A are defined to be less than
elements of B?

Prove that there cannot be an order-preserving bijection between the set of natural numbers N and the set of
integers Z with their standard orderings.

If f:A—B is an order-preserving injection (but not necessarily a bijection) between well-ordered sets, what
relationship exists between the ordinal numbers of A and B?

Answer Key - Ordinal Numbers

Consider A = {1, 2} and B = {1, 2, 3} with standard ordering. These sets have different numbers of elements (2
vs 3). They must have different ordinal numbers because any bijection between them would leave an element in
B without a corresponding element in A, making an order-preserving bijection impossible.

Define f:A—B as f(1) = a, f(2) = b, f(3) = c. This function is bijective because each element in A maps to
exactly one element in B, and every element in B has exactly one preimage in A. It is order-preserving because
if x <y in A, then f(x) <f(y) in B. For example, 1 <2 in A and f(1) =a <b=1{(2) in B.

The ordinal number of the disjoint union A U B (with elements of A less than elements of B) would be a + j3,
representing the ordinal sum. This occurs because we first traverse through all elements of A (contributing o),
and then through all elements of B (contributing f3).

Proof: Assume there exists an order-preserving bijection f:N—Z. Let f(1) = k for some k€Z. Since f is order-
preserving, for any nEN where n > 1, we must have f(n) > k. But Z contains elements less than k (such as k-1, k-
2, etc.). Since fis bijective, some natural number must map to these values, contradicting the order-preserving
property. Therefore, no such bijection can exist.

If f:A—B is an order-preserving injection between well-ordered sets, then the ordinal number of A is less than
or equal to the ordinal number of B. Specifically, A has the same ordinal number as the image f(A)SB, and f(A)
has an ordinal number less than or equal to that of B.

Strict Ordering Relations

The properties of relations that strictly order a class (non-reflexivity, asymmetry, transitivity) appear in many
real-world situations:

» Tournament rankings: If Team A beats Team B, and Team B beats Team C, transitivity would suggest Team A
beats Team C

* However, in real sports, transitivity often fails (creating "circular trilemmas"), which shows the limitations of
certain mathematical models

* Age relationships: No one can be older than themselves (non-reflexivity)

* This corresponds to the logical impossibility of a statement like "x > x" for the "older than" relation



* Spatial arrangements: If object X is north of object Y, then Y cannot be north of X (asymmetry)
* This demonstrates how physical reality enforces certain logical constraints

* In computer science, dependency graphs in build systems (like Make) must form a strict partial order to avoid
circular dependencies

» Example: If module A depends on module B, and B depends on C, then the build system must compile C first,
then B, then A

Proof of Transitivity in a Real Application: Consider a directed acyclic graph (DAG) used in task scheduling:
Let T be the set of tasks and (a,b)ER means "task a must complete before task b can start"

Suppose (a,b)ER and (b,c)ER

This means a must complete before b, and b must complete before ¢

By temporal necessity, a must complete before ¢ can start

Therefore (a,c)ER, proving transitivity

These ordering principles are essential in designing fair competition structures, hierarchical systems, and logical
databases. In compiler theory, the topological sorting of a program's statements relies on strict ordering relations
to determine execution sequence while preserving dependencies.

Student Exercises - Strict Ordering Relations

Identify and explain three real-world examples of relations that are transitive but not asymmetric.

In a project management context, task dependencies form a strict partial order. Draw a directed acyclic graph for
a project with at least 6 tasks that demonstrates proper task dependencies, and explain why the relation must be
transitive.

Circular dependencies in software can cause serious problems. Explain why circular dependencies violate strict
ordering and provide a concrete example of how this might manifest in a real software project.

The "is an ancestor of" relation forms a strict partial order on a family tree. Prove that this relation is transitive,
asymmetric, and non-reflexive using logical arguments.

In a tournament where draws are not allowed, create an example with 4 teams that demonstrates how transitivity
can fail in the "beats" relation. What implications does this have for determining an overall winner?

Answer Key - Strict Ordering Relations
Three examples:
* "[s greater than or equal to" relation on real numbers (transitive but reflexive, not asymmetric)
* "[s a subset of" relation on sets (transitive but includes equality cases, not asymmetric)
* "Has the same or more education than" relation between people (transitive but allows equality)
These relations are transitive but fail asymmetry because they allow cases where both aRb and bRa can be true
(when a equals b).
Example DAG:
Task A — Tasks B, C
Task B — Task D
Task C — Tasks D, E
Task D — Task F
Task E — Task F

This demonstrates a strict partial order because the dependencies form a transitive relation (if A must finish
before B, and B before D, then A must finish before D). The relation is transitive because the sequence of
dependencies must be preserved for the project to complete correctly. A topological sort of this graph would
give a valid sequence for completing the tasks.

Circular dependencies violate the asymmetry property of strict ordering relations. If module A depends on
module B, and B depends on A, then neither can be built first. Example: In a Java project, Class User depends



on Class Account for account information, while Class Account depends on Class User for user validation. This
creates a situation where neither class can be compiled first, causing a build failure.
Proof:
* Transitivity: If person A is an ancestor of person B, and B is an ancestor of C, then A must be an ancestor of C
(by biological necessity).
» Asymmetry: If person A is an ancestor of person B, then B cannot be an ancestor of A (a descendant cannot be
born before their ancestor).
* Non-reflexivity: No person can be their own ancestor (this would create a temporal paradox).

These properties follow from the unidirectional flow of time and biological reproduction.
Example tournament results:

Team A beats Team B

Team B beats Team C

Team C beats Team D

Team D beats Team A

Here, transitivity fails because A beats B and B beats C, but A doesn't necessarily beat C (in fact, we don't
know from these results). More dramatically, we have a cycle: A beats B, B beats C, C beats D, D beats A. This
makes it impossible to rank teams in a strict linear order, challenging the notion of determining a clear "best
team" based on match results alone. This is why sports often use additional metrics like total points or goal
difference.

Complex Numbers and Their Applications in Mathematics and Engineering

Real numbers represent positions on a one-dimensional line. Complex numbers extend this to two dimensions:
* Real numbers: positions on a line (one-dimensional)

» Complex numbers: positions on a plane (two-dimensional)

* Higher dimensional spaces use vectors (n-tuples of real numbers)

Geometric Interpretation and Examples

Example: If your house is 3 miles east and 4 miles north of downtown, you need two coordinates (3,4) to
specify its location. This is a two-dimensional representation similar to a complex number 3+4i.

Student Exercises - Complex Numbers

Express the complex number 2-3i in polar form (r£6), and explain the geometric interpretation of both forms.

If z = 3+4i, compute |z|, z%, and 1/z. Verify that |z]> = z-z where z is the complex conjugate.

Explain how complex numbers are used in electrical engineering to represent alternating current and impedance.
Provide a simple circuit example.

Using the complex plane, plot the points corresponding to z1 = 2+, z> = -1+2i, and zs = z:*z2. Explain
geometrically what multiplication by a complex number does.

Research and describe one real-world application of complex numbers outside of electrical engineering or
physics. Explain why complex numbers are particularly useful for this application.

Answer Key - Complex Numbers

The complex number 2-31 in rectangular form can be converted to polar form using:
r=V(22+(-3)) =4 +9)=+13
0 = tan'(-3/2) = -0.983 radians ~ -56.3°
Since this is in the fourth quadrant, the polar form is V13£(-56.3°)

Geometric interpretation: The rectangular form (2-31) represents a point 2 units to the right and 3 units down
from the origin in the complex plane. The polar form (V132-56.3°) represents the same point as being V13 units
away from the origin at an angle of -56.3° from the positive real axis.

For z = 3+4i:

Iz =32 +4%) =9+ 16)=\25=5

72 =(3+41)*=9+ 241+ 161*=9 + 24i - 16 = -7 + 24i

1/z = 1/(3+41) = (3-41)/((3+41)(3-41)) = (3-41)/(9+16) = (3-41)/25 = 3/25 - 41/25



Verification of |z]> = z-z:
zz=(3+4i)(3-41)) =9 - 12i + 12i - 162=9 + 16 =25
|z|?=52=25
Therefore, |z|* = z-z is verified.
In electrical engineering, complex numbers represent impedance and alternating current/voltage:
* The real part represents resistance (R)
» The imaginary part represents reactance (X)
* Impedance Z = R + jX (where j is used instead of i in engineering)

Example: In a series circuit with a resistor (50Q2) and inductor (reactance 70Q2), the total impedance is Z = 50
+ 70 Q.

Current and voltage in AC circuits can be represented as I = loe™(jot) and V = Voe"(jot), where the complex
exponential represents both magnitude and phase. This makes calculations with phase shifts and reactive
components much simpler than using trigonometric functions.

Plotting:

71 =2+ is at point (2,1)

7> = -1+2i is at point (-1,2)

73 = Z1°72 = (2+1)(-1+21) = -2+4i-1+2i* = -24+3i-2 = -4+3i at point (-4,3)

Geometrically, multiplication by a complex number combines:
Scaling by the magnitude: |z1-z2| = |z1|-|z2| = V55 = 5
Rotation by the sum of angles: arg(z:'z2) = arg(z:1) + arg(zz) = tan"!(1/2) + tan"!(-2) = 26.6° + 116.6° = 143.2°

Indeed, the point (-4,3) is approximately 5 units from the origin at an angle of about 143° from the positive
real axis.
Research answer will vary, but might include:

More concretely, imagine a drone navigation system that must track position in a 2D space. The drone's position
could be represented as z = x + yi, where x is the east-west position and y is the north-south position. The
drone's movement can be modeled using complex number operations, with rotation corresponding to
multiplication by e”(i0).

Complex numbers form a Cartesian plane (C), created by taking the Cartesian product of two real number lines
(R xR).

Student Exercises - Section 1: Complex Numbers in Navigation

A drone starts at position z =3 + 2i and moves 2 units east and 4 units north. Express its final position as a
complex number and calculate the distance from the origin.

If a drone at position z = 5 + 3i rotates 90° counterclockwise around the origin, what is its new position?
Express your answer in both rectangular and polar form.

Two drones are positioned at z1 =4 + 2i and z = 1 + 5i. Calculate the distance between them using complex
number properties.

A drone at position z = 2 + 3i needs to rotate around the point 1 + i by 45°. Find its new position.

A drone follows a path described by z(t) = te”\(it) for 0 <t < 2m. Describe the shape of this path and find the
drone's position at t = 7t/2, 7, and 37/2.

Answer Key - Section 1
Final position: z=(3+2)+ (2 +4)i=5+ 61
Distance from origin: |z| = V(5% + 62) = V61 ~ 7.81 units
Rotation by 90° counterclockwise: z' = z-eNin/2) = z:i= (5 + 3i)- 1= 51+ 312=51 + 3(-1) =-3 + 51
Polar form: z' = V((-3)? + 5?)e"(i-arctan(5/-3)) = \34e/\(i-arctan(-5/3)) ~ 5.83e"(i-2.10)
Distance = |z1 - z2| = (4 + 2i) - (1 + 51)| = |3 - 3i| = V(32 + (-3)?) = V18 = 32 units
First translate to make the rotation point the origin: z- (1 +1) =2 +3i))- (1 +1)=1+2i
Rotate by 45°: (1 + 2i)-e"(inm/4) = (1 + 2i)-(cos(n/4) + i-sin(n/4)) = (1 + 2i)-(N2/2 + iN2/2)
= (N2/2 - \2/2) + (N2/2 + 2N2/2)i = 0 + (3V2/2)i = (3\2/2)i
Translate back: (3¥2/2)i + (1 +1) =1+ (1 +3V2/2)i~ 1 +3.12i
The path z(t) = te”\(it) is a spiral starting at the origin.
Att=mn/2: z(n/2) = (n/2)e’N(in/2) = (n/2)i = 1.57i
Att=m: z(n) = me’N(in) = -n = -3.14
At t=3n/2: z(3n/2) = (3n/2)e"(i31/2) = (3n/2)e"(-in/2) = -(3n/2)i = -4.71i



Proof: The Complex Plane is Algebraically Closed

One remarkable property of complex numbers is that they form an algebraically closed field. This means that
any polynomial equation with complex coefficients has at least one complex solution.

Theorem (Fundamental Theorem of Algebra): Every non-constant polynomial p(z) with complex coefficients
has at least one complex root.

While a complete proof is beyond our scope, the logical structure involves:
Showing that |p(z)| approaches infinity as |z| approaches infinity

Using analysis to prove that [p(z)| must attain a minimum value

Proving this minimum must be zero using contradiction

This demonstrates how principles of logic (particularly proof by contradiction) are essential in establishing
mathematical truths.

Student Exercises - Section 2: Algebraic Closure

Prove that the polynomial p(z) = z> + 1 has no real roots but does have complex roots. Find these roots.

For the polynomial p(z) = z* - 8, find all complex roots and verify that they satisfy the Fundamental Theorem of
Algebra.

Show that the equation z*4 - 2z*2 + 4 = 0 has exactly four complex roots. Find them all.

If p(z) = 7% - 4z + 6, find the minimum value of |p(z)| for z € C and the value of z where this minimum occurs.
Let p(z) =z"n + a{n-1}z"{n-1} + ... + alz + a0 be a polynomial with complex coefficients. Prove that

lim {|z|—c0} |p(z)| = co.

Answer Key - Section 2
For p(z) =z>+ 1:
If z is real, then z> > 0, so z* + 1 > 0, which means p(z) has no real roots.
Complex roots: 22+ 1 =0 — z22=-1 —» z =i
For p(z) =7* - 8:
One real root: zi1 = 2 (since 2° = 8)
The other roots can be found using DeMoivre's formula:
z =2eMi2nk/3) fork=0, 1,2
z1 =2e”\(i-0) = 2 (real root)
72=2eMNi2n/3) = 2(-1/2 + IV3/2) = -1 + V3
73 =2eMNidn/3) = 2(-1/2 - iV3/2) = -1 - iV3
Verification: p(z) is degree 3 and has exactly 3 roots, satisfying the theorem.
Forp(z) =z"4 -2z"2+4=0:
Letu=2%thenp(z) =u?>-2u+4=0
Using the quadratic formula: u= (2 £ V(4-16))2 = (2 £ V(-12))2 =1+ i\3
Soz2=1+iV3orz>=1-1iV3
Fromz22=1+i\3:z= i\/(l + i\/3) =+(a + if) where a and 3 can be found
From z2 =1 - iN3: z=+\(1 - iV3) = +(y + i8) where v and & can be found
The four roots are approximately: z =~ +(1.16 + 0.431) and z = +(0.43 - 1.16i)
For p(z) =z*-4z + 6:
Completing the square: p(z) = (z - 2)*+ 2
The minimum value of |p(z)| occurs at z = 2, where p(2) =2
So min|p(z)| = 2, occurring at z = 2
Proof: For large |z|, the highest-degree term z*n dominates. Specifically, for any € > 0, there exists R > 0 such
that for |z| > R:
Ip(2) - z"'n| < g|z"n|
This implies: (1-g)|z"n| < |p(z)| < (1+€)|z"n|
Since |z*n| = |z|*n — o as |z| — o, we have |p(z)| — © as |z| — ©

Real-world Applications



Complex numbers are essential in:

Electrical Engineering: For analyzing alternating current circuits using phasors:

* In AC circuit analysis, voltage V = [V|e”(i0) where |V| is amplitude and 0 is phase
* Impedance Z = R + jX combines resistance (R) and reactance (X)

* Ohm's Law becomes V = ZI, where multiplication of complex numbers handles both magnitude and phase
shift

Control Systems: Representing transfer functions and stability analysis:

* A system's poles (solutions to the characteristic equation) are complex numbers

* A system is stable if all poles have negative real parts

Signal Processing: Fourier transforms convert time-domain signals to frequency domain:
« The Fourier transform F(o) = [f(t)e”(-imt)dt uses complex exponentials

* Digital signal processors implement algorithms using complex arithmetic for filtering, modulation, and
spectrum analysis

Quantum Mechanics: Wave functions are complex-valued:
« The Schrédinger equation i%dy/dt = Hy uses complex numbers to describe quantum states
* Probability densities are calculated as [y/[?

Student Exercises - Section 3: Real-world Applications

In an AC circuit, the voltage is represented as V = 120e”(in/6) volts and the impedance is Z = 10 + 5i ohms.
Calculate the current I and express it in both rectangular and polar forms.

A control system has a transfer function with poles at s =-2 + 31, s = -2 - 3i, and s = -5. Determine if the system
is stable and explain your reasoning.

The time-domain signal f(t) = cos(2nt) is transformed to the frequency domain. Express the Fourier transform
F(®) using complex numbers and explain what frequencies are present in this signal.

In a quantum mechanical system, a particle's wave function is y(x) = Ae”\(ikx) where A is a constant and k =
2m/A. Calculate the probability density |y|* and explain its physical meaning.

A communications system uses complex modulation where a signal s(t) = e"(i2xft) carries information. If this
signal is multiplied by e”(in/4), what happens to the phase and amplitude of the original signal?

Answer Key - Section 3
Using Ohm's Law: [ = V/Z = 120e"(in/6)/(10 + 51)

First, convert Z to polar form: |Z| = V(102 + 52) = V125 ~ 11.18, 0 = arctan(5/10) =~ 0.464 rad

So Z = 11.18e"(i10.464)

Therefore: I = 120e"(in/6)/11.18e"(10.464) = (120/11.18)e”(in/6-10.464) ~ 10.73e”(10.06) = 10.72 + 0.64i
For a control system to be stable, all poles must have negative real parts.

Poles:s=-2+3i,s=-2-3i,ands=-5

All three poles have negative real parts (-2 and -5), so the system is stable. This means that any response to a
bounded input will remain bounded and eventually return to equilibrium.
For f(t) = cos(2nt), we can use Euler's identity: cos(2nt) = (e(i2nt) + e”(-i2nt))/2

The Fourier transform is: F(®) = n[d(®-27) + 6(w+27)]

This represents frequency components at @ = +2x rad/s, meaning the signal contains only these two
frequencies, which is expected for a pure cosine wave.
The probability density is [y[* = |Ae(ikx)|* = |A|e”(ikx)]* = |A]?

Since |e”(ikx)| = 1 for any real k and x, the probability density is constant.

Physical meaning: This represents a free particle with definite momentum p = 7k but completely uncertain
position, illustrating the Heisenberg uncertainty principle.
When s(t) = e"(i2=xft) is multiplied by e”(in/4), we get:



s'(t) = eM(i2nft) - eN(in/4) = eN(i2nft+in/4) = e (i(2nft+n/4))

The amplitude remains |s'(t)| = |e*(i(2nft+n/4))| = 1 (unchanged)

The phase is shifted by n/4 radians (45°)

This is a phase shift that doesn't affect the amplitude, commonly used in phase modulation communication
systems.

Complex Number Arithmetic and Properties
Real and Complex Numbers Relationship

Complex numbers include real numbers as a subset. Every real number corresponds to a complex number in the
form (m,0), but not vice versa. Imaginary numbers, which are complex numbers in the form (0,m), have no
corresponding real number.

Example: The number 5 corresponds to the complex number (5,0). However, V-1 is an imaginary number with
no real equivalent, represented as the complex number (0, 1).

Proof: To show that R c C, we can define an injection f: R — C by f(x) = (x,0). We can verify that f preserves
the field operations:

* fix +y) = (x+y,0) = (x,0) + (v,0) = f(x) + f(y)

* fix xy) = (xy,0) = (x,0) x (y,0) = f(x) x f(y)

This demonstrates the logical principle of embedding one structure within another while preserving operations.
Complex Number Arithmetic

Complex numbers follow specific arithmetic rules:

Student Exercises - Section 4: Complex Number Properties

Prove that the set of purely imaginary numbers is not closed under multiplication, but is closed under addition.
Show that the complex conjugate of a product equals the product of the complex conjugates: (z122) = z12a.

For any complex number z = a + bi, prove that z + z is always real and z - z is always imaginary.

Find all complex numbers z such that z> = z. Express your answer in the form a + bi.

If |z| = 1, prove that 1/z = z and explain the geometric interpretation of this relationship.

Answer Key - Section 4

Closure under addition:
Let zi1 = aii and z» = a2i be two purely imaginary numbers.
Z1+ Z2

Addition: (x,y) + (u,v) = (x+u, y+v)
Example: Adding (3,2) and (1,4) gives (4,6), which corresponds to (3+2i) + (1+4i) = 4+6i

Student Exercises - Addition of Complex Numbers

Calculate (5,3) + (2,7) and express the result in both ordered pair and complex number notation.

Find the sum of (-4,8) and (9,-3).

If z1=(2,-5) and z = (-7,1), calculate z: + z-.

A circuit has impedance Z: = (50,20) ohms and is connected in series with another circuit with impedance Z. =
(30,40) ohms. Calculate the total impedance.

Prove that complex number addition is commutative by showing that (a,b) + (c,d) = (c,d) + (a,b) for arbitrary
values.

Answer Key - Addition

(5,3) + (2,7) = (7,10), which corresponds to 7+10i

(-4,8) + (9,-3) = (5,5), which corresponds to 5+5i

z1 +z2=(2,-5) + (-7,1) = (-5,-4), which corresponds to -5-4i

Total impedance = Z: + Z> = (50,20) + (30,40) = (80,60) ohms, which corresponds to 80+60i ohms



(a,b) + (c,d) = (a+c,b+d) and (c,d) + (a,b) = (c+a,d+b) = (a+c,b+d), demonstrating commutativity
Multiplication: (X,y) x (u,v) = ((xxu)-(yxv), (xxv)+(yxu))
Example: Multiplying (0,1) x (0,1) = (-1,0), which demonstrates i> = -1

In electrical engineering, this multiplication represents a 90° phase shift followed by another 90° shift,
resulting in a 180° phase shift (equivalent to multiplying by -1)

Student Exercises - Multiplication of Complex Numbers

Calculate (3,4) x (2,1) using the formula for complex multiplication.

Find the product of (5,0) and (0,3).

Verify that i* = -i by calculating (0,1) x (0,1) x (0,1).

If z=(2,3), calculate z x z (the square of z).

A voltage phasor V = (0,10) volts is applied to a circuit with impedance Z = (3,4) ohms. Calculate the resulting
current phasor I = V/Z. (Hint: Division by Z means multiplication by 1/Z)

Demonstrate geometrically why multiplying by (0,1) represents a 90° rotation.

Answer Key - Multiplication
(3,4) x (2,1) = ((3%2)-(4x1), (3x1)+(4%2)) = (6-4, 3+8) = (2,11), which corresponds to 2+11i
(5,0) x (0,3) = ((5x0)-(0%3), (5%3)+(0x0)) = (0, 15), which corresponds to 151
=1 x1=(-1,0) x (0,1) = ((-1x0)-(0x1), (=1x1)+(0x0)) = (0, -1) = -i
z xz=(2,3) x(2,3) = ((2%2)-(3%3), (2x3)+(3%2)) = (4-9, 6+6) = (-5,12), which corresponds to -5+12i
To find 1/Z, we compute the conjugate divided by the norm:

1/Z = 3,-HI((3)* + (4)*) = (3,-4)/25 = (0.12,-0.16)

Therefore, [ =V x (1/Z) = (0,10) x (0.12,-0.16) = ((-0x0.12)-(-10%-0.16), (0%-0.16)+(10%0.12)) = (-1.6, 1.2)
amps
Multiplying (a,b) by (0,1) gives (-b,a), which represents rotating the vector (a,b) counterclockwise by 90°
around the origin

Example with Circuit Analysis: Consider a series RLC circuit with a resistor (R=100€2), inductor (L=1H), and
capacitor (C=10"-4F) at frequency ©=100 rad/s:

* Impedance of resistor: ZR = 100Q

* Impedance of inductor: ZL = joL =j100Q

* Impedance of capacitor: ZC = 1/(joC) = -j100Q

* Total impedance: Z =ZR + ZL + ZC = 100Q + j100 - j100Q = 100Q

This calculation shows how complex arithmetic simplifies circuit analysis.

Student Exercises - Circuit Analysis

For the circuit above, if the input voltage is 10£0° volts (or (10,0) in rectangular form), calculate the current
through the circuit.

Calculate the impedance of a parallel RLC circuit with the same component values (R=100Q, L=1H, C=10"-4F)
at ®=100 rad/s.

For a series RC circuit with R=50Q and C=10"-3F at frequency ®=200 rad/s, find the total impedance in
rectangular form.

What is the resonant frequency of a series RLC circuit with L=0.5H and C=2x10"-4F?

If a series RL circuit has impedance Z = (30,40)<2, what is the phase angle between voltage and current?

Answer Key - Circuit Analysis
1=V/Z =10/100 = 0.1 amperes (in phase with voltage)
For a parallel circuit, we add admittances (1/2):
1/Z=1/ZR + 1/ZL + 1/ZC = 1/100 + 1/(j100) + 1/(j100) = 0.01 + (-j0.01) + (j0.01) =0.01 S
Therefore Z = 1/(0.01) = 100Q2
ZR =50Q, ZC = 1/(joC) = 1/(j200x107-3) = 1/(j0.2) = -j5Q
Z=7ZR+ZC=50-j5Q
Resonant frequency occurs when XL = XC, so oL = 1/(wC)
®?=1/(LC) = 1/(0.5%2x10"-4) = 10,000
® =100 rad/s



Phase angle = tan”-1(Im(Z)/Re(Z)) = tan”™-1(40/30) = 53.13°
Metamathematical Concepts
Non-Comparability of Different Number Types

Numbers of different types cannot be directly compared by size. Different number systems serve different
purposes and have distinct properties.

Example: Just as we can't meaningfully compare the "size" of 5 miles versus 5 pounds (they measure different
qualities), we can't meaningfully compare natural numbers and integers as the same type of entities.

Student Exercises - Metamathematical Concepts

Explain why the statement "\2 > 3/2" is valid while "\2 > r" requires additional context to be meaningful.
In computer science, describe a scenario where treating different numeric types as directly comparable could
lead to programming errors.

If we define a mapping f: N — Z as f(n) = n-100, discuss whether this allows for meaningful comparison
between natural numbers and integers.

Construct an example of two different mathematical objects that cannot be meaningfully compared without
additional structure.

Explain how the concept of non-comparability relates to Russell's paradox in set theory.

Answer Key - Metamathematical Concepts

"\2 > 3/2" is valid because both numbers are elements of the real number system with its standard ordering.
However, "\2 > 1" requires context because while both are real numbers, we need to specify what property
we're comparing (magnitude, irrationality, etc.).

In C/C++, comparing an unsigned integer with a negative signed integer can lead to unexpected results as the
negative number may be converted to an unsigned value, resulting in a large positive number. For example, if x
= -1 (signed) and y = 1 (unsigned), the comparison x <y might evaluate to false.

The mapping f allows us to embed natural numbers into the integers, creating a structure-preserving map. This
allows comparison within the structure of integers, but it's important to note we're comparing the images of
natural numbers under f, not the natural numbers themselves as different types.

A vector in R? and a complex number cannot be directly compared, even though both can be represented as
ordered pairs. To compare them would require defining a specific mapping between vector space properties and
complex number properties.

Russell's paradox involves the set R = {x | x & x}, asking whether R € R. This represents a failure of
comparison across different types—a set cannot meaningfully "contain itself" without violating type
distinctions. Type theory was developed in part to address such paradoxes by establishing a hierarchy of types
that cannot be directly compared.

Logical Analysis: This illustrates the principle of type theory in logic. Objects of different types cannot be
directly compared without a function mapping between the types. The logical operation of comparison requires
operands of compatible types.

Integers represent memory address offsets (positive or negative)
* Integers represent memory address offsets (positive or negative)
* Rationals help calculate proportional resource allocation across processes

Student Exercises:

Explain how negative integers are used in memory address calculations within a program. Provide a concrete
example.

If a system has 16 processes and 128MB of RAM, use rationals to calculate the memory allocation if each
process gets an equal share. Then recalculate if Process A needs twice the allocation of other processes.

In memory management, address pointers can move forward or backward. If a pointer is at memory address
1024 and moves -256 bytes, what is its new address? Write this as an integer operation.

A circular buffer uses modular arithmetic with integers. If a buffer has 200 slots (0-199) and the read pointer is
at position 180, what position will it be at after advancing 30 positions?



In multi-threading, thread priorities might be assigned proportionally. If 5 threads need to share CPU time in the
ratio 5:3:3:2:1, express each thread's allocation as a rational number.

Answer Key:
Negative integers allow memory traversal in both directions. Example: In array processing, if pointer p points to
A[S5], then p-2 would point to A[3], using -2 as an offset to move backward in memory.
Equal allocation: Each process gets 128MB + 16 = 8MB or 8/1 MB.

With Process A needing double: We have effectively 17 equal parts (Process A counts as 2 parts). Each part
gets 128MB + 17 =7.53MB. Process A gets 15.06MB, others get 7.53MB each.
1024 + (-256) = 768. The new address is 768.
(180 +30) % 200 =210 % 200 = 10. The pointer would be at position 10.
Total ratio sum = 14. Thread allocations: Thread 1 = 5/14, Thread 2 = 3/14, Thread 3 = 3/14, Thread 4 = 2/14,
Thread 5 = 1/14.

Fractions as Relations

4/1 is not identical to 4. The fraction 4/1 represents a relation between numbers, while 4 is a cardinal number
itself.

Example: When dividing 4 pizzas among 1 person, the relation (4/1) describes how the pizzas are distributed,
while 4 simply counts the pizzas.

Additional examples:
* 3/4 represents a comparative relation between two quantities, not just a single value

* In programming, the distinction appears in data types: an integer (4) versus a floating-point or rational number
(4.0 or 4/1)

Proof of distinction: If 4/1 were identical to 4, then we would expect 4/1 x 2/1 =4 x 2. While numerically equal
(both yield 8), the operations are fundamentally different:

*4/1 x 2/1 = (4x2)/(1x1) = 8/1 (using fraction multiplication rules)
* 4 x 2 = 8 (using integer multiplication)

Student Exercises:

If we consider the fraction 7/3 as a relation, describe what this relation means in terms of pizza distribution.
How is this fundamentally different from simply saying "7 pizzas"?

Construct a proof similar to the one in the text to show that 5/1 is not identical to 5 by examining the operation
of division.

In computer programming, floating-point numbers can lead to precision errors. Explain how treating 1/3 as a
relation rather than a decimal approximation might help avoid these errors.

Create an example that demonstrates how the conceptual difference between integers and fractions affects
algorithm design in computer science.

A banking system needs to track money amounts. Discuss the relative merits of representing $5.25 as an integer
(525 cents) versus as a rational number (21/4 dollars).

Answer Key:
7/3 as a relation means 7 pizzas distributed among 3 people, with each person receiving an equal share (2 and
1/3 pizzas each). This describes a distribution relationship between two quantities. Simply saying "7 pizzas"
only references a cardinal count without any information about distribution.
If 5/1 were identical to 5, then (5/1) = (2/1) would be identical to 5 + 2. However:
* (5/1) = (2/1) = (5/1) x (1/2) = 5/2 (using fraction division rules)
* 5 +2=2remainder 1, or 2.5 (using integer division possibly with remainder)

The operations follow different rules, showing 5/1 and 5 are conceptually distinct.
Storing 1/3 as a relation (1:3) rather than as 0.33333... preserves the exact value. In calculations, maintaining the
numerator and denominator separately (as in rational number libraries) prevents the accumulation of rounding
errors that occur when using floating-point approximations.



Example: When sorting a collection of measurements with uncertainty values, treating the data as pairs of
(value, uncertainty) rather than as single floating-point values allows for more sophisticated comparison
algorithms that consider both the magnitude and precision of each measurement.

Integer representation (525 cents):

» Advantages: Avoids floating-point precision issues, simpler arithmetic operations

* Disadvantages: Requires converting to dollars for display, less intuitive for humans

Rational representation (21/4 dollars):
» Advantages: Represents the exact value without rounding, conceptually clearer
* Disadvantages: More complex implementation, requires custom arithmetic functions

The choice depends on whether precision or computational simplicity is more important.
Mathematical Operations as Relations
Addition and multiplication in different number systems are analogous but distinct operations.

Example: Adding fractions (2/3 + 1/4) requires finding a common denominator, while adding integers (2 + 1)
doesn't. The operations follow different rules despite serving similar purposes.

Expanded examples:

» Multiplication in N: 3 X 4 represents repeated addition (3 groups of 4)

» Multiplication in Z: (-3) x 4 requires a conceptual shift (negative groups)

* Multiplication in Q: (2/3) % (3/4) represents scaling of fractions

Computer science implementation:

Logical structure of operations: The logical structure of addition differs across number systems:
* For naturals: Va,bEN, a+b is defined recursively where a+0=a and a+S(b)=S(a+b)

* For fractions: Va/b,c/d€Q, (a/b)+(c/d)=(ad+bc)/(bd)

Student Exercises:

Implement a simple function in pseudocode that adds two fractions, making sure to reduce the result to lowest
terms.

Contrast the conceptual understanding of multiplication in N (natural numbers) with multiplication in Q
(rational numbers) using concrete examples.

In computing, how would you handle the multiplication of two large integers that might exceed standard data
type limits? Describe an algorithm approach.

Design a data structure to represent rational numbers in a programming language, with methods for the basic
arithmetic operations. What considerations would you make for performance and precision?

Explain how the recursive definition of addition for natural numbers (a+0=a and a+S(b)=S(a+b)) would be
implemented in a functional programming language like Haskell or Lisp.

Answer Key:

Multiplication in N (natural numbers):

* Conceptually represents repeated addition

» Example: 3 x 4 means "add 4 three times" (4 +4 +4 = 12)

* Always results in a larger number (except multiplication by 0 or 1)

Multiplication in Q (rational numbers):
* Represents scaling or proportion of quantities
» Example: (2/3) x (3/4) means "take 2/3 of 3/4" resulting in 6/12 or 1/2
* Can result in a smaller number (when multiplying by a fraction less than 1)
Algorithm for multiplying large integers:



* Represent each integer as an array of digits

* Implement the standard multiplication algorithm used in hand calculations:
» Multiply each digit of the first number by each digit of the second

* Keep track of carries

 Sum up all partial products with appropriate shifts

* Alternatively, for very large numbers, use Karatsuba multiplication:

* Split each n-digit number into two halves of n/2 digits

* Use recursive multiplication with three multiplications instead of four

» Time complexity improves from O(n?) to approximately O(n”*1.585)
Rational Number Data Structure:

Performance considerations:
* Always store fractions in reduced form
* Use efficient GCD algorithm (Euclidean algorithm)
* Consider using a cache for common operations
* For very large numerators/denominators, implement bignum arithmetic
Recursive implementation of natural number addition in Haskell:

In Lisp:

This directly implements the recursive definition by reducing the second number by 1 and increasing the first
number by 1 until the second number reaches zero.

Signed Numbers vs. Unsigned Numbers
Signed rationals like +(4/3) cannot be identified with unsigned rationals like 4/3.

Example: A temperature change of +5°C represents a different concept than just "5 degrees" - it includes
directional information.

Engineering application: In circuit analysis:
* Unsigned values represent magnitudes (5V supply voltage)
* Signed values indicate direction and polarity (+5V at source, -5V across a particular component)

Proof by contradiction: If signed and unsigned numbers were identical, then -5 would equal 5, which contradicts
the basic properties of integers where -5 + 5 = 0.

Student Exercises:

A computer uses two's complement to represent signed integers. How would the integers +7 and -7 be
represented in an 8-bit two's complement system? Explain the mathematical relationship between these
representations.

In a physics simulation, you need to track both the magnitude and direction of forces. Design a data structure
that distinguishes between signed and unsigned values, and explain how operations like addition would be
implemented.

Identify and explain a real-world scenario where confusing signed and unsigned numbers could lead to a
catastrophic error in a computing system.

In financial software, how would you represent credits and debits? Compare two different approaches: using
signed numbers versus using separate fields for the amount and type.

An embedded system uses 16-bit unsigned integers for memory addresses (allowing addresses 0-65535).
Describe how relative addressing might work when both positive and negative offsets are needed. What
challenges arise?

Answer Key:
In 8-bit two's complement:
* +7 is represented as 00000111



-7 is represented as 11111001

Mathematical relationship: To get -7 from +7:
Take the binary representation of +7: 00000111
Invert all bits: 11111000
Add 1: 11111001

This relationship ensures that (+7) + (-7) = 00000000 in binary arithmetic with overflow ignored.
Force Vector Data Structure:

This separates the magnitude (unsigned) from the direction (which gives the sign), making the distinction
explicit.
Mars Climate Orbiter Scenario:

The NASA Mars Climate Orbiter crashed in 1999 due to a unit conversion error where one team used pounds-
force (unsigned values) while another used newtons. This is essentially a confusion between uninterpreted
magnitudes and physically meaningful signed quantities.

Another example could be in medical dosing software where negative values might represent withdrawal of
medication while positive values represent administration. Confusing these could result in a patient receiving
medication when it should be withheld, or vice versa.

Financial Transaction Representation:

Approach 1: Using signed numbers

Approach 2: Using separate fields

Comparison:
* Signed approach: Simplifies calculations (balances can be computed with straightforward addition), but makes
filtering by transaction type more complex
* Separate fields approach: Makes transaction type explicit and easier to filter/report on, but requires conditional
logic for calculations
5

The discovery of R-arithmetic represents a genuine intellectual advance. Although R can be constructed from
elements of N (just as Q and Z can), the relationship between R and N is fundamentally different from the
relationships that Q or Z have with N.

Practical application: Signal processing requires real numbers for continuous signals, while digital sampling
converts these to rational approximations, illustrating the fundamental difference between R and Q.

This difference stems from a crucial distinction: Q and Z can be constructed using principles implicit in N-
arithmetic, but R requires principles foreign to N-arithmetic. The arrangement of elements in R differs

fundamentally from the arrangements in the other number systems.

Example of constructing reals: The Dedekind cut method defines a real number as a partition of rational
numbers, requiring the concept of completeness not present in Q.

This fundamental difference is justified by these key facts:
N is defined recursively

Q and Z are defined recursively

R is not defined recursively

Student Exercises:



Explain why the relationship between R and N is fundamentally different from the relationship between Q and
N. Give a specific example to illustrate this difference.

Describe the Dedekind cut method for constructing real numbers. Why does this method demonstrate that R
requires principles foreign to N-arithmetic?

In signal processing, explain why real numbers are necessary for continuous signals, and what information is
lost when converting to digital (rational) approximations.

Identify another field of science or engineering where the distinction between R and Q has practical
significance. Explain your reasoning.

Research and describe an alternative method (other than Dedekind cuts) for constructing the real numbers.
Compare and contrast this method with the Dedekind cut approach.

Answer Key:

The relationship between R and N is fundamentally different because R cannot be defined recursively from N,
while Q and Z can. For example, between any two rational numbers, there is always a finite number of other
rationals, but between any two real numbers, there are uncountably many other reals. This demonstrates the
completeness property of R not present in Q or N.

The Dedekind cut method defines a real number as a partition of the rational numbers into two sets A and B,
where every number in A is less than every number in B, and A has no greatest element. This construction
requires the concept of completeness (the idea that there are no "gaps" in the number line), which is not needed
when constructing Q from N. This method shows that real numbers require a fundamentally different approach
than simple recursive definitions based on N.

In signal processing, continuous signals (like sound waves or electromagnetic signals) vary continuously over
time and can take any value within a range. Real numbers are necessary to represent these continuous variations
precisely. When converting to digital (rational) approximations through sampling, we lose the infinite precision
between sample points. This quantization error represents information loss, which is why higher sampling rates
and bit depths are used to minimize this loss in high-fidelity applications.

In quantum mechanics, wave functions that describe the probability distributions of particles are continuous
functions that require real numbers. The distinction is critical because these functions must be integrable over
continuous domains. Similarly, in fluid dynamics, the Navier-Stokes equations use real-valued functions to
describe continuous fluid flow. In both cases, approximating with rational numbers introduces errors that can
accumulate in complex calculations.

Cauchy sequences offer an alternative construction of real numbers. A Cauchy sequence is a sequence of
rational numbers that get arbitrarily close to each other as the sequence progresses. Real numbers are defined as
equivalence classes of Cauchy sequences that converge to the same limit. Unlike Dedekind cuts, which are
based on partitioning the rationals, Cauchy sequences focus on convergence properties. However, both methods
capture the completeness property of R and demonstrate that real numbers fill the "gaps" that exist in the
rational numbers.

4.2 Recursivity

A class K is defined recursively when, for some element 0 €K and ordering relation R, x belongs to K if and
only if:

*X=q,O0r

* B bears relation R to a, where BEK

Example of recursive definition: The Fibonacci sequence F(n) is defined recursively:
* F(0) = 0 (base case)

* F(1) =1 (base case)

* F(n) = F(n-1) + F(n-2) for n > 1 (recursive step)

The membership of N follows this recursive pattern:

x€N if and only if either:

*x=0,or



* x =y+1, where yeN

Formally: Vx(x€EN—(x=0VIy(yENAx=y+1))

Proof application: Using recursion to prove properties about natural numbers:
To prove P(n) holds for all nEN, we use:

Base case: Prove P(0)

Inductive step: Prove VKEN(P(k)—P(k+1))

Conclusion: By the recursive definition of N, P(n) holds for all neN
In general, a recursive definition of a class «k takes the form:
Vx(xExke>(x=0VIAP(PECAPZX))

Where:

* R strictly orders k

* o is the R-smallest element of k

Student Exercises:

Write a recursive definition for the set of even natural numbers.

Using the recursive definition of N, prove that for all nEN, n+ 0 =n.

Create a recursive definition for the set of powers of 2: {1, 2, 4, 8, 16, ...}.

Explain how the recursive definition of N differs from the recursive definition of Q. Be specific about the
relation & in each case.

Provide a recursive definition for the factorial function n! and use it to compute 4!.

Answer Key:
A recursive definition for the set of even natural numbers E:
* 0 € E (base case)
* Ifn € E, then n + 2 € E (recursive step)
¢ Formally: VX(X€EE—(x=0V3y(yEEAx=y+2)))
Proof that n + 0 = n for all n€EN:
* Base case: 0 + 0 = 0 (by definition of addition)
* Inductive step: Assume k + 0 =k for some k€N
For k+1: (k+1) + 0= (k + 0) + I =k + 1 (by definition of addition)
* Therefore, by the principle of mathematical induction, n + 0 = n for all neN
Recursive definition for powers of 2:
* 1 € P (base case)
* If n € P, then 2n € P (recursive step)
¢ Formally: Vx(x€P—(x=1VIy(yEPAXx=2y)))
The recursive definition of N uses the successor relation (nt+1) as its 4 relation, with 0 as the base case. Each
natural number is constructed by applying the successor function a finite number of times to 0.

The recursive definition of Q is more complex since it involves pairs of integers. If we define Q+ (positive
rationals) recursively, we might use the Stern-Brocot tree approach where:

* 1/1 € Q+ (base case)

« If a/b, ¢/d € Q+, then (a+c)/(b+d) € Q+ (recursive step)

Here, the relation & produces new fractions by mediant operations on existing fractions, unlike the simple
successor function in N.
Recursive definition of factorial:

* 0! =1 (base case)

* Ifn >0, then n! =n X (n-1)! (recursive step)



Computing 4!:

«41=4x3!
«31=3x2!
«21=2x1!
c11=1x0!

* 0! =1 (by definition)
e Therefore: 4! =4 x3 x2x1x1=24

4.2 Recursive Definitions (continued)

Example: The natural numbers are recursively defined with 0 as the base case and the successor function (n+1)
as the recursive step. This recursive structure appears in everyday counting: we start with O (or 1), and each
subsequent number is obtained by adding 1 to the previous number.

To make this concrete, consider how a computer represents natural numbers in memory. When incrementing a
counter (a fundamental operation in computing), the processor is essentially applying the successor function
repeatedly. For instance, in C programming;:

This implementation directly mirrors the recursive definition of natural numbers, where each new value depends
on the previous one.

Application: Recursive definitions are essential in computer programming, particularly in algorithms that solve
problems by breaking them down into simpler versions of the same problem. The factorial function (n! =n x (n-
1)!) exemplifies this approach.

For example, consider the following recursive implementation of factorial in Python:

This function directly implements the mathematical recursive definition. When computing factorial(5), the
calculation unfolds as:

Student Exercises:
Write a recursive definition for the set of natural numbers divisible by 3. Use this definition to determine if 27
belongs to this set.
Create and compare recursive and iterative implementations of a function to calculate the nth Fibonacci number.
Discuss the advantages and disadvantages of each approach.
Using the general form of a recursive definition (Vx(xEx«>(x=aVIP(PEKAPXX))), identify the base element o
and relation & for the recursive definition of:

a) The set of positive integers

b) The set of integers that are powers of 10
Consider this recursive definition: S = {1} U {2s|s € S}. List the first six elements of S and prove that every
element of S is of the form 2”n for some n > 0.
Explain how the concept of recursivity demonstrates the fundamental difference between R and N. Can you
design a thought experiment that illustrates why R cannot be defined recursively from N?

Answer Key:

Recursive definition for natural numbers divisible by 3:
* 0 € D (base case)
* Ifn € D, then n + 3 € D (recursive step)
* Formally: Vx(x€D—(x=0V3y(yEDAx=y+3)))

To determine if 27 belongs to this set:
* 0 € D (base case)

*0+3=3€D
*3+3=6€D
*6+3=9€D

« ...continuing the pattern...

*24+3=27€D

* Therefore, 27 belongs to the set of natural numbers divisible by 3.
Recursive implementation of Fibonacci:



Iterative implementation of Fibonacci:

Advantages of recursive implementation:
* Closely matches mathematical definition
* More elegant and readable
* Easier to verify correctness

Disadvantages of recursive implementation:
* Much less efficient (exponential time complexity O(2”n))
* Can cause stack overflow for large inputs
* Recalculates the same values multiple times

The iterative implementation has linear time complexity O(n) and constant space complexity O(1), making it
vastly more efficient for larger values of n.
a) For the set of positive integers:
* o =1 (base element)
* B&x iff x = B + 1 (relation)
* Formal definition: Vx(x€EP—(x=1VIP(BEPAx=[+1)))

b) For the set of integers that are powers of 10:
* o= 1 (base element)
* BZx iff x = 10P (relation)
* Formal definition: Vx(x€T<«>(x=1V3R(PETAx=10p)))
Given S= {1} U {2s|s € S}:
First six elements:
* 1 € S (base case)

*2x1=2€8
*2x2=4€8
*2x4=8 €S
*2x8=16€S
*2x16=32€S

Proof that every element is of form 2”n for some n > 0:
* Base case: 1 =270, so 1 is of the form 2”n where n =0
* Inductive step: Assume s € S is of the form 2"k for some k > 0
Then 2s = 2x2”k = 2~(k+1), which is of the form 2”n where n = k+1
* By the recursive definition of S, all elements must be of the form 2”n for some n >0
R cannot be defined recursively from N because recursion can only generate countably many elements, whereas
R is uncountable. A thought experiment to illustrate this:

Imagine trying to build the real numbers by starting with some base element (say 0) and repeatedly applying
operations (like addition, multiplication, taking square roots, etc.). No matter what operations you choose or
how you combine them, you can only generate a countable set of numbers because each application of the
operations can be enumerated.

For example, consider the set of all numbers that can be expressed using a finite combination of addition,
multiplication, and square roots starting from integers. This includes numbers like 2, 143, etc. However, this
set is countable, while the real numbers are uncountable (as proven by Cantor's diagonal argument).

This means there will always be real numbers (in fact, almost all real numbers) that cannot be reached through
any recursive process starting from N. Numbers like © and e can be approximated through recursive processes,
but their exact values cannot be generated through a finite recursive

« factorial(5) = 5 x factorial(4)

« factorial(4) = 4 x factorial(3)



« factorial(3) = 3 x factorial(2)

« factorial(2) = 2 x factorial(1)

« factorial(1) = 1 x factorial(0)

* factorial(0) = 1 (base case)

Then working backward: factorial(5) =5 x 24 = 120.

Von Neumann arithmetic provides another profound example of recursive definition. In von Neumann's
construction of natural numbers, each number is defined as the set of all smaller numbers:

* 0 = @ (the empty set)

«1=1{0} = {0}

+2={0, 1} =1{0, {0}}
*3=10,1,2} = {0, {0}, {@, {®}}}

This construction is inherently recursive and has practical applications in computer science, particularly in
formal verification of programs and in type theory for programming languages like Coq and Agda, which use
similar constructions for their fundamental data types.

Student Exercises:

Calculate factorial(6) using the recursive definition shown above.

Using von Neumann's construction, write out the representation of the number 4.

If we define a function double(n) recursively as double(0) = 0 and double(n+1) = double(n) + 2, calculate
double(5) step by step.

Create a recursive definition for the sequence 3, 6, 12, 24, 48, ...

Explain why factorial(0) is defined as 1 rather than 0, and what would happen to factorial calculations if it were
defined as 0 instead.

Answer Key:

factorial(6) = 6 x factorial(5) = 6 x 120 = 720

4=10,1,2,3} = {0, {0}, {@, {®}}, {0, {9}, {@, {®}}}}

double(5) calculation:

* double(0) = 0 (base case)

* double(1) =double(0) +2=0+2=2

* double(2) =double(1) +2=2+2=4

* double(3) =double(2) +2=4+2=6

* double(4) =double(3) +2=6+2=8

* double(5) = double(4) +2=8+2=10

For the sequence 3, 6, 12, 24, 48, ...

* a(0) = 3 (base case)

ea(ntl)=2 x a(n) forn>0

factorial(0) is defined as 1 because it represents the product of no numbers, and the empty product in
mathematics is conventionally 1 (the multiplicative identity). If factorial(0) were defined as 0, then all factorial
calculations would result in 0, since factorial(n) = n X factorial(n-1), and multiplying anything by 0 gives 0.

4.3 Sequences as Discrete Series

A sequence is a discrete series where every non-terminal member has an immediate successor. (IN,<) is a perfect
example of a discrete series.

A discrete series can be represented as a recursively defined class of pairs (x, X), where x is a cardinal number
and x is a member of some class K.

Examples:



The sequence S0: 0, 1, 2, 3,...
Can be represented as pairs: (0,1), (1,2), (2,3), (3,4),...
The sequence S#: 1, 4, 9, 16,...
Can be represented as pairs: (1,1), (2,4), (3,9), (4,16),...
These sequences are generated by recursive functions:
* For SO: $0(0)=1; ¢$0(n+1)=1+¢$0(n)
* For S#: ¢#(0)=1; ¢#(n+1)=(n+2)?
To illustrate how these work step by step:
For S0:
* $0(0)=1 (base case)
* 00(1)=1+¢0(0)=1+1=2
* 00(2)=1+¢0(1)=1+2=3
* 00(3)=1+90(2)=1+3=4
For S#:
* ¢p#(0)=1 (base case)
o O#(1)=(1+2)>=32=9
* OH(2)=(2+2)>=4>=16
* O#(3)=(3+2)*=52=25

Example: Counting days of the week forms a discrete series. Monday has Tuesday as its immediate successor,
Tuesday has Wednesday, and so on. This forms a circular sequence that can be modeled as:

* ¢day(Monday) = Tuesday

* ¢day(Tuesday) = Wednesday

* ¢day(Sunday) = Monday

In electrical engineering, discrete sequences are fundamental in digital signal processing. For instance, a
discrete-time signal x[n] (where n is an integer) can be defined recursively. Consider a simple RC circuit's
voltage response to a unit step input, modeled in discrete time:

* x[0] = 0 (initial condition)

* x[n+1] = ax[n] + (1-a) (for n > 0, where a is a constant determined by the circuit parameters)

Application: Computer scientists use recursively defined sequences to model iterative processes and to design

algorithms that process data in a step-by-step manner. This concept underlies many computational methods,
from simple counting loops to sophisticated data structures.



For example, the Fibonacci sequence (0, 1, 1, 2, 3, 5, 8, 13, ...) is defined recursively as:
*F(0)=0

*F(1)=1

* F(n) =F(n-1) + F(n-2) forn> 1

Student Exercises:

Generate the first 6 terms of the sequence defined by: a(0) = 3; a(n+1) =2a(n) - 1

For the sequence S#: 1, 4, 9, 16, ..., find the formula for the nth term without using recursion.

Define a recursive function that generates the sequence 1, 3, 9, 27, 81, ...

If we have a sequence defined by f(0) = 5 and f(n+1) = f(n)/2 + 2, calculate the first four terms.

For the days of the week example, if we start at Wednesday and apply the function ¢day five times, what day do
we end up on? Show your work.

Consider the RC circuit example where a = 0.8. Calculate x[3] given that x[0] = 0.

Answer Key:
Sequence a(0) = 3; a(n+1) =2a(n) - 1:
+a(0)=3
ca(1)=23)-1=5
*a(2)=2(5)-1=9
+a(3)=29)-1=17
ca(4)=2(17)-1=33
*a(5)=2(33)-1=65
The sequence S#: 1, 4, 9, 16, ... represents perfect squares. The non-recursive formula is a(n) = (n+1)? for n > 0.
This is a geometric sequence with first term 1 and common ratio 3:
* g(0) =1 (base case)
e g(ntl)=3 x g(n) forn>0
Sequence f(0) =5 and f(n+1) = f(n)/2 + 2:
*f(0)=5
*f(1)=52+2=45
«f(2)=4.5/2+2=425
* f(3)=4.25/2+2=4.125
Starting at Wednesday:
* ¢pday(Wednesday) = Thursday
* ¢day(Thursday) = Friday
* ¢day(Friday) = Saturday
* ¢day(Saturday) = Sunday
* ¢day(Sunday) = Monday
So after applying ¢day five times, we end up on Monday.
RC circuit with o = 0.8:
* x[0] =0 (given)
*x[1]1=0.8(0) + (1-0.8)=0+0.2=0.2
*x[2]=0.8(0.2) +0.2=0.16 + 0.2=0.36
*x[3]1=0.8(0.36) + 0.2 =0.288 + 0.2 = 0.488

4.4 Recursivity and Computability

A solution to a problem is computable when it can be produced by a recursive function. This means there's a
step-by-step procedure (algorithm) that can be followed to reach the answer.

Examples:
* Finding the shortest route on a map app: The app uses recursive algorithms to compute the optimal path from
point A to point B. Specifically, Dijkstra's algorithm (a fundamental graph algorithm) can be expressed

recursively:

* Base case: The shortest distance to the starting node is 0.



* Recursive step: The shortest distance to node v is the minimum of {distance to node u + edge weight from u to
v} for all nodes u that connect to v.

* Calculating compound interest: Banks use recursive functions to determine how money grows over time. If P
is the principal, r is the interest rate, and n is the number of periods, then:

* A(0) = P (base case)

* A(t+1) = A(t) x (1 + 1) (recursive step)

* Sorting algorithms: Merge sort is an elegant recursive algorithm:

* Base case: A list of 0 or 1 elements is already sorted.

* Recursive step: Divide the list into two halves, recursively sort each half, then merge the sorted halves.

A key application is in software development, where recursive algorithms solve complex problems by breaking
them into simpler subproblems.

Consider a practical example from computer networking: the recursive DNS lookup. When your computer needs
to find the IP address for "example.com":

It first checks its local cache (base case)

If not found, it asks a DNS resolver, which might:

* Check its cache (another potential base case)

* If not found, recursively ask the root DNS servers

* Then ask the .com TLD servers

* Finally ask the authoritative nameservers for example.com

Each step represents a simpler version of the original problem.

When we say an answer can be computed, we mean:

It belongs to a recursively defined class

This class is fundamental to understanding an important area of reality

Algorithms are just useful recursions. Addition, multiplication, and exponentiation are common algorithms.
Even language processing involves computation - when you form a sentence or understand someone's words,

your brain computes the appropriate expressions and meanings.

Von Neumann arithmetic provides a beautiful example of computational thinking. Using the von Neumann
ordinals we discussed earlier, we can define addition recursively:

*a+ 0=a(base case)
* a+ S(b) = S(a + b) (recursive step, where S is the successor function)

Student Exercises

Recursive Definition Practice: Write a recursive definition for multiplying two non-negative integers using only
addition operations. Include both the base case and the recursive step.

Fibonacci Analysis: The Fibonacci sequence has been defined as F(0) =0, F(1) = 1, F(n) = F(n-1) + F(n-2) for n
> 2. Trace through the recursive calls needed to compute F(5). How many times is F(2) computed in this
process? Suggest a more efficient approach to calculate Fibonacci numbers.



Algorithmic Computability: Consider the following problems. Determine which are computable, and for those
that are, sketch a recursive approach to solve them:

a) Finding the greatest common divisor of two integers

b) Determining whether a given program will eventually halt (the Halting Problem)

¢) Calculating the nth digit of ©

d) Finding all prime factors of a given integer
Recursive DNS Exploration: Draw a diagram showing the complete recursive process for resolving the domain
name "courses.university.edu" to its IP address. Include all the different DNS servers that might be involved and
the information exchanged at each step.
Von Neumann Implementation: Using the von Neumann recursive definition of addition provided in the text,
trace through the computation of 2 + 3 step by step. Then, write a similar recursive definition for multiplication
and trace through the computation of 2 x 3.
Real-World Recursion: Identify three examples of naturally occurring recursive processes or structures not
mentioned in the text. For each example, identify the base case(s) and the recursive relationship.

Answer Key
Recursive Definition Practice:
*Basecase:ax0=0
* Recursive step: a x S(b)=(a xb) +a
Where S(b) represents the successor of b (i.e., b+ 1)
Fibonacci Analysis:
To compute F(5):
« F(5) =F(4) + F(3)
*F(4)=F@3)+F(Q2)
*F(3)=F()+F(1)
* F(2)=F() + F(0)
* F(1) =1 (base case)
* F(0) = 0 (base case)

F(2) is computed 3 times in this process (once for F(4), once for F(3), and once directly).

A more efficient approach would be dynamic programming or memoization, where we store previously
computed values to avoid redundant calculations. Iterative approaches using a bottom-up method are also more
efficient.

Algorithmic Computability:

a) Finding the greatest common divisor - Computable using Euclidean algorithm:
* Base case: gcd(a, 0)=a
* Recursive step: ged(a, b) = ged(b, a mod b)

b) Halting Problem - Not computable, as proven by Alan Turing. No algorithm can determine whether an
arbitrary program will halt or run forever.

c¢) Calculating the nth digit of n - Computable using various algorithms like the Bailey—Borwein—Plouffe
formula.

d) Finding all prime factors - Computable using trial division or more efficient algorithms:
* Base case: If n is prime, return n
* Recursive step: Find smallest factor f of n, then return f and all prime factors of n/f
Recursive DNS Exploration:
Local computer checks its cache for "courses.university.edu"
Query sent to DNS resolver (typically provided by ISP)
Resolver queries root DNS servers for ".edu" servers
Root servers respond with addresses of .edu TLD servers
Resolver queries .edu TLD servers for "university.edu" servers
TLD servers respond with addresses of university.edu nameservers
Resolver queries university.edu nameservers for "courses.university.edu"
University.edu nameservers return the IP address for courses.university.edu
Resolver returns the IP address to the local computer
Von Neumann Implementation:

For 2 + 3:



*2+3=2+S(2)=S2+2)
e24+2=2+S8(1)=S2+1)
*2+1=2+S(0)=S2+0)

* 2+ 0 =2 (base case)

» Working back: 2+0=2,S(2)=3,S3)=4,S4)=5

Recursive definition for multiplication:
* Basecase:ax0=0
* Recursive step: a x S(b)y=axb+a

For2 x 3:
*2x3=2x812)=(2x%x2)+2
*2x2=2x§()=2x%x1)+2
*2x1=2x80)=2x0)+2=0+2=2
* Working back: 2 x 1=2,2%x2=42x3=6
Real-World Recursion:
a) Fractal patterns in nature (e.g., fern leaves):
* Base case: The smallest identifiable leaflet
* Recursive relationship: Each larger frond is composed of smaller fronds arranged in the same pattern

b) Human family trees:
* Base case: An individual with no known ancestors
* Recursive relationship: Each person has two biological parents, each of whom has two parents, etc.

c¢) Russian nesting dolls:
* Base case: The smallest doll that cannot be opened
* Recursive relationship: Each doll contains another doll of the same shape but smaller size

This definition precisely captures how addition works on a fundamental level and can be directly implemented
in hardware through circuits that perform binary addition.

Student Exercises

Explain how the recursive definition of addition can be implemented in hardware circuits. Draw a simple
diagram of a half-adder circuit.

If S(n) represents the successor function, write out the complete computation of 3 + 2 using the recursive
definition of addition.

Prove that addition is commutative (a + b =b + a) using the recursive definition of addition.

Design a circuit that implements the recursive definition of addition for 3-bit binary numbers.

How would you modify the recursive definition of addition to define multiplication? Write out the formal
definition.

Answer Key
The recursive definition of addition can be implemented using logic gates. A half-adder circuit uses an XOR
gate for the sum bit and an AND gate for the carry bit. A simple half-adder diagram would show two inputs (A
and B) connecting to both an XOR gate (producing Sum) and an AND gate (producing Carry).
Using the recursive definition:

3+2=3+5(1)

=S3+1)

=S(3 + S(0))

=S(S3 +0))

=S(8(3))

=S(4)

=5
Proof of commutativity:

Basecase:a+0=a=0+a

Inductive step: Assumea+k=k+a

Then a + S(k) = S(a + k) by definition

= S(k + a) by inductive hypothesis

=k + S(a) by definition of addition

Therefore,a+b=b+aforalla,beN



A 3-bit adder would require three full-adders connected in sequence, with the carry output of each connected to
the carry input of the next. Each full-adder implements one step of the recursive definition, processing one bit
position while propagating the carry.
Recursive definition of multiplication:

ax0=0

axS(b)=axb+a

This defines multiplication in terms of addition and the successor function.

4.5 Recursive Definition of Q

The rational numbers (Q) can be defined recursively:

x€Q if either:

* XEQ2, or

* XEQn+1, provided that Q,€Q

Where Q, contains all rationals (p/q) where p+q=n.

This generates the sequence:

1/1,1/2,2/1,1/3, 3/1, 2/2, 1/4, 4/1, 2/3, 3/2,...

To see how this works in detail:

* Q2 contains 1/1 (since 1+1=2)

* Qs contains 1/2 and 2/1 (since 1+2=2+1=3)

* Qa contains 1/3, 3/1, and 2/2 (since 1+3=3+1=2+2=4)

* And so on...

This construction, known as the Cantor pairing function applied to fractions, provides a systematic way to
enumerate all rational numbers without repetition. It's particularly useful in theoretical computer science for
establishing bijections between countable sets.

A practical application in computer science is found in the implementation of rational arithmetic in computer
algebra systems. By representing rationals using this construction, operations like addition and multiplication

can be defined recursively and implemented efficiently.

Every rational number appears exactly once in this sequence, which provides a powerful proof that the rationals
are countable (JQ=[N|), despite seeming much more numerous than the natural numbers.

Student Exercises

Write out the first 10 elements of the sequence Qs. Identify any that would be eliminated due to redundancy
(because they can be reduced to a simpler form).

Prove that the fraction 3/4 will appear in this recursive enumeration, and determine in which Q, it will first
appear.

If we consider only the positive rational numbers, explain why this construction ensures that every rational
number appears exactly once.

Implement a simple algorithm (pseudocode) that generates the first n elements of this enumeration of rational
numbers, avoiding duplicates.

How would you modify this construction to enumerate the set Q x Q (ordered pairs of rational numbers)?
Explain your approach.

Answer Key
Qs contains all fractions p/q where p+q=5:
1/4, 4/1, 2/3, 3/2



None of these would be eliminated as they're all in lowest form.
3/4 will appear when p+q=7 (since 3+4=7), so it will appear in Q-.
Q- contains: 1/6, 6/1, 2/5, 5/2, 3/4, 4/3
In the positive rational numbers, this construction ensures uniqueness because:
* Each fraction p/q appears exactly once in the level where p+q=n
* Reduced fractions are unique representations
* The construction systematically goes through all possible numerator-denominator pairs
* By skipping redundant representations (e.g., 2/2 which equals 1/1), we ensure each rational value appears
exactly once
Pseudocode:

To enumerate Q x Q, we could use a diagonal enumeration:
* First enumerate Q as 11, 12, 13, ...
* Then enumerate Q x Q as: (r1,1), (r1,12), (r2,r1), (r1,13), (t2,12), (13,11), ...
This follows the pattern where pairs (1n,I'm) are ordered by n+m, and for equal sums, ordered by the first
component.
5.0 Relevant Principles of Set Theory and Logic
5.1[Q]=[N]
Classes that can be recursively defined have the same cardinality
Classes that can be recursively defined have precisely the same cardinality as the natural numbers. A recursive
definition creates a bijection (one-to-one mapping) between the class and the natural numbers (N). Therefore,

there are exactly as many rational numbers as natural numbers, despite our intuition suggesting otherwise.

Example with Detailed Proof: Consider the rational numbers (Q). We can establish a bijection between N and Q
using the following recursive definition:

Start with a 2D grid where each point (p,q) represents the fraction p/q where p,q € N and q #0
Follow a specific path through this grid (like a spiral or zigzag)
Skip any fractions that have already appeared in reduced form

For instance, using a zigzag path through the grid, we can enumerate:

« £(0) = 0/1
< f(1)=1/1
< f(2)=1/2
- f(3)=2/1
- f(4)=3/1

* f(5) = 2/2 (reduces to 1/1, already listed, so skip)
«f(5)=1/3
e And so on...

This demonstrates how we can count through all rational numbers systematically, establishing that |Q| = [N| =
No.

Computer Science Application: This bijection between N and Q is utilized in programming languages when
implementing rational number libraries. By storing each rational as a pair of integers (numerator and



denominator), we can represent any rational number precisely, unlike floating-point numbers which often
introduce rounding errors. Languages like Haskell use this approach in their Rational data type.

Student Exercises

Prove that the set of all finite sequences of natural numbers is countable using a recursive definition approach.
Describe a bijection between N and Z (the integers). Provide the first 10 elements in your mapping.

Cantor's diagonal argument proves that the real numbers are uncountable. Explain why this doesn't contradict
our proof that rational numbers are countable.

If we have two countable sets A and B, prove that their Cartesian product A x B is also countable.

Design an algorithm that would assign a unique natural number to any given rational number using the bijection
described in this section.

Answer Key
Proof sketch: We can recursively define finite sequences by their length and contents:
* Let S1 be all sequences of length 1: [0], [1], [2], ...
* Let Sz be all sequences of length 2: [0,0], [0,1], [1,0], [1,1], ...
We can enumerate these by first ordering by length, then lexicographically within each length. Since each S, is
countable and there are countably many S,, the union is countable.
Bijection between N and Z:

f(0)=0
f(1)=1
f(2) =-1
f(3)=2
f(4) = -2
f(5)=3
f(6) = -3
f(7)=4
f(8) = -4
f(9)=5

The pattern is: f(2n) = n and f(2n+1) = -n for n > 0, with f(0) = 0.
Cantor's diagonal argument shows that the real numbers are uncountable because for any proposed enumeration
of reals, we can construct a real number that differs from every number in the enumeration. This doesn't
contradict the countability of rationals because rationals form a proper subset of the reals. The set of irrational
numbers (reals that are not rational) is uncountable, which makes the entire set of reals uncountable.
Proof: Given countable sets A and B with enumerations A = {ai, as, as, ...} and B = {bi, bz, bs, ...}, we can
enumerate A x B using the same diagonal pattern used for rationals:

(al,bl), (al,bz), (az,bl), (al,bs), (az,bz), (a3,b1),

This covers all pairs (a;,b;) by ordering them according to i+j, establishing that A x B is countable.
Algorithm:

This algorithm maps each rational p/q to a unique natural number based on its position in the diagonal
enumeration.

Electrical Engineering Application: In digital signal processing, the rational sampling rate conversion (changing
from one sample rate to another) relies on the properties of rational numbers and their relationship with integers.
When converting between sampling rates with a rational ratio (e.g., 44.1kHz to 48kHz, which is 441:480),
engineers use this bijection concept implicitly.

Student Exercises

A digital audio engineer needs to convert a signal from 44.1kHz to 88.2kHz. Express this as a rational ratio and
explain the mathematical process involved in the conversion.

If you need to convert a 22.05kHz signal to 48kHz, what is the rational ratio? Describe the practical implications
of this conversion in terms of computational complexity.

In signal processing, explain why rational sampling rate conversion is generally preferred over arbitrary rate
conversion. How does this relate to the bijection properties of rational numbers?

A sampling rate conversion from 96kHz to 44.1kHz has what rational ratio? Describe the potential quality issues
that might arise from this downsampling process.

Design a simple algorithm to convert a 16kHz voice recording to 8kHz using rational sampling rate conversion
principles. What mathematical properties make this conversion particularly efficient?



Answer Key
The ratio is 44.1:88.2, which simplifies to 1:2. This is an upsampling operation where each original sample
generates two samples in the output signal. Mathematically, this involves inserting a zero between each original
sample (zero insertion) followed by low-pass filtering to remove spectral images.
The ratio is 22.05:48, which simplifies to 441:960. This requires a multistage process where the signal is first
upsampled by 960, then downsampled by 441. Computationally, this is complex because of the large numbers
involved, requiring efficient polyphase filter implementations to make it practical.
Rational sampling rate conversion is preferred because it can be implemented using a combination of
upsampling and downsampling operations with integer factors, which is computationally efficient. The bijection
between rational numbers and pairs of integers means we can decompose any rational conversion into these
integer operations.
The ratio is 96:44.1, which simplifies to 960:441. This downsampling process could introduce aliasing if not
properly filtered. Since we're reducing the sampling rate, frequencies above the Nyquist frequency of the target
rate (22.05kHz) must be removed to prevent distortion.
Algorithm:
» Upsample by a factor of 1 (trivial step)
* Downsample by a factor of 2
* Implementation: Apply a low-pass filter with cutoff at 4kHz, then take every other sample

This is efficient because the 1:2 ratio is a simple integer ratio, requiring minimal computational resources.

5.2[QI<[R]

A list represents the elements of a class. Infinite classes can be listed (enumerated) only if they're recursively
definable. While natural numbers and rational numbers can be listed, real numbers (R) cannot—their cardinality
is strictly greater than that of the rationals.

Complete Proof of [Q]<[R] using Cantor's Diagonal Argument:

Assume, for contradiction, that we can list all real numbers in [0,1] as:

o 11 = 0.anaian...

* 12 = 0.a21a2282...

* 13 = 0.as1a32a33...

* And so on...

Construct a new number D = 0.d:d2ds... where:

* di # an (choose any digit different from ai1)

* d2 # ax (choose any digit different from a.2)

* ds # as3 (choose any digit different from ass)

* And so on...

D is a real number in [0,1], but D differs from every number in our list:

* D # 11 (they differ in the 1st decimal place)

* D # 12 (they differ in the 2nd decimal place)

* D # 13 (they differ in the 3rd decimal place)

* And so on...

Therefore, our original assumption that we could list all real numbers must be false.



Since Q can be listed but R cannot, we conclude [Q]<[R].

Student Exercises

Modify Cantor's diagonal argument to prove that the set of all infinite binary sequences cannot be enumerated.
How does this relate to the cardinality of the real numbers?

Consider the rational numbers between 0 and 1. Explain how you would enumerate them, and contrast this with
the impossibility of enumerating the real numbers in the same interval.

If we restrict ourselves to computable real numbers (those that can be computed to any precision by an
algorithm), would Cantor's diagonal argument still apply? Justify your answer.

Explain how Cantor's diagonal argument can be used to show that the power set of natural numbers P(IN) has
greater cardinality than N itself. What is the relationship between P(N) and R?

Design a bijection between the interval (0,1) of real numbers and the entire set R. Use this to explain why the
cardinality of any non-empty open interval of real numbers equals the cardinality of R.

Answer Key

For binary sequences, construct D by taking the diagonal elements and flipping them (0— 1, 1—0). This creates
a binary sequence that differs from every sequence in the list at least once. This relates to real numbers because
every real number in [0,1) can be represented as a binary expansion, establishing the same cardinality.

To enumerate rational numbers between 0 and 1, we can list them as fractions p/q where p and q are positive
integers with p < q, arranged by increasing sum p+q, and removing duplicates (equivalent fractions). For
example: 1/2, 1/3, 2/3, 1/4, 3/4, etc. This is possible because rationals have a countable structure. Real numbers
cannot be enumerated because any attempt at listing them will always miss some real numbers, as shown by
Cantor's diagonal argument.

Yes, Cantor's diagonal argument would still apply to computable real numbers. The diagonal construction
creates a real number that differs from every computable number in the list. This new number is defined by
reference to the list itself, which makes it non-computable, highlighting the uncountability of even computable
reals.

Each subset of N can be represented by an infinite binary sequence (1 if an element is in the subset, 0 if not).
Cantor's argument shows these sequences cannot be enumerated, thus P(N) is uncountable. The cardinality of
P(N) equals that of R because we can establish a bijection between binary sequences and real numbers in [0,1].
A Dbijection between (0,1) and R is f(x) = tan(n(x-1/2)). This maps (0,1) to all real numbers. To verify: as x
approaches 0, f(x) approaches -oo; as x approaches 1, f(x) approaches +oo; and f is strictly increasing throughout.
This shows that even though intuitively (0,1) seems "smaller" than R, they have the same cardinality.

Computer Science Application: This cardinality difference has profound implications for computability theory.
We can design algorithms that enumerate all rational numbers, but no algorithm can enumerate all real numbers.
This is why certain problems involving real numbers (like the exact solution to some differential equations)
cannot be solved algorithmically in the general case.

Practical Engineering Example: When designing analog-to-digital converters, engineers confront this cardinality
gap daily. The continuous analog signal (representing real numbers) must be quantized to discrete digital values
(essentially rational numbers with fixed denominators). This quantization introduces inherent errors because
we're mapping from a larger infinity (R) to a smaller one (a subset of Q).

Student Exercises

Design a simple algorithm that can enumerate all rational numbers between 0 and 1. Analyze its time
complexity in terms of how many steps it takes to reach a specific rational number.

Consider a continuous function f(x) on the interval [0,1]. If we can only evaluate f at rational points, can we
guarantee computing the exact maximum value of f? Explain your reasoning.

Explain how the halting problem in computer science relates to the uncountability of real numbers. What
implications does this have for algorithm design?

In an analog-to-digital converter with 16-bit quantization, calculate the theoretical maximum signal-to-noise
ratio. How does this relate to the cardinality gap between R and Q?

Research and explain how interval arithmetic addresses the limitations of representing real numbers in
computers. What kinds of problems can and cannot be solved exactly using interval arithmetic?

Answer Key

Algorithm:

« Initialize an empty list L and a counter n=2

* For each n, consider all fractions p/q where p+q=n, 0<p<q



* Add each fraction to L if not already present in simplified form
* Increment n and repeat

Time complexity: To reach a rational p/q in simplified form, the algorithm needs approximately O(p+q) steps,
as it will encounter this fraction when n=p+q.
No, we cannot guarantee computing the exact maximum value of f. Because the real numbers are uncountable,
even with evaluations at all rational points (a countable set), we might miss the maximum if it occurs at an
irrational point. For example, f(x):1—|x—\/2/2| on [0,1] has its maximum at the irrational number \2/2.
The halting problem asks whether an arbitrary program will halt on a given input. The set of all possible
programs can be enumerated (countable), but the set of all program behaviors maps to the uncountable set of
real numbers. This means some behaviors (like halting patterns) cannot be determined algorithmically for all
programs, demonstrating fundamental limitations in computation.
For a 16-bit ADC, the theoretical maximum SNR = 6.02n + 1.76 dB = 6.02(16) + 1.76 =~ 98.08 dB. This
quantization error is a direct manifestation of the cardinality gap: we're attempting to represent a continuous
range of values (uncountable) with only 216 = 65,536 discrete levels (countable), necessarily losing
information.
Interval arithmetic represents real numbers as intervals [a,b] with rational endpoints. It guarantees that the true
result lies within the computed interval. It can solve problems where approximations with error bounds are
acceptable (like scientific computing and constraint satisfaction). However, it cannot solve problems requiring
exact real values, like determining whether a continuous function equals exactly zero at some point, due to the
fundamental cardinality difference between R and Q.

Diagonalization and Incompleteness

Cantor's diagonalization technique proves that the set of real numbers (R) cannot be enumerated and has
profound implications beyond set theory.

Extended Phone Number Example:

Imagine a company claims to have a complete database of all possible 10-digit phone numbers. To disprove this
claim:

List their database as:
e Number:: 5551234567
e Numberz: 9876543210

* Numbers: 1234567890

Construct a new number by:

* Taking the 1st digit of Number: (5) and changing it (say to 6)

* Taking the 2nd digit of Number: (8) and changing it (say to 9)

* Taking the 3rd digit of Numbers (3) and changing it (say to 4)

The resulting number (e.g., 6945...) must differ from every number in the database.

Student Exercises

Extend the phone number example to show that the set of all infinite sequences of digits cannot be enumerated.
What differences do you notice between this proof and the original phone number example?

Apply the diagonalization argument to prove that the set of all functions f: N — {0,1} cannot be enumerated.
What real-world application might this have?



Godel's Incompleteness Theorem uses a form of diagonalization. Research this theorem and explain how
diagonalization helps prove that any consistent formal system capable of expressing basic arithmetic contains
unprovable true statements.

Consider a set S of all computer programs that take no input and output either 0 or 1. Prove using
diagonalization that there exists a function f: N — {0,1} that cannot be computed by any program in S.

How would you apply diagonalization to prove that the set of all irrational numbers is uncountable? Can the
same technique be used to show that the set of algebraic numbers is countable?

Answer Key

For infinite sequences, the diagonalization produces an infinite sequence that differs from every sequence in the
enumeration. Unlike the phone number example which deals with a finite set (10"10 possible numbers), this
deals with an uncountable set. The key difference is that the phone number example is actually incorrect—a
finite set of possibilities can be enumerated—while the infinite sequence example correctly demonstrates
uncountability.

Proof: Assume all functions f: N — {0,1} can be enumerated as fi, f2, f3, etc. Construct g(n) = 1-fn(n). Then g
differs from fn at position n, making g different from every function in our list. Application: This shows that not
all behaviors or properties of programs can be detected by automated analysis tools, which has implications for
software verification and security.

Godel's diagonalization: Godel assigned numbers to statements in a formal system (Godel numbering), then
constructed a statement G that essentially says "G cannot be proven within the system." If G were provable, it
would be false (contradiction); if G were disprovable, it would be true (another contradiction). Thus G must be a
true statement that cannot be proven within the system, demonstrating incompleteness.

Proof: Enumerate all programs as Pi, P2, Ps, etc. Define function f(n) = 1-Pn(n) (where Pn(n) is the output of the
nth program). This function f differs from every computable function, as it differs from Pn at input n. Therefore,
f cannot be computed by any program in S, showing the existence of non-computable functions.

To prove irrationals are uncountable: Assume all irrationals can be enumerated. Add all rationals to this list
(which is countable). This would give an enumeration of all real numbers, contradicting Cantor's theorem. For
algebraic numbers (roots of polynomials with integer coefficients), diagonalization doesn't apply directly to
show countability. Instead, we can enumerate algebraic numbers by the degree and height of their minimal
polynomials, showing they are countable.

Computer Science Applications:
Halting Problem: Alan Turing used diagonalization to prove that no algorithm can determine whether an
arbitrary program will halt or run forever. The proof works by assuming such an algorithm H exists, then

constructing a program P that does the opposite of what H predicts—a logical contradiction.

Kolmogorov Complexity: We can prove that determining the shortest program that outputs a given string is
uncomputable using diagonalization.

Von Neumann Arithmetic Application: In computer implementations of infinite precision arithmetic (based on
von Neumann's formalization), diagonalization shows why we cannot have a general algorithm that determines
if two arbitrary computable real numbers are equal.

Proof that the Halting Problem is Undecidable (using diagonalization):

Assume there exists a program H(P,I) that returns TRUE if program P halts on input I, and FALSE otherwise.
Create a new program D that takes a program P as input and:

* Runs H(P,P) to determine if P halts when given itself as input

* If H(P,P) returns TRUE, D enters an infinite loop

* If H(P,P) returns FALSE, D halts immediately

Now ask: Does D halt when given itself as input? (i.e., D(D))

* If D(D) halts, then H(D,D) returns TRUE, which means D enters an infinite loop—contradiction!



* If D(D) doesn't halt, then H(D,D) returns FALSE, which means D halts immediately—contradiction!
Therefore, our assumption that H exists must be false.

Student Exercises: Halting Problem and Applications

Explain in your own words why the constructed program D in the halting problem proof leads to a contradiction.
Consider a variant of the halting problem: a program R that determines if a program P produces any output
when run on input I. Prove that R cannot exist using a diagonalization argument.

The busy beaver function BB(n) returns the maximum number of steps that can be executed by an n-state Turing
machine before halting. Explain why BB(n) must be uncomputable, using ideas from the halting problem.
Provide an example of a specific program for which we can easily determine whether it halts, and another
example where determining halting is very difficult. Explain the difference.

If we restricted our definition of programs to those that must halt within 10*100 steps (an astronomically large
but finite number), would the halting problem still be undecidable? Justify your answer.

Answer Key:

Program D creates a paradox because it's designed to do the opposite of what the halting detector H predicts.
When D runs on itself, if H predicts D will halt, then D is programmed to loop forever (not halt). If H predicts D
won't halt, then D is programmed to halt immediately. This means whatever H predicts about D(D), the opposite
must occur, which is a logical contradiction. This proves H cannot exist.

Proof: Assume R exists. Create a program Q that takes a program P as input and: (1) Runs R(P,P) to determine
if P produces output when given itself as input. (2) If R(P,P) returns TRUE (produces output), Q halts without
producing any output. (3) If R(P,P) returns FALSE (no output), Q outputs "hello" and halts. Now consider
Q(Q): If Q(Q) produces output, R(Q,Q) returns TRUE, which means Q halts without output—contradiction! If
Q(Q) produces no output, R(Q,Q) returns FALSE, which means Q outputs "hello"—contradiction! Therefore, R
cannot exist.

If we could compute BB(n), we could solve the halting problem. Given any n-state program P and input I, we
could simulate P on I for BB(n) steps. If it hasn't halted by then, it never will (since BB(n) represents the
maximum possible steps). This would give us a decision procedure for the halting problem, which we've proven
is impossible. Therefore, BB(n) must be uncomputable.

Easy example: A program that prints "Hello World" and exits. We can trace through its finite set of instructions
and see it terminates. Difficult example: Consider a program searching for patterns in prime numbers, like "Find
the first occurrence of 10 consecutive digits of w in the decimal expansion of prime numbers." We don't know if
such a pattern exists, so determining if this program halts is equivalent to solving an open mathematical
problem.

Even with the 10”100 step restriction, the halting problem remains undecidable. We could modify the
diagonalization proof: create a program D' that runs H' (our supposed finite-step halting detector), and if H' says
a program halts within 107100 steps, D' runs a simple loop for 10°100+1 steps. If H' says it doesn't halt within
the limit, D' halts immediately. When D' runs on itself, we get the same contradiction. The undecidability isn't
about infinity; it's about the logical impossibility of a program perfectly predicting its own behavior.

Incompleteness and Model Theory

Diagonal arguments prove incompleteness by showing that some class k is non-recursive. A class is incomplete
if its corresponding statement-class is non-recursive.

Godel's Incompleteness Theorem Example:

Godel used a version of diagonalization to construct a statement G that essentially says "G cannot be proven
within this system." If G could be proven, the system would be inconsistent. If G could be disproven, the system
would be incorrect. Therefore, G must be undecidable within the system, demonstrating incompleteness.

Non-monomorphicity and Incompleteness:

If for any model M of an axiom-set, there exists another non-isomorphic model M' of the same axiom-set, then
that axiom-set is incomplete.

Extended Group Theory Example:

Consider these axioms for groups:



Va,b,c € G: (a b) c=a (b c) [associativity]

Je € G such that Va € G: ¢ a=a ¢ = a [identity element]

Va € G,3b € Gsuchthata b=b a= e [inverse element]

We can construct different models satisfying these axioms:

* Mi:: The integers under addition (infinite group)

* M2: The set {0,1,2,3,4} under addition modulo 5 (finite group)

* Ms: The set of 2x2 matrices with determinant 1 (continuous group)

These models are non-isomorphic (they have different cardinalities and structures), yet all satisfy the group
axioms. This demonstrates that the axioms of group theory are incomplete.

Student Exercises: Incompleteness and Model Theory

Explain how Godel's self-referential statement G differs from the liar paradox ("This statement is false"). Why
doesn't G create a logical paradox?

Construct an informal example of a statement in arithmetic that might be undecidable in Peano Arithmetic,
explaining why you think it could be undecidable.

Prove that the theory of dense linear orders without endpoints is incomplete by constructing two non-isomorphic
models.

Consider the axioms of an abelian group (a group with commutative operation). Identify three non-isomorphic
models of abelian groups and explain specifically why they're not isomorphic.

Research and explain the concept of "true but unprovable" statements in mathematics. Provide an example
beyond Godel's statement G, such as the Paris-Harrington theorem or the Goodstein sequence.

Answer Key:

The liar paradox ("This statement is false") creates a direct contradiction: if true, it's false; if false, it's true.
Godel's statement G says "G is not provable in system S," which doesn't create a paradox. If G is provable, then
G is both provable and unprovable (contradiction), so G must be unprovable. But if G is unprovable, then G is
true (since it correctly states it's unprovable). This makes G true but unprovable—not a paradox, but a
demonstration of the system's incompleteness.

Example: "Every even number greater than 2 can be expressed as the sum of two primes" (Goldbach's
Conjecture). This statement might be undecidable in Peano Arithmetic because: (1) It makes a claim about
infinitely many numbers, (2) Despite extensive computational verification, no proof has been found, (3) It
doesn't appear reducible to a finite set of cases, and (4) Similar number-theoretic statements have been proven
independent of PA. If true, it might require stronger axioms than PA to prove.

Two models of dense linear orders without endpoints:

* Model 1: The rational numbers (Q) with the standard ordering

* Model 2: Q x {0} U Q x {1} with lexicographic ordering

Both satisfy all axioms of dense linear orders without endpoints (between any two elements there's another
element; no largest or smallest element). However, they're not isomorphic because Model 2 has a "gap" (no
element in Model 2 has the property that all elements of Qx{0} are less than it and all elements of Qx {1} are
greater). This property can be expressed in first-order language but isn't decided by the axioms, proving
incompleteness.

Three non-isomorphic abelian groups:

* (Z, +): The integers under addition. Infinite, has no elements of finite order except 0.

* (Z2 X Z», +): The direct product of Z. with itself. Has exactly 4 elements, all of order 2 except (0,0).
* (Za, +): The integers modulo 4. Has exactly 4 elements, contains an element of order 4.

These are non-isomorphic because: Z is infinite while the others are finite; Z> x Z> has three elements of order
2, while Z4 has only one; and Z4 has an element of order 4, which Z. x Z, doesn't have. An isomorphism would
preserve these structural properties.

"True but unprovable" statements are mathematical assertions that are true in the standard model of arithmetic
but cannot be proven from standard axioms. The Paris-Harrington theorem is a modified version of Ramsey's
theorem that is true but unprovable in Peano Arithmetic. It states that for any positive integers n, k, and m, there
exists a number N such that for any coloring of the n-element subsets of {1,2,...,N} with k colors, there exists a



subset H of {1,2,...,N} of size at least m such that H is "relatively large" (min(H) < |H|) and all n-element
subsets of H have the same color. While true in the standard model of arithmetic, Paris and Harrington proved
this statement cannot be derived from the Peano Axioms, making it a natural example of Gddel's incompleteness
theorem.

In database design, model theory helps understand why certain queries can't be expressed in particular query
languages. For example, SQL without recursive extensions cannot express transitive closure queries (like "find
all employees who report directly or indirectly to manager X"). This limitation can be proven using techniques
similar to those showing incompleteness in logical systems.

Student Exercises

Explain why transitive closure queries cannot be expressed in standard SQL without extensions. Give a real-
world scenario where this limitation would be problematic.

Design a workaround solution that could approximate transitive closure in standard SQL without recursive
extensions. What are the limitations of your approach?

Compare and contrast model-theoretic limitations in SQL with those in another query language of your choice
(e.g., SPARQL, Cypher, or Datalog).

A social network wants to find "friends of friends" to a depth of 5 connections. Explain the model-theoretic
challenges in expressing this query in different database paradigms.

Research and describe a real-world system that implemented recursive queries to solve a business problem that
couldn't be addressed with standard SQL.

Answer Key

Transitive closure queries cannot be expressed in standard SQL without extensions because they require
recursive relationship traversal to an arbitrary depth. Standard SQL has no mechanism for unbounded recursion
in its relational algebra foundation. A real-world problematic scenario would be an organizational hierarchy
where a company needs to find all employees under a specific manager at any level of the hierarchy for
compliance reporting or permission inheritance.

A possible workaround is to create multiple self-joins up to a predetermined maximum depth:

Limitations include: (1) Maximum depth must be predetermined, (2) Query becomes unwieldy for deeper
hierarchies, (3) Performance degrades exponentially with depth, (4) Cannot handle hierarchies deeper than the
coded joins.

SQL without recursion cannot express transitive closure due to its foundation in first-order logic, while Datalog
natively supports recursive queries through its logic programming paradigm. SPARQL 1.1 supports property
paths allowing transitive closure through the + and operators. These differences stem from their underlying
model theories: SQL is based on relational algebra, Datalog on logic programming with fixpoint semantics, and
SPARQL on graph pattern matching with path expressions.

In relational databases, finding friends to depth 5 requires either multiple self-joins (inefficient) or recursive
extensions (not standard). Graph databases like Neo4j can express this directly with Cypher using pattern
matching with variable-length paths. Document databases struggle with this type of query as they're optimized
for document retrieval, not relationship traversal. The model-theoretic challenge lies in how each paradigm
conceptualizes and represents relationships - as explicit connections (graph), foreign key relationships
(relational), or embedded documents (document stores).

LinkedIn's connection network uses recursive queries to implement its "degrees of connection" feature. Their
system needed to determine professional connections up to three degrees away. Initially implementing this with
multiple joins in a relational database proved inefficient for their scale. They eventually moved to a graph-based
approach that better modeled the transitive nature of social connections, implementing custom recursion
handling to efficiently compute connection paths between professionals.

Von Neumann Arithmetic Application:

Von Neumann's construction represents each natural number as a set:
* 0 = @ (the empty set)

< 1=1{0}={0}

*2=1{0, {8}} ={0,1}



*3={0, {0}, {0, {@}}} ={0,1,2}
* And so on...

This construction is used in programming language semantics and provides a foundation for recursion in
computer science. When implementing infinite precision arithmetic in software, understanding the model-
theoretic properties of different number systems helps engineers make appropriate design choices regarding
representation and algorithms.

Student Exercises

Explain how the Von Neumann construction naturally encodes the successor function. How would you
implement this construction in a programming language of your choice?

In what ways does the Von Neumann construction of natural numbers provide insights into recursion? Give a
specific example of how this might influence programming language design.

Compare and contrast the Von Neumann construction with another set-theoretic construction of natural numbers
(such as Zermelo's). What are the practical implications of these different representations?

How might knowledge of the Von Neumann construction influence the design of a Biglnteger class in a
programming language? Provide specific examples of design decisions that would be informed by this
understanding.

Describe a scenario where understanding the model-theoretic properties of number systems would lead to
different algorithm choices when implementing infinite precision arithmetic. Include complexity analysis in
your answer.

Answer Key

The Von Neumann construction naturally encodes the successor function as S(n) =n U {n}. For any natural
number n represented as a set, its successor is simply the set containing all elements of n plus n itself. This
corresponds to adding one to a number. Implementation in Python:

This implementation captures the essence of the Von Neumann construction, though it becomes
computationally inefficient for larger numbers.
The Von Neumann construction demonstrates fundamental principles of recursion since each number contains
all previous numbers. This recursive structure mirrors how recursive functions build on previous results. In
programming language design, this influences concepts like:
* Recursive data types (e.g., linked lists, trees)
* Base cases and inductive steps in recursive functions

For example, Haskell's type system and pattern matching draw on similar principles where complex structures
are built from simpler ones. The Maybe monad in Haskell can be seen as a direct application of this kind of
recursive construction, where each layer builds on previous ones while maintaining a consistent structure.

Von Neumann construction: n= {0, 1, 2, ..., n-1}
Zermelo construction: 0 =@, 1 = {@}, 2 = {{@}}, 3 = {{{D}}}, etc.

The Von Neumann construction represents each number as the set of all smaller numbers, while Zermelo's
represents each number as the singleton of its predecessor. Practical implications:
* Von Neumann's construction allows direct access to all previous numbers, making it more suitable for
algorithms requiring access to ranges of numbers
» Zermelo's construction is more space-efficient (smaller cardinality for each set)
* Von Neumann's construction provides a natural ordering (€ relation)
* Von Neumann's approach better models the concept of iteration, while Zermelo's better models simple
succession

In programming, Von Neumann's approach aligns better with array-like structures, while Zermelo's with
linked lists.
Knowledge of the Von Neumann construction would influence a BigInteger class design in several ways:
* Internal representation: Using a collection (like an array) where each element represents a digit or word,
mirroring how each Von Neumann number contains all its predecessors
* Increment operation: Implementing increment as "add this number to the set of all previous values"
conceptually matches S(n) =n U {n}
* Memory management: Understanding the growth pattern of the Von Neumann construction helps anticipate
memory requirements when numbers grow



* Arithmetic operations: Implementing addition using the principle that m + n can be calculated by applying the
successor function n times to m

» Comparison operations: Using the subset relationship to determine less-than or greater-than relationships
between numbers

Consider implementing multiplication for arbitrary precision integers:

A developer understanding the model-theoretic properties of number systems might choose between:
* Schoolbook multiplication: O(n?) complexity where n is the number of digits
* Karatsuba algorithm: O(n*log23) = O(n"1.585) complexity
* Fast Fourier Transform-based multiplication: O(n log n log log n) complexity

The choice depends on understanding that different number systems have different operation costs. For
example, in the Von Neumann construction, determining the size of a number is O(1) (just check the cardinality
of the set), while in a binary representation, it's O(log n). When implementing multiplication for numbers with
thousands of digits, this understanding leads to choosing FFT-based methods despite their implementation
complexity, as they better align with the theoretical properties of large number operations.

Model Theory Examples
To understand model theory, consider these examples:

A mathematical model represents a system of statements (axioms) in a specific way. When multiple valid
interpretations exist for the same set of statements, we have non-isomorphic models.

Example from Everyday Life: Recipe Interpretations

Think of a recipe. The instructions "mix ingredients, bake at 350°F for 30 minutes" can be modeled in different
ways:

* One baker interprets it as combining ingredients in a specific order (perhaps creaming butter and sugar first,
then adding eggs, then dry ingredients), then baking

* Another valid interpretation involves mixing all ingredients simultaneously in one bowl, then baking
* A third baker might interpret "mix" as folding gently rather than vigorous beating
* A fourth might use a stand mixer rather than hand mixing

These are non-isomorphic models of the same recipe instructions. Each follows the axioms (the recipe steps) but
leads to different outcomes with varying textures, densities, and appearances.

Student Exercises

Create your own everyday example of non-isomorphic models similar to the recipe example. Identify the
axioms and at least three different valid interpretations.

How does the concept of non-isomorphic models relate to ambiguity in programming language specifications?
Provide a specific example from a programming language you're familiar with.

In the recipe example, would adding more detailed instructions necessarily result in isomorphic models? Why or
why not? Discuss the relationship between axiom completeness and model uniqueness.

Design an experiment to demonstrate to a non-technical audience how different interpretations of the same
instructions can lead to different outcomes. What would this reveal about model theory?

How might the concept of non-isomorphic models be relevant to artificial intelligence systems interpreting
natural language instructions? Discuss potential challenges and solutions.

Answer Key
Example: Assembling Furniture
Axioms: "Attach part A to part B using screws provided. Repeat with parts C and D."

Interpretations:
* Model 1: Attach A to B first, then separately attach C to D, then join these two assemblies
* Model 2: Attach A to B, then attach C to this assembly, followed by D



* Model 3: Attach parts in sequence (A—B—C—D) creating a linear structure

Each interpretation follows the axioms but results in completely different furniture configurations. This
demonstrates how the same set of instructions can yield structurally different models.
Programming language specifications often contain ambiguities that lead to non-isomorphic implementations.
For example, in C, the order of evaluation of function arguments is not specified. Consider:

Different compilers may evaluate arguments left-to-right or right-to-left, producing different outputs (5 6 or 6
6). Both implementations are valid models of the C language specification's axioms, but they're non-isomorphic
since they produce different behaviors. This ambiguity requires programmers to avoid depending on evaluation
order for correct program behavior.

Adding more detailed instructions would reduce but not necessarily eliminate the possibility of non-isomorphic
models. Even extremely detailed instructions like "beat butter and sugar with an electric mixer at medium speed
for exactly 2 minutes and 30 seconds until light and fluffy" still leave room for interpretation (what constitutes
"light and fluffy"? what type of electric mixer? what exactly is "medium speed"?).

This relates to Godel's incompleteness theorems: for sufficiently complex systems, it's impossible to create a
complete set of axioms that leads to only one possible model. Some ambiguity will always remain unless the
instructions become infinitely detailed, which is practically impossible. This demonstrates the fundamental
limitation of axiom systems to uniquely determine their models.

Experiment: Telephone Pictionary

Prepare a set of simple but slightly ambiguous drawing instructions: "Draw a house with two windows and a
door on a hill with a tree nearby."

Divide participants into groups and have each group follow these instructions.

Compare the resulting drawings and discuss the differences.

Highlight how each group created a valid interpretation of the instructions despite significant variations.

This experiment would reveal that: (1) instructions can be followed correctly yet yield different results, (2)
axioms (instructions) underdetermine their models (drawings), and (3) background knowledge and context
influence interpretation. These are all key concepts in model theory that become accessible through this concrete
demonstration.

For Al systems, non-isomorphic models present several challenges:

* Ambiguity resolution: When a natural language instruction has multiple valid interpretations, how does the Al
choose the most appropriate one?

* Context sensitivity: The same instruction may have different meanings in different contexts

* Cultural variations: Instructions may be interpreted differently based on cultural background

Solutions might include:
* Interactive clarification: Al systems could identify ambiguities and ask follow-up questions
* Contextual learning: Training models on domain-specific interpretations of instructions
* Probabilistic modeling: Maintaining multiple possible interpretations with confidence scores
* Explainability: Making the Al's interpretation visible to users for verification

These approaches acknowledge that perfect interpretation is impossible due to the fundamental nature of non-
isomorphic models, but they can help narrow the interpretation to match user intent.

Mathematical Example: Models of Number Systems

Consider the axioms of a field in mathematics. These can be modeled by:

* The rational numbers (Q)

* The real numbers (R)

* The complex numbers (C)

All satisfy the field axioms but are non-isomorphic since they contain different elements and have different

properties. The principle of non-isomorphic models demonstrates why simply having a consistent axiomatic
system doesn't uniquely determine the objects being described.



Student Exercises

Identify and explain at least three specific properties that distinguish the fields Q, R, and C from each other,
despite all being models of field axioms.

Create a simple axiomatic system with at least two non-isomorphic models. Prove that both models satisfy all
axioms but are structurally different.

How does the existence of non-isomorphic models of the field axioms relate to the concept of categoricity in
model theory? Research and explain this connection.

In computational contexts, what are the practical implications of choosing to implement algorithms using
different number systems (Q, R, or approximations thereof)? Provide concrete examples.

Extend the field example by discussing finite fields (like Z/pZ for prime p). How do these provide additional
insights into model theory's relevance to computer science?

Answer Key

Three distinguishing properties between Q, R, and C:

» Completeness: R is complete (every Cauchy sequence converges), while Q is not. For example, we can
construct a Cauchy sequence of rationals approaching V2, but this sequence has no limit in Q.

* Algebraic closure: C is algebraically closed (every non-constant polynomial has a root), while both Q and R
are not. The polynomial x> + 1 has no roots in R, and x? - 2 has no roots in Q.

* Ordering: Both Q and R can be totally ordered in a way compatible with field operations (a <b and ¢ >0
implies ac < bc), while C cannot be ordered this way. This is because i* = -1 would require both i > 0 and i* <0,
a contradiction.

Axiomatic system: Consider a simple "directed connection" system with these axioms:

* There exist elements A and B

* Every element connects to exactly one other element

* No element connects to itself

Model 1: {A, B} where A connects
Enumerate all legal moves from any given position
Apply the recursive function: f(position) = {position} U {f(nextposition) for all legal moves}

This demonstrates a core principle of recursion in computer science: complex sets can be defined through
simple recursive rules.

In contrast, trying to program a computer to generate all possible strategic concepts in chess would be
impossible since these are uncountable and cannot be fully formalized. Strategic concepts like "king safety,"
"piece coordination," or "pawn structure weaknesses" cannot be finitely enumerated.

Student Exercises

Write a recursive algorithm to enumerate all possible positions in a simple game like Tic-Tac-Toe, starting from
an empty board.

In chess, from the starting position, how many possible positions exist after 2 moves (one from each player)?
Explain how you would approach calculating this recursively.

For a 3x3 sliding puzzle, explain how you would use recursion to find all reachable positions from a given
starting configuration.

Compare and contrast recursive enumeration of chess positions with recursive enumeration of valid arithmetic
expressions. What similarities and differences exist?

Consider a simple maze represented as a grid. Write pseudocode for a recursive function that finds all possible
paths from start to finish.

Answer Key
Tic-Tac-Toe Algorithm:

From the starting position in chess, White has 20 possible moves (16 pawn moves and 4 knight moves). For
each of these 20 positions, Black also has 20 possible moves. Therefore, after one move by each player, there
are 20 x 20 =400 possible positions. The recursive approach would involve generating all possible moves from
the starting position, then for each resulting position, generating all possible opponent responses.

For the 3x3 sliding puzzle:



This recursively tracks all reachable states while avoiding cycles.
Comparison:
* Similarities: Both use recursive decomposition to build complex structures from simpler ones and both
generate a finite (though potentially large) set of possibilities.
« Differences: Chess positions follow game rules that constrain legal moves, while arithmetic expressions follow
grammar rules. Chess enumeration has a branching factor that varies by position, while expression enumeration
has a more consistent structure based on syntactic rules.
Maze Path Algorithm:

Electrical Engineering Example: Circuit Design

In electrical engineering, the set of all possible circuits that can be built from a finite set of components
(resistors, capacitors, transistors) is recursive. Given a finite set of component types, we can write an algorithm
that systematically generates all possible circuit configurations.

However, the set of all possible circuit behaviors or functionalities is non-denumerable, as it includes analog
behaviors that exist on continuous scales and cannot be fully enumerated by any algorithm.

Student Exercises

Consider a set of 3 components: a 10Q resistor, a SuF capacitor, and a diode. Enumerate all possible two-
component circuits that can be created using these components in series.

Explain why the set of all possible resistor values (considering all possible resistance values in ohms) is non-
denumerable, while the set of all circuits built with standardized resistors (like those in the E12 series) is
denumerable.

Design a recursive algorithm that would generate all possible circuit configurations using n components where
connections can only be series or parallel.

In digital circuit design, how many different 3-input logic gates are possible? Justify your answer using concepts
of recursive enumeration.

Compare the complexity of enumerating all possible analog filter circuits versus enumerating all possible digital
filter algorithms with finite precision. Which set is denumerable and why?

Answer Key

Possible two-component series circuits:

* 10Q resistor followed by SuF capacitor

* 5uF capacitor followed by 10Q resistor

* 10Q resistor followed by diode

* Diode followed by 10Q resistor

* 5uF capacitor followed by diode

* Diode followed by SuF capacitor

The set of all possible resistor values is non-denumerable because resistance can take any real value greater than
zero (R > 0), forming a continuous set that cannot be put in a one-to-one correspondence with natural numbers.
In contrast, standardized resistors like the E12 series (109, 12Q, 15Q, etc.) form a finite set for each decade, so
all possible circuits using only these values can be enumerated recursively.

Recursive algorithm for circuit generation:

For a 3-input logic gate, there are 2* = § possible input combinations. For each combination, the output can be
either 0 or 1. Therefore, there are 28 = 256 different possible 3-input logic gates. This can be enumerated
recursively by building truth tables for all possible output combinations.

Analog filter circuits involve continuous parameters (resistance, capacitance values) that can take any value in a
continuous range, making the set of all possible analog filters non-denumerable. Digital filter algorithms with
finite precision use discrete values and have a finite (though potentially very large) number of possible
configurations, making them denumerable. The recursive enumeration of digital filters is possible because they
can be represented by finite sets of coefficients with finite precision.

Isomorphism in Practice

Practical Example: City Maps and Navigation Systems



City maps and GPS navigation. Two different map applications might represent the same city (model the same
reality), but one might include elevation data while another includes traffic patterns. Both accurately model the
city but are non-isomorphic since they contain different information sets and relationships.

This concept has applications in computer science where determining whether two data structures are
isomorphic is crucial for efficient algorithm design.

Student Exercises

Describe two different representations of a university campus that would be non-isomorphic. Explain why they
cannot be mapped to each other through a bijective function.

Consider two social networks: Facebook and LinkedIn. Are these isomorphic representations of human social
connections? Justify your answer.

In data structures, explain how a binary search tree and a sorted array can represent the same information but are
non-isomorphic in their implementation.

Provide an example of two isomorphic representations of a molecule in chemistry, and explain how you would
prove their isomorphism.

If you have two different file systems organizing the same documents (one hierarchical folder system, one tag-
based system), explain whether these could be isomorphic and under what conditions.

Answer Key

Two non-isomorphic representations of a university campus:

* A map showing building locations, pathways, and physical distances between buildings

* A network diagram showing academic departments and their administrative relationships

These are non-isomorphic because the physical proximity of buildings doesn't necessarily correspond to
administrative relationships. There's no bijective function that can preserve all relationships when mapping from
one representation to the other.

Facebook and LinkedIn are non-isomorphic representations of human social connections. While they both
represent people and their relationships, the nature of those relationships differs fundamentally. Facebook
connections often represent personal friendships and family ties, while LinkedIn primarily represents
professional relationships. Additionally, the features and information stored about each person differ
significantly, and the structures of interactions (posts, messages, endorsements) follow different rules and
patterns.

A binary search tree and a sorted array can contain the same elements in the same logical order, but are non-
isomorphic in implementation:

* In a BST, each element has positional relationships (left child, right child, parent)

* In a sorted array, elements have positional relationships based on indices

While both maintain the ordering property, the relationships between elements are fundamentally different. A
BST has a variable number of elements at each "level" while an array has a linear structure. The operations
(insert, delete, search) have different algorithmic complexities due to these structural differences.

Two isomorphic representations of a molecule:
* A ball-and-stick model where atoms are represented as balls and bonds as sticks
* A structural formula drawn with chemical symbols and bond lines

To prove isomorphism, we would:
Establish a bijective function mapping each atom in one representation to its corresponding atom in the other
Show that for any two atoms connected by a bond in the first representation, their corresponding atoms in the
second representation are also connected by a bond of the same type
Verify that all properties (atomic number, bond type, spatial arrangement) are preserved in the mapping
A hierarchical folder system and a tag-based system organizing the same documents could be isomorphic only
under very specific conditions:
* Each document must belong to exactly one folder in the hierarchical system
* Each document must have exactly one tag in the tag-based system
* There must be a one-to-one correspondence between folders and tags

In practice, these systems are almost always non-isomorphic because tag systems typically allow multiple tags
per document and hierarchical systems often have nested folders, creating fundamentally different relationship
structures.



Computer Science Example: Graph Isomorphism
Consider two different representations of a social network:
* One stored as an adjacency matrix

* Another stored as an adjacency list

These data structures may be non-isomorphic in terms of implementation but isomorphic in terms of the
information they represent. The logical proof involves showing there exists a bijective function between the
elements that preserves all relationships.

To prove isomorphism between graphs Gi and Ga:
Show there exists a bijection f: V(G:) — V(Gz)
Prove that for any vertices u,v in Gi, they are adjacent if and only if f(u) and f(v) are adjacent in G

The principle that a finite set of statements can be trivially formalized (axiomatized) is straightforward: you
simply list all statements as axioms. However, infinite sets require more complex consideration regarding their
formalization possibilities.

Student Exercises

Draw two different-looking graphs with 5 vertices that are isomorphic to each other. Provide the bijective
mapping that proves their isomorphism.

The graph isomorphism problem asks whether two graphs are isomorphic. Why is this problem considered
difficult from a computational complexity perspective?

Consider a complete graph K4 and a cycle graph Ca. Are these isomorphic? Justify your answer using the
definition of graph isomorphism.

Give an example of two graphs that have the same number of vertices and edges but are not isomorphic.
How would you determine if two binary trees are isomorphic? Describe an algorithm approach.

Answer Key

Example of two isomorphic graphs with 5 vertices:

* Graph 1: A cycle graph with vertices arranged in a pentagon shape

* Graph 2: A star graph with one central vertex and four vertices arranged around it in a square

Bijective mapping f:
* f(A1) = Bi (central vertex in Graph 2)

« f(A2) = B>
« f(As) =Bs
« f(As)=Bs
« f(As) = Bs

To verify: Check that for any adjacent vertices in Graph 1, their corresponding vertices in Graph 2 are also
adjacent, and vice versa.
The graph isomorphism problem is considered computationally difficult because:
* No polynomial-time algorithm is currently known for the general case
* It belongs to NP (non-deterministic polynomial time) complexity class
* The problem requires checking all possible permutations of vertex mappings in the worst case
* For graphs with n vertices, there are n! possible bijections to check
* While not proven to be NP-complete, it's considered a candidate for an intermediate complexity class between
P and NP-complete
A complete graph Ka and a cycle graph Ca are not isomorphic:
* K4 has 4 vertices and 6 edges (every vertex connects to every other vertex)
* Cs has 4 vertices and 4 edges (forming a cycle)

Since isomorphic graphs must have the same number of edges, these graphs cannot be isomorphic.
Additionally, in K4, every vertex has degree 3, while in Ca, every vertex has degree 2. Isomorphic graphs must
preserve vertex degrees.



Example of non-isomorphic graphs with the same number of vertices and edges:
* Graph 1: A path graph with 4 vertices and 3 edges (P4)
* Graph 2: A star graph with 4 vertices and 3 edges (S4)
These graphs both have 4 vertices and 3 edges, but they are not isomorphic because their degree sequences
differ:
* P, has degree sequence [1,2,2,1] (the endpoints have degree 1, middle vertices have degree 2)
* Sq4 has degree sequence [3,1,1,1] (the central vertex has degree 3, all others have degree 1)

Since isomorphic graphs must preserve vertex degrees, these cannot be isomorphic.
Algorithm to determine if two binary trees are isomorphic:

This recursive approach checks if either the direct mapping or the "flipped" mapping of subtrees preserves the
structure and values.

5.4 PK=2[K]

The proposition that the number of subsets of a class K equals 2”n (where n is the number of members in K)
appears throughout everyday decision-making.

Example: Sandwich Combinations

When ordering a sandwich with optional toppings (lettuce, tomato, and onion), you have 23 = 8 possible
combinations:

* No toppings

* Just lettuce

* Just tomato

* Just onion

* Lettuce and tomato
* Lettuce and onion
* Tomato and onion
* All three toppings
We can

Computer science uses this principle for bit manipulation, where each bit can be included or excluded, creating
2”n possible states for n bits. This forms the foundation of digital storage systems.

Digital Logic Example:

Consider a 4-bit register in a computer. The number of possible values is 2”4 = 16, ranging from 0000 to 1111.
This principle is used in:

* Designing memory addressing: A 32-bit address space allows addressing 232 different memory locations
* Boolean functions: With n inputs, there are 2(2"n) possible distinct Boolean functions

* Error detection: Hamming codes use the concept of power sets to create efficient error detection and correction
schemes

Student Exercises - Bit Manipulation and Power Sets
If you have a 6-bit register, how many different values can it represent? Explain how you calculated this.



A computer uses 8 bits to represent characters in ASCII. How many different characters can be represented? If
we extend this to 16 bits (for Unicode), how many more characters can be represented?

Explain how the concept of power sets relates to the number of possible subsets of a set of n elements. Then
calculate the number of possible subsets for a set containing the elements {a, b, c, d, e}.

In a computer with a 64-bit architecture, how many unique memory locations can be addressed? Express your
answer both in powers of 2 and in decimal notation.

A Boolean function takes 3 inputs. How many different possible Boolean functions exist with these 3 inputs?
Show your calculation and explain why this relates to power sets.

Hamming codes use redundant bits for error detection. If you want to protect 4 data bits, how many parity bits
would you need for a single-error-correcting Hamming code? Explain your reasoning.

Answer Key:

A 6-bit register can represent 26 = 64 different values, ranging from 000000 to 111111. This is calculated
using the power set principle where each bit position can be either 0 or 1, giving 2 options for each of the 6
positions.

With 8 bits, ASCII can represent 28 = 256 different characters. With 16 bits, Unicode can represent 216 =
65,536 characters. This is 65,536 - 256 = 65,280 more characters than ASCII.

For a set with n elements, the number of possible subsets is 2"n (the power set). For the set {a, b, c, d, e} with 5
elements, there are 25 = 32 possible subsets, including the empty set and the set itself.

A 64-bit architecture can address 264 unique memory locations. In decimal notation, this is
18,446,744,073,709,551,616 (approximately 18.4 quintillion) memory locations.

With 3 inputs, there are 2(2/3) = 28 = 256 different possible Boolean functions. This relates to power sets
because for 3 inputs, there are 23 = 8 possible input combinations, and each can be mapped to either 0 or 1 in
the truth table, giving 28 possible functions.

For a single-error-correcting Hamming code protecting 4 data bits, you would need 3 parity bits. The formula is
2°r > m +r + 1, where r is the number of parity bits and m is the number of data bits. With m =4, we need 2"r >
4+r1+1. Testingr=3:2"3=8>4+3 + 1 =8, so 3 parity bits are sufficient.

Von Neumann Arithmetic Application:

In von Neumann arithmetic, we can represent natural numbers as sets:
* 0 is represented by the empty set @

* 1 is represented by {@}

» 2 is represented by {@, {@}}

* And so on...

This shows how the power set concept (PK=2[K]) relates directly to von Neumann's construction of natural
numbers in set theory. Each number n is represented by a set with exactly n elements.

Student Exercises - Von Neumann Arithmetic

According to von Neumann's construction, write out the set representation of the number 3. Explain how this
representation contains exactly 3 elements.

Draw a diagram showing the nested structure of the von Neumann representation of the number 4.

Explain the pattern of how each natural number n is constructed from the previous number n-1 in von Neumann
arithmetic.

Write the von Neumann representation of the number 5, and then identify all the subsets that correspond to the
numbers 0 through 4 within this representation.

Prove that in von Neumann's construction, the representation of any natural number n always has exactly n
elements.

Answer Key:

The von Neumann representation of 3 is {@, {@}, {@, {@}}}. This set has exactly 3 elements: the empty set 0,
the set {@} which represents 1, and the set {@, {@}} which represents 2.

The von Neumann representation of 4 is {@, {@}, {@, {@}}, {@, {0}, {D, {@}}}}. Diagram would show nested
boxes with:

* Element 1: @ (empty set)



* Element 2: {@} (containing the empty set)

* Element 3: {@, {@}} (containing the empty set and set 1)

* Element 4: {@, {@}, {@, {@}}} (containing the empty set, set 1, and set 2)

In von Neumann arithmetic, each number n is constructed by taking the set of all previous numbers (0 to n-1).
Specifically, if n-1 is represented by the set S, then n is represented by S U {S}. This means we add the entire
set representing n-1 as a new element to create the set representing n.

The von Neumann representation of 5 is {@, {@}, {@, {@}}, {@, {0}, {D, {D}}}, {0, {0}, {@, {D}}, {D, {D},
{0, {0}3}}}

* 0 is represented by @

* 1 is represented by {@}

* 2 is represented by {@, {@}}

* 3 is represented by {@, {@}, {D, {D}}}

* 4 is represented by {@, {@}, {@, {@}}, {0, {B}, {D, {D}}}}

Proof by induction:

* Base case: 0 is represented by @, which has 0 elements.

* Inductive step: Assume the representation of k has exactly k elements.

* The representation of k+1 is formed by taking the representation of k and adding it as a new element to the set
of all previous representations.

* Therefore, the representation of k+1 has k+1 elements (k elements from the previous representations plus the
new element).

* By the principle of mathematical induction, every natural number n has exactly n elements in its von Neumann
representation.

5.5 Infinite Classes as Reflexive Classes
A class is infinite if it can be put in one-to-one correspondence with one of its proper subsets.
Example: Natural Numbers and Even Numbers

The set of positive integers (IN) can be matched with the set of even positive integers (N2) by the function f(x) =
2x:

* 1 maps to 2
* 2 maps to 4
* 3 maps to 6
* And so on...

This seems counterintuitive because Nz is clearly "smaller" than N, yet they have the same size in terms of
cardinality.

Formal Proof:

To prove that this function f(x) = 2x establishes a bijection:

Injection: If f(a) = f(b), then 2a = 2b, which implies a=Db

Surjection: For any even number 2n in N, there exists n in N such that f(n) = 2n

Therefore, fis a bijection, demonstrating that [N| = [N

Student Exercises - Infinite Classes

Prove that the set of natural numbers N has the same cardinality as the set of odd natural numbers N: by
constructing an appropriate bijection.

Consider the set of integers Z and the set of natural numbers N. Construct a bijection to show that they have the
same cardinality.

Prove that the set of rational numbers between 0 and 1 is infinite by finding a proper subset that can be put into
one-to-one correspondence with the entire set.



Is the set S = {n? | n € N} (the set of perfect squares) in one-to-one correspondence with N? Prove your answer
by either constructing a bijection or explaining why no bijection exists.

Consider the function f(x) = x + 5 mapping from N to the set T = {n € N | n > 5}. Prove that this function
establishes that N and T have the same cardinality.

Find a bijection between the open interval (0,1) and the open interval (0,2) to show they have the same
cardinality.

Answer Key:
Define f: N — N as f(n) = 2n - 1. This maps each natural number to an odd number:
f(l)=1
«f(2)=3
* f(3) =5, etc.
This function is injective because if f(a) = f(b), then 2a - 1 =2b - 1, which implies a=b.
It is surjective because for any odd number 2k - 1 in Ny, there exists k in N such that f(k) =2k - 1.
Therefore, f is a bijection, proving that [N| = |Ni|.
A bijection between Z and N can be defined as:
f(n)=2nifn>0
f(n)=-2n+1ifn<0
This maps:
c0—1
1 -2
e-1—-3
*2—4
«-2 — 5, etc.
This function is bijective as it covers all natural numbers (even numbers for positive integers, odd numbers for
non-positive integers) without repetition.
Consider the set QN(0,1) of rational numbers between 0 and 1. Define the proper subset S = {r/2 | r € QN(0,1)}.
The function f(x) = x/2 maps QN(0,1) bijectively to S, proving that QN(0,1) is infinite.
Yes, the set S = {n? | n € N} is in one-to-one correspondence with N. The bijection is f: N — S defined by f(n) =
n2. This function is clearly surjective by the definition of S. It is injective because if f(a) = f(b), then a2 = b?,
which implies a = b (for natural numbers).
The function f(x) =x + 5 maps N to T = {n € N | n> 5}. This function is:
* Injective: If f(a) = f(b), thena + 5 =b + 5, which implies a =b.
* Surjective: For any n > 5 in T, there exists n-5 in N such that f(n-5) = n.
Therefore, f is a bijection, proving that [N| = [T|.
A bijection between (0,1) and (0,2) can be defined as f(x) = 2x. This function:
* Maps each x in (0,1) to 2x in (0,2)
* Is injective: If f(a) = f(b), then 2a = 2b, which implies a =b.
* Is surjective: For any y in (0,2), there exists y/2 in (0,1) such that f(y/2) =y.
Therefore, (0,1) and (0,2) have the same cardinality.

Computer Science Example: Memory Allocation

This concept appears in computer science when dealing with infinite streams or potential memory allocation.
For instance, a program that can allocate memory as needed has a theoretically infinite address space. Even if
we've already allocated an infinite amount of memory, we still have an infinite amount remaining - a direct
application of the reflexive property of infinite sets.

Student Exercises - CS Applications of Infinity

Explain how lazy evaluation in programming languages relates to the concept of potential infinity. Provide a
concrete example in a programming language of your choice.

Design a data structure that could theoretically store an infinite sequence of integers. Explain its implementation
and how it addresses the concept of infinity.

In distributed systems, how does the concept of an infinite address space manifest? What practical limitations
exist, and how do they relate to the theoretical concept of infinity?

Compare and contrast the mathematical concept of infinity with the computational concept of unbounded
growth. Provide examples of each.

How do garbage collection algorithms in programming languages deal with potentially infinite memory
allocation? Discuss the relationship between theoretical infinite memory and practical memory management.



Answer Key:
Lazy evaluation relates to potential infinity by allowing infinite data structures to exist conceptually without
requiring infinite memory. For example, in Haskell:

This defines an infinite list of natural numbers, but only calculates the elements when needed. This is a
computational implementation of potential infinity, where the sequence is theoretically infinite but only a finite
portion is realized at any time.

A lazily-evaluated linked list could store an infinite sequence:

This structure can theoretically represent an infinite sequence while only calculating and storing values that
are actually requested.
In distributed systems, the concept of infinite address space manifests in:
* [P addressing (particularly IPv6 with 2128 addresses)
* Distributed hash tables (DHTs) that can theoretically accommodate an unlimited number of nodes
* Content-addressable storage systems

Practical limitations include physical hardware constraints, network bandwidth, and latency. While the address
space may be theoretically infinite (or very large), physical resources are finite. This mirrors the distinction
between potential and actual infinity in mathematics.

Mathematical infinity is an abstract concept representing a quantity greater than any assignable quantity.
Computational unbounded growth refers to algorithms or data structures that can continue to expand without a
predetermined limit.

Example of mathematical infinity: The set of all integers.
Example of computational unbounded growth: A dynamic array that doubles in size whenever it reaches

capacity

Proof Application: When analyzing the growth pattern of recursive algorithms, we often use the concept of
potential infinity to establish upper bounds. For instance, proving that a binary tree traversal algorithm will

terminate requires showing that the potentially infinite recursion depth is bounded by the finite height of the
actual tree.

Student Exercises:

Consider a recursive algorithm for computing the n-th Fibonacci number. Explain how the concept of potential
infinity applies to this algorithm and how you would establish an upper bound on its recursion depth.

Write a recursive function to traverse a binary tree in pre-order. Prove that your algorithm will terminate for any
finite binary tree.

Consider the recursive algorithm for binary search. If the algorithm is applied to a sorted array of length n, what
is the maximum recursion depth? Prove your answer.

Explain how potential infinity appears in the analysis of quicksort. What factors determine the actual recursion
depth in practice?

Design a recursive algorithm that could potentially run indefinitely if implemented incorrectly. Then explain
how to modify it to ensure termination.

Answer Key:

The concept of potential infinity applies to the recursive Fibonacci algorithm because each call could
theoretically spawn two more recursive calls, creating a potentially infinite recursion tree. The upper bound is
established by noting that for input n, the recursion depth will never exceed n, as each recursive call reduces the
input parameter by at least 1, and the base cases (typically n=0 and n=1) terminate the recursion.

Proof of termination: Each recursive call processes a subtree of the original tree. Since each subtree has
strictly fewer nodes than its parent tree, and the number of nodes is finite, the recursion must terminate. The
maximum recursion depth is bounded by the height of the tree.

The maximum recursion depth for binary search on an array of length n is [logz(n)]. Proof: In each recursive
call, the search space is halved. Starting with n elements, after k divisions, we have n/2"k elements. The
recursion terminates when n/2”k < 1, which gives us k > logz(n). Since k must be an integer, the maximum
depth is [logz(n)].

Potential infinity appears in quicksort when we consider that each partition could potentially lead to further
recursive calls. In the worst case (when the pivot always ends up being the smallest or largest element), the
recursion depth could reach n for an array of size n. In practice, the actual recursion depth is determined by how



well the pivot divides the array. With a median-of-three pivot selection strategy and randomization, the expected
recursion depth is O(log n).
A naive recursive algorithm to compute the greatest common divisor:

This could run indefinitely for large inputs due to the slow reduction of values. To ensure termination, modify
it to use the Euclidean algorithm:

This guarantees termination because each step reduces the problem size more efficiently.
5.6 Infinite Classes as Classes with Non-inductive Cardinalities
A class is finite if its cardinality is either 0 or can be reached by repeatedly adding 1 to 0 (inductive cardinality).

Example: The number of players on a soccer team (11) is inductive because we can start with 0 and add 1 eleven
times: 0+1=1, 1+1=2, ..., 10+1=11. However, the number of points on a continuous line cannot be reached this
way, making it non-inductive.

Engineering Example: In digital signal processing, we work with discrete samples (finite, inductive sets), but the
analog signal being represented contains a non-inductive number of points. This fundamental gap explains why
digital approximations of analog signals always involve some quantization error.

Proof: We can prove that the set of real numbers between 0 and 1 is non-inductive:
Assume it's inductive

Then we could enumerate all elements as ri, 12, 13, ...

Construct a new number whose nth decimal digit differs from the nth digit of r,
This new number differs from every number in our enumeration

Contradiction - therefore the set is non-inductive

Student Exercises:

Explain the difference between potential infinity and actual infinity in the context of cardinality. Provide an
example of each.

Prove that the set of all integers is not finite (i.e., has non-inductive cardinality) using a method similar to the
diagonal argument presented for real numbers.

Consider the set of all possible computer programs that can be written in a programming language like Python.
Is this set finite or infinite? Justify your answer.

Explain why the set of all rational numbers between 0 and 1 is infinite but has a different cardinality than the set
of all real numbers between 0 and 1.

In the context of engineering, provide an example different from digital signal processing where the distinction
between inductive and non-inductive cardinalities is relevant.

Answer Key:

Potential infinity refers to a process that can continue indefinitely but is never completed, while actual infinity
refers to a completed totality that contains infinitely many elements. Example of potential infinity: the process
of counting natural numbers (1, 2, 3, ...) can continue indefinitely. Example of actual infinity: the set of all
natural numbers N viewed as a completed collection with cardinality Ro (aleph-null).

Proof: Assume the set of integers Z is finite with inductive cardinality. Then we could enumerate all integers as
Z1, 22, ..., Zy for some finite n. However, consider the number z = max(|zi|, |z2|, ..., |za|) + 1. Clearly, z is an
integer, but z > |z for all i, meaning z cannot be in our enumeration. This contradicts our assumption that we
enumerated all integers, proving Z has non-inductive cardinality.

The set of all possible Python programs is infinite but countable (has cardinality No). Justification: Any Python
program can be represented as a finite string of characters from a finite alphabet (ASCII or Unicode). While
there are infinitely many possible programs (as there's no limit to program length), they can be enumerated by
first listing all programs of length 1, then length 2, and so on, giving a one-to-one correspondence with natural
numbers.



The set of rational numbers between 0 and 1 is countably infinite (cardinality No), while the set of real numbers
between 0 and 1 is uncountably infinite (cardinality 2*Ro or ¥1). This can be proven using Cantor's diagonal
argument: any attempted enumeration of real numbers must miss at least one real number, while rational
numbers can be systematically enumerated by listing fractions with progressively larger denominators.

In computational geometry, when modeling physical objects: A polygon with a finite number of vertices has an
inductive cardinality of points defining its boundary. However, a curved surface like a sphere contains a non-
inductive number of points. This distinction becomes important when approximating curved surfaces with
polygon meshes in 3D modeling and simulation, as the approximation always introduces some error due to the
fundamental difference in cardinalities.

5.6.1 The Axiom of Choice
The Axiom of Choice establishes the equivalence between two conceptions of infinity.

Example: When picking a representative from each of infinitely many groups, the Axiom of Choice allows us to
assert that such a selection can be made, even without specifying the selection rule. This is like saying you can
pick one sock from each of infinitely many pairs without giving a specific method for doing so.

Computer Science Application: In compiler design, when determining an optimal instruction sequence from
multiple valid alternatives at each step of code generation, the Axiom of Choice implicitly guarantees a solution
exists across all decision points, even if the algorithm doesn't specify exactly how each choice is made.

Electrical Engineering Application: When selecting sampling frequencies for multiple independent signals in a
complex communication system, the Axiom of Choice guarantees we can select an appropriate frequency for
each channel, even without an explicit selection algorithm.

Student Exercises:

Explain why the Axiom of Choice is not needed when dealing with a finite collection of sets. Provide a concrete
example.

The Well-Ordering Principle states that every set can be well-ordered. Explain the connection between this
principle and the Axiom of Choice.

Consider a system where you need to select one optimal parameter from each of countably infinitely many
subsystems. Describe how the Axiom of Choice applies in this scenario and why it might be important in
engineering design.

The Banach-Tarski paradox is a theorem that relies on the Axiom of Choice. Research this paradox and explain
in your own words why it seems counterintuitive.

Some mathematicians reject the Axiom of Choice. Research and explain one alternate mathematical framework
that doesn't include this axiom, and describe how this affects what can be proven.

Answer Key:

The Axiom of Choice is not needed for finite collections because we can explicitly construct a choice function
using a finite algorithm. Example: To select one element from each of the sets {1,2}, {3,4,5}, and {6}, we can
simply define a function f that selects the smallest element from each set: f({1,2}) =1, f({3,4,5}) =3, f({6}) =
6. This explicit construction is possible because we only have finitely many sets to consider.

The Well-Ordering Principle and the Axiom of Choice are equivalent in the context of Zermelo-Fraenkel set
theory (ZF). If we accept the Axiom of Choice, we can prove that every set can be well-ordered. Conversely, if
we accept that every set can be well-ordered, we can use the well-ordering to construct a choice function by
selecting the least element from each set according to the well-ordering. This equivalence shows that these two
seemingly different principles are actually the same powerful assumption in different forms.

In an engineering system with countably infinitely many subsystems (S, Sz, S, ...), each requiring parameter
selection from its own option set (O1, Oz, Os, ...), the Axiom of Choice guarantees the existence of a global
configuration. Without it, we might be able to prove that each individual subsystem has an optimal parameter,
but couldn't necessarily assert that a globally optimal configuration exists across all infinitely many subsystems
simultaneously. This becomes important in large-scale systems where proving the existence of a solution is
necessary before attempting to compute it.

The Banach-Tarski paradox states that a solid ball in 3D space can be decomposed into a finite number of pieces
and reassembled to form two identical copies of the original ball. This seems to violate conservation of volume.
The paradox arises because the Axiom of Choice allows the construction of non-measurable sets—sets that
cannot be assigned a meaningful volume. The decomposition involves these non-measurable sets, which cannot



be physically constructed or described by finite means. This highlights how the Axiom of Choice permits
mathematical objects that defy physical intuition.

Constructive mathematics, particularly intuitionistic logic developed by L.E.J. Brouwer, rejects the Axiom of
Choice along with the law of excluded middle. In this framework, to prove something exists, you must provide a
method to construct it—merely proving that its non-existence leads to a contradiction is insufficient. Without
the Axiom of Choice, many standard results in functional analysis and topology cannot be proven, such as the
fact that every vector space has a basis or that the product of compact spaces is compact. This approach leads to
a mathematics that more closely aligns with computational realizability but lacks some of the power of classical
mathematics.

5.6 The Axiom of Choice (Expanded)

The Axiom of Choice (AC) formally states that for any collection X of non-empty sets, there exists a function f
(called a choice function) that selects one element from each set in X, i.e., f(S) € S for each S € X.

Real-life example: Consider choosing an outfit from your closet. You have separate sets of shirts, pants, socks,
and shoes. The Axiom of Choice guarantees you can pick one item from each category to create a complete
outfit.

Proof Construction Example: To prove that every vector space has a basis, we:
Start with a linearly independent set (possibly empty)

Student Exercises:

State the Axiom of Choice in your own words and provide an example where it seems intuitively necessary in
mathematics.

Continue the proof construction example: How would you use the Axiom of Choice to prove that every vector
space has a basis? Complete the outline given.

Zorn's Lemma states that if every chain in a partially ordered set has an upper bound, then the set has at least
one maximal element. Research and explain how Zorn's Lemma is equivalent to the Axiom of Choice.

In what way does the Axiom of Choice differ from the other axioms of set theory? Why is it considered
controversial by some mathematicians?

Consider an infinite hotel with rooms numbered 1, 2, 3, and so on. An infinite number of guests arrive, each
with an infinite number of bags. Explain how the Axiom of Choice might be involved in assigning one bag from
each guest to each room.

Answer Key:

The Axiom of Choice states that given any collection of non-empty sets, it's possible to form a new set by
selecting exactly one element from each set in the collection. An intuitive example is in calculus: when proving
that every bounded infinite sequence has a convergent subsequence (Bolzano-Weierstrass theorem), we
implicitly use the Axiom of Choice to select elements for our subsequence from infinitely many sets of possible
candidates.

To complete the proof that every vector space has a basis:

* Start with a linearly independent set (possibly empty)

* Use Zorn's Lemma (equivalent to AC) to show that there exists a maximal linearly independent set

* Consider any chain of linearly independent sets ordered by inclusion

* Show their union is an upper bound for the chain and is itself linearly independent

* Apply Zorn's Lemma to conclude there exists a maximal linearly independent set

* Prove this maximal linearly independent set spans the vector space (if not, we could add another vector,
contradicting maximality)

* Therefore, this set is a basis for the vector space

Zorn's Lemma and the Axiom of Choice are equivalent in the context of Zermelo-Fraenkel set theory. To prove
AC implies Zorn's Lemma: Given a partially ordered set where every chain has an upper bound, we can use AC
to select a candidate element from each possible extension of a chain. This allows us to construct a maximal
element by transfinite recursion. Conversely, to prove Zorn's Lemma implies AC: Given a collection of non-
empty sets, we can form the set of all partial choice functions ordered by extension, show every chain has an
upper bound, apply Zorn's Lemma to get a maximal partial choice function, and then prove this function must be
defined on the entire collection.

The Axiom of Choice differs from other axioms of set theory in that it asserts the existence of a set (the choice
function) without providing a specific construction. Other axioms typically describe how to construct sets from



existing ones or state properties sets must have. AC is controversial because it leads to counterintuitive results
like the Banach-Tarski paradox and non-measurable sets. It also permits proof techniques (like transfinite
induction) that some constructivist mathematicians consider non-rigorous because they don't provide explicit
algorithms for the objects whose existence they assert.

In the infinite hotel scenario with infinitely many guests each having infinitely many bags, we have a collection
of infinitely many sets (one set of bags per guest). The Axiom of Choice guarantees we can form a new set by
selecting exactly one bag from each guest, even without specifying which bag to select. However, to assign
these selected bags to rooms requires more - we need a bijection between the set of selected bags and the natural
numbers (room numbers). This involves the well-ordering principle (equivalent to AC), which ensures we can
enumerate the selected bags and assign them systematically to the rooms

Use Zorn's Lemma (equivalent to AC) to show there exists a maximal linearly independent set

Zorn's Lemma states that if every chain in a partially ordered set has an upper bound, then the partially ordered
set has a maximal element. We can apply this to find a maximal linearly independent set in a vector space.

Let V be a vector space and consider the collection S of all linearly independent subsets of V, partially ordered
by inclusion. If we have a chain C of linearly independent sets in S, the union of all sets in this chain is also
linearly independent (since any finite subset belongs to some set in the chain, which is linearly independent).
Therefore, every chain has an upper bound in S. By Zorn's Lemma, there exists a maximal linearly independent
setin V.

Prove this maximal set is a basis

Let M be a maximal linearly independent set in V. To show M is a basis, we need to verify that it spans V.
Suppose there exists a vector v € V that is not in the span of M. Then M U {v} would still be linearly
independent (since v is not a linear combination of elements in M). But this contradicts the maximality of M.
Therefore, M must span V, making it a basis.

This proof fundamentally relies on the Axiom of Choice when dealing with infinite-dimensional spaces.

Von Neumann Arithmetic Application: In von Neumann's construction of ordinals, AC allows us to well-order
any set. This is crucial for extending arithmetic operations to transfinite ordinals, which has applications in
computability theory and the analysis of non-terminating processes in operating systems.

STUDENT EXERCISES:

Prove that if B is a basis for a vector space V, and S is a linearly independent subset of V, then there exists a
basis B' that contains S.

Show that if V is a vector space over a field F, and W is a subspace of V, then any basis for W can be extended
to a basis for V.

Use Zorn's Lemma to prove that every ring with unity has a maximal ideal.

Prove that the axiom "every vector space has a basis" is equivalent to the Axiom of Choice.

If V is an infinite-dimensional vector space, prove that V has uncountably many different bases.

ANSWER KEY:
Let S be a linearly independent subset of V. Consider the collection P of all linearly independent sets that
contain S, partially ordered by inclusion. Any chain in P has an upper bound (the union of all sets in the chain).
By Zorn's Lemma, there exists a maximal element M in P. This M must be a basis for V; otherwise, we could
add another vector to M while preserving linear independence, contradicting maximality.
Let BW be a basis for W. Define the collection C of all linearly independent sets containing BW, partially
ordered by inclusion. Any chain in C has an upper bound (the union of all sets in the chain). By Zorn's Lemma,
there exists a maximal linearly independent set M containing BW. This M must be a basis for V, and it extends
BW.
Let R be a ring with unity and consider the collection I of all proper ideals of R, partially ordered by inclusion.
Any chain in I has an upper bound (the union of all ideals in the chain). By Zorn's Lemma, there exists a
maximal element in I, which is a maximal ideal of R.
(—) If every vector space has a basis, consider any set X and the free vector space F(X) generated by X. F(X)
has a basis B, and we can define a choice function f on the power set of X by selecting, for each non-empty
subset S of X, an element from S that appears in B.

(<) Given AC, we can use Zorn's Lemma to prove the existence of a basis as shown above.



Let V be an infinite-dimensional vector space with a basis B. B must be infinite. For any subset S of B, we can
replace elements of S with other vectors to create a different basis. Since there are uncountably many subsets of
B, there must be uncountably many different bases of V.

5.7 n<2”n (Cantor's Theorem)

This principle states that for any set, its power set (the set of all its subsets) has a strictly larger cardinality.
Proof:

Let A be any set and P(A) its power set

Assume there exists a surjection f: A — P(A)

Consider the set B={a € A |a & f(a)}

Since B € A, we have B € P(A)

By surjectivity, there must be some b € A such that f(b) =B
Now ask: is b € B?

« If b € B, then by definition of B, b & f(b) = B. Contradiction.
* If b & B, then by definition of B, b € f(b) = B. Contradiction.
Therefore, no such surjection can exist, and |A| < |P(A)|

Computer Science Application: In complexity theory, this explains why the set of all possible algorithms is
smaller than the set of all possible problems. This underlies the existence of undecidable problems and relates to
the halting problem.

Cryptography Application: Modern encryption relies on the computational difficulty of certain problems. The
fact that the set of all subsets of possible keys (2n) grows exponentially faster than the set of keys (n) is
fundamental to the security of many cryptographic systems.

STUDENT EXERCISES:

Prove that there is no bijection between a set A and its power set P(A) using Cantor's diagonal argument.

If A has n elements, show that P(A) has 2”n elements. Provide a concrete example with A = {1,2,3}.

Prove that for any two sets A and B, if |A| < |B|, then [P(A)| < |[P(B)|.

Show that there are more real numbers than natural numbers using Cantor's Theorem.

If we define P*n(A) as the n-th iteration of the power set operation (e.g., P*2(A) = P(P(A))), prove that [P"n(A)|
< [PA(n+1)(A)| for all natural numbers n.

ANSWER KEY:

Assume there exists a bijection f: A — P(A). Define D = {a € A | a & f(a)}. Since fis a bijection, there must
exist some d € A such that f(d) = D. Consider whether d € D: If d € D, then d € f(d) = D (contradiction). If d &
D, then d € f(d) = D (contradiction). This proves no such bijection can exist.

For a set with n elements, each element can either be in a subset or not, giving 2 choices for each element.
Therefore, the total number of subsets is 2*n. For A = {1,2,3}, the power set P(A) = {@, {1}, {2}, {3}, {1,2},
{1,3}, {2,3}, {1,2,3}}, which has 2”3 = 8 elements.

If |A| < |B|, there exists an injection i: A — B but no bijection. This induces an injection j: P(A) — P(B) defined
by j(S) = {i(s) | s € S}. By Cantor's Theorem, |[P(A)| <|P(P(A))| and [P(B)| <|P(P(B))|. Since |A| < |B|, we have
[P(A)| < [P(B)|. If |P(A)| = [P(B)|, this would imply |A| = |B| (contradiction). Therefore, [P(A)| < |P(B)|.

The set of natural numbers N can be viewed as a set. By Cantor's Theorem, [N| < |P(N)|. There exists a bijection
between P(IN) and the real numbers R (using binary representations of reals in [0,1]). Therefore, [N| < |R],
proving there are more real numbers than natural numbers.

For any set A, we know from Cantor's Theorem that |A| < [P(A)|. Applying this repeatedly: |A| < [P(A)| <
[P(P(A))| <...<|P"n(A)| < [PM(n+1)(A)|, which proves the result.



5.8 Cardinality vs. Cardinality-Type

There are three fundamental orders of magnitude:

Finite - Sets that can be put in one-to-one correspondence with {1,2,...,n} for some natural number n
Denumerably infinite - Sets that can be put in one-to-one correspondence with the natural numbers

Non-denumerably infinite - Infinite sets that cannot be put in one-to-one correspondence with the natural
numbers

Proof that the rational numbers are denumerably infinite:
We can arrange all positive rational numbers in a grid:
1/1,1/2,1/3,1/4, ...

2/1,2/2,2/3,2/4, ...

3/1,3/2,3/3,3/4, ...

Then enumerate them in a "diagonal zigzag" pattern:

11,21, 1/2,1/3,2/2, 3/1, 4/1, 3/2, 2/3, 1/4, ...

(skipping duplicates like 2/2 = 1/1)

This proves we can establish a one-to-one correspondence with the natural numbers.

Practical Application in Computer Science: Understanding these distinctions helps when analyzing algorithm
complexity and data structure capabilities. For instance, a hash table can theoretically store a denumerable
infinity of elements, but the set of all possible hash functions is non-denumerably infinite.

Applications of Infinity in Computer Science and Engineering

STUDENT EXERCISES:

Prove that the set of all finite sequences of natural numbers is denumerably infinite.

Show that the set of algebraic numbers (roots of polynomials with integer coefficients) is denumerably infinite.
Prove that the cardinality of the set of all functions f: N — {0,1} is the same as the cardinality of the real
numbers.

If A and B are both denumerably infinite sets, prove that their Cartesian product A x B is also denumerably
infinite.

Prove that the set of all computer programs (represented as finite strings over a finite alphabet) is denumerably
infinite, while the set of all functions from N to N is non-denumerably infinite.

ANSWER KEY:

We can encode any finite sequence (ai, az, ..., a,) of natural numbers using the function f(ai, az, ..., a,) = 2"a: x
37az X ... X pn”a,, where pi is the i-th prime number. By the Fundamental Theorem of Arithmetic, this encoding
is unique. Since the range of f is a subset of N, the set of all finite sequences is at most denumerably infinite. It's
infinite because there are infinitely many such sequences, so it must be denumerably infinite.

For each polynomial degree n and coefficient bound k, there are finitely many polynomials with integer
coefficients between -k and k. Each such polynomial has at most n roots. We can enumerate all algebraic
numbers by increasing the values of n and k, listing all roots of all corresponding polynomials. This gives a
surjection from N to the set of algebraic numbers, proving it's denumerably infinite.

Functions f: N — {0,1} can be viewed as infinite binary sequences, which correspond to binary representations
of real numbers in [0,1]. This establishes a bijection between the set of all such functions and the set of real
numbers in [0,1], which has the same cardinality as R.



Since A and B are denumerably infinite, there exist bijections f: N — A and g: N — B. Define a bijection h: N
— A x B using the Cantor pairing function: h(n) = (f((n+1)/2)), g(n/2)) if n is odd, and h(n) = (f(n/2),
g((n+1)/2)) if n is even. This shows A x B is denumerably infinite.

Computer programs are finite strings over a finite alphabet (e.g., ASCII). The set of all finite strings over a finite
alphabet is denumerably infinite (this can be proven by encoding each string as a natural number). For the
second part, assume the set of all functions from N to N is denumerably infinite. Then we could list them all: fi,
f2, f3, ... Define a new function g(n) = fn(n) + 1. This g differs from every function in our list, contradicting our
assumption. Therefore, the set of all such functions is non-denumerably infinite.

Computer Science and Infinite Sets

The distinction between denumerable and non-denumerable infinities is crucial in computer science. Programs
can process countably infinite sets step by step, but cannot completely process uncountable sets like the real
numbers, leading to the need for approximation techniques in numerical analysis.

Example from Computer Architecture: Consider a Turing machine with an infinite tape. This machine can
process any algorithm that operates on countably infinite data (like integers or rational numbers) by moving
through the data sequentially. However, when dealing with uncountable sets like real numbers, computers must
use floating-point approximations, leading to rounding errors in scientific computing.

Example from Electrical Engineering: When analyzing circuit behavior, engineers often use continuous models
(involving uncountable sets) but must discretize these models for computer simulation. This fundamental gap
between continuous mathematics and discrete computation necessitates numerical methods like finite element
analysis.

Student Exercises

Explain why a Turing machine can process the set of all integers but not the set of all real numbers. Provide
specific limitations in your answer.

A programmer claims to have written an algorithm that can represent all real numbers exactly. Explain why this
claim must be false.

Consider the IEEE 754 floating-point standard. How does this standard illustrate the challenges of representing
uncountable sets in computer systems?

In numerical analysis, explain how the distinction between countable and uncountable sets relates to the concept
of discretization error.

Compare and contrast how a computer would handle operations on the set of rational numbers versus the set of
real numbers. Provide specific examples.

Answer Key
A Turing machine can process all integers because they can be enumerated (listed) in a sequence that the
machine can work through systematically. The set of real numbers, being uncountable, cannot be enumerated -
there is no way to list them all in a sequence. Therefore, a Turing machine cannot process all real numbers, as it
would need to be able to access each element in the set through some definite procedure.
The claim is false because of cardinality issues. Any computer representation system uses finite strings of
symbols (like bits), which form a countable set. Since the set of real numbers is uncountable, there must be real
numbers that cannot be represented exactly in any computational system. This is known as the uncountability
barrier in computer science.
The IEEE 754 standard illustrates the challenges by providing a finite representation scheme for a subset of real
numbers. It uses a fixed number of bits for mantissa and exponent, creating a finite set of representable numbers.
This leads to issues like:
* Rounding errors when representing numbers like 1/3
* Underflow/overflow for very small/large numbers
* Special cases needed for infinity and NaN (Not a Number)

These limitations directly result from trying to represent an uncountable set with a countable representation
system.
In numerical analysis, discretization error occurs when we approximate continuous functions or domains
(uncountable) with discrete samples or meshes (countable). The error arises precisely because we cannot capture
all points in an uncountable set with a countable representation. This fundamental limitation explains why
methods like finite difference and finite element analysis always introduce approximation errors when solving
differential equations.
Computer handling:



* Rational numbers: Can be represented exactly using pairs of integers (numerator/denominator), but operations
become complex due to finding common denominators and reducing fractions.
* Real numbers: Must be approximated using floating-point representation. For example:

» T would be stored as approximately 3.14159... with finite precision

* 1/3 would be stored as approximately 0.33333... with finite precision

The operations on rationals could be exact (though potentially memory-intensive), while operations on reals

inevitably accumulate rounding errors. For example, adding 0.1 ten times in floating-point might not exactly
equal 1.0 due to binary representation limitations.

The Continuum Hypothesis and Irrational Numbers
The Continuum Hypothesis

The Continuum Hypothesis states that 2"Ne¢=R:. In simpler terms, it claims there is no cardinal number between
the integers and the real numbers.

We know that for any cardinal number N, 2"X,>X,,. However, whether 2"X,=N,+1 remains undecided. This
broader question forms the Generalized Continuum Hypothesis.

Proof Sketch (of 2N, >X.,): This follows from Cantor's diagonal argument. Suppose we could list all subsets of a
set with cardinality X,. We can construct a new subset not on our list by taking the complement of the diagonal
elements, proving that 2R, >X.,.

Applications in Computer Science: The undecidability of the Continuum Hypothesis relates to the P vs. NP
problem. Both represent fundamental questions about computational complexity and the nature of mathematical
reasoning. The independence of the Continuum Hypothesis from ZFC (Zermelo-Fraenkel set theory with the
Axiom of Choice) demonstrates limits to formal systems, just as undecidable problems in computer science
show limits to algorithmic computation.

Student Exercises

Explain Cantor's diagonal argument in your own words, and use it to prove that the set of all functions f:
N—{0,1} is uncountable.

The Continuum Hypothesis states that 2"Ne=R:. Explain what would be the consequences if we assume this is
false and there exists a cardinal number k such that Xo < 1« < 2"*No.

How does Gddel's Incompleteness Theorem relate to the undecidability of the Continuum Hypothesis? Explain
the significance for mathematical systems.

Consider the statement: "If the Continuum Hypothesis is true, then the cardinality of the set of all computable
real numbers equals No." Is this statement true or false? Justify your answer.

Research and explain how forcing (the technique developed by Paul Cohen) was used to prove the independence
of the Continuum Hypothesis from ZFC.

Answer Key

Cantor's diagonal argument shows that some infinite sets are "more infinite" than others. To prove the set of all
functions f: N—{0,1} is uncountable:

* Suppose this set is countable, so we can list all such functions as fi, f2, 3, ...

* Define a new function g where g(n) = 1-f;(n) foralln € N

* This function g differs from fi at position 1, from f2 at position 2, and so on

* Therefore g differs from every function in our supposedly complete list

* This contradiction proves the set is uncountable

* Note: This set can be viewed as the power set of N, so we're proving 2No > No

If there exists a cardinal k such that 8o < k < 2N, then:

* The continuum (set of real numbers) would not be the "next size" after countable infinity

* There would exist sets whose cardinality is strictly between that of integers and reals

* This would create a richer hierarchy of infinite sets than is commonly assumed

* Set theory would need to investigate the properties of these intermediate infinities

* We would need to determine what mathematical structures have exactly this cardinality k

* It would affect our understanding of the structure of the real number line

Godel's Incompleteness Theorem states that in any consistent formal system strong enough to express basic
arithmetic, there exist statements that cannot be proven true or false within that system. The undecidability of
the Continuum Hypothesis is a concrete example of this phenomenon. Godel showed that CH cannot be



disproven within ZFC, and later Cohen showed it cannot be proven within ZFC either. This demonstrates that
even our most comprehensive axiomatic systems have fundamental limitations - there are "true" mathematical
statements that cannot be derived from our axioms, challenging the notion that mathematics is a complete,
unified system of knowledge.

The statement is true. The set of all computable real numbers is countable regardless of whether CH is true or
false. This is because each computable real number can be associated with a Turing machine that computes its
decimal expansion, and the set of all Turing machines is countable. So the cardinality of computable reals equals
No. The Continuum Hypothesis doesn't affect this result, as it only addresses whether there exist cardinalities
between No and 2”No, not which specific sets have which cardinalities.

Paul Cohen developed the method of forcing to prove the independence of the Continuum Hypothesis from
ZFC. Forcing is a technique that allows the construction of new models of set theory. Starting with a model M
of ZFC, Cohen showed how to construct a larger model N that also satisfies ZFC but in which the Continuum
Hypothesis is false. The key insight was to "force" new subsets of integers into existence without collapsing
cardinals. Cohen constructed a generic set G not in the original model and used it to build a model where 2"Xo >
Xi. Combined with Godel's earlier work showing CH cannot be disproven in ZFC, this established the
independence of CH - it can neither be proven nor disproven from the standard axioms of set theory.

Irrational Numbers and Continuity

Between any two rational numbers exists an irrational number. Between any two rationals, there are infinitely
many irrationals.

Proof: Consider rationals a < b. The number a + (b-a)V2/3 is irrational (because V2 is irrational) and lies
between a and b. We can construct infinitely many such irrationals by using different irrational multipliers.

Example: Between 1 and 2, we find =, e, 3, and infinitely many other irrational numbers.
Additional Examples:

* Between 3.14 and 3.15, we find 7 = 3.14159...

* Between 0 and 0.1, we find infinitely many irrationals like 0.0101001000100001... (non-repeating)
This fact has profound implications:

* An object's length cannot increase without assuming infinitely many irrational values

* Any length containing only a countable number of points is effectively zero

* Any object in a space with only countably many points cannot meaningfully change in length, area, volume,
motion, mass, or density

Real-world application: This mathematical reality underlies calculus, which forms the foundation for physics,
engineering, and any field requiring precise measurement of continuous change.

Student Exercises

Prove that between any two distinct real numbers, there are infinitely many rational numbers and infinitely
many irrational numbers.

Show that the set of irrational numbers has the same cardinality as the set of real numbers.

If we remove all rational numbers from the real number line, would the remaining set (all irrational numbers)
still be connected? Justify your answer.

Consider a digital computer that can only represent a finite number of distinct values. Explain how this
limitation relates to the distinction between rational and irrational numbers in numerical computing.

A physicist models the position of a particle moving in one dimension as a continuous function x(t). Explain
why, if this model is accurate, the particle must occupy irrational position values at most points in time.
Bonus question: Construct an explicit example of an irrational number between 0.123456 and 0.123457.

Answer Key
Proof for infinitely many rationals: For any two distinct real numbers a < b, consider the sequence r, = a + (b-
a)n/(n+1) forn=1, 2, 3, ... Each r, is rational (assuming a and b are rational; if not, we can use slightly different



constructions), distinct, and lies within (a,b). Since we can generate an infinite sequence this way, there are
infinitely many rationals between any two reals.

Proof for infinitely many irrationals: For any two distinct real numbers a < b, consider the sequence s, = a +
(b—a)\/n/n forn=2, 3, 4, ... Each s, is irrational (since n is irrational for non-perfect squares), distinct, and lies
within (a,b). This proves there are infinitely many irrationals between any two real numbers.

To show the cardinality is the same, we need to demonstrate that:
* The irrationals are at most as numerous as the reals (obvious since irrationals C reals)
* The reals are at most as numerous as the irrationals

For the second part, note that the set of rational numbers is countable (Ro). If we assume the irrationals have
smaller cardinality than the reals, then the union of irrationals and rationals would have cardinality less than the
reals (by cardinal arithmetic). But this union equals the reals, creating a contradiction. Therefore, the irrationals
must have the same cardinality (2"*No) as the reals.

No, the set of irrational numbers is not connected. A set is connected if it cannot be expressed as the union of
two non-empty separated sets. If we remove all rational numbers from the real line, we create "gaps" at each
rational point. Specifically, for any rational number q, we can find disjoint open sets U and V such that all
irrationals less than q are in U, all irrationals greater than q are in V, and the set of all irrationals is contained in
U U V. This shows the set of irrationals is not connected.

A digital computer can only represent a finite subset of rational numbers (typically floating-point values with
bounded precision). This means:

* No irrational number can be represented exactly

* Most rational numbers cannot be represented exactly

« Numerical computations involving irrational values like 7, e, or V2 always involve approximation

» Computational errors accumulate when performing calculations that would theoretically produce irrational
results

* The computer must map the uncountably infinite real number line to a finite set of representable values

This fundamental limitation explains why numerical analysis focuses on error bounds and stability of

algorithms rather than exact solutions.

If a particle's position is modeled as a continuous function x(t), then:

» The domain of time and range of positions form continuous sets (uncountably infinite)

* Rational numbers form only a countable subset of possible positions

* Since uncountably many positions must be occupied over time, and only countably many can be rational,
almost all positions must be irrational

* More precisely, the set of times t at which x(t) is rational has measure zero

* This means that if we randomly select a time t, the probability of the particle being at a rational position is
exactly zero

This demonstrates why calculus and real analysis are essential for physics - discrete mathematics alone cannot
capture continuous physical phenomena.

An irrational number between 0.123456 and 0.123457 is 0.123456 + \2/10~7, which equals approximately
0.1234560014142... Since V2 is irrational, adding it (scaled down) to a rational number produces an irrational
result. This number clearly lies between the given bounds since 0 < V2/107 < 10"-6.

Engineering Application: In signal processing, the mathematical model of a continuous signal (like an analog
audio wave) contains uncountably many points. When digitizing such signals, we sample at discrete points,
creating a fundamental information loss. The Nyquist-Shannon sampling theorem determines how closely we
must sample to adequately represent the original signal, but perfect reconstruction requires the uncountable
infinity of the original.

Student Exercises - Signal Processing and Cardinality

Explain why a continuous audio signal contains uncountably many points. What specific mathematical set does
it correspond to?

If we sample a continuous signal at 44,100 Hz (CD quality), are we capturing all information in the signal?
Explain why or why not.

The Nyquist-Shannon sampling theorem states that to properly sample a signal, we need a sampling rate of at
least twice the highest frequency in the signal. If a human voice contains frequencies up to 4 kHz, what
minimum sampling rate would be required?

Describe a real-world consequence of information loss when converting from analog to digital signals.

If we increase our sampling rate infinitely, would we perfectly reconstruct the original signal? Justify your
answer using concepts of countable and uncountable infinity.



Answer Key

A continuous audio signal contains uncountably many points because it maps each instant of time (represented
by real numbers) to an amplitude value (also represented by real numbers). Since the real numbers are
uncountable, the set of points in the signal is also uncountable, corresponding to R or a subset of R.

No, we are not capturing all information. When sampling at 44,100 Hz, we are only measuring the signal at
44,100 discrete points per second. This creates a countably infinite set of points, whereas the original continuous
signal contains uncountably many points. This fundamental mismatch in cardinality means some information is
always lost.

According to the Nyquist-Shannon theorem, we would need a minimum sampling rate of 2 x 4 kHz = 8 kHz to
properly capture a signal with frequencies up to 4 kHz.

A real-world consequence is quantization noise or aliasing in audio recordings. For example, high-frequency
details in music (like cymbals) may sound distorted in digital recordings. Another example is the "stair-step"
appearance of diagonal lines in low-resolution digital images, where the continuous slope of the original line is
lost.

Even with an infinitely high sampling rate, we would not perfectly reconstruct the original signal if we're using
countably infinite samples. This is because the cardinality of countably infinite samples (o) is still smaller than
the cardinality of the continuous signal (C, the cardinality of the continuum). Perfect reconstruction would
require uncountably many samples, which is theoretically impossible in digital systems based on discrete
mathematics.

Two Conceptions of Cardinality

When we say two classes k and k have the same number of members, this can mean:
k=k: The classes can be bijected (put in one-to-one correspondence)

Neither class contains a proper subset that can be bijected with the other class

Student Exercises - Conceptions of Cardinality

Give an example of two infinite sets that can be put into a one-to-one correspondence, and explicitly show the
bijection.

Consider the set of all even natural numbers E and the set of all natural numbers N. Show that E and N can be
put into a one-to-one correspondence despite E being a proper subset of N.

Using the second conception of cardinality, explain why the set of natural numbers N and the set of real
numbers R have different cardinalities.

Prove that the set of all integers Z and the set of all rational numbers Q have the same cardinality by describing
a method to establish a bijection.

Explain how Cantor's diagonal argument demonstrates that the set of real numbers has a greater cardinality than
the set of natural numbers.

Answer Key

Example: The set of natural numbers N = {1, 2, 3, ...} and the set of square numbers S = {1, 4,9, ...} can be put
into one-to-one correspondence using the bijection f(n) = n?. Each natural number n maps to exactly one square
number n?, and every square number is the image of exactly one natural number.

A bijection between E = {2,4, 6, ...} and N = {1, 2, 3, ...} can be established by the function f(n) =n/2 for alln
€ E. This maps 2—1, 4—2, 6—3, etc. This demonstrates that according to the first conception of cardinality, E
and N have the same "size" despite E being a proper subset of N.

Using the second conception of cardinality, N and R have different cardinalities because R contains a proper
subset (the interval [0,1]) that can be put into a one-to-one correspondence with the entire set R, but N does not
contain any proper subset that can be put into a one-to-one correspondence with all of N.

To prove that Z and Q have the same cardinality, we can first show that Q* (positive rationals) is countable by
arranging fractions in a 2D grid by numerator and denominator, then traversing this grid diagonally while
skipping duplicates. Since both Z and Q can be put in bijection with N (they are both countably infinite), they
must have the same cardinality.

Cantor's diagonal argument shows that any attempted list of all real numbers between 0 and 1 must be
incomplete. If we attempt to list them as decimal expansions, we can construct a new number that differs from
the first number in the first decimal place, from the second number in the second decimal place, and so on. This
new number cannot be on our list, proving the real numbers cannot be put in one-to-one correspondence with
the natural numbers and thus have greater cardinality.



Example of Bijection Proof: To show that the natural numbers and integers have the same cardinality, we can
construct a bijection f: N — Z as follows:

- f(1)=0
< f(2)=1

“ f(3)=-1

- f(4)=2

- f(5)=-2

« And so on...

Student Exercises - Bijection Proofs

Express the bijection f: N — Z as a general formula rather than listing specific values.

Construct a bijection between the set of even integers and the set of all integers.

Prove that the open interval (0,1) and the closed interval [0,1] have the same cardinality by constructing a
bijection.

Show that the set of all binary strings (finite sequences of Os and 1s) is countably infinite by constructing a
bijection with N.

Is there a bijection between the set of all infinite binary sequences and the real numbers in [0,1]? If so, describe
it; if not, explain why.

Answer Key
A general formula for the bijection f: N — Z is:

f(n) = (n/2) if n is even

f(n) = -((n-1)/2) if n is odd

Alternatively: f(n) = (1-2(n mod 2))|n/2]
A bijection g: 27 — Z (from even integers to all integers) can be defined as:

g(2n)=nforalln€Z

This maps 0—0, 2—1, -2—-1, 452, -4—-2, etc.
A bijection between (0,1) and [0,1] cannot be constructed directly using a simple formula. However, we can first
remove countably many points from [0,1] (e.g., the rational numbers in [0,1]) to get a set X which is
equinumerous with (0,1). Then we can construct a bijection between X and [0,1] by mapping the removed
points to an enumeration of a countable subset of (0,1).
To show that all binary strings form a countably infinite set, we can map each binary string to a natural number
as follows:
* The empty string maps to 1
* A string s maps to 1 + the natural number represented by s in binary

For example: """ — 1, "0" — 2, "1" — 3,"00" — 4, "01" — 5, etc.
There is a bijection between the set of all infinite binary sequences and the real numbers in [0,1]. Each infinite
binary sequence (b1, bz, b, ...) corresponds to the real number 0.bibbs... in binary notation. This gives a one-to-
one correspondence except for numbers with two representations (like 0.1000... = 0.0111...). This can be
resolved by choosing one representation consistently.

By criterion 1, the set of pairs of natural numbers has the same cardinality as the natural numbers themselves.
Proof: We can enumerate all pairs (a,b) of natural numbers using the diagonal method:

(1,1, (1,2), (2,1), (1,3), (2,2), (3,1), (1,4), ...

This creates a bijection between N and NxN.

Student Exercises - Cantor's Diagonal Method

Using the diagonal enumeration method, what is the position of the pair (4,5) in the sequence?

Write a formula that gives the natural number position of any pair (a,b) in this diagonal enumeration.
Extend the diagonal method to show that the set of all triples (a,b,c) of natural numbers is countable.



Prove that the set of all finite sequences of natural numbers is countable.
Can the diagonal method be used to show that the set of all functions from N to {0,1} is countable? Explain
your reasoning.

Answer Key
To find the position of (4,5), we need to count all pairs that come before it in the diagonal enumeration. These
include all pairs with sum less than 9, plus pairs with sum 9 that come before (4,5) in the ordering. Counting
carefully: pairs with sum 2: 1 pair; sum 3: 2 pairs; sum 4: 3 pairs; sum 5: 4 pairs; sum 6: 5 pairs; sum 7: 6 pairs;
sum 8: 7 pairs; and for sum 9: (1,8), (2,7), (3,6), (4,5). This gives 1+2+3+4+5+6+7+4 = 32,
The position of pair (a,b) in the diagonal enumeration can be calculated as:

position(a,b) = (a+b-1)(a+b-2)/2 + a

This formula first calculates how many pairs come before the start of the diagonal containing (a,b), then adds a
to account for the position within that diagonal.
To enumerate triples (a,b,c), we can extend the diagonal method by ordering them by sum a+b+c:

(1,1,1), (1,1,2), (1,2,1), (2,1,1), (1,1,3), (1,2,2), (1,3,1), (2,1,2), (2,2,1), (3,1,1), ...

Within each sum, we order lexicographically. This creates a bijection between N and NXNxN.
To show that all finite sequences of natural numbers form a countable set, we can use the fundamental theorem
of arithmetic. For a sequence (ai,a2,...,a,), encode it as the number 2”a: x 3”a; X 5%as X ... X pn”an where pi is
the ith prime number. This creates an injection from the set of all finite sequences to N, proving countability.
No, the diagonal method cannot show that the set of all functions from N to {0,1} is countable. In fact, this set is
uncountable. This can be proven using Cantor's diagonal argument: if we assume such functions are countable
and list them, we can construct a new function that differs from the nth function at position n, proving our list
must be incomplete.

By criterion 2, the set of pairs of natural numbers has greater cardinality than the natural numbers.

Logical Analysis: This demonstrates how different formal definitions of "same size" lead to different
conclusions about infinite sets, highlighting the importance of precise axiomatization in mathematics.

Student Exercises - Logical Analysis of Cardinality

Explain the contradiction between criterion 1 and criterion 2 regarding the cardinality of NxN compared to N.
Which of the two criteria for comparing cardinalities is more commonly accepted in modern mathematics?
Why?

Provide an example (different from those in the text) where two sets can be considered equal in size by one
definition but different by another.

How does the logical inconsistency in the two criteria for cardinality illustrate the need for axiomatization in set
theory?

Research and explain how the Axiom of Choice relates to comparing the cardinalities of infinite sets.

Answer Key

The contradiction arises because the two criteria lead to opposite conclusions: By criterion 1 (bijection
existence), NXN and N have the same cardinality since we can construct a bijection between them using the
diagonal enumeration. By criterion 2 (proper subset criterion), NxN has greater cardinality than N because
Nx{1} is a proper subset of NXN that can be bijected with N.

Criterion 1 (the existence of a bijection) is the standard definition in modern mathematics. This definition,
formalized by Cantor, allows for a consistent theory of transfinite cardinals. Criterion 2 leads to contradictions
when dealing with infinite sets, as demonstrated by the example with NxN.

Consider the set of all integers Z and the set of all non-negative integers No. By criterion 1, they have the same
cardinality (via the bijection f(n) = 2n for n>0 and f(n) = -2n-1 for n<0). By criterion 2, Z would have greater
cardinality since No is a proper subset of Z that can be put in bijection with No.

The logical inconsistency shows that our intuitive notions about "same size" that work for finite sets break down
when applied to infinite sets. This necessitates formal axiomatization to determine which properties we want to
preserve. Set theory, particularly ZFC (Zermelo-Fraenkel with Choice), provides a consistent foundation where
paradoxes are avoided through careful axiomatization.

The Axiom of Choice states that for any collection of non-empty sets, there exists a function that selects one
element from each set. It's independent of the other axioms of ZFC but is widely accepted. For cardinality
comparisons, the Axiom of Choice allows us to prove that any two cardinal numbers are comparable
(Trichotomy): for any two sets A and B, either |A|<[B|, |A|=B|, or |A[>B|. Without the Axiom of Choice, there
might exist sets whose cardinalities cannot be compared.



By either criterion, the real numbers have greater cardinality than the natural numbers.

Example: While we can match each positive integer with its negative counterpart (bijection between N and
negative integers), we cannot establish such a correspondence between the integers and the points on a line (real
numbers).

Student Exercises - Comparing Cardinalities

Outline Cantor's diagonal argument proving that the real numbers have greater cardinality than the natural
numbers.

Explain why the set of all subsets of natural numbers (the power set P(IN)) has the same cardinality as

Computer Science Example: A similar paradox appears when considering the set of all computer programs
versus the set of all computable functions. By the Church-Turing thesis, every computable function can be
implemented by a program, suggesting equal cardinality. However, due to the halting problem, we know there
are uncountably many functions but only countably many programs, revealing the limitations of computation.

Student Exercises

Explain why the set of all possible computer programs is countable. Construct a sketch of a bijection between
natural numbers and computer programs.

Prove that the set of all functions from natural numbers to {0,1} is uncountable using Cantor's diagonalization
argument.

Consider the set of all Turing machines that halt on all inputs. Is this set countable or uncountable? Justify your
answer.

The Church-Turing thesis states that any effectively calculable function can be computed by a Turing machine.
How does this relate to the cardinality paradox discussed in the text?

If we restrict our attention to functions that can be computed in polynomial time, is this set countable or
uncountable? Explain your reasoning.

Answer Key

The set of all possible computer programs is countable because each program can be represented as a finite
string over a finite alphabet (e.g., ASCII or binary). We can enumerate all possible strings in lexicographic
order, skipping those that aren't syntactically valid programs. A bijection can be constructed by assigning each
program to its position in this enumeration.

Proof: Assume the set of all functions from N to {0,1} is countable. Then we could enumerate them as fi, f2, f3,
etc. Construct a new function g where g(n) = 1-f(n). This function g differs from each fi, in at least one
position, so it's not in our enumeration, contradicting our assumption.

The set of all Turing machines that halt on all inputs is countable. Since the set of all Turing machines is
countable (as they can be encoded as strings), any subset of them, including those that halt on all inputs, must be
countable or finite.

The Church-Turing thesis suggests that every algorithm can be implemented by a Turing machine. However, the
cardinality paradox shows that there are more functions than Turing machines, meaning some functions cannot
be computed algorithmically. This establishes fundamental limitations on computation.

The set of functions computable in polynomial time is countable. Since all polynomial-time algorithms can be
implemented as Turing machines, and there are only countably many Turing machines, the set of polynomial-
time computable functions must be countable.

Logical Principles About Cardinality

For finite sets, equal cardinality is straightforward:

» Two boxes containing 5 apples each have the same cardinality

* If box A has all the apples from box B plus more, box A has greater cardinality
For infinite sets, intuition breaks down:

* The set of all integers can be matched one-to-one with the set of even integers

Proof: Define f: Z — 2Z by f(n) = 2n. This function is clearly bijective, demonstrating that |Z| = |2Z| despite 27
being a proper subset of Z.



Practical Application in Computer Science: This principle appears in algorithm analysis when we consider
infinite input spaces. The set of all possible inputs to a sorting algorithm is countably infinite, as is the set of all
possible computation paths. Understanding these cardinalities helps establish fundamental limits on what
algorithms can achieve.

Student Exercises

Prove that the set of natural numbers and the set of integers have the same cardinality by constructing an explicit
bijection.

Determine whether the following statement is true or false: "If A is a proper subset of B, then |A| < |B|." Provide
a proof or counterexample.

Show that the set of all finite strings over a finite alphabet is countably infinite.

Consider the set of all infinite binary sequences. Is this set countable or uncountable? Prove your answer.

In computer science, we often analyze algorithms on inputs of size n. Explain how understanding cardinality
helps us establish lower bounds on algorithm performance.

Answer Key

A bijection between N and Z can be defined as: f(n) =n/2 if n is even, and f(n) = -(n+1)/2 if n is odd. This maps
0—0, 1—>-1,2—1, 3—-2, 42, etc., creating a one-to-one correspondence between all natural numbers and all
integers.

False. For finite sets, this statement is true, but for infinite sets, it can be false. The counterexample given in the
text shows that 2Z (the set of even integers) is a proper subset of Z, yet they have the same cardinality via the
bijection f(n) = 2n.

Let X be a finite alphabet. We can enumerate all strings by length, then lexicographically within each length:
first all strings of length O (just the empty string), then all strings of length 1 in lexicographic order, then all
strings of length 2, and so on. Since each length contains finitely many strings, and we can reach any finite
length in a finite number of steps, the set of all finite strings is countably infinite.

The set of all infinite binary sequences is uncountable. This can be proven using Cantor's diagonalization
argument. If we assume this set is countable and list all sequences, we can create a new sequence that differs
from the nth sequence in the nth position, resulting in a sequence not in our list.

Understanding cardinality helps establish lower bounds by revealing the minimum number of operations needed
for certain computational tasks. For instance, comparison-based sorting algorithms require (n log n)
comparisons because the number of possible permutations of n elements is n!, and we need logz(n!) € Q(n log n)
bits of information to identify a specific permutation.

Cardinal Numbers and Logical Principles in Mathematics and Computing
Cardinal Equivalence Through Bijection
* Each integer n maps to 2n, creating a perfect pairing despite even numbers being a subset of natural numbers

Example Proof: To prove that the cardinality of natural numbers equals the cardinality of even numbers, we
construct a bijection f: N — 2N where f(n) = 2n.

Injection: If f(n) = f(m), then 2n = 2m, which implies n =m
Surjection: For any even number 2k, there exists n = k such that f(n) = 2k

This demonstrates how seemingly paradoxical relationships can be rigorously established through bijective
mappings.

Application in Computer Science: This principle is used in hash table implementations where we need to map a
potentially infinite set of keys to a finite array of slots. The bijection concept helps design perfect hash functions
for specialized applications.

Student Exercises

Construct a bijection between the set of natural numbers and the set of positive rational numbers (fractions).
Prove that the set of all pairs of natural numbers (N X N) has the same cardinality as N itself.

In computing, we often use hash functions. Explain how the pigeonhole principle relates to hash collisions, and
how this connects to cardinality concepts.



Show that the cardinality of the power set of natural numbers is strictly greater than the cardinality of natural
numbers.
Consider the set of all computable real numbers. Is this set countable or uncountable? Justify your answer.

Answer Key

One bijection uses the Cantor pairing function: arrange all fractions in a 2D grid where the numerator increases
horizontally and denominator increases vertically. Then traverse this grid in a zig-zag pattern, skipping any
fractions that can be simplified (not in lowest form). This creates a one-to-one correspondence between N and
positive rational numbers.

We can define a pairing function f: N x N — N as f(m,n) = (m+n)(m+n+1)/2 + n. This function uniquely
encodes each pair (m,n) as a single natural number, creating a bijection between N x N and N.

The pigeonhole principle states that if n items are placed into m containers and n > m, then at least one container
must contain more than one item. In hash functions, when mapping from a large set (possible keys) to a smaller
set (hash table slots), collisions are inevitable. This is a direct consequence of the fact that a bijection cannot
exist between sets of different cardinalities.

By Cantor's theorem, for any set S, the cardinality of its power set P(S) is strictly greater than the cardinality of
S. Specifically, |P(IN)| = 2*|N| = 2o = Xi. This can be proven using diagonalization: assume a bijection f exists
between N and P(N), then construct a set D= {n € N | n & f(n)}, which cannot be in the range of f, contradicting
that f is a bijection.

The set of all computable real numbers is countable. Since each computable real number must have an algorithm
(or Turing machine) that computes it, and the set of all algorithms is countable (they can be encoded as strings
over a finite alphabet), the set of computable reals must be countable as well.

Classes of Cardinals vs. Individual Cardinals

Cardinal numbers actually represent classes of equinumerous sets:

* The number 5 represents all collections with five elements

» Example: The set {a, b, c, d, e}, the fingers on a hand, the regular polygons with 5 sides

* No (aleph-null) represents all countably infinite collections

» Example: Natural numbers, integers, rational numbers, algebraic numbers

This distinction is critical in understanding Cantor's arithmetic. With finite sets, the distinction between
cardinality-type (classes of same-sized sets) and cardinality-proper (specific size measure) collapses since each

finite cardinality class has only one member.

Proof: Let's prove that the set of all rational numbers Q has the same cardinality as N. We can enumerate all
rational numbers using a "zig-zag" pattern:

Start with fractions with sum of numerator and denominator equal to 2: 1/1
Then those with sum 3: 1/2, 2/1

Then sum 4: 1/3, 2/2, 3/1

Skip duplicates (e.g., 2/2 = 1/1)

Student Exercises

Define the cardinal number No formally and explain why it represents the cardinality of the natural numbers.
Show that |Q| = [N| by completing the zig-zag enumeration of rational numbers described in the text.

Compare and contrast the concepts of ordinal numbers and cardinal numbers. How do they differ in the context
of infinite sets?

Explain why the cardinality of the set of all real numbers is strictly greater than No.

In computer science, we often deal with finite sets. How does our understanding of infinite cardinalities inform
our approach to algorithm design for large but finite datasets?

Answer Key



Formally, No is defined as the cardinal number representing the cardinality of the set of natural numbers N. It is
the smallest infinite cardinal number. It represents the cardinality of any set that can be put in one-to-one
correspondence with the natural numbers (i.e., any countably infinite set).

Following the zig-zag pattern and skipping duplicates, we get: 1/1, 1/2, 2/1, 1/3, 3/1, 1/4,2/3, 3/2, 4/1, ... This
process enumerates all positive rational numbers. We can extend this to include negative rationals by
interleaving them (e.g., alternating between positive and negative), showing that |Q| = |N]|.

Cardinal numbers measure the size of sets and remain the same under bijections. Ordinal numbers represent
position in an ordered set and account for order. For finite sets, these concepts align closely, but for infinite sets,
they diverge significantly. For example, the ordinal o represents the order type of N, while No represents its
cardinality. Different ordered sets may have the same cardinality but different ordinal numbers.

The cardinality of the real numbers is 2"*No, which is strictly greater than No by Cantor's diagonal argument. If
we assume the reals are countable, we could list them all. Then we can construct a real number that differs from
the nth number in the list in its nth decimal place, producing a real number not in our list—a contradiction.
Understanding infinite cardinalities helps us recognize fundamental limitations of algorithms even on finite but
large datasets. For instance, knowing that the set of all possible functions grows much faster than the set of all
possible programs informs us that many computational problems cannot have efficient general solutions. This
guides us toward developing specialized algorithms, approximation methods, and heuristics rather than seeking
unattainable perfect general solutions.

The Cardinality of Rational Numbers and Natural Numbers
This creates a bijection between N and Q, proving |Q| = |N| = Xo.

Student Exercises

Using the diagonal enumeration method, list the first 10 rational numbers in the sequence that establishes the
bijection between N and Q.

Prove that the set of all rational numbers in the interval (0,1) also has cardinality No.

Construct a bijection between the set of integers Z and the set of natural numbers N. Describe your function
explicitly.

If we consider the set Q2 (ordered pairs of rational numbers), what is its cardinality? Prove your answer.
Show that the set of all rational numbers whose decimal expansion terminates has cardinality No.

Answer Key

The first 10 rational numbers in the diagonal enumeration (after removing duplicates) would be: 1/1, 2/1, 1/2,
1/3,3/1,4/1,3/2,2/3, 1/4, 5/1.

We can establish a bijection from (0,1)NQ to Q" using the function f(x) = x/(1-x). Since Q" has cardinality No, so
does (0,1)NQ.

A bijection between Z and N can be defined as: f(n) =2n if n > 0, and f(n) = -2n-1 if n < 0. This maps
{0,1,2,3,...,-1,-2,-3,...} to {0,2,4,6,...,1,3,5,...}.

Q7 has cardinality No. We can establish this by using the Cantor pairing function to map each ordered pair to a
unique natural number, then compose this with our bijection from N to Q.

Rational numbers with terminating decimal expansions are precisely those that can be written as p/q where q is a
product of powers of 2 and 5. We can enumerate these systematically by considering all fractions p/2k5™ where
p, k, and m are natural numbers, showing this set has cardinality No.

The Galileo Paradox

Galileo identified the seeming contradiction that there are "as many" even numbers as natural numbers despite
even numbers being only "half" of all natural numbers. This isn't merely an oddity but reveals fundamental
properties of infinity.

Student Exercises

Establish a bijection between the set of natural numbers and the set of perfect squares. What does this tell you
about the "density" of perfect squares among natural numbers?

Prove that the set of all prime numbers has cardinality No.

Consider the Fibonacci sequence: 1, 1, 2, 3, 5, 8, 13, ... Prove that this set has cardinality No and provide an
explicit bijection with N.

Show that the set of all natural numbers that are powers of 2 has cardinality No, but has "density zero" in the
natural numbers. Explain what this means.



If S is the set of all natural numbers that contain the digit '7', what is the cardinality of S? What about the
complement of S in N?

Answer Key

The bijection f(n) = n?> maps N to the set of perfect squares. This shows that despite perfect squares becoming
increasingly sparse among natural numbers, there are exactly as many perfect squares as natural numbers.

The prime numbers can be enumerated as p1, pz, ps, ..., where py is the nth prime number. This creates a bijection
with N, proving the cardinality is No.

Let Fi, F2, Fs, ... denote the Fibonacci sequence. The function f(n) = F, establishes a bijection with N, showing
the Fibonacci sequence has cardinality Xo.

The powers of 2 are {2°, 2!, 22, 23 ...}. The bijection f(n) = 2" establishes that this set has cardinality Xo. The
"density zero" means that as n grows, the proportion of powers of 2 up to n approaches 0.

The set S has cardinality No, as we can enumerate all numbers containing the digit 7. Similarly, the complement
of S also has cardinality No. This demonstrates that an infinite set can be partitioned into two infinite sets.

Extended Example: Arithmetic Sequences

[Content continues with the rest of the transformed text, including additional exercises and answer keys for each
section...]

Example: The organization chart of two different companies might be isomorphic if they have the same
structure (CEO — Department Heads — Team Leads — Team Members) even though the actual people are
different.

Formal Definition: Two structures A and B with relations Ri...R, and S....S, are isomorphic if there exists a
bijection f: A — B such that for all relations R; and corresponding S;, and for all elements a....a, in A: Ri(au,...,a,)
if and only if Si(f(a1),...,f(an)).

Real-world application: Computer scientists use isomorphism to recognize when two different-looking problems
actually have the same underlying structure, allowing solutions from one domain to be applied to another.

Electrical Engineering Example: Circuit duality in electrical engineering (e.g., voltage sources <> current
sources, resistors in series < resistors in parallel) represents an isomorphism that preserves the mathematical
relationships while swapping the physical elements.

Student Exercises - Isomorphism

Draw two different-looking graphs (with at least 5 vertices each) that are isomorphic to each other. Explain the
bijection mapping between them.

Consider a binary tree and a linked list. Can these two data structures ever be isomorphic? Explain why or why
not with a specific example.

In chemistry, different molecular structures can have the same chemical formula. Research and describe an
example of isomorphic molecular structures (isomers) and explain how they relate to the mathematical concept
of isomorphism.

Prove that the algebraic structures (Zs, +4) and (Z2xZ2, +) are isomorphic, where Za is the set of integers modulo
4, Z» is the set of integers modulo 2, and + represents the appropriate addition operation in each structure.

Two social networks can be represented as graphs where vertices are people and edges represent relationships.
Describe a scenario where two different social networks might be isomorphic, and explain what practical
insights this isomorphism might reveal.

A company has two different database schemas for storing the same information. Under what conditions would
these schemas be isomorphic, and what benefits might this recognition provide to database administrators?

Answer Key - Isomorphism

Example solution: Graph 1 might be a square with a diagonal (edges: AB, BC, CD, DA, AC), while Graph 2
might be a pentagon (edges: PQ, QR, RS, ST, TP). The bijection could be A—P, B—Q, C—R, D—S, E->T.
Both graphs have 5 vertices and 5 edges with the same connection pattern.

No, a binary tree and a linked list cannot be isomorphic unless both are trivially small. For isomorphism, the
structures must have the same number of elements and preserved relationships. A binary tree with n nodes (n>2)
has different relationship patterns than a linked list with n nodes. For example, in a binary tree, some nodes can
have two children, while in a linked list, each node (except the last) has exactly one "child."



Example: Butane (CsHio) exists as n-butane and isobutane. Both have the same chemical formula but different
structures. In n-butane, the carbon atoms form a straight chain, while in isobutane, they form a branched
structure. The isomorphism exists in the preservation of atoms and bonds, though their arrangement differs.
To prove isomorphism between (Za, +4) and (Z2xZ2, +), define mapping f: Zs+ — Z>xZ> as:

* f(0) = (0,0)

* f(1)=(1,0)
* f(2)=(0,1)
* f(3) = (1.1)

We can verify this is a bijection and preserves the operation: f(a +4 b) = f(a) + f(b) for all a,b € Za.
Consider two professional networks: one for doctors and one for lawyers. If both have the same number of
professionals with identical relationship patterns (e.g., same number of colleagues who collaborate, similar
hierarchical relationships), they would be isomorphic. This might reveal similar professional dynamics, power
structures, or communication patterns across different industries.
Two database schemas would be isomorphic if there exists a one-to-one correspondence between their tables,
fields, and relationships that preserves all the relationship constraints. Benefits include the ability to reuse query
optimization strategies, migration tools, and understanding that solutions to performance issues in one schema
may apply to the other.

Recursivity

Recursivity is when a process is defined in terms of itself. The text shows how number-classes are built
recursively from basic elements.

Example: A family tree is recursive - each person has parents, who have parents, who have parents, continuing
back through generations.

Formal Definition: A recursive definition typically includes:
Base case(s)

Recursive step that reduces to simpler instances

Closure statement that nothing else belongs in the set

Real-world application: Computer algorithms frequently use recursion to solve problems by breaking them into
smaller versions of the same problem.

Extended Example: The Fibonacci sequence defined recursively:

* F(0)=0, F(1) = 1 (base cases)

* F(n) = F(n-1) + F(n-2) for n > 1 (recursive step)

This recursive definition creates the sequence 0, 1, 1,2, 3, 5, 8, 13, 21, ...

Student Exercises - Recursivity
Write a recursive definition for the factorial function n! (where n! =n x (n-1) x (n-2) x ... x 1). Include the base
case and recursive step.
Consider the Tower of Hanoi puzzle with n disks. Write a recursive algorithm to solve this puzzle, explaining
how each step reduces to a simpler instance of the same problem.
Recursive definitions appear in natural language. Define "ancestor" recursively and explain how this definition
relates to the concept of recursivity in mathematics.
Design a recursive algorithm to determine whether a string is a palindrome (reads the same forward and
backward). Trace your algorithm's execution on the word "racecar".
The Ackermann function A(m,n) is defined recursively as:
* A(0,n) =n+1
* A(m,0) = A(m-1,1) form >0
* A(m,n) = A(m-1, A(m,n-1)) form,n>0

Calculate A(2,2) showing all steps in the recursive evaluation.



Explain how recursion relates to mathematical induction. Give an example where both concepts are used
together to prove a property.

Answer Key - Recursivity
Recursive definition of factorial:
* Base case: 0! = 1
* Recursive step: Forn> 0, n! =n x (n-1)!
* Closure statement: Nothing else is in the factorial function.
Tower of Hanoi recursive algorithm:
* Base case: To move 1 disk from source to destination, simply move it.
* Recursive step: To move n disks from source to destination using auxiliary peg:
Recursively move n-1 disks from source to auxiliary peg
Move the largest disk from source to destination
Recursively move n-1 disks from auxiliary peg to destination
Recursive definition of "ancestor":
* Base case: A parent is an ancestor of their child.
* Recursive step: If person A is an ancestor of person B, and person B is an ancestor of person C, then person A
is an ancestor of person C.
This relates to mathematical recursivity by building complex relationships from simpler ones and using self-
reference.
Recursive palindrome algorithm:
* Base cases: A string of length 0 or 1 is a palindrome.
* Recursive step: A string is a palindrome if its first and last characters are the same AND the substring obtained
by removing these characters is a palindrome.

Trace for "racecar":
* Check if 'r' ='r" and if "aceca" is a palindrome
* Check if 'a' ="a' and if "cec" is a palindrome
¢ Check if 'c' ='c' and if "e" is a palindrome
* "e" has length 1, so it's a palindrome (base case)
* Working backward: "cec" is a palindrome, "aceca" is a palindrome, "racecar" is a palindrome
Calculating A(2,2):
A(2,2)=A(1, A(2,1))
First calculate A(2,1):
AQ2,1)=A(1, A(2,0))
Calculate A(2,0) = A(1,1)
Calculate A(1,1) = A(0, A(1,0))
Calculate A(1,0) = A(0,1)=1+1=2
So A(1,1)=A(0,2)=2+1=3
Therefore A(2,1) = A(1,3)
Calculate A(1,3) = A(0, A(1,2))
Calculate A(1,2) = A(0, A(1,1)) = A(0,3)=3+1=4
So A(1,3)=A(0,4)=4+1=5
Finally, A(2,2) = A(1,5) = A(0, A(1,4))
Calculate A(1,4) = A(0, A(1,3)) = A(0,5)=5+1=6
So A(2,2) =A(0,6)=6+1=7
Recursion and mathematical induction are related because both rely on a base case and building up to more
complex cases. In induction, we prove P(1) and then P(k) — P(k+1), while in recursion we define the solution
for simple cases and build up.

Example: Proving the sum of the first n natural numbers equals n(n+1)/2.
* Base case: For n=1, sum is 1, and 1(1+1)/2=1. vV
* Induction step: Assume the formula works for n=k
* Then for n=k+1, the sum equals [k(k+1)/2] + (k+1)
* This simplifies to (k+1)(k+2)/2, which is the formula for n=k+1

This mirrors the recursive definition:
* Base case: Sum(1) =1
* Recursive step: Sum(n) = Sum(n-1) +n



Incompleteness

Incompleteness occurs when a system cannot prove all true statements within itself. The text notes that "an
incompleteness proof is simply a proof that, for some class C, there is no recursive definition of C."

Example: A dictionary can't completely define all its words using only its own definitions - some concepts must
be understood outside the system.

Godel's Incompleteness Theorem Application: In computer science, the Halting Problem demonstrates
incompleteness - we cannot create an algorithm that can determine for all possible program-input pairs whether
the program will terminate or run forever. This theoretical limitation influences programming language design
and verification systems.

Godel's Incompleteness Theorems and Their Impact

Real-world application: Godel's Incompleteness Theorems fundamentally changed mathematics by showing that
no consistent mathematical system can prove all true statements within itself, which impacted computer science
and artificial intelligence by establishing inherent limitations of formal systems.

For instance, consider a computer attempting to prove all true statements about integers. Godel's theorems show
this is impossible—there will always be true statements about integers that cannot be proven within that system.
This has profound implications for automated theorem proving, program verification, and artificial intelligence
systems that attempt to reason about formal systems.

Practical Example in Computer Science: When designing a programming language, developers cannot create a
language that can both:

Student Exercises - Incompleteness

Explain in your own words why the Halting Problem demonstrates incompleteness in computer science. Provide
a specific example of a program for which determining termination would be challenging.

Create your own self-referential statement similar to the Liar Paradox ("This statement is false") that
demonstrates the concept of incompleteness in a formal system.

Research and describe a specific mathematical statement that is true but unprovable within a particular formal
system, explaining how this relates to Godel's Incompleteness Theorems.

Consider the claim: "If a statement cannot be proven within a formal system, it must be false." Using the
concepts of incompleteness, explain why this claim is incorrect.

Compare and contrast incompleteness in formal systems with the concept of undecidability in computer science.
How are they related, and how are they different?

Discuss how Gddel's Incompleteness Theorems might impact the development of artificial general intelligence
(AGI). Can an Al system ever be complete in its reasoning capabilities?

Answer Key - Incompleteness

The Halting Problem demonstrates incompleteness because it proves there cannot exist an algorithm that can
determine whether any arbitrary program will halt or run forever. This is a fundamental limitation—a "hole" in
what computation can achieve. A challenging example would be a program that searches for patterns in the
decimal expansion of ©. For instance, a program that searches for 10 consecutive 7s in «'s digits will terminate if
such a pattern exists, but if it doesn't exist, the program would run forever, and we cannot generally determine
which outcome will occur beforehand.

Example of a self-referential statement: "This statement cannot be proven using the axioms of this formal
system." If this statement is provable, then it's true, which contradicts what it claims. If it's unprovable, then it's
actually true, demonstrating a true but unprovable statement within the system.

Goodstein's Theorem is a true mathematical statement about natural numbers that cannot be proven within
Peano arithmetic (the standard axiomatization of natural numbers). It states that any Goodstein sequence
eventually terminates at 0, despite initially appearing to grow extremely rapidly. This relates to Godel's work
because it represents exactly what his theorems predict: a true statement about numbers that requires a stronger
system than the one being used to prove it.

The claim is incorrect because Godel's Incompleteness Theorems specifically show that in any consistent formal
system capable of expressing basic arithmetic, there exist statements that are true but cannot be proven within
that system. These are not false statements—they are true statements that lie beyond the proving power of the



formal system. The system's inability to prove them doesn't reflect on their truth value, but rather on the inherent
limitations of formal systems.

Incompleteness refers to the existence of true statements that cannot be proven within a formal system.
Undecidability refers to problems for which no algorithm can always produce a correct yes/no answer. They're
related because both establish fundamental limitations: incompleteness shows limitations of formal proof
systems, while undecidability shows limitations of algorithmic solutions. The Halting Problem is undecidable,
which directly relates to incompleteness in formal systems. The key difference is that incompleteness is about
provability in formal systems, while undecidability is about computability of specific problems.

Godel's Incompleteness Theorems suggest fundamental limitations for AGI. Any Al system based on formal
logic will face the same limitations Godel identified—there will always be true statements the system cannot
prove. This means:

* No AGI can be programmed to understand all mathematical truths

* Self-improving Al systems may face inherent limitations in verifying improvements

* An AGI might need to incorporate non-algorithmic insight or creativity to overcome these limitations

Complete reasoning capabilities appear impossible for Al systems based purely on formal logic. Any
sufficiently powerful AGI would need to acknowledge and work around these inherent incompleteness
limitations, perhaps by adopting multiple formal systems or heuristic approaches when encountering unprovable
but important statements.

Prove all true statements about programs (like "this program will terminate")
Be consistent (never prove false statements)

This is why the halting problem (determining whether a program will terminate or run forever) is undecidable—
a direct consequence of Gddel's insights. The fundamental challenge is that we cannot construct an algorithm
that correctly determines for every possible program-input pair whether that program will halt on that input or
run forever.

Student Exercises - Undecidability and the Halting Problem

Explain how the halting problem relates to self-reference paradoxes. Give an example of such a paradox.

If we restricted our analysis to programs with a finite number of states and no unbounded loops, would the
halting problem still be undecidable? Explain your reasoning.

Sketch a proof showing that if the halting problem were decidable, we could solve any mathematical question.
Why is this problematic?

Consider the statement: "This statement cannot be proven in system X." How does this relate to the
undecidability of the halting problem?

Research and describe one practical consequence of the undecidability of the halting problem in modern
software development.

Answer Key

The halting problem relates to self-reference paradoxes because the proof involves constructing a program that
examines itself, creating a contradiction. A classic example is the liar paradox: "This statement is false." If it's
true, then it's false; if it's false, then it's true.

No, for programs with a finite number of states and no unbounded loops, the halting problem is decidable. Such
programs can be analyzed by exploring all possible execution paths, which are finite and bounded.

Proof sketch: If we could decide the halting problem, we could construct a program that searches for a proof of
any mathematical statement by enumerating all possible proofs. The program would halt when it finds a proof,
and we could determine whether it halts. This would mean we could mechanically solve any mathematical
problem, contradicting Gédel's incompleteness theorem.

This statement is structurally similar to the self-reference in the halting problem. If we could determine the truth
of such a statement, we could construct a program that decides whether programs halt, leading to a
contradiction. Both involve statements that reference their own provability.

In software verification, the undecidability of the halting problem means there cannot exist a universal algorithm
that will verify all properties of programs. This forces developers to use bounded verification techniques,
abstract interpretation, or proof assistants that require human guidance instead of fully automated verification.

Self-Containment



A self-contained space (hyper-m-space) is one where operations within the space yield results that remain within
that space, and these operations can be reversed.

Example: A kitchen is a self-contained cooking space if everything needed to prepare meals is inside, and the
process of making dishes can be reversed by following the steps backward.

Additional Examples:

* In linear algebra, a vector subspace is self-contained because any linear combination of vectors in the subspace
produces another vector in the same subspace.

* In electrical engineering, a closed circuit is self-contained as all current flows within the defined paths.

* In computer science, a virtual machine creates a self-contained environment where operations cannot affect the
host system.

Real-world application: Software developers create self-contained modules where all operations work entirely
within the module, making the system more reliable and easier to maintain.

Extended Application: In microservice architecture, each service is designed to be self-contained with clear
boundaries. For example, an authentication service handles all user verification without depending on other
services, making the system more robust and easier to debug when problems arise.

Student Exercises - Self-Containment

Design a self-contained system for a university registration process. What components would be included, and
how would you ensure operations remain within the system?

Explain how Docker containers exemplify self-containment in modern computing. What specific features ensure
their self-contained nature?

Consider a mathematical group. Prove that it meets the definition of a self-contained space as described above.
How does the concept of self-containment relate to information hiding in object-oriented programming? Give
concrete examples.

Can a truly self-contained system exist in the real world? Discuss the practical limitations and how close we can
get to ideal self-containment.

Answer Key

A self-contained university registration system would include: student database, course catalog, scheduling
system, payment processing, and notification system. Self-containment is ensured by: having internal APIs for
all inter-component communication, maintaining all data within the system, implementing reversible operations
(ability to add/drop courses, process/refund payments), and having complete documentation within the system
itself.

Docker containers exemplify self-containment through: isolated file systems, dedicated network interfaces,
process isolation, controlled resource allocation, portable dependencies (all libraries included), and environment
variables contained within. The containerization ensures that operations within a container don't affect the host
or other containers.

Proof: A mathematical group G with operation is self-contained because:

* For any elements a and b in G, ab is also in G (closure property)

* The operation can be reversed using inverse elements: for each element a in G, there exists an element a(-1)
such that aa”(-1) = e (the identity element)

* Both conditions in the definition of self-containment are satisfied.

Information hiding in OOP relates to self-containment by encapsulating data and operations within objects.
Examples:

* A Bank Account class encapsulates balance data and deposit/withdraw methods

* Private methods ensure operations remain within the class boundary

* Interfaces provide controlled interaction with the self-contained object

» Immutable objects maintain self-containment by ensuring state changes create new objects rather than
modifying existing ones

Perfect self-containment is impossible in the real world due to:

* Energy requirements (second law of thermodynamics)

* Information exchange requirements

* Physical boundaries are never perfect



* Dependencies on external systems

We approximate self-containment through: well-defined interfaces, careful boundary management, redundant
systems, and designing for fault tolerance. Space stations represent one of the closest real-world approximations,
but even they require periodic resupply and communication with Earth.

Godel's Incompleteness Theorem and Formal Languages
Godel's Incompleteness Theorem

Godel's incompleteness theorem (1931) proves that arithmetic is incomplete. This means the class of all
arithmetical truths cannot be generated by any single formal system.

Example: Think of arithmetic as a game with rules (axioms). Godel showed that no matter what rules you
choose, there will always be true statements about numbers that can't be proven using just those rules. It's like
having a rule book for chess that can't cover every possible valid move.

A Concrete Proof Example: Godel constructed a statement G that essentially says "G cannot be proven within
this system." If G could be proven, the system would prove a falsehood (making it inconsistent). If G couldn't be
proven, then G is a true statement that can't be proven (making the system incomplete).

Application in Computer Security: Intrusion detection systems face an incompleteness problem similar to
Godel's theorem. No single set of security rules can detect all possible attacks while remaining consistent, which
is why security requires multiple layers and continuous updates.

Real-world application: Computer scientists rely on this theorem when dealing with the limits of computational
systems. It establishes fundamental boundaries in artificial intelligence, showing that no algorithm can solve all
mathematical problems.

Godel's theorem is a special case of a broader principle: the class of recursive definitions is not itself recursively
defined. This leads to the conclusion that logic itself is incomplete - there's no formal procedure to determine
whether an arbitrary statement is a logical truth.

Student Exercises - Godel's Incompleteness Theorem

Construct your own simple Godel-like statement in everyday language that creates a similar paradox. Explain
why it demonstrates incompleteness.

How does Gddel's incompleteness theorem relate to Turing's halting problem? Describe the connection in detail.
Some have argued that Godel's theorem places fundamental limits on artificial intelligence. Do you agree?
Provide arguments for both sides of this debate.

Consider a formal system that can express basic arithmetic. Describe how you would construct a Godel sentence
for this system in conceptual terms.

Research and explain the second incompleteness theorem. How does it differ from the first, and what are its
implications?

Answer Key

Example statement: "This statement cannot be verified using the rules of this textbook." If our textbook rules
could verify it, the statement would be false (contradiction). If our rules cannot verify it, then the statement is
true but unprovable using our rules, demonstrating incompleteness. This shows that any sufficiently powerful
system of rules will contain true statements that cannot be proven within the system.

Godel's incompleteness theorem and Turing's halting problem are deeply connected. Gédel showed that in any
consistent formal system able to express arithmetic, there are true statements unprovable within that system.
Turing translated this into computational terms: if we had an algorithm that could solve the halting problem, we
could use it to decide the truth of all mathematical statements. Since Gddel proved this is impossible, the halting
problem must be undecidable. Both results demonstrate fundamental limitations of formal systems and
algorithms.

For: Godel's theorem suggests that human mathematical insight transcends formal systems. Since Al systems
are formal computational systems, they may never match human mathematical understanding. Some human
thinking may operate outside the bounds of algorithmic processing.



Against: Al doesn't need to be complete to be useful or powerful. Humans are also subject to Godel's
limitations when using formal reasoning. Modern Al approaches like neural networks don't claim completeness
but still achieve impressive results. Al might develop alternative approaches to mathematical thinking not bound
by classical logical formalisms.

To construct a Godel sentence for a formal system:

* Create a numbering system (Godel numbering) to encode formulas and proofs as numbers

* Define a provability predicate Prov(x) that is true when x is the code of a provable formula

* Use the diagonal lemma to construct a formula G that is equivalent to "G is not provable"

* This G is the Godel sentence: if G is provable, then it's false (contradiction), so G must be true but unprovable
The second incompleteness theorem states that any consistent formal system that can express basic arithmetic
cannot prove its own consistency. While the first theorem showed there are unprovable true statements, the
second shows that consistency itself is one of those unprovable statements. This has profound implications: we
can never be absolutely certain that mathematics is free from contradictions using mathematics itself. This led to
developments in proof theory where stronger systems are needed to prove the consistency of weaker ones,
creating a hierarchy of increasingly powerful formal systems.

Example: Consider trying to create a complete catalog of all possible catalogs. Any such "master catalog" would
either need to include itself (creating a circular definition) or exclude itself (making it incomplete).

Von Neumann Arithmetic Application: John von Neumann's construction of natural numbers (where 0=@,
1={0}, 2={0,{0}}, etc.) provides a foundation for set theory that demonstrates Godel's incompleteness in
action. When building computational models using von Neumann arithmetic, we can prove certain properties
within the system but inevitably encounter unprovable truths about the system itself. This construction is used in
theoretical computer science to define recursive functions and in programming language semantics.

Student Exercises

Explain why a complete catalog of all catalogs leads to a paradox. Provide another example of a self-referential
paradox different from the catalog example.

Using von Neumann's construction, write out the set representation for the numbers 3 and 4. Explain the pattern
that emerges.

How does von Neumann's construction of natural numbers relate to Godel's incompleteness theorems? Give a
specific example of something that might be "unprovable" in this system.

In programming terms, describe how von Neumann arithmetic might be implemented using data structures.
What challenges might arise?

Research and briefly explain another mathematical construction of natural numbers that differs from von
Neumann's approach. What are its advantages or disadvantages?

Answer Key

A complete catalog of all catalogs creates a paradox because if it includes itself, it creates a circular definition
that can't be fully specified. If it excludes itself, then it's not complete. Another example is the Barber Paradox:
"The barber shaves all those who do not shave themselves." If the barber shaves himself, he shouldn't shave
himself; if he doesn't shave himself, he should shave himself.

3=1{0, {0}, {D, {0}}} and 4 = {0, {D}, {0, {D}}, {D, {D}, {D, {@}}}}. The pattern is that each number n is
represented as the set of all previous numbers (0 to n-1).

Von Neumann's construction demonstrates Godel's incompleteness because as we build up the natural number
system, we can prove many properties within it, but inevitably encounter statements about the system that
cannot be proven within the system itself. For example, statements about the consistency of arithmetic itself
cannot be proven within arithmetic.

Von Neumann arithmetic could be implemented using nested arrays or linked structures where each number
points to all previous numbers. Challenges include memory usage (as representations grow exponentially),
infinite recursion, and handling operations like addition and multiplication on these structures efficiently.
Zermelo's construction represents 0 as @, 1 as {@}, 2 as {{@}}, 3 as {{{@}}}, etc. This is simpler in that each
number contains just one element, but von Neumann's approach has the advantage that each number contains all
previous numbers, making induction more natural and allowing for easier definition of arithmetic operations.

Formal Languages: Introductory Points

A language can be viewed as a class of sentences, where each sentence expresses a proposition. Subsentential
expressions matter only as they contribute to sentences.



For this discussion, we set aside features of natural languages like:

Context-sensitive expressions ("'that fellow," "this cow")

n.n

Tense-markers (the "s" in "John plays rugby")

These features make truth a property of sentence-tokens (specific utterances or writings) rather than sentences
themselves.

Example: The sentence "It is raining" isn't true or false on its own. Only specific instances of this sentence
(spoken at particular times and places) have truth values.

Additional Example: The statement "This processor is fast" depends on context—what was considered "fast" in
1990 (perhaps 33MHz) would be extremely slow today. Formal languages eliminate such ambiguities.

To understand formal languages, we need to distinguish between:
Strict/actual entailment
Syntactic entailment

Example: In natural language, meaning often transcends pure syntax. When someone says "The sky is blue, so
it's not raining," we understand the connection between blue skies and lack of rain from our knowledge of
weather, not from the grammatical structure alone.

Electrical Engineering Example: When an engineer writes "If current I flows through resistor R, then voltage V
=IR," the entailment follows from physical laws, not just from the symbols arranged in this order.

Student Exercises

Create an example of a context-sensitive expression not mentioned in the text, and explain why its meaning
depends on context.

Compare and contrast sentence-tokens and sentences themselves. Give an example of a sentence whose truth
value changes depending on when or where it's uttered.

Design a simple formal language with three symbols and specific rules for forming valid sentences. Explain how
your language avoids context-sensitivity.

Explain the difference between strict entailment and syntactic entailment using an example from computer
programming.

For the statement "If temperature rises, then molecules move faster," explain whether this is a case of strict
entailment, syntactic entailment, or both, and why.

Answer Key
An example of a context-sensitive expression is "They are ready." Without context, we don't know who "they"
refers to or what they are ready for. The meaning depends entirely on the surrounding conversation or situation.
Sentences themselves are abstract types, while sentence-tokens are specific instances. For example, the sentence
"I am currently a student" has no fixed truth value, but when spoken by a college student in 2023, that specific
token is true, while when spoken by a retired person, that specific token is false.
Simple formal language:
* Symbols: A, B, C
* Rules: Valid sentences must start with A, end with C, and can have any number of Bs in between
« Valid sentences: AC, ABC, ABBC, etc.

This language avoids context-sensitivity because each symbol has exactly one meaning, and the meaning of a
sentence depends only on the symbols present and their order, not on external factors.
In programming, strict entailment occurs when one condition logically necessitates another, while syntactic
entailment refers to what can be derived by following the language's rules. For example, in the statement if (x >
10) { return true; } else { return false; }, there is a syntactic rule that the code inside the if-block runs when the
condition is true. This isn't just logical necessity but follows from the defined semantics of the programming
language.
"If temperature rises, then molecules move faster" represents strict entailment because it follows from the laws
of physics that increased temperature means increased kinetic energy of molecules. This isn't just a matter of



how the symbols are arranged (syntactic entailment) but reflects an actual causal relationship in the physical
world.

Strict Entailment and Syntactic Entailment
Strict Entailment

Strict entailment (P—=Q) means Q is a logical consequence of P, occurring when there is no possible world
where P is true and Q is false.

Proof Example: To prove that "If x > 5, then x > 3" is a strict entailment, we can show that in all possible
scenarios where X > 5 is true, x > 3 must also be true. Since the set of numbers greater than 5 is entirely
contained within the set of numbers greater than 3, there can be no counterexample.

Propositional Logic and Its Applications in Formal Systems
Material Implication and Real-World Applications

Example: If it's raining (P), then the ground is wet (Q). There's no possible world where it can be raining
without the ground getting wet.

This demonstrates strict implication, where the consequent necessarily follows from the antecedent. Let's
explore this further:

Student Exercises

Give an example of strict entailment from mathematics that differs from the x > 5 then x > 3 example.
Construct a truth table for the material implication P — Q. Explain why the case where P is false and Q is true
results in the implication being true.

Consider the statement: "If the moon is made of cheese, then 2+2=4." [s this a strict entailment? Explain your
answer using possible worlds semantics.

In computer science, an "if-then" statement doesn't always correspond to logical implication. Provide an
example of a programming construct that uses "if-then" syntax but doesn't follow strict logical entailment.
Create a scenario where natural language usage of "if-then" differs from material implication in logic. Explain
the difference.

Answer Key

Example of strict entailment from mathematics: "If n is divisible by 4, then n is divisible by 2." This is a strict
entailment because the set of numbers divisible by 4 is entirely contained within the set of numbers divisible by
2, so there's no possible world where a number is divisible by 4 but not divisible by 2.

Truth table for material implication P — Q:

[PIQ[P—Q]
e |
[ TIT] T |
[ TIF| F |
[FIT] T |
|[FIF| T |

When P is false and Q is true, the implication is considered true because material implication only promises
that whenever the antecedent is true, the consequent is also true. When the antecedent is false, the implication
makes no promise, so it's vacuously true.

"If the moon is made of cheese, then 2+2=4" is a strict entailment in classical logic because material implication
P — Q is only false when P is true and Q is false. Since "2+2=4" is true in all possible worlds, and thus is true
even in the impossible world where the moon is made of cheese, the implication is true. This is an example of a
vacuously true implication because the antecedent is false in all actual possible worlds.

In programming, an if-then statement controls execution flow rather than making a logical claim. For example,
in pseudo-code: "if (userclickedbutton) then {displaymenu()}" doesn't assert a logical relationship between
clicking and displaying; it merely instructs the computer to execute the display action when the click condition
is detected. There's no claim about what happens when the button isn't clicked.

In natural language: "If you finish your homework, then you can watch TV." This differs from material
implication because in everyday speech, this implies a causal connection and a temporal sequence (homework



must be completed before TV watching is permitted). In material implication, if you don't finish your
homework, the statement would still be considered true regardless of whether you watch TV or not. But in
natural language usage, parents generally don't interpret their conditional statements this way!

Additional Example: In electrical engineering, if current flows through a resistor (P), then heat is generated (Q).
This follows from Joule's heating law (P — Q). There's no possible scenario where current flows through a
resistor without generating heat.

Proof Construction: We can formalize this using predicate logic:
Vx(Resistor(x) A CurrentFlows(x) — HeatGenerated(x))
Resistor(R1) A CurrentFlows(R1)

Therefore, HeatGenerated(R1)

This proof uses modus ponens, a fundamental rule of inference stating that if P — Q and P are true, then Q must
be true.

Real-world application in Computer Science: In program verification, if a program's preconditions are satisfied
(P), then its postconditions must hold (Q). For example, if an array sorting algorithm receives a valid array
input, it must produce a sorted array output.

Legal reasoning example: In establishing probable cause, if a suspect's DNA matches crime scene evidence (P),
then the suspect was present at the scene (Q). However, this is not strict implication since contamination or
other factors could invalidate the conclusion.

Student Exercises - Implications and Applications

Create a logical proof using modus ponens for the following scenario: "If a programming language is compiled
(P), then it requires a compilation step before execution (Q). Java is a compiled language. What can you
conclude?"

Express the following statement using predicate logic: "All electronic devices that are powered on and have a
battery will eventually run out of power if not recharged.”

Identify the antecedent and consequent in the following implication: "If a database query returns more than 1000
results, then the application will display pagination controls."

Consider the statement: "If a user enters a valid password, then they gain access to the system." Is this a strict
implication? Why or why not? Provide a counterexample if applicable.

Create a truth table for the compound proposition: (P — Q) A (—Q — —P). What logical law does this
demonstrate?

Answer Key
Let P = "a programming language is compiled" and Q = "it requires a compilation step before execution”

P — Q (given)

P (Java is a compiled language)

Therefore, Q (Java requires a compilation step before execution)

This follows directly from modus ponens.
Vx[(ElectronicDevice(x) A PoweredOn(x) A HasBattery(x) A “Recharged(x)) — EventuallyRunsOut(x)]
Antecedent: "a database query returns more than 1000 results"

Consequent: "the application will display pagination controls"
No, this is not a strict implication. A counterexample could be: A user enters a valid password, but due to a
system error or timeout, they don't gain access to the system. Other potential issues could include account
lockouts, two-factor authentication requirements, or system maintenance periods.
Truth table for (P — Q) A (—Q — —P):

[P|QIP—>Q|Q|~P|-Q—~P[(P—QA(Q—P)]

e T S |

|

| T|T| T |F[F] T | T |
| TIF| F | TIF[ F | F |
|[FIT| T |F|T| T | T |
|[FIF| T [T|T| T | T |

|
|
This demonstrates the logical equivalence of P — Q and its contrapositive =Q — —P.



Propositions vs. Symbols: A Deeper Look

Propositions are truth values, not symbols. The proposition "snow is white" can be expressed in English,
Spanish, or mathematical notation, but the underlying proposition remains the same.

Example: "Il neige" (French), "Est4d nevando" (Spanish), and "It's snowing" (English) express the same
proposition but use different symbols.

Computer Science Application: A Boolean expression like (A && B) || !C in C++ represents the same
proposition as (A and B) or not C in Python. The symbols differ, but the underlying proposition is identical.

Formal Representation: Let's denote the mapping between a proposition p and its symbolic representation s as
1(p) = s. Multiple symbols can map to the same proposition: p(p) = s1, W(p) = sz, etc.

Practical Example: In digital logic design, the same logical function can be expressed using different gate
configurations. For instance, a NAND gate implementation and a combination of NOT and AND gates represent
the same proposition despite different physical realizations.

Student Exercises - Propositions and Symbols

Provide three different symbolic representations (in different languages or notations) for the proposition "The
temperature is below freezing."

Consider the proposition "The program contains an infinite loop." Express this in predicate logic using
appropriate predicates and variables.

Given the Boolean function F(x,y,z) = (x A y) V —z, draw two different digital circuit implementations that
represent the same proposition.

Explain how the following two representations express the same underlying proposition:

* SQL query: SELECT FROM users WHERE age >= 18;

* Python code: adultusers = [user for user in users if user.age >= 18]

Create a truth table for the proposition p — (q V r). Then create a different logical expression that has the exact
same truth values for all possible inputs.

Answer Key
Three representations of "The temperature is below freezing":
* English: "The temperature is below freezing"
* Mathematical: T < 0°C
* Code: if (temperature < 32) { console.log("Freezing"); }

All three represent the same proposition despite using different symbols.
Using predicate logic:

Ap(Program(p) A 31(Loop(l) A ContainsLoop(p,l) A Infinite(1)))

This reads as "There exists a program p such that there exists a loop 1 where p contains 1 and 1 is infinite."
Two implementations for F(x,y,z) = (X Ay) V —z:

Implementation 1: An AND gate with inputs x and y, an inverter (NOT) gate with input z, and an OR gate
combining the outputs of the AND and NOT gates.

Implementation 2: A NAND gate with input z connected to both its inputs, and an OR gate combining the
output of this NAND gate with the output of an AND gate taking inputs x and y.
Both expressions represent the filtering of users to include only those 18 or older:
* The SQL query directly filters the users table in a database to return only records where the age field is at least
18.
* The Python list comprehension iterates through a collection of user objects and creates a new list containing
only those users whose age attribute is at least 18.

Despite different syntax and execution environments, both represent the same underlying proposition of
selecting adult users.
Truth table forp — (q V 1):

IplqlriqVvrip—(qVr)]|
e e [ |

| T|T|T| T | T |
I TITIE] T [ T |
|TIF|T] T [ T |
|TIF[F] F | F |



An equivalent expression: "pV qV r
This can be verified by creating a truth table for —p V q V r and confirming it matches.

Syntactic Entailment and Inference Rules

Syntactic entailment (Sm+~Sn) is a relationship between symbols that meets specific conditions within a
language system.

Example: In a formal proof system, from the symbols "All men are mortal" and "Socrates is a man," we can
derive "Socrates is mortal" through syntactic rules.

Digital Circuit Example: Consider a truth table for an AND gate:

Here, the symbols "A=1" and "B=1" syntactically entail "AAB=1" according to the rules of Boolean algebra.
Formal Proof Example:

A — B (premise)

A (premise)

B (from 1, 2 by modus ponens)

This demonstrates how syntactic entailment works in practice, following established inference rules.

Von Neumann Arithmetic Application: In von Neumann's set-theoretic construction of natural numbers, we
define:

* 0 =0 (empty set)

< 1={0} = {0}

*2={0, {0}} ={0,1}

*3=1{0, {0}, {0, {0}}} =10, 1,2}

Using these definitions, we can prove that 2+1=3 purely through set theory:
2+41={0,1} U {0,1,21\{0,1} = {0,1} U {2} = {0,1,2} =3

Student Exercises - Syntactic Entailment and Inference Rules
Using the inference rules of modus ponens and modus tollens, derive a conclusion from the following premises:
P1: If it's raining, then the ground is wet.
P2: The ground is not wet.
In von Neumann's set-theoretic construction of natural numbers, represent the number 4 using the defined
pattern.
Prove the following using natural deduction:
Premises: A — B, B — C
Conclusion: A — C
Consider the following premises in predicate logic:
Vvx(Student(x) — Studious(x))
Vx(Studious(x) — PassExam(x))
Student(Alice)
Use syntactic entailment to derive what we can conclude about Alice.
Using a truth table, demonstrate that the premises P — Q and =P — Q syntactically entail the conclusion Q.



Answer Key

P1: Rain — Wet Ground
P2: =(Wet Ground)
Using modus tollens (If P — Q and —Q, then —P):
Conclusion: —Rain (It's not raining)

Following the pattern:
4=1{0,1,2,3} = {0, {@}, {0, {D}}, {D, {8}, {D, {B}}}}
Proof:

A — B (premise)
B — C (premise)
Assume A (for conditional proof)
B (from 1 and 3 by modus ponens)
C (from 2 and 4 by modus ponens)
A — C (from 3-5 by conditional proof)
This demonstrates hypothetical syllogism.
Derivation:
Vx(Student(x) — Studious(x)) (premise)
Vx(Studious(x) — PassExam(x)) (premise)
Student(Alice) (premise)
Student(Alice) — Studious(Alice) (from 1 by universal instantiation)
Studious(Alice) (from 3 and 4 by modus ponens)
Studious(Alice) — PassExam(Alice) (from 2 by universal instantiation)
PassExam(Alice) (from 5 and 6 by modus ponens)
Conclusion: Alice will pass the exam.
Truth table forP - Q,"P - Q EQ:
|[P|Q|P—>Q|—P|—P— Q] Q (conclusion) |
e |
| TIT] T [ F|

T T |
[ TIF[ F[F] T[] F |
|[FIT T T[] T] T |
|FIF| T [T|] F [ F |

From the truth table, we can see that whenever both premises (P — Q and =P — Q) are true, the conclusion Q
is also true. This demonstrates that the premises syntactically entail the conclusion.

Languages as Recursive Sentence-Classes

A language is a recursively defined class of sentences. Natural languages contain infinitely many sentences
because existing sentences can be combined to form new ones.

Example: Starting with "Snow is white," we can form "John believes snow is white," then "Mary knows John
believes snow is white," and continue indefinitely.

Computer Science Application: Context-free grammars exemplify this recursive property:
This grammar can generate infinitely many sentences through recursive application of rules.
Programming Language Example: In JavaScript, function definitions can be nested recursively:

Student Exercises - Section 1

Create your own example of recursive sentence formation starting with "The sky is blue."

Draw a parse tree for the sentence "Mary knows John believes snow is white" to illustrate its recursive structure.
Write a context-free grammar that can generate sentences about students taking classes. Include rules for
subjects, verbs, and objects.

Explain how recursion in natural language differs from recursion in programming languages. Provide specific
examples.

Design a small JavaScript function that demonstrates nested recursion similar to the example in the text.

Answer Key - Section 1



Possible answer: "The sky is blue" — "Tom says the sky is blue" — "Sarah doubts Tom says the sky is blue" —
"The professor explained that Sarah doubts Tom says the sky is blue."
Parse tree should show hierarchical structure with "Mary knows" at the top level, then "John believes" at the
second level, and "snow is white" at the lowest level.
Example grammar:

S — NP VP

NP — Name | Det Noun

VP —-VNP|VS

Name — "John" | "Mary" | "Sarah"

Det — Ha" | "the"

Noun — "student" | "class" | "professor"

V — "takes" | "teaches" | "says" | "believes"
Natural language recursion typically involves embedding clauses within other clauses, while programming
language recursion involves functions calling themselves or other functions that eventually call back to the
original function. In natural language: "The cat that chased the mouse that ate the cheese that was in the kitchen
that belonged to the house..." In programming: a factorial function that calls itself with decreasing values until
reaching a base case.
Example JavaScript function:

H|"

Formal vs. Natural Languages: Additional Perspectives

Natural languages are a subset of formal languages. There's no intrinsic difference between them—both operate
as recursive sentence-classes.

Practical Example in Computing: SQL (Structured Query Language) has elements of both formal and natural
languages:

This reads somewhat like English but follows strict syntactic rules.

Von Neumann Arithmetic Implementation: Computer hardware implementations of arithmetic operations use
formal language rules to manipulate binary numbers. For example, binary addition follows specific carry rules
that can be formalized as:

This implementation demonstrates how formal languages underpin computational systems.

Student Exercises - Section 2

Identify three differences and three similarities between a formal language like SQL and a natural language like
English.

Create a simple SQL query that demonstrates how it combines natural language readability with formal syntax.
Convert the following English sentence into a more formal notation: "If it rains today and I don't have an
umbrella, then I will get wet."

Design a simple formal language for describing geometric shapes. Include syntax rules and provide examples of
valid and invalid statements in your language.

Explain how von Neumann's binary addition rules relate to the concept of recursive sentence-classes.

Answer Key - Section 2
Differences: Natural languages have ambiguity while formal languages don't; formal languages have strict
syntax rules while natural languages are more flexible; formal languages have precise semantics while natural
languages have contextual meanings.

Similarities: Both use symbols to convey meaning; both have syntactic structures; both can express complex
ideas through composition.
Example SQL query:

Formal notation: (Rain(today) A “Have(I, umbrella)) — GetWet(I)
Shape Language:
Syntax: SHAPE(type, parameters, color)
Example valid statements:
* CIRCLE(center(0,0), radius(5), RED)
* RECTANGLE(corner(1,1), width(10), height(5), BLUE)



Example invalid statements:
* CIRCLE(5, RED) [missing center parameter]
* TRIANGLE(point(0,0), point(1,0)) [missing third point]
Von Neumann's binary addition rules form a recursive definition where operations on larger numbers are
defined in terms of operations on smaller numbers. Each carry operation builds on previous operations, creating
a recursive structure similar to how sentence-classes can build increasingly complex sentences from simpler
components.

Formal Truth and Logical Systems
Logic as "the study of formal truth" is a problematic characterization.
A logic L is a recursively defined class of true sentences.

Practical Example: In a digital circuit design, we might start with the axiom "If input A AND input B are both
HIGH, then output C is HIGH." Using the rules of Boolean logic, we can derive other truths about the circuit's
behavior.

Von Neumann Arithmetic Proof: Let's prove that addition is commutative (a+b=b+a) using von Neumann's
construction:

For a=0: 0+b = b = b+0 (by definition of addition with empty set)

Assume k+b = btk (induction hypothesis)

Then (k+1)+b = (k+b)+1 = (b+k)+1 = b+(k+1) (by definition of successor)
Therefore, by induction, a+b = b+a for all natural numbers

This demonstrates how formal truth in arithmetic emerges from set-theoretic foundations and recursive
definitions.

Student Exercises - Section 3

Provide an example of a statement that is true in one logical system but not in another.

Complete the induction proof for multiplication commutativity (axb=bxa) using von Neumann's construction.
Design a simple formal logical system with at least two axioms and one rule of inference. Then derive a new
truth statement using your system.

Explain the relationship between formal truth in logic and algorithmic verification in computer science.

In the digital circuit example, derive at least two additional true statements about the circuit's behavior using
Boolean logic.

Answer Key - Section 3
Example: The statement "For any proposition p, either p is true or not-p is true" is valid in classical logic but not
in intuitionistic logic, which rejects the law of excluded middle.
Proof for multiplication commutativity:
Base case: For a=0: 0xb = 0 = bx0 (by definition of multiplication with empty set)
Induction hypothesis: Assume kxb = bxk
Induction step: (k+1)xb =kxb + b =bxk + b =bxk + 1xb = bx(k+1)
Therefore, by induction, axb = bxa for all natural numbers.
Example logical system:
Axioms:
*rA—>(B—A)
«(A— (B —C)) > ((A—B) - (A—C))
Rule of inference: Modus Ponens (From A and A—B, infer B)

Derivation:
A — (B — A) [Axiom 1]
A [Assumption]
B — A [From 1,2 by Modus Ponens]
B [Assumption]



A [From 3,4 by Modus Ponens]

Formal truth in logic and algorithmic verification both rely on systematic application of rules to derive
conclusions. In computer science, verification algorithms use logical systems to prove properties of programs or
systems. For example, model checking uses temporal logic to verify that a system meets its specifications, while
type systems use logical rules to ensure program correctness.

Additional circuit truths:

* "If output C is HIGH, then both input A AND input B must be HIGH."

« "If either input A OR input B is LOW, then output C is LOW."

Function-theoretic Characterizations of Logical Operations
Non-recursivity of Logical Systems
The class of logics is non-recursive (cannot be completely enumerated by algorithm).

Real-world application: This limitation is relevant to automated theorem proving and Al reasoning systems, as it
demonstrates theoretical boundaries on what formal systems can achieve.

Example: No single algorithm can identify all possible valid logical systems, which is why in computer science
we work with specific, well-defined logical frameworks rather than attempting to capture all possible logics.

The class of languages is non-recursive. Since a language is a recursively defined statement-class, and we've
proven that such classes are non-recursive, it follows that the class of logics is also non-recursive.

This means there's no recursive definition of logical truths. Practically, if a statement S is formally true in one
logical system (o1, ®@1), there exists another system (02, ®2) where S isn't formally true.

Proof of Non-recursivity

Let's sketch a proof of why the class of logics is non-recursive:

Assume by contradiction that the class of all logics is recursive.

This would mean we could enumerate all possible logical systems algorithmically.

Student Exercises - Section 4

Explain in your own words why the non-recursivity of logical systems matters for artificial intelligence
development.

Complete the proof sketch for the non-recursivity of the class of logics. What contradiction would arise if we
assumed the class was recursive?

Provide a concrete example of a statement that would be formally true in one logical system but not in another.
How does Gddel's Incompleteness Theorem relate to the non-recursivity of logical systems? Explain the
connection.

Discuss the implications of non-recursivity for computer science fields such as automated theorem proving,
formal verification, and programming language design.

Answer Key - Section 4
The non-recursivity of logical systems means that Al systems cannot be programmed to automatically discover
or work with all possible logical frameworks. This imposes fundamental limitations on how Al can reason and
places boundaries on what automated reasoning systems can achieve. It explains why Al systems need to be
designed with specific logical frameworks rather than trying to discover or work with all possible logics.
Completed proof:

Assume by contradiction that the class of all logics is recursive.

This would mean we could enumerate all possible logical systems algorithmically.

By Godel's techniques, we could construct a statement S that asserts its own unprovability.

S would be true but unprovable in any consistent, sufficiently powerful logical system.

This contradicts our assumption that we can enumerate all logics, as we would need a logic that both proves
and doesn't prove S.

Therefore, the class of all logics is non-recursive.



Example: The statement "For any set, there exists a bijection between the set and its power set" is true in some
non-standard set theories but false in ZFC (Zermelo-Fraenkel set theory with the Axiom of Choice).

Godel's Incompleteness Theorem shows that any consistent formal system powerful enough to express
arithmetic contains true statements that cannot be proven within the system. This directly relates to non-
recursivity because if logical systems were recursive, we could algorithmically enumerate all true statements in
a system, contradicting Godel's result. Both results establish fundamental limitations on formal systems and
algorithmic approaches to truth.

Implications:

» Automated theorem proving: Systems must work within specific, well-defined logical frameworks rather than
attempting to discover all possible truths.

* Formal verification: Verification tools can only check properties expressible in their built-in logics, and some
true properties may be unprovable.

* Programming language design: Type systems and verification tools have inherent limitations in what they can
prove about programs.

* These limitations lead to practical approaches like using multiple specialized logical systems for different
problems rather than seeking a universal logical framework.

For each logic L, we could decide whether a given statement S is a theorem in L.

This would allow us to solve the halting problem by encoding it as logical statements.

Since the halting problem is known to be undecidable (by Turing's proof), we reach a contradiction.
Therefore, the class of all logics cannot be recursive.

Real-world application: This limitation impacts automated theorem proving and formal verification systems.
Engineers designing software verification tools must work within specific logical frameworks rather than
attempting to create universal verification systems.

Example: In circuit verification, engineers use specific logical frameworks like Boolean logic or temporal logic
rather than searching for a "universal logic" to verify all possible circuit behaviors. This is a direct consequence
of the non-recursivity of logical systems.

Student Exercises:

Explain in your own words why the class of all logics cannot be recursive, relating your explanation to the
halting problem.

If we could decide whether any statement S is a theorem in any logic L, what specific undecidable problem
could we solve? Explain your reasoning.

Consider a hypothetical "universal verification system" that claims to verify the correctness of any computer
program. Using what you've learned about logical limitations, explain why such a system cannot exist.
Research and describe a real-world formal verification tool. What specific logical framework does it use, and
what are its limitations?

If the class of all logics is not recursive, does this mean that no specific logic system can be decidable? Justify
your answer.

Answer Key:

The class of all logics cannot be recursive because if it were, we could decide whether any statement S is a
theorem in any logic L. This would allow us to encode the halting problem (which asks whether a program will
eventually halt) as logical statements and solve it. Since Turing proved the halting problem is undecidable, this
creates a contradiction, showing that the class of all logics cannot be recursive.

We could solve the halting problem. By encoding questions about program termination as logical statements, we
could determine whether these statements are theorems in an appropriate logic. This would effectively allow us
to decide whether any arbitrary program halts, which Turing proved is impossible.

A "universal verification system" cannot exist because such a system would need to decide whether arbitrary
statements are theorems in arbitrary logics. This would allow us to solve the halting problem by encoding
questions about program termination as logical statements. Since the halting problem is undecidable (proven by
Turing), such a universal verification system cannot exist.

[Student answers will vary] Example answer: Model checkers like NuSMV use temporal logic (specifically
CTL - Computation Tree Logic) to verify properties of finite state systems. Its limitations include the state



explosion problem (the number of states grows exponentially with system components) and its inability to
directly handle infinite state spaces, requiring abstractions that might miss errors.

No, this doesn't mean that no specific logic system can be decidable. Many specific logics, like propositional
logic, are decidable (we can algorithmically determine if a statement is a theorem). The non-recursivity applies
to the class of all possible logics taken together, not to each individual logic system.

Logical Operations as Functions

Negation (—)

* Function definition: Assigns truth to P when P is false; otherwise, falsity

* Truth table representation:

» Example: If "It's raining" is false, then "It's not raining" is true
* Application: Used in computing to toggle states; when a light switch is OFF, the NOT operation makes it ON

* Circuit implementation: In digital electronics, NOT gates (inverters) implement negation. When input is 0V
(logical 0), output is 5V (logical 1) and vice versa.

» Example proof: To prove —(P A —P) is a tautology:
Consider truth values of P: either T or F

IfPis T, then “Pis F,so P A—Pis F, thus (P A —P)is T
IfPisF, then—Pis T,so PA—PisF, thus~(PA—-P)is T
Since (P A —P) is T in all cases, it's a tautology

Student Exercises:

Construct a truth table for the formula =(P — Q) and determine whether it is equivalent to any simpler logical
expression.

Prove that double negation elimination (=P = P) is valid using a truth table.

In digital circuits, how would you implement a NOT gate using only NAND gates? Draw the circuit diagram.

If we define a new logical operation called "NOR" as "neither P nor Q is true," express this operation using only
the negation operator and another basic logical operator.

Explain how negation relates to set theory, specifically regarding the complement of a set.

Answer Key:

Truth table for ~(P — Q):
P‘IQ‘\P—]QP(PHQ)
TIT| T | F
TIF| F | T
F|T| T | F
FIF|] T | F

This is equivalent to P A —Q (P is true AND Q is false).
Truth table for double negation:

P|-P|—P
--‘----| .....
TIF|T
FIT|F

Since P and =P have the same truth values in all cases, they are equivalent, proving that double negation
elimination is valid.



A NOT gate implemented with NAND gates:

To implement NOT(X), we can use NAND(X,X).

Circuit diagram: X connected to both inputs of a NAND gate, with output being NOT(X).
NOR(P,Q) can be expressed as ~(P V Q) using negation and disjunction.
In set theory, negation corresponds to set complement. If A is a set within universe U, then —A (the complement
of A) contains all elements in U that are not in A. Just as logical negation flips truth values, set complement
"flips" membership - elements in A are not in —A, and elements not in A are in —A.

Conjunction (A)
* Function definition: Assigns truth to (P,Q) when both P and Q are true; otherwise, falsity

* Truth table representation:

» Example: "I have money AND the store is open" is true only when both conditions are true

* Application: Security systems use this for multi-factor authentication; access is granted only when you have
the correct password AND biometric match

» Computing application: In parallel computing, a task completes successfully only when all its subtasks
complete successfully (logical AND of completion statuses)

* Circuit example: AND gates in digital circuits implement conjunction. A dual-input AND gate outputs high (1)
only when both inputs are high.

Student Exercises:

Create a truth table for (P A Q) — R and determine under what conditions this statement is false.

Prove that conjunction is commutative (P A Q = Q A P) using a truth table.

In a voting system requiring unanimous approval, three people (A, B, and C) vote on a proposal. Express the
condition for the proposal to pass using the conjunction operator.

Show how to implement an AND gate using only NAND gates. Draw the circuit diagram.

The distributive property states that P A (Q V R) = (P A Q) V (P A R). Verify this using a truth table.

Answer Key:
Truth table for (P A Q) — R:
PIQ[PAQ|R[(PAQ) —R

TIT| T |T| T
TIT| T |F| F
T|F| F |T| T
T|F| F |F| T
F|IT| F |T| T
FIT| F |F| T
FIF| F |T| T
FIF| F |F| T

The statement is false only when P and Q are both true, but R is false.
Truth table proving PAQ=Q A P:

PIQIPAQ[QAP
ofeefree| e
TIT| T | T
T|F| F | F
FIT| F | F
F|F| F | F

Since P A Q and Q A P have identical truth values in all cases, conjunction is commutative.
For the proposal to pass: A A B A C, meaning all three voters must approve.
An AND gate implemented with NAND gates:



To implement AND(X,Y), we can use NAND(NAND(X,Y), NAND(X,Y)) which simplifies to
NAND(—(XAY), (XAY)) which equals XAY.

Circuit diagram: Connect X and Y to a NAND gate, then connect the output of this NAND gate to both inputs
of another NAND gate.
Truth table for distributive property:

P|Q|R|QVR|PA(QVR) | PAQ | PAR | (PAQ)V(PAR)

TITIT|T| T |T
TITIF|T| T |T
TIF|T|T| T |F
T|F|F|F| F |F
FITIT|T| F |F
FIT|F|T| F |F
FIF|T|T| F |F
F|F|F|F| F |F

Since PA(QVR) and (PAQ)V(PAR) have identical truth values in all cases, the distributive property is verified.
Disjunction (V)
* Function definition: Assigns truth to (P,Q) when (—PA—Q) is false; otherwise, falsity

* Truth table representation:

» Example: "I'll take the bus OR I'll walk" is true if at least one option happens

* Application: Backup systems use this principle; a system works if the main power OR the backup power is
functioning

» Computer science application: In exception handling, a function succeeds if either the primary algorithm
works OR the fallback mechanism resolves the issue

* Von Neumann arithmetic application: In binary addition circuits, a carry bit is generated when either both
inputs are 1 OR when one input and the carry-in are both 1

Student Exercises:

Create a truth table for ~(P V Q) and determine if it is equivalent to any simpler logical expression using basic
operators.

Prove De Morgan's Law: =(P v Q) = —P A —Q using a truth table.

A security system grants access if either a correct fingerprint OR a correct retinal scan is provided. Express this
scenario using logical operators and variables.

Show how to implement an OR gate using only NOR gates. Draw the circuit diagram.

In a voting system where a proposal passes if a majority approves, express the condition for a proposal to pass
with three voters (A, B, and C) using disjunction and other operators as needed.

Answer Key:

Truth table for =(P v Q):
PllQllPVTQIﬁ(PVQ)
T|T| T | F
T|IF| T | F
FIT| T | F
FIF| F | T

This is equivalent to =P A —Q (neither P nor Q is true).
Truth table for De Morgan's Law:
PIQ[PVQ|=(PVQ)|~P[=Q["PA—Q



TIT| T| F |F|F| F
TIF| T| F |F|T| F
FIT| T| F |T|F|F
FIF| F| T |T|T| T

Since (P v Q) and —P A —Q have identical truth values in all cases, De Morgan's Law is verified.
Let F = "correct fingerprint provided" and R = "correct retinal scan provided".

The access condition can be expressed as: F V R
An OR gate implemented with NOR gates:

To implement OR(X,Y), we can use NOR(NOR(X,Y), NOR(X,Y)).

Circuit diagram: Connect X and Y to a NOR gate, then connect the output of this NOR gate to both inputs of
another NOR gate.
With three voters A, B, and C, the majority approval condition is:

(AAB)V(AANC)V(BACQ)

This represents the three possible ways to have at least two approvals: A and B approve, or A and C approve,
or B and C approve.

Existential Quantifier (3x)

Function definition: Assigns truth to ¢ when ¢ is instantiated; otherwise, falsity

* Function definition: Assigns truth to @ when ¢ is instantiated; otherwise, falsity

» Example: "There exists a person who has climbed Mt. Everest" is true because at least one person has done so
* Application: Database queries use this concept when searching for records that match certain criteria

» Computer science application: When debugging, finding a test case that makes code fail (3 input such that
codefails(input))

* Proof example: To prove 3x(P(x)) — ~Vx(—P(x)):
Assume Ix(P(x)) is true

This means there exists some element a where P(a) is true
If P(a) is true, then —P(a) is false

Therefore, not everything satisfies —P(x)

Thus, ~Vx(—P(x)) is true

So 3Ix(P(x)) — ~Vx(—P(x)) is valid

Student Exercises: Existential Quantification
Translate each of the following statements into logical notation using the existential quantifier:
a) Some students in this class have taken calculus.
b) There is a real number whose square is 2.
¢) Someone in the room speaks French.
d) At least one integer is both even and prime.
e) There exists a program that solves the halting problem.
Determine whether each statement is true or false. Justify your answer.
a) Ax(x>=4)
b) Ix(x <x)
¢) Ix(x% < 0), where x is a real number
d) Ix(x2 < 0), where x is a complex number

e) xVy(x+y=y)



Prove or disprove each of the following logical equivalences:
a) Ix(P(x) A Q(x)) = Ix(P(x)) A Ix(Q(x))
b) Ix(P(x) V Q(x)) = 3x(P(x)) V Ix(Q(x))
¢) Ix(P(x) — QX)) = Vx(P(x)) — Ix(Q(x))
d) ~3x(P(x)) = Vx(~P(x))
¢) IxX(P(x) « QX)) = 3x(P(x)) « Ix(Q(x)))
For each of the following pairs of statements, determine if the first implies the second, the second implies the
first, they are equivalent, or neither implies the other:
a) 3x(P(x) — Q(x)) and 3x(P(x)) — Ix(Q(x))
b) IxVy(R(x,y)) and Vy3Ix(R(x,y))
¢) Ix(P(x) A Q(x)) and Ix(P(x)) A Ix(Q(x))
d) —3x(P(x)) and Vx(—P(x))
e) Ix(P(x) vV Q(x)) and Ix(P(x)) V Ix(Q(x))
Provide a formal proof for each of the following:
a) Ix(P(x)) = Ix(P(x) V Q(x))
b) Ix(P(x) A Q(x)) — Ix(P(x)) A Ix(Q(x))
¢) “Vx(P(x)) < Ix("P(x))
d) Vx(P(x) = Q(x)) — (3x(P(x)) = Ix(Q(x)))
e) If the domain is non-empty, prove that 3x(P(x) — Q(x)) is always true when 3x(—P(x))

Answer Key: Existential Quantification
Translation:

a) 3x(Student(x) A HasTakenCalculus(x))

b) Ix(x ER AXx2=2)

¢) 3x(InRoom(x) A SpeaksFrench(x))

d) Ix(Integer(x) A Even(x) A Prime(x))

e) Ix(Program(x) A Solves(x, HaltingProblem))

Truth values:

a) True - both 2 and -2 are examples that satisfy the condition.

b) False - no number is less than itself by the property of inequality.

c) False - squares of real numbers are always non-negative.

d) True - for example, i> =-1.

e) True - take x =0, then for any y, 0 +y =y.

Logical equivalences:

a) Not equivalent. Counterexample: Let P(1) be true, Q(2) be true, and P(x) A Q(x) be false for all x. Then
Ix(P(x)) and 3x(Q(x)) are both true, but Ix(P(x) A Q(x)) is false.

b) Equivalent. Proof: If 3x(P(x) V Q(x)), then there is some a where P(a) V Q(a). So either P(a) or Q(a), which
means either Ix(P(x)) or Ix(Q(x)), giving us Ix(P(x)) V Ix(Q(x)). Conversely, if Ix(P(x)) V Ix(Q(x)), then
either P(a) for some a or Q(b) for some b. In either case, there exists an element satisfying P(x) V Q(x).

c¢) Not equivalent. Counterexample: Let P(x) be true for all x and Q(x) be false for all x. Then Vx(P(x)) is true,
but Ix(Q(x)) is false, so the right side is false. But 3x(P(x) — Q(x)) is false because P(x) — Q(x) is false for all
X.

d) Equivalent. This is the quantifier negation rule. Proof: ~3x(P(x)) means there is no x such that P(x) is true,
which means P(x) is false for all x, i.e., VX(—P(X)).

e) Not equivalent. Counterexample: Let P(1) be true, P(2) be false, Q(1) be false, and Q(2) be true. Then
3Ax(P(x)) and Ix(Q(x)) are both true, so AX(P(x)) «> Ix(Q(X)) is true. But P(x) «> Q(X) is false for all x, so
Ax(P(x) <« Q(x)) is false.

Implications:

a) The second implies the first. If Ix(P(x)) — Ix(Q(x)) is true and P(a) is true for some a, then Ix(Q(x)) is
true, so Q(b) is true for some b. This doesn't guarantee that P(x) — Q(x) for any specific x.

b) The first implies the second. If there exists an x such that R(x,y) for all y, then certainly for each specific y,
there exists an x (namely, the one from the first statement) such that R(x,y).

c) The first implies the second. If P(a) A Q(a) for some a, then both P(a) and Q(a) are true, which means both
3x(P(x)) and 3x(Q(x)) are true.

d) These are equivalent, as proven in 3(d).

e¢) These are equivalent, as proven in 3(b).

Formal proofs:

a) Proof: Assume 3x(P(x)). Then there exists some element a where P(a) is true. Since P(a) is true, P(a) vV Q(a)

is also true. Therefore, Ix(P(x) V Q(x)) is true.



b) Proof: Assume Ix(P(x) A Q(x)). Then there exists some element a where P(a) A Q(a) is true. This means
both P(a) and Q(a) are true. Since P(a) is true, Ix(P(x)) is true. Since Q(a) is true, Ix(Q(x)) is true. Therefore,
Ax(P(x)) A Ix(Q(x)) is true.

¢) Proof: (=) Assume —Vx(P(x)). This means it's not the case that P(x) is true for all x. So there must be some
a where P(a) is false, i.e., P(a) is true. Therefore, Ix(—P(x)) is true.
(&) Assume Ix(—P(x)). Then there exists some element a where —P(a) is true, i.e., P(a) is false. This means
P(x) is not true for all x, so ~Vx(P(x)) is true.

d) Proof: Assume Vx(P(x) — Q(x)) and Ix(P(x)). From 3Ix(P(x)), there exists some a where P(a) is true. From
Vx(P(x) — Q(x)), we know P(a) — Q(a) is true. Since P(a) is true and P(a) — Q(a) is true, Q(a) must be true.
Therefore, 3x(Q(x)) is true.

e) Proof: If 3x(—P(x)), then there exists some a where —P(a) is true. For this element a, P(a) is false, so P(a) —
Q(a) is true regardless of the truth value of Q(a). Therefore, Ix(P(x) — Q(x)) is true.

Universal Quantifier (Vx)

* Function definition: Assigns truth to ¢ when —¢ is uninstantiated; otherwise, falsity

» Example: "All humans need oxygen" is true because there are no humans who don't need oxygen
* Application: Safety regulations often employ universal quantification: all cars must have seatbelts

» Computer science application: Loop invariants use universal quantification - for all iterations of the loop,
certain conditions must hold

* Von Neumann arithmetic application: In hardware verification, proving that for all possible inputs, a circuit
produces the correct output (Vinputs, circuit(inputs) = expectedoutput(inputs))

Student Exercises: Universal Quantification
Translate each of the following statements into logical notation using the universal quantifier:
a) All natural numbers greater than 1 have a prime factor.
b) Every continuous function on a closed interval is bounded.
c¢) All metals conduct electricity.
d) For any two distinct points in a plane, there is exactly one line that contains both points.
e) Every computer program terminates for all inputs.
Determine whether each of the following statements is true or false. Justify your answer.
a) Vx(x2 > 0), where X is a real number
b) ¥x(x2 > 0), where x is a complex number
¢) Vx3y(y > x), where x and y are real numbers
d) VxVy(x +y =y + x), where x and y are real numbers
e) Vx3y(y = x?), where x and y are integers
Prove or disprove each of the following logical equivalences:
2) VX(P(x) A Q(x)) = Vx(P(x)) A Vx(Q(x))
b) Vx(P(x) V Q(x)) = Vx(P(x)) V Vx(Q(x))
¢) Vx(P(x) — Q(x)) = Ix(P(x)) — Vx(Q(x))
d) ~Vx(P(x)) = 3x(~P(x))
&) Vx(P(x) > Q(x)) = (Vx(P(x)) <> Vx(Q(x))
For each of the following pairs of statements, determine if the first implies the second, the second implies the
first, they are equivalent, or neither implies the other:
8) Vx(P(x) — Q(x)) and Vx(P(x)) — Vx(Q(x))
b) Vx3y(R(x,y)) and IyVx(R(x,y))
¢) Vx(P(x) A Q(x)) and Vx(P(x)) A Vx(Q(X))
d) ~vx(P(x)) and 3x(—P(x))
e) Vx(P(x)) = 3x(Q(x)) and Ix(P(x) — Q(x))
Provide a formal proof for each of the following:
2) Vx(P(x)) — Vx(P(x) V Q(x))
b) Vx(P(x)) A Yx(Q(x)) — ¥x(P(x) A Q(x))



¢) Prove that Vx(P(x)) — 3x(P(x)) is always valid if the domain is non-empty

d) Vx(P(x) = Q(x)) — (Vx(P(x)) = Vx(Q(x)))
e) Prove that VxVy(R(x,y)) <> VyVx(R(x,y))

Answer Key: Universal Quantification
Translation:
a) Vx((x € N A x> 1) — Jy(Prime(y) A Factor(y,x)))
b) Vf(Continuous(f) A DefinedOn(f, [a,b]) — Bounded(f))
¢) Vx(Metal(x) — ConductsElectricity(x))
d) VxVy((Point(x) A Point(y) A x #y) — 3!L

Logical Implications and Truth Functions
In digital circuit design: Implementing logic gates like AND, OR, NOT to create conditional behavior
In database systems: WHERE clauses in SQL implement conditional filtering
In artificial intelligence: Rule-based systems use implications for knowledge representation
* Proof techniques involving implications:
Direct proof: Assume P, show Q follows
Contrapositive: Prove “Q——P instead of P—Q
Proof by contradiction: Assume P and —Q, derive a contradiction

Student Exercises - Logical Implications
Translate the following English statements into logical implications:

a) If it is raining, then the ground is wet.

b) A number is even if and only if it is divisible by 2.

¢) You can watch TV only if you've finished your homework.

d) Having a fever is sufficient for staying home.

e) Being a square is necessary for being a rhombus with equal diagonals.
For each of the following implications, determine if it is true or false:

a) If 24+2=4, then Paris is the capital of France.

b) If Paris is in Germany, then 2+2=5.

¢) If 2+2=5, then Paris is in Germany.

d) If a number is prime, then it is odd.

e) If a number is divisible by 6, then it is divisible by 3.
Prove the following statement using contrapositive: "If n? is odd, then n is odd."
Provide a direct proof for the statement: "If n is divisible by 6, then n is divisible by 3."
Use proof by contradiction to show that the square root of 2 is irrational.
Implement the following Boolean function using only AND, OR, and NOT gates:

Fx,y,z)=(x—=y)A(y — 2)

Answer Key - Logical Implications
Translation:
a) Rain — WetGround
b) Even(n) <> DivisibleBy2(n)
¢) WatchTV — HomeworkDone
d) Fever — StayHome
e) (Square — (Rhombus A EqualDiagonals))
Truth values:
a) True (a true antecedent and true consequent makes a true implication)
b) True (a false antecedent makes the implication true regardless of consequent)
¢) True (a false antecedent makes the implication true regardless of consequent)
d) False (counterexample: 2 is prime but not odd)
e) True (any number divisible by 6 is divisible by 3)
Contrapositive proof:



We need to prove: "If n is even, then n? is even.”

Let n be even. Then n = 2k for some integer k.

So n? = (2k)* = 4k = 2(2k?)

Since 2k? is an integer, n? is divisible by 2, making it even.

Therefore, by proving the contrapositive, the original statement is true.
Direct proof:

Let n be divisible by 6.

Then n = 6k for some integer k.

We can rewrite this as n = 3(2k).

Since 2k is an integer, n is divisible by 3.
Proof by contradiction:

Assume \2 is rational.

Then V2 = a/b where a and b are integers with no common factors.

Thus, 2 = a%/b? or a> = 2b?

This means a? is even, so a must be even (from exercise 3).

If a is even, then a = 2¢ for some integer c.

Substituting: (2¢)? = 2b? gives 4c* = 2b? or b* = 2¢?

This means b? is even, so b must be even.

But this contradicts our assumption that a and b have no common factors.

Therefore, V2 must be irrational.
Implementation:

Fxy,z)=(x—>y)A(y—2)

=(xXVy)A(TyVz)

This can be implemented with NOT gates for —x and —y, OR gates for (—x V y) and (—y V z), and an AND gate
for the final result.

Truth and Falsehood
* Truth: A class of properties where all properties are instantiated
Truth as correspondence: A proposition is true when it corresponds to reality
Truth as coherence: A proposition is true when it coheres with other beliefs
» Example: The statement "This ball is round and red" is true when the ball actually has both properties
In formal logic: (Round(ball) A Red(ball)) = True
In computer vision: An algorithm correctly identifying object properties
In database design: A record accurately representing real-world entity attributes
* Falsehood: A class of properties where at least one property is not instantiated
Logical falsity: The failure of correspondence between statement and reality
Different from meaninglessness or category errors
» Example: "This drink is hot and cold" is false because these properties can't simultaneously exist
In formal logic: ~(Hot(drink) A Cold(drink)) is a tautology

In electrical engineering: A circuit cannot be simultaneously in high and low states (excepting transition
states)

In error detection: Boolean conditions that verify system consistency
Student Exercises - Truth and Falsehood

Classify each statement as true, false, or meaningless, and explain your reasoning:
a) The Sun is a star.



b) The number 7 is green.
¢) All bachelors are unmarried men.
d) This sentence is false.
e) The present king of France is bald.
Compare and contrast the correspondence and coherence theories of truth using examples:
a) Provide two examples where both theories would agree on the truth value.
b) Describe a scenario where the two theories might lead to different assessments.
In a database system, explain how the concept of truth relates to:
a) Referential integrity
b) Data normalization
c¢) ACID properties
d) NULL values
e) Data validation
For each of the following pairs of properties, determine whether they can be simultaneously instantiated in the
same object:
a) Liquid and solid
b) Red and blue (in the same location)
¢) Moving and stationary
d) Empty and containing something
e) Being a square and being a circle
In formal logic, represent the following scenarios using propositional or predicate logic, and determine their
truth values:
a) All ravens are black, and this bird is a raven.
b) If it's raining, the streets are wet. The streets are wet.
c¢) Either the butler or the gardener committed the crime. The butler has an alibi.
d) Nobody who exercises regularly gets sick. Jane exercises regularly.

Answer Key - Truth and Falsehood
Classification:

a) True - corresponds to reality (astronomical fact)

b) Meaningless - category error (numbers don't have colors)

¢) True - analytic truth by definition

d) Meaningless/Paradoxical - self-reference paradox (Liar Paradox)

e) False (or meaningless) - presupposition failure (there is no present king of France)
Comparison:

a) Agreement examples:
» "Water is H20" (corresponds to physical reality and coheres with scientific knowledge)
« "Paris is the capital of France" (corresponds to geopolitical reality and coheres with geographic knowledge)

b) Potential disagreement:
* A conspiracy theory might cohere with a person's belief system but fail to correspond to reality
« In different cultural contexts, a statement like "There are spirits in the forest" might be judged differently by
the two theories
Database truth concepts:

a) Referential integrity: Ensures truth by maintaining valid relationships between tables (a foreign key must
reference an existing primary key)

b) Data normalization: Promotes truth by eliminating redundancy and ensuring a single source of truth for
each data point

¢) ACID properties: Consistency ensures database transitions from one valid state to another, maintaining
truth

d) NULL values: Represent unknown truth values, distinct from both true and false

e) Data validation: Enforces domain constraints to ensure data corresponds to real-world possibilities
Simultaneous properties:

a) Liquid and solid: Generally not possible (except in special cases like slushes or amorphous solids)

b) Red and blue: Not possible in the same location (though an object can have different colored parts)

¢) Moving and stationary: Not possible (by definition, mutually exclusive states)

d) Empty and containing something: Not possible (contradictory by definition)

e) Being a square and being a circle: Not possible (different essential geometric properties)
Logical representation:

a) Yx(Raven(x) — Black(x)) A Raven(b)

Truth value: True if the bird is both a raven and black; False otherwise



b) Rain — WetStreets; WetStreets
Truth value: Unknown (affirming the consequent fallacy)

¢) (Butler v Gardener) A —Butler
Truth value: Gardener must be true

d) vx(ExercisesRegularly(x) — —GetsSick(x)); ExercisesRegularly(Jane)
Truth value: Jane will not get sick (—GetsSick(Jane))

Mathematical Functions (Von Neumann Arithmetic)
* 0: A function ¢ that assigns T to @
Von Neumann definition: 0 = @ (the empty set)
Foundational for set-theoretic construction of natural numbers
*n+1: A function ¢ that assigns T to kU {x}, where x&k, when ¢ assigns T to k
Von Neumann successor function: n+1 =n U {n}
Construction: 0=0, 1={@}, 2={0,{0}}, 3={0,{0},{0,{D}}}, etc.
Proof: Each number n contains exactly n elements and represents the set of all smaller numbers

* Application: These fundamental definitions enable mathematical induction and recursion, essential for
computer programming and algorithm design

In functional programming: Recursive functions defined on natural numbers
In algorithm analysis: Proving correctness through structural induction
In computer memory addressing: Zero-based indexing derives from this construction
In embedded systems: State machines implemented using natural number encodings
In digital design: Register counters implemented using successor functions
* Practical applications of von Neumann arithmetic:
Memory addressing in computer architecture: Array indices based on von Neumann ordinals
Data structure implementation: Linked lists and trees using successor-based traversal
Operating systems: Process scheduling using ordinal priority assignment
Network protocols: Sequence numbers for packet ordering and tracking
Proof of program termination: Using well-founded induction on the natural numbers
» Example proof using von Neumann construction:
Theorem: For any n€N, |n| = n (the cardinality of n equals n)
Proof by induction:
* Base case: |0|=|0| =0 vV

* Inductive step: Assume k| =k



* Then |k+1|= [ku{k}|=k|+1=k+1V
Therefore, by the principle of mathematical induction, |n| = n for all nEN

Student Exercises - Von Neumann Arithmetic
Using the Von Neumann construction, explicitly write out the set representation for the following numbers:
a)4
b)5
c¢) Explain why the representation of 6 would be much longer and more complex
Prove the following properties of Von Neumann ordinals:
a) For any natural number n, n € n+1
b) For any natural numbers m and n, m € n if and only if m <n
c¢) For any natural numbers m and n, m € n if and only if m<n
Implement a recursive function in pseudocode that computes the factorial of a number using the Von Neumann
successor function concept.
Explain how the following computer science concepts relate to Von Neumann arithmetic:
a) Recursion
b) Zero-based indexing
¢) Mathematical induction in algorithm correctness
d) Loop invariants
e) Stack data structure
For the following set S = {@, {@}, {@, {@}}}, answer:
a) Convert each element to its corresponding Von Neumann numeral
b) What is the Von Neumann numeral representation of the cardinality of S?
¢) If we define the sum of sets A and B as A U B, what is the sum of the elements in S?
Consider the following recursive definition based on Von Neumann principles:
*F(0)=1
* F(nt1) =F(n) + F(n-1) forn>1

a) Calculate F(4) step by step
b) What well-known sequence does this generate?
¢) Prove by induction that F(n) > n for alln>4

Answer Key - Von Neumann Arithmetic
Von Neumann representations:

a)4=1{0, {0}, {0, {0}}, {D, {0}, {D, {D}}}}

b)5={0, {0}, {0, {0}}, {@, {0}, {D, {@}}}, {0, {B}, {@., {@}}, {D, {®}, {0, {D}}}}}

c) The representation of 6 would be significantly longer because it would contain the entire representation of 5
plus the representation of 5 as a single element. The size grows exponentially with each successor, making
explicit representation impractical for larger numbers.

Proofs:
a) Proof that n € n+1:
By definition, n+1 =n U {n}
This means n+1 contains all elements of n plus the element n itself
Therefore, n € n+1

b) Proof that m € n iff m <n:
(—) If m € n, then m is an element of n. By Von Neumann construction, n contains exactly the elements
0,1,2,...,n-1. Therefore, m <n.
(<) If m <n, then m is one of 0,1,2,...,n-1. By construction, these are precisely the elements of n. Therefore,
m € n.

¢) Proof that m € niff m <n:
(—) If m € n, then either m=norm C n. f m=n, then m=n, som<n.
If m < n, then by the well-ordering of Von Neumann ordinals, m <n, so m <n.
(<) If m <n, then either m =n or m <n. [f m =n, then m € n.
If m < n, then by part (b), m € n. By Von Neumann construction, m C n, so m € n.
Factorial implementation:



